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1. INTRODUCTION

The heart of Mathematics is its problems. Paul Halmos

1. Introduction Number Theory is a beautiful branch of Mathematics.
The purpose of this book is to present a collection of interesting questions
in Number Theory. Many of the problems are mathematical competition
problems all over the world including IMO, APMO, APMC, and Putnam,
etc. The book is available at

http://my.netian.com/~ideahitme/orange.html

2. How You Can Help This is an unfinished manuscript. I would
greatly appreciate hearing about any errors in the book, even minor ones. I
also would like to hear about

a) challenging problems in elementary number theory,

b) interesting problems concerned with the history of number
theory,

¢) beautiful results that are easily stated, and

d) remarks on the problems in the book.

You can send all comments to the author at ultrametric@gmail.com

3. Acknowledgments The author is very grateful to Orlando Doehring,
who provided old IMO short-listed problems. The author also wish to thank
Arne Smeets, Ha Duy Hung, Tom Verhoeff and Tran Nam Dung
for their nice problem proposals and comments.
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2. NOTATIONS AND ABBREVIATIONS

Notations

Z is the set of integers

N is the set of positive integers

Ny is the set of nonnegative integers

Q is the set of rational numbers

m|n n is a multiple of m.

Ydpn F(d) = Xaepy f(d) (D(n) ={d € N:djn})
[]  the greatest integer less than or equal to
{z} the fractional part of x ({z} =z — [z])

7(x) the number of primes p with p < x

¢(n) the number of positive integers less than n that are
relatively prime to n

o(n) the sum of positive divisors of n

d(n) the number of positive divisors of n

7 Ramanujan’s tau function

Abbreviations
AIME American Invitational Mathematics Examination
APMO Asian Pacific Mathematics Olympiads
IMO International Mathematical Olympiads
CRUX Crux Mathematicorum (with Mathematical Mayhem)
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3. DivisiBILITY THEORY I

Why are numbers beautiful? It’s like asking why is Beethoven’s Ninth
Symphony beautiful. If you don’t see why, someone can’t tell you. I know
numbers are beautiful. If they aren’t beautiful, nothing is. Paul Erdos

A 1. (Kiran S. Kedlaya) Show that if x,y,z are positive integers, then
(zy + 1)(yz + 1)(zz + 1) is a perfect square if and only if xy + 1, yz + 1,
zx + 1 are all perfect squares.

A 2. Find infinitely many triples (a, b, c) of positive integers such that a, b,
¢ are in arithmetic progression and such that ab+ 1, bc+ 1, and ca+ 1 are
perfect squares.

A 3. Let a and b be positive integers such that ab+ 1 divides a® + b%. Show
that

a? + v?

ab+1

is the square of an integer.
A 4. (Shailesh Shirali) If a,b, c are positive integers such that

0<a®+b%—abc<ce,

show that a® + b®> — abc is a perfect square. *

A 5. Let x and y be positive integers such that vy divides x> +1y*+1. Show
that
113'2 +y2 +1 _
xy N
A 6. (R. K. Guy and R. J. Nowakowki) (i) Find infinitely many pairs of
integers a and b with 1 < a < b, so that ab exactly divides a® + b* — 1. (ii)
With a and b as in (i), what are the possible values of

a?+0v2 -1
ab '

A 7. Let n be a positive integer such that 2 + 2v/28n2 + 1 is an integer.
Show that 2 + 2+/28n2 + 1 is the square of an integer.

3.

A 8. The integers a and b have the property that for every nonnegative
integer n the number of 2"a+b is the square of an integer. Show that a = 0.

A 9. Prove that among any ten consecutive positive integers at least one is
relatively prime to the product of the others.

IThis is a generalization of A3 ! Indeed, a® + b — abc = ¢ implies that “{jb':_blz =ceN.
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A 10. Let n be a positive integer with n > 3. Show that

is divisible by 1989.

A 11. Let a,b,c,d be integers. Show that the product
(a—=b)(a—c)(a—d)(b—c)(b—d)(c—d)

is divisible by 12. 2

A 12. Let k,m, and n be natural numbers such that m + k + 1 is a prime
greater than n+ 1. Let ¢s = s(s+ 1). Prove that the product

(cm+1 — ck)(em+2 — k) - -+ (Cman — k)

18 divistble by the product cica - - - cy.

A 13. Show that for all prime numbers p,

p—1
Q) = [[#
k=1

1S an integer.

A 14. Let n be an integer with n > 2. Show that n does not divide 2™ — 1.

A 15. Suppose that k > 2 and ny,no, -+ ,ni > 1 be natural numbers having
the property

ng [ 2™ —1,ng | 2" —1,-+- jng | 2™1 —1,ng | 2™ — 1.
Show that ny =ng = --- =ny = 1.

A 16. Determine if there exists a positive integer n such that n has exactly
2000 prime divisors and 2™ 4+ 1 s divisible by n.

A 17. Let m and n be natural numbers such that
(m+3)"+1
3m '

A=
is an integer. Prove that A is odd.

A 18. Let m and n be natural numbers and let mn + 1 be divisible by 24.
Show that m + n is divisible by 24.

A 19. Let f(z) = 2® 4+ 17. Prove that for each natural number n > 2, there
is a natural number x for which f(z) is divisible by 3™ but not 371,

A 20. Determine all positive integers n for which there exists an integer m
s0 that 2" — 1 divides m? + 9.

A 21. Let n be a positive integer. Show that the product of n consecutive
integers is divisible by n!

2There is a strong generalization. See J1
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A 22. Prove that the number

> (o)
k=0

is not divisible by 5 for any integer n > 0.

A 23. (Wolstenholme’s Theorem) Prove that if

1+1+1+ + !
2 3 p—1

is expressed as a fraction, where p > 5 is a prime, then p? divides the
numerator.

A 24. If p is a prime number greater than 3 and k = [%p] Prove that
p p p
1)+ )+ )

A 25. Show that (277) | lem[1,2,--- ,2n] for all positive integers n.

is divisible by p?.

A 26. Let m and n be arbitrary non-negative integers. Prove that

(2m)!(2n)!
mlnl(m + n)!

is an integer. (0l =1).

A 27. Show that the coefficients of a binomial expansion (a + b)" where n
is a positive integer, are all odd, if and only if n is of the form 2% — 1 for
some positive integer k.

A 28. Prove that the expression

gcd(;n, n) (Z)

is an integer for all pairs of positive integers (m,n) with n > m > 1.
A 29. For which positive integers k, is it true that there are infinitely many
pairs of positive integers (m,n) such that
(m+n—k)!
m! n!
is an integer ?

A 30. Show that if n > 6 is composite, then n divides (n — 1)!.

A 31. Show that there exist infinitely many positive integers n such that
n? + 1 divides n!.
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A 32. Let p and q be natural numbers such that
P 1 1 1 1 1
T O S I
2+3 4+ 1318+13l9
Prove that p s divisible by 1979.
A 33. Let b > 1, a and n be positive integers such that b™ — 1 divides a.
Show that in base b, the number a has at least n non-zero digits.

A 34. Let p1,p2,--- ,pn be distinct primes greater than 3. Show that
QP1P2:Pn | |

has at least 4™ divisors.

A 35. Let p > 5 be a prime number. Prove that there erists an integer a
with 1 < a < p — 2 such that neither a?~* — 1 nor (a + 1)P~! — 1 is divisible
by p?.

A 36. Let n and q be integers with n > 5, 2 < q < n. Prove that ¢ — 1
divides [@}

A 37. Ifn is a natural number, prove that the number (n+1)(n+2)---(n+
10) is not a perfect square.

A 38. Let p be a prime with p > 5, and let S = {p — n%|ln € N,n? < p}.
Prove that S contains two elements a and b such that alb and 1 < a < b.

A 39. Let n be a positive integer. Prove that the following two statements
are equivalent.

o n is not divisible by 4

o There exist a,b € Z such that a® +b* + 1 is divisible by n.

A 40. Determine the greatest common divisor of the elements of the set
{(n' —n|neZ}.

A 41. Show that there are infinitely many composite n such that 371 —27~1

1s divisible by n.

A 42. Suppose that 2" +1 is an odd prime for some positive integer n. Show
that n must be a power of 2.

A 43. Suppose that p is a prime number and is greater than 3. Prove that
P — 6P — 1 is divisible by 43.

A 44. Suppose that 4™ + 2™ + 1 is prime for some positive integer n. Show
that n must be a power of 3.

A 45. Let b, m, and n be positive integers b > 1 and m and n are different.
Suppose that b™ — 1 and b" — 1 have the same prime divisors. Show that
b+ 1 must be a power of 2.
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A 46. Let a and b be integers. Show that a and b have the same parity if
and only if there exist integers ¢ and d such that a®> +b*> + ¢ + 1 = d>.

A 47. Let n be a positive integer with n > 1. Prove that

1+ +1
2 n

18 not an integer.

A 48. Let n be a positive integer. Prove that

LA
3 2n +1

18 not an integer.

A 49. Prove that there is no positive integer n such that, fork =1,2,--- .9,
the leftmost digit (in decimal notation) of (n + k)! equals k.

A 50. Show that every integer k > 1 has a multiple less than k* whose
decimal expansion has at most four distinct digits.

A 51. Let a,b,c and d be odd integers such that 0 < a < b < ¢ < d and
ad = be. Prove that if a +d = 2% and b+ ¢ = 2™ for some integers k and
m, then a = 1.

A 52. Let d be any positive integer not equal to 2, 5, or 13. Show that one
can find distinct a and b in the set {2,5,13,d} such that ab — 1 is not a
perfect square.

A 53. Suppose that x,y, and z are positive integers with xy = z*>+1. Prove
that there exist integers a, b, ¢, and d such that x = a>+b%, y = > +d2, and
z=ac+ bd.

A 54. A natural number n is said to have the property P, if whenever n
divides a™ — 1 for some integer a, n® also necessarily divides a™ — 1.

(a) Show that every prime number n has the property P.

(b) Show that there are infinitely many composite numbers n

that possess the property P.

A 55. Show that for every natural number n the product
A2V (a2 (422 (a2
1 2 3 n

A 56. Let a,b, and ¢ be integers such that a + b+ ¢ divides a®> + b*> + ¢2.
Prove that there are infinitely many positive integers n such that a + b + ¢
divides a™ + b" + c".

18 an integer.

A 57. Prove that for every n € N the following proposition holds : The
number 7 is a divisor of 3™ + n3 if and only if 7 is a divisor of 3"n> + 1.
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A 58. Let k > 14 be an integer, and let py be the largest prime number
which is strictly less than k. You may assume that pr > 3k/4. Let n be a
composite integer. Prove that

(a) if n = 2py, then n does not divide (n — k)!

(b) if n > 2pyg, then n divides (n — k)!.

A 59. Suppose that n has (at least) two essentially distinct representations
as a sum of two squares. Specifically, let n = s> + t> = u? + v2, where
s>t>0,u>v>0, and s > u. Show that gcd(su — tv,n) is a proper
divisor of n.

A 60. Prove that there exist an infinite number of ordered pairs (a,b) of

integers such that for every positive integert, the number at+b is a triangular
number if and only if t is a triangular number.

A 61. For any positive integer n > 1, let p(n) be the greatest prime divisor
of n. Prove that there are infinitely many positive integers n with

p(n) <pn+1) <p(n+2).
A 62. Let p(n) be the greatest odd divisor of n. Prove that
QTL
1 p(k) _ 2
w2k T
k=1
A 63. There is a large pile of cards. On each card one of the numbers 1, 2,
-+, n s written. It is known that the sum of all numbers of all the cards is
equal to k - n! for some integer k. Prove that it is possible to arrange cards

into k stacks so that the sum of numbers written on the cards in each stack
is equal to n!.

A 64. The last digit of the number x* + xy + y? is zero (where x and y are
positive integers). Prove that two last digits of this numbers are zeros.

A 65. Clara computed the product of the first n positive integers and Valerid
computed the product of the first m even positive integers, where m > 2.
They got the same answer. Prove that one of them had made a mistake.

A 66. (Four Number Theorem) Let a,b,c, and d be positive integers such
that ab = cd. Show that there exists positive integers p,q,r, and s such that
a=pq, b=rs, c=pt, and d = su.

A 67. Prove that (2") is divisible by n + 1.

n
A 68. Suppose thatay,- - ,a, are positive integers. Show thatlem[ay, -+ ,a,] =
. -1... -1 .. .. (=1t
ai---ar(ar, az) (ar—1,a;) " (a1,a2,a3)(a1,a2,as3) - -- (a1, az, - - - a) .
A 69. Prove that if the odd prime p divides a®—1, where a and b are positive

integers, then p appears to the same power in the prime factorization of
b(a® — 1), where d is the greatest common divisor of b and p — 1.

3The triangular numbers are the t, = n(n +1)/2 with n € {0,1,2,...}.
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A 70. Suppose that m = nq, where n and q are positive integers. Prove that
the sum of binomial coefficients

> (i)

is divisible by m, where (x,y) denotes the greatest common divisor of x and
Y.
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4. DivisiBILITY THEORY II

Number theorists are like lotus-eaters - having tasted this food they can
never give it up. Leopold Kronecker

B 1. Determine all integers n > 1 such that
2"+ 1
n2

1S an integer.

B 2. Determine all pairs (n,p) of nonnegative integers such that
o p 18 a prime,
on < 2p, and
o (p—1)"+1 is divisible by nP~ .
B 3. Determine all pairs (n,p) of positive integers such that
o p s aprime, n>1, and
o (p—1)" +1 is divisible by nP~1. *
B 4. Find an integer n, where 100 < n < 1997, such that
2" + 2
n

s also an integer.

B 5. Find all triples (a,b,c) of positive integers such that 2¢ — 1 divides
20 420 1.
B 6. Find all integers a,b,c with 1 < a < b < c such that
(a—1)(b—1)(c—1) s a divisor of abc— 1.
B 7. Find all positive integers, representable uniquely as
%+ Y
xy+ 1’

where x and y are positive integers.

B 8. Determine all ordered pairs (m,n) of positive integers such that
nd 41
mn — 1

1S an integer.

4The answer is (n, p) = (2,2), (3,3). Note that this problem is a very nice generalization
of the above two IMO problems B1 and B2 !



PROBLEMS IN ELEMENTARY NUMBER THEORY 13

B 9. Determine all pairs of integers (a,b) such that

a?

2a%b — b3 + 1
1S a positive integer.
B 10. Find all pairs of positive integers m,n > 3 for which there exist
infinitely many positive integers a such that

a®+a-—1

a”+a?—1
is itself an integer.
B 11. Determine all triples of positive integers (a, m,n) such that a™ + 1
divides (a 4+ 1)™.

(z+y+=2)*

where x, y, and z are
Yz » I

B 12. Which integers are represented by
positive integers?

B 13. Find all n € N such that [\/n] | n.

B 14. Determine alln € N for which (i) n is not the square of any integer,
and (i) [/n]® divides n?.

B 15. Find all n € N such that 2"~ | nl.

B 16. Find all positive integers (x,n) such that ™ 4+ 2™ + 1 is a divisor of
R

B 17. Find all positive integers n such that 3" — 1 is divisible by 2™.
B 18. Find all positive integers n such that 9™ — 1 is divisible by 7™.

B 19. Determine all pairs (a,b) of integers for which a® 4 b + 3 is divisible
by ab.

B 20. Determine all pairs (x,7) of positive integers with y|z®+1 and x|y3+1.

B 21. Determine all pairs (a,b) of positive integers such that ab® + b+ 7
divides a’b + a + b.

B 22. Let a and b be positive integers. When a® + b* is divided by a + b,
the quotient is q and the remainder is r. Find all pairs (a,b) such that
¢ +r=1977.

B 23. Find the largest positive integer n such that n is divisible by all the
positive integers less than n'/3.

B 24. Find alln € N such that 3™ —n is divisible by 17.
B 25. Suppose that a and b are natural numbers such that
_ 4 [2a-0b
P=5V2a+0

is a prime number. What is the mazximum possible value of p?
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B 26. Find all positive integers n that have exactly 16 positive integral
divisors dy,do - -+ ,dyg such that 1 =dy < dy < --- < dig =n, dg = 18, and
dg — dg = 17.

B 27. Suppose that n is a positive integer and let
d1 < d2 < d3 < d4

be the four smallest positive integer divisors of n. Find all integers n such
that
n = d12 + d22 + d32 + d42.

B 28. Let 1 =dj <dy < -+ < d =n be all different divisors of positive
integer n written in ascending order. Determine all n such that

2
dr? +d 2:(”) .
7 10 d22

B 29. Let n > 2 be a positive integer, with divisors
l=di<do<---<dp=n.
Prove that
didy + dad3 + - - - + di_1dy,

is always less than n?, and determine when it is a divisor of n>.

B 30. Find all positive integers n such that (a) n has ezxactly 6 positive
divisors 1 < dy < dy < ds <dy <n, and (b) 1 +n =5(d1 + do + ds + dy).

B 31. Find all composite numbers n, having the property : each divisor d
of n (d # 1,n) satisfies inequalities n —20 < d < n — 12.

B 32. Determine all three-digit numbers N having the property that N is
divisible by 11, and % 1s equal to the sum of the squares of the digits of N.

B 33. When 4444%4 s written in decimal notation, the sum of its digits
is A. Let B be the sum of the digits of A. Find the sum of the digits of B.
(A and B are written in decimal notation.)

B 34. A wobbly number is a positive integer whose digits in base 10 are
alternatively non-zero and zero the units digit being non-zero. Determine
all positive integers which do not divide any wobbly number.

B 35. Find the smallest positive integer n such that

(i) n has exactly 144 distinct positive divisors, and
(ii) there are ten consecutive integers among the positive di-
visors of n.

B 36. Determine the least possible value of the natural number n such that
n! ends in exactly 1987 zeros.

B 37. Find four positive integers, each not exceeding 70000 and each having
more than 100 divisors.
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B 38. For each integer n > 1, let p(n) denote the largest prime factor of n.
Determine all triples (z,vy, z) of distinct positive integers satisfying

(i) x,y, z are in arithmetic progression, and
(i) p(zyz) < 3.
B 39. Find all positive integers a and b such that

a?+b and b2 +a
b2 —a " a?—b>

are both integers.

B 40. For each positive integer n, write the sum Y, 1/m in the form
Dn/qn, where p, and g, are relatively prime positive integers. Determine all
n such that 5 does not divide g, .

B 41. Find all natural numbers n such that the number n(n+1)(n+2)(n+3)
has exactly three prime divisors.

B 42. Prove that there exist infinitely many pairs (a,b) of relatively prime
positive integers such that
a’? -5 b -5

5 and "

are both positive integers.
B 43. Determine all triples (I,m,n) of distinct positive integers satisfying
ged(l,m)? =14+ m, ged(m,n)* =m +n, and ged(n,1)* =n+1.
B 44. What is the greatest common divisor of the set of numbers
{16" +10n—1|n=1,2,---}7?
B 45. (1. Selishev) Does there exist a 4-digit integer (in decimal form) such

that no replacement of three its digits by another three gives a multiple of
1992 ¢

B 46. What is the smallest positive integer that consists of the ten digits 0
through 9, each used just once, and is divisible by each of the digits 2 through
9 ¢
B 47. Find the smallest positive integer n which makes

21989 | mn _ 1
for all odd positive integer m greater than 1.

B 48. Determine the highest power of 1980 which divides
(1980n)!
(n!)1980
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5. ARITHMETIC IN Z,

Mathematics is the queen of the sciences and number theory is the queen
of Mathematics. Johann Carl Friedrich Gauss

5.1. Primitive Roots.

C 1. Let n be a positive integer. Show that there are infinitely many primes
p such that the smallest positive primitive root of p is greater than n.

2
C 2. Letp be a prime withp > 4 ( p—1 ) 22k where k denotes the number

d(p—1)
of distinct prime divisors of p — 1, and let M be an integer. Prove that
the set of integers M +1, M +2, ---, M + 2 |:¢fp:11)2k\/ﬁ:| — 1 contains a

primitive root to modulus p.

C 3. Show that for each odd prime p, there is an integer g such that 1 <
g < p and g is a primitive root modulo p" for every positive integer n.

C 4. Let g be a Fibonacci primitive root (mod p). i.e. g is a primitive root
(mod  p) satisfying g*> = g + 1(mod p). Prove that

(a) Prove that g — 1 is also a primitive root (mod p).
(b) If p = 4k +3, then (g—1)%*3 = g—2(mod p) and deduce
that g — 2 is also a primitive root (mod p).

C 5. Let p be an odd prime. If g1, -+, ggp—1) are the primitive roots mod
p in the range 1 < g < p — 1, prove that

#(p—1)
> gi = plp - 1)(mod p).
=1

C 6. Suppose that m does not have a primitive root. Show that

#(m)

az =-—1(modm)
for every a relatively prime m.

C 7. Suppose that p > 3 is prime. Prove that the products of the primitive
roots of p between 1 and p — 1 is congruent to 1 modulo p.

C 8. Let p be a prime. Let g be a primitive root of modulo p. Prove that
there is no k such that g"*? = g**1 11 = ¢ + 2 (mod p).
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5.2. Quadratic Residues.

C 9. Find all positive integers n that are quadratic residues modulo all
primes greater than n.

C 10. The positive integers a and b are such that the numbers 15a + 16b
and 16a — 15b are both squares of positive integers. What is the least possible
value that can be taken on by the smaller of these two squares?

C 11. Let p be an odd prime number. Show that the smallest positive qua-
dratic nonresidue of p is smaller than \/p + 1.

C 12. Let M be an integer, and let p be a prime with p > 25. Show that the
sequence M, M +1, ---, M +3[,/p] — 1 contains a quadratic non-residue to
modulus p.

C 13. Let p be an odd prime and let Z, denote (the field of ) integers modulo
p. How many elements are in the set

{22 :xeZ}n{y*+1:y€ Z,}?
C 14. Let a,b, c be integers and let p be an odd prime with
p fa and p fb* — dac.

ki<ak:2+bk+c> __<Z)'

Show that

5.3. Congruences.

C 15. If p is an odd prime, prove that

()=[EJosr

C 16. Suppose that p is an odd prime. Prove that

P .
Z (p) <p4__3> =2 +1 (modpz).
o M J

C 17. (Morley) Show that

for all prime numbers p with p > 5.

C 18. Let n be a positive integer. Prove that n is prime if and only if

<n ; 1) = (—=1)*(mod n)
for allk € {0,1,--- ,n—1}.
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C 19. Prove that forn > 2,

n terms (Tl — 1) terms
2 2
227 = 22" (mod n).

C 20. Show that, for any fized integer n > 1, the sequence
2
2, 22, 22° 22 ... (modn)
is eventually constant.

C 21. Somebody incorrectly remembered Fermat’s little theorem as saying
that the congruence a™*' = a (mod n) holds for all a if n is prime. Describe
the set of integers n for which this property is in fact true.

C 22. Characterize the set of positive integers n such that, for all integers
a, the sequence a, a®, a3, - is periodic modulo n.

C 23. Show that there exists a composite number n such that a™ = a (mod n)
for alla € Z.

C 24. Let p be a prime number of the form 4k + 1. Suppose that 2p + 1 is
prime. Show that there is no k € N with k < 2p and 2¥ =1 (mod 2p + 1)

C 25. During a break, n children at school sit in a circle around their teacher
to play a game. The teacher walks clockwise close to the children and hands
out candies to some of them according to the following rule. He selects one
child and gives him a candy, then he skips the next child and gives a candy
to the next one, then he skips 2 and gives a candy to the next one, then he
skips 3, and so on. Determine the values of n for which eventually, perhaps
after many rounds, all children will have at least one candy each.

C 26. Suppose that m > 2, and let P be the product of the positive integers
less than m that are relatively prime to m. Show that P = —1(mod m) if
m =4, p", or 2p", where p is an odd prime, and P = 1(mod m) otherwise.

C 27. Let I consist of all polynomials in x with integer coefficients. For f
and g in I' and m a positive integer, let f = g (mod m) mean that every
coefficient of f — g is an integral multiple of m. Let n and p be positive
integers with p prime. Given that f,g,h,r and s are in I' with rf + sg =1
(mod p) and fg = h (mod p), prove that there exist F' and G in I' with
F=f (modp), G=g (mod p), and FG = h (mod p").
C 28. Determine the number of integers n > 2 for which the congruence
2% =z (mod n)
is true for all integers x.

C 29. Let ny,---,ni and a be positive integers which satify the following
conditions :
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Z) fOT any i ?éj) (nl)n]) = 1)
ii) for any i, a™ = 1(mod n;), and
ii1) for any i, n; fa — 1.
Show that there exist at least 281 — 2 integers x > 1 with a® = 1(mod ).

C 30. Determine all positive integers n > 2 that satisfy the following con-
dition ; For all integers a,b relatively prime to n,

a=b(modn) <= ab=1 (modn).

C 31. Determine all positive integers n such that xy+1 = 0 (mod n) implies
that x +y = 0 (mod n).

C 32. Let p be a prime number. Determine the mazimal degree of a poly-
nomial T'(z) whose coefficients belong to {0,1,--- ,p — 1}, whose degree is
less than p, and which satisfies

T(n) =T(m) (mod p) => n =m (mod p)
for all integers n, m.

C 33. Letay, ---, ar and mq, ---, mg be integers 2 < my and 2m; < mi4q
for 1 <i <k —1. Show that there are infinitely many integers x which do
not satisfy any of congruences

x = a1 (mod my),x = az (mod ma),--- ,x = ai (mod my,).
C 34. Show that 1994 divides 10909 — 21000,
C 35. Determine the last three digits of
20032002
C 36. Prove that 19801981 4 19821981 ;¢ givisible by 19811981,

C 37. Every odd prime is of the form p = 4n + 1.
(a) Show that n is a quadratic residue (mod p).
(b) Calculate the value n™ (mod p).
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6. PRIMES AND COMPOSITE NUMBERS

Wherever there is number, there is beauty. Proclus Diadochus

6.1. Composite Numbers.
D 1. Prove that the number 5123 + 6753 4+ 7203 is composite.

D 2. Let a,b,c,d be integers with a > b > ¢ > d > 0. Suppose that
ac+bd=(b+d+a—c)(b+d—a-+c). Prove that ab+ cd is not prime.

D 3. Find the sum of all distinct positive divisors of the number 104060401.
D 4. Prove that 1280000401 s composite.

125 _ . .
D 5. Prove that 55257711 s a composite number.

D 6. Find the factor of 233 — 219 — 217 _ 1 that lies between 1000 and 5000.

D 7. Show that there exists a positive integer k such that k - 2" + 1 is
composite for all n € Ny.

D 8. Show that for all integer k > 1, there are infinitely many natural
numbers n such that k- 22" + 1 is composite.

D 9. Four integers are marked on a circle. On each step we simultaneously
replace each number by the difference between this number and next number
on the circle in a given direction (that is, the numbers a, b, ¢, d are replaced
by a—>b,b—c, c—d, d—a). Is it possible after 1996 such steps to have
numbers a, b, ¢, and d such that the numbers |bc—ad|, |ac—bd|, and |ab— cd|
are primes ?

D 10. Represent the number 989-1001-1007+ 320 as the product of primes.

D 11. In 1772 Euler discovered the curious fact that n? +mn + 41 is prime
when n is any of 0,1,2,---,39. Show that there exist 40 consecutive integer
values of n for which this polynomaial is not prime.

6.2. Prime Numbers.
D 12. Show that there are infinitely many primes.

D 13. Find all natural numbers n for which every natural number whose
decimal representation has n — 1 digits 1 and one digit 7 is prime.

D 14. Prove that there do not exist polynomials P and Q) such that

for all x € N.

D 15. Show that there exist two consecutive squares such that there are at
least 1000 primes between them.
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D 16. Prove that for any prime p in the interval (n, 4?"] , p divides
n 4
>(;)
=0 N
D 17. Let a, b, and n be positive integers with gcd(a,b) = 1. Without using

Dirichlet’s theorem®, show that there are infinitely many k € N such that
ged(ak +b,n) = 1.

D 18. Without using Dirichlet’s theorem, show that there are infinitely many
primes ending in the digit 9.

D 19. Let p be an odd prime. Without using Dirichlet’s theorem, show that
there are infinitely many primes of the form 2pk + 1.

D 20. Verify that, for each v > 1, there are infinitely many primes p with
p=1 (mod2").

D 21. Prove that if p is a prime, then pP — 1 has a prime factor that is
congruent to 1 modulo p.

D 22. Let p be a prime number. Prove that there exists a prime number q
such that for every integer n, nP — p is not divisible by q.

D 23. Letpy =2,p2 = 3,p3 =5, -, pn be the first n prime numbers, where
n > 3. Prove that

1 n 1 P 1 n 1 - 1
m? p2? p? pipapn 2
D 24. Let p, be the nth prime : p1 = 2,p2 = 3,p3 = 5,---. Show that the
infinite series
[o¢]
1
ey Pn

diverges.

D 25. Prove that log n > k log 2, where n is a natural number and k is the
number of distinct primes that divide n.

D 26. Find the smallest prime which is not the difference (in some order)
of a power of 2 and a power of 3.

D 27. Prove that for each positive integer n, there exist n consecutive pos-
itive integers none of which is an integral power of a prime number.

D 28. Show that n™ M=) < 4™ for all positive integer n.

D 29. Let s, denote the sum of the first n primes. Prove that for each n
there exists an integer whose square lies between s, and Sp41.

5For any a,b € N with ged(a,b) = 1, there are infinitely many primes of the form
ak + b.
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D 30. Given an odd integer n > 3, let k and t be the smallest positive
integers such that both kn 4+ 1 and tn are squares. Prove that n is prime if
and only if both k and t are greater than %

D 31. Suppose n and r are nonnegative integers such that no number of the
formn?+r—k(k+1) (k € N) equals to —1 or a positive composite number.
Show that 4n? +4r +1 is 1, 9 or prime.

D 32. Let n > 5 be an integer. Show that n is prime if and only if nyn; #
nypng for every partition of n into 4 integers, n = ny +na +ngz +ny4, and for
each permutation (i,7,p,q) of (1,2,3,4).

D 33. Prove that there are no positive integers a and b such that for all
different primes p and q greater than 1000, the number ap+bq is also prime.

D 34. Let p, denote the nth prime number. For all n > 6, prove that

7w (\/P1p2 - pn) > 2n.

D 35. There exists a block of 1000 consecutive positive integers containing
no prime numbers, namely, 1001! + 2, 1001! 4+ 3, ---, 1001! 4+ 1001. Does
there exist a block of 1000 consecutive positive integers containing exactly
five prime numbers?

D 36. (S. Golomb) Prove that there are infinitely many twin primes if and
only if there are infinitely many integers that cannot be written in any of the
following forms :

6uv +u+v, 6uv+u—wv, 6uv —u-+v, 6buv —u—o,
for some positive integers u and v.

D 37. It’s known that there is always a prime between n and 2n — 7 for all
n > 10. Prove that, with the exception of 1, 4, and 6, every natural number
can be written as the sum of distinct primes.

D 38. Prove that if ¢ > %, then there exists a real numbers 6 such that [0°"]
is prime for any positive integer n.

D 39. Let ¢ be a nonzero real numbers. Suppose that
g(x) =cox" " L4t ezt

is a polynomial with integer coefficients. Suppose that the roots of g(x) are

by, ---, by. Let k be a given positive integer. Show that there is a prime p
such that
p >kl e
and, moreover if t is a real between 0 and 1, and j is one of 1, -+, r, then
(p—1)!

(7 by glthy) el <

Furthermore, if
et (g ()"

(p— 1!

fz) =
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then
T 1 1
2/ U000 f(tb,)dt| < 5
j=170

D 40. Prove that there do not exist eleven primes, all less than 20000, which
can form an arithmetic progression.

D 41. (G. H. Hardy) Let n be a positive integer. Show that n is prime if

and only if
s N 2
lim lim tlim (1 — (cos (u!) W) t> =n.
r—00 §—00 t—00 n

u=0
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7. RATIONAL AND IRRATIONAL NUMBERS

God made the integers, all else is the work of man. Leopold Kronecker

7.1. Rational Numbers.

E 1. Suppose that a rectangle with sides a and b is arbitrarily cut into squares
with sides x1, - -+, T. Show that = € Q and T € Q for alli € {1,--- n}.

E 2. Find all x and y which are rational multiples of m with 0 <z <y < 5
and tanx + tany = 2.

E 3. Let v be a rational number with 0 < o < 1 and cos(3mwa)+2cos(2ma) =

0. Prove that o = %

E 4. Suppose that tana = %, where p and q are integers and ¢ # 0. Prove

the number tan 3 for which tan 2 = tan 3« is rational only when p* + ¢* is
the square of an integer.

E 5. Prove that there is no positive rational number x such that
9

= — 2
T =

2
E 6. Let x,y, z non-zero real numbers such that xy, yz, zx are rational.

(a) Show that the number x* + y? + 22 is rational.
b) If the number x> + y3 + 2% is also rational, show that .,
Yy )
Yy, z are rational.

E 7. If x is a positive rational number, show that x can be uniquely expressed
in the form

. az  as
T =a + g + ? + )
where ay, ag, --- are integers, 0 < a, < n—1, forn > 1, and the series

terminates. Show also that x can be expressed as the sum of reciprocals of
different integers, each of which is greater than 10°.

E 8. Find all polynomials W with real coefficients possessing the following
property : if x +y is a rational number, then W (x) + W (y) is rational.

E 9. Prove that every positive rational number can be represented in the
form
a® + b3
3+ dd
for some positive integers a,b, c, and d.
E 10. The set S is a finite subset of [0, 1] with the following property : for

all s € S, there exist a, b € S|J{0, 1} with a,b # s such that s = aT“’. Prove
that all the numbers in S are rational.
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E 11. Let S = {zo,z1,--- ,zn} C [0,1] be a finite set of real numbers with
xo9 = 0 and x1 = 1, such that every distance between pairs of elements occurs
at least twice, except for the distance 1. Prove that all of the x; are rational.

E 12. Does there exist a circle and an infinite set of points on it such that

the distance between any two points of the set is rational ¢

E 13. Prove that numbers of the form
al a9 as
utaty

where 0 < a; <i—1 (i =2,3,4,---) are rational if and only if starting from

some i on all the a;’s are either equal to 0 (in which case the sum is finite)

or all are equal to ¢ — 1.

+...7

E 14. Let k and m be positive integers. Show that
(o]
1

S(m, k) = Zzln(mn+k:)

is rational if and only if m divides k.

E 15. Find all rational numbers k such that 0 < k < % and coskm is
rational.

E 16. Prove that for any distinct rational numbers of a, b, c, the number
1 n 1 n 1
(b—c)*  (c—a)*  (a—0)?

is the square of some rational number.

7.2. Irrational Numbers.

E 17. Find the smallest positive integer n such that
0 < ni — [n1] < 0.00001.

E 18. Prove that for any positive integers a and b

1
R
av2 2(a + b)
E 19. Prove that there exist positive integers m and n such that
2
m 1
— — V2001 < —.
n3 108

E 20. Let a,b, c be integers, not all zero and each of absolute value less than

one million. Prove that
1

a+bv2+ cx/§‘ > o
E 21. Let a,b, c be integers, not all equal to 0. Show that

1
107 1317 1 282 < PPVia+3V2b + ¢|.




26 PROBLEMS IN ELEMENTARY NUMBER THEORY

E 22. (Hurwitz) Prove that for any irrational number £, there are infinitely
many rational numbers 7 ((m,n) € Z x N) such that
n 1
- =< —.
‘g m ‘ \/ng
E 23. Show that w is irrational.
E 24. Show that e = Y 00 & is irrational.

E 25. Show that cos% 18 irrational.

1 1 o .
E 26. Show that - arccos <m> 18 rrational.

E 27. Show that cos1° is irrational.

E 28. An integer-sided triangle has angles pf and qf, where p and q are
relatively prime integers. Prove that cos 8 is irrational.

E 29. It is possible to show that CSC% — csc 12%“ = 1.999989433.... Prove

that there are no integers j, k, n with odd n satisfying csc % — csc ’% = 2.

E 30. For which angles 0, a rational number of degrees, is it the case that
tan?0 + tan?20 is irrational ?

E 31. (K. Mahler, 1953) Prove that for any p,q € N with ¢ > 1 the following
inequality holds. ©

T — p‘ >q "

q

E 32. For each integer n > 1, prove that there is a polynomial P, (x) with
rational coefficients such that

(1 — )" = (1 + 2)2P,(x) + (—1)"4™.

Define the rational number a, by

(_1)1171 1
(In:4n_1/ Pn(x)dx,nzl,Q,
0
Prove that a,, satisfies the inequality

1
’ﬂ-_an‘<45ni_17 n:1727"'

E 33. (K. Alladi, M. Robinson, 1979) Suppose that p,q € N satisfy the
inequality e(\/p +q — \/q)* < 1." Show that In (1 + q> is irrational.

6This is a deep theorem in transcendental number theory. Note that it follows from this
result that 7 is irrational ! In fact, it’s known that for sufficiently large ¢, the exponent
42 can be replaced by 30. Here is a similar result due to A. Baker : For any rationals %,
one has |In 2 — 2| > 1071000004125 TAT pp. 106]

7 _ 1
Here, e = ano =
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E 34. Show that the cube roots of three distinct primes cannot be terms in
an arithmetic progression.

E 35. Let n be an integer greater than or equal to 3. Prove that there is a
set of n points in the plane such that the distance between any two points is
irrational and each set of three points determines a non-degenerate triangle
with a rational area.

E 36. You are given three lists A, B, and C. List A contains the numbers of
the form 10F in base 10, with k any integer greater than or equal to 1. Lists
B and C contain the same numbers translated into base 2 and 5 respectively:

A B C

10 1010 20

100 1100100 400

1000 1111101000 13000

Prove that for every integer n > 1, there is exactly one number in exactly
one of the lists B or C that has exactly n digits.

E 37. (Beatty) Prove that if a and 3 are positive irrational numbers satis-
fying é + % =1, then the sequences

[a]a [20[], [301], T

and

[6}7 [26]7 [35]7 e

together include every positive integer exactly once.
E 38. For a positive real number o, define
S(Oé) = {[TLO[] | n= 17273a"'}~

Prove that N cannot be expressed as the disjoint union of three sets S(«a),

S(B), and S(7).

E 39. Let f(z) =172, (1+ 5). Show that at the point x = 1, f(x) and
all its derivatives are irrational.

E 40. Let {an}n>1 be a sequence of positive numbers such that
an+12 =an,+1, neN.

Show that the sequence contains an irrational number.

E 41. Show that tan (%) is irrational for all positive integers m > 5.

E 42. Prove that if g > 2 is an integer, then two series

1 =1
Z n? and Z n!
n=0 9 n=0 g

both converge to irrational numbers.
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E 43. Let1 < aj < ag < --- be a sequence of positive integers. Show that
201 202 203
al " ag! T oag!

is irrational.

E 44. (N. Agahanov) Do there ezist real numbers a and b such that
(1) a+ b is rational and a™ + b" is irrational for alln € N withn > 2 ?
(2) a+b is irrational and a™ + b"™ is rational for alln € N withn > 2 ?

E 45. Let p(x) = 23 + a2 + asx + ag have rational coefficients and have
roots ri, ra, and r3. If r1 — ro is rational, must r1, ro, and rg be rational ?

E 46. Let a = 0.didads--- be a decimal representation of a real number
between 0 and 1. Let r be a real number with |r| < 1.

(a) If o and r are rational, must Y 50, d;r* be rational ?
(b) If Y°:2, dir* and r are rational, o must be rational ?
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8. DIOPHANTINE EQUATIONS I

In the margin of his copy of Diophantus’ Arithmetica, Pierre de Fermat
wrote :  To divide a cube into two other cubes, a fourth power or in general
any power whatever into two powers of the same denomination above the
second is impossible, and I have assuredly found an admirable proof of this,
but the margin is too narrow to contain it.

F 1. One of Euler’s conjecture® was disproved in the 1980s by three American
Mathematicians’ when they showed that there is a positive integer n such that

n® = 133° + 110° + 84° + 27°.
Find the value of n.
F 2. The number 21982145917308330487013369 is the thirteenth power of a

positive integer. Which positive integer?
F 3. Does there exist a solution to the equation
$2—{—y2—i—z2—|—u2—|—02 = zyzuv — 65
in integers x,y, z,u,v greater than 19987
F 4. Find all pairs (x,y) of positive rational numbers such that x*+3y* = 1.
F 5. Find all pairs (z,y) of rational numbers such that y*> = x3 — 3z + 2.

F 6. Show that there are infinitely many pairs (z,y) of rational numbers
such that 3 +y3 = 9.

F 7. Determine all pairs (x,y) of positive integers satisfying the equation
(z+y)* - 2(zy)* = 1.
F 8. Show that the equation

3 43 + 23 4+ 3 = 1999
has infinitely many integral solutions. °

F 9. Determine all integers a for which the equation
22+ azry + y2 =1

has infinitely many distinct integer solutions x, y.

8In 1769, Euler, by generalizing Fermat’s Last Theorem, conjectured that “it is im-
possible to exhibit three fourth powers whose sum is a fourth power”, “four fifth powers
whose sum is a fifth power, and similarly for higher powers” [Rs]

9. J. Lander, T. R. Parkin, and J. L. Selfridge

LO\ore generally, the following result is known : let n be an integer, then the equation
3 + 4 + 2% + w® = n has infinitely many integral solutions (z,y, z,w) if there can be
found one solution (z,y, z,w) = (a,b,c,d) with (a + b)(c + d) negative and with either
a # b and ¢ # d. [Eb2, pp.90]
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F 10. Prove that there are unique positive integers a and n such that

a™ — (a +1)" = 2001.
F 11. Find all (z,y,n) € N? such that gcd(z,n+1) = land 2™ +1 = y" 1,
F 12. Find all (z,y,z) € N3 such that x* — y* = 22,
F 13. Find all pairs (z,y) of positive integers that satisfy the equation !
y2 = 23 + 16.

F 14. Show that the equation x> 4+ y° = 2z has infinitely many solutions in
integers x,y, z for which xyz # 0.

F 15. Prove that there are no integers x and y satisfying x> = y° — 4.

F 16. Find all pairs (a,b) of different positive integers that satisfy the equa-
tion W(a) = W (b), where W (z) = 2* — 32 + 52% — 9.

F 17. Find all positive integers n for which the equation
a+b+c+d=nVabed
has a solution in positive integers.
F 18. Determine all positive integer solutions (x,y, z,t) of the equation
(24 y)(y + 2)(= + o) = ayzt
for which ged(x,y) = ged(y, z) = ged(z,z) = 1.
F 19. Find all (z,y,z,n) € N* such that 3 + > + 23 = na?y?22.
F 20. Determine all positive integers n for which the equation
"+ 2+z)"+2-2)"=0
has an integer as a solution.
F 21. Prove that the equation
6(6a> + 3b* + ¢*) = 5n?
has no solutions in integers except a =b=c=n = 0.
F 22. Find all integers a,b,c, x,y, z such that
a+b+c=zxyz, c+y+z=abc,a>b>c>1, z>y>z22>1.

F 23. Find all (z,y,z) € Z3 such that x> +y3 + 23 =2 +y + 2 = 3.

H1t's known that there are (infinitely) many integers k so that the equation y? =2 +k
has no integral solutions. For example, if k has the form k = (4n — 1)® — 4m?, where m
and n are integers such that no prime p = —1 (mod 4) divides m, then the equation
y? = 23 4+ k has no integral solutions. For a proof, see [Tma, pp. 191].
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F 24. Prove that if n is a positive integer such that the equation
23 — 3zy® + 9 = n.

has a solution in integers (x,y), then it has at least three such solutions.
Show that the equation has no solutions in integers when n = 2891.

F 25. What is the smallest positive integer t such that there exist integers
T1,T9, - , Ty With

o1+ + o+ 2 = 20022002 7
F 26. Solve in integers the following equation
n?%% = m(m 4 n)(m + 2n) - - - (m + 2001n).

F 27. Prove that there exist infinitely many positive integers n such that
p = nr, where p and r are respectively the semi-perimeter and the inradius
of a triangle with integer side lengths.

F 28. Let a,b,c be positive integers such that a and b are relatively prime
and c is relatively prime either to a and b. Prove that there exist infinitely
many triples (x,y, z) of distinct positive integers such that

% + yb = ¢
F 29. Find all pairs of integers (x,y) satisfying the equality
y(z® +36) + x(y® — 36) + 2 (y — 12) = 0

F 30. Let a, b, ¢ be given integers a > 0, ac — b> = P = P, P, --- P, where
Py, -+, P, are (distinct) prime numbers. Let M(n) denote the number of
pairs of integers (x,y) for which ax? + bxy + cy* = n. Prove that M(n) is
finite and M(n) = M(p* - n) for every integers k > 0.

F 31. Determine integer solutions of the system
2uv — zy = 16,
v —yu = 12.
F 32. Let n be a natural number. Solve in whole numbers the equation
2"yt = (z - )"t

F 33. Does there exist an integer such that its cube is equal to 3n? +3n+7,
where n 18 integer?

F 34. Are there integers m and n such that 5m? — 6mn + Tn? = 19857

F 35. Find all cubic polynomials x> + ax® + bx + ¢ admitting the rational
numbers a, b and c as roots.

F 36. Prove that the equation a? + b* = ¢ + 3 has infinitely many integer
solutions (a, b, c).

F 37. Prove that for each positive integer n there exist odd positive integers
xn and y, such that x,? + Ty,? = 2".
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F 38. Suppose that p is an odd prime such that 2p + 1 is also prime. Show
that the equation xP 4 2yP + 52P = 0 has no solutions in integers.

F 39. Let A, B,C, D, E be integers B # 0 and F = AD> - BCD+ B?*E # 0.
Prove that the number N of pairs of integers (x,y) such that

Az? + Bay+Cx+ Dy+ E =0,

satisfies N < 2d(|F|), where d(n) denotes the number of positive divisors of
positive integer n.

F 40. Determine all pairs of rational numbers (x,y) such that
? +y° =% + o7
F 41. Suppose that A = 1,2, or 3. Let a and b be relatively prime integers

such that a®> + Ab?> = s3 for some integer s. Then, there are integers u and
v such that s = u® + Av?, a = u3 — 3Avu?, and b = 3u?v — Av3.

F 42. Find all integers a for which 3 — x 4 a has three integer roots.

F 43. Find all solutions in integers of x> + 2% = 423.

F 44. For an € N, show that the number of integral solutions (z,y) of
22 +xy + y2 =n

is finite and a multiple of 6.

F 45. (Fermat) Show that there cannot be four squares in arithmetical pro-
gression.

F 46. (Gauss) Let a,b,c,d,e, f be integers such that b> — 4ac > 0 is not a
perfect square and dacf + bde — ae® — cd® — fb> #0. Let

f(z,y) = az® + bry + cy® + do + ey + f

Suppose that f(xz,y) =0 has an integral solution. Show that f(x,y) = 0 has
infinitely many integral solutions.

F 47. Show that the equation x* +y* +42* = 1 has infinitely many rational
solutions.

F 48. Solve the equation x> + 7 = 2" in integers.

F 49. Show that the only solutions of the equation x3 — 3xy®> —y> =1 are
given by (z,y) = (1,0),(0,-1),(-1,1),(1,-3),(=3,2),(2,1).

F 50. Show that the equation y? = 23 +2a>® — 3b has no solution in integers
if ab # 0, a Z 1 (mod 3), 3 /b, a is odd if b is even, and p = t> + 27u? is
soluble in integers t and u of pla and p =1 (mod 3).

F 51. Prove that the product of five consecutive integers is never a perfect
square.

F 52. Do there exist two right-angled triangles with integer length sides that
have the lengths of exactly two sides in common?
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F 53. Suppose that a,b, and p are integers such that b = 1 (mod 4), p =
3 (mod 4), p is prime, and if q is any prime divisor of a such that q =
3 (mod 4), then ¢P|a® and p fq — 1 (if ¢ = p, then also q|b). Show that the
equation

22 +da® =yP — P
has no solutions in integers.
F 54. Show that the number of integral-sided right triangles whose ratio of

area to semi-perimeter is p"', where p is a prime and m is an integer, is
m+1ifp=2and2m+1 if p # 2.
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9. DIOPHANTINE EQUATIONS II

The positive integers stand there, a continual and inevitable challenge to
the curiosity of every healthy mind. Godfrey Harold Hardy

G 1. Given that
34! = 95232799¢d96041408476186096435a6000000, 1),

determine the digits a,b,c, and d.

G 2. Prove that the equation (x1—x2)(xo—x3)(r3—x4)(x4—25)(x5—26) (X6 —

z7) (27 —21) = (21— 23) (22 —24) (73 — 75) (¥4 — 76 ) (25 — 27) (26 — 1) (T7 — 72)
has a solution in natural numbers where all x; are different.

G 3. (P. Erdos) Show that the equation (}) = m! has no integral solution
withl > 2 and 4 <k <n —4.

G 4. Solve in positive integers the equation 10% + 2 — 3¢ = 1997.
G 5. Solve the equation 28% = 19Y 4+ 877, where x,y, z are integers.

G 6. Show that the equation x7 + y” = 19987 has no solution in positive
integers.

G 7. Solve the equation 2° — 5 = 11Y in positive integers.

G 8. Solve the equation 7% — 3Y = 4 in positive integers.

G 9. Show that [12™ —5"| > 7 for all m,n € N.

G 10. Show that there is no positive integer k for which the equation
(n—1)!+1=nk

s true when n is greater than 5.

G 11. Determine all pairs (z,y) of integers such that
(19a 4+ 0)'® + (a + b)'® + (190 + a)'®
18 a positive square.

G 12. Let b be a positive integer. Determine all 200-tuple integers of non-

negative integers (ai,as, - ,a2002) satisfying
n
> a% = 20020,
j=1

G 13. Is there a positive integers m such that the equation
1 1 1 1 m
o b e T abe Tavbre

has infinitely many solutions in positive integers a,b,c ¢
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G 14. Consider the system
rT+y=z+u,
2xy = zu.
Find the greatest value of the real constant m such that m < % for any
positive integer solution (x,y, z,u) of the system, with x > y.

1
G 15. Determine all positive rational numbers r # 1 such that r=1 1is
rational.

G 16. Show that the equation {x3} + {3} = {23} has infinitely many ra-
tional non-integer solutions.

G 17. Let n be a positive integer. Prove that the equation

1 1

r+y+—+-—=3n

r oy
does not have solutions in positive rational numbers.
G 18. Find all pairs (z,y) of positive rational numbers such that z¥ = y*
G 19. Find all pairs (a,b) of positive integers that satisfy the equation

a” =

G 20. Find all pairs (a,b) of positive integers that satisfy the equation
=

G 21. Let a,b, and = be positive integers such that z*t? = abb. Prove that
a=2x and b=x".

a

aa

G 22. Find all pairs (m,n) of integers that satisfy the equation
dmn
m+n—1

G 23. Find all pairwise relatively prime positive integers I, m,n such that

1 1 1
({+m+n) (—I——i—)
I m n

(m —n)* =

1S an integer.
G 24. Let z,y, and z be integers with z > 1. Show that
(x+1)%+ (z+2) + - + (2 +99)% # y*.
G 25. Find all values of the positive integers m and n for which
42043+ nl =m?

G 26. Prove that if a, b, c,d are integers such that d = (a—|—2%b+2%c)2 then
d is a perfect square (i. e. is the square of an integer).

G 27. Find a pair of relatively prime four digit natural numbers A and B
such that for all natural numbers m and n, |A™ — B™| > 400.
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G 28. Find all triples (a,b,c) of positive integers to the equation
ald! = al + bl + cl.
G 29. Find all pairs (a,b) of positive integers such that
Cva+3Vb—1)? = 49 4+ 20°V6.

G 30. For what positive numbers a is

3\/2+\/5+3\/2—\/a

an integer ?
G 31. Find all integer solutions to 2(x® +y® + 1) = bay(x? +y? + 1).

G 32. A triangle with integer sides is called Heronian if its are is an in-
teger. Does there exist a Heronian triangle whose sides are the arithmetic,
geometric and harmonic means of two positive integers ?

G 33. What is the smallest perfect square that ends in 9009 %

G 34. (Leo Moser) Show that the Diophantine equation
1 1 1 1
_t — 4+ — 4 — =1
xr1 xo Tn T1X2 " Tn

has at least one solution for every positive integers n.

G 35. Prove that the number 99999 + 111111v/3 cannot be written in the
form (A+ BV/3)2%, where A and B are integers.

G 36. Find all triples of positive integers (x,y, z) such that

(z+y)(1 +zy) =27
G 37. If R and S are two rectangles with integer sides such that the perime-
ter of R equals the area of S and the perimeter of S equals the area of R,

call R and S are amicable pair of rectangles. Find all amicable pairs of
rectangles.
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10. FuNncTIONS IN NUMBER THEORY

Gauss once said ”Mathematics is the queen of the sciences and number
theory is the queen of mathematics.” If this be true we may add that the
Disauistiones is the Magna Charta of number theory. M. Cantor

10.1. Floor Function and Fractional Part Function.

H 1. Let a be the positive root of the equation x> = 1991z + 1. For natural
numbers m and n define

m*n =mn+ [am][an],

where [x] is the greatest integer not exceeding x. Prove that for all natural
numbers p, q, and r,

(pxq)xr=px(q*r).

H 2. Prove that for any positive integer n,
[ﬁ} N [n—FQ] N [n+4] _ [ﬁ] N [n+3]
3 6 6 2 6
H 3. Prove that for any positive integer n,
[n—;l] N [nzﬂ N [n—8{—4] N [nl—sz] TR
H 4. Show that for all positive integers n,
[Vn+vVn+1] = [Van +1] = [Van + 2] = [V4n + 3].
H 5. Find all real numbers o for which the equality

WA+ Vit al = Vi)

holds for all positive integers n.

H 6. Prove that for all positive integers n,
[Vn+vVn+1++vn+2]=[Von+8].

H 7. Prove that for all positive integers n,

(05 + (n+1)3] = [(8n + 3)3]

H 8. Prove that [n% + (n+ 1)% + (n+ 2)%] =[(2Tn + 26)%] for all positive
integer n.

H 9. Show that for all positive integers m and n,

m—1
k
ged(m,n) :m+n—mn+2z [nﬂ .
k=0
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H 10. Show that for all primes p,

T m _p+)p-1p-2)

P 4

k=1
H 11. Let p be a prime number of the form 4k + 1. Show that

(36D -

H 12. Let p =4k + 1 be a prime. Show that
> [vi] - 7
. PI= 12
=1
H 13. Suppose that n > 2. Prove that
n 2 TL2 2
n n
> %= 7
k=2 k=n+1
H 14. Let a,b,n be positive integers with ged(a,b) = 1. Prove that

ak+b n—1
{5

k

where k runs through a complete system of residues modulo m.

H 15. Find the total number of different integer values the function

f(z) = [z] + [22] + [533:} + [3z] + [4z]

takes for real numbers x with 0 < x < 100.

H 16. Prove or disprove that there exists a positive real number u such that
[u™] —n is an even integer for all positive integer n.

H 17. Determine all real numbers a such that
4[an] = n + [a[an]] for alln € N

H 18. Do there exist irrational numbers a,b > 1 and [a™] differs [b"] for
any two positive integers m and n?

H 19. Let a,b, c, and d be real numbers. Suppose that [na]+[nb] = [nc]+[nd]
for all positive integers n. Show that at least one of a+b, a—c, a—d is an
integer.

H 20. (S. Reznichenko) Find all integer solutions of the equation

a1+ [l i o
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10.2. Euler phi Function.
H 21. Let n be an integer with n > 2. Show that ¢(2" — 1) is divisible by n.
H 22. (Gauss) Show that for all n € N,

n=> ¢(d).

H 23. If p is a prime and n an integer such that 1 <n < p, then

p—1
o) (Z nk> = 0 (mod p).
k=0
H 24. Let m, n be positive integers. Prove that, for some positive integer
a, each of ¢(a), p(a+1), -+, ¢(a+n) is a multiple of m.
H 25. If n is composite, prove that ¢p(n) < n — /n.

H 26. Show that if m and n are relatively prime positive integers, then
p(5™ —1) #£5" —1.

H 27. Show that if the equation ¢p(x) = n has one solution it always has a
second solution, n being given and x being the unknown.

H 28. Prove that for any § greater than 1 and any positive number €, there
is an n such that ‘@ — (5‘ < €.

H 29. (Schinzel, Sierpinski) Show that the set of all numbers ¢5%1> is dense

in the set of all positive reals.

H 30. (a) Show that if n > 49, then there are a > 1 and b > 1 such that
a+b=n andw—&-@ < 1. (b) Show that if n > 4, then there are a > 1

a

and b > 1 such thata+b=n and@—i—@ > 1.
10.3. Divisor Functions.

H 31. Prove that d(n® + 1)2 does not become monotonic from any given
point onwards.

H 32. Determine all positive integers n such that n = d(n)>.

H 33. Determine all positive integers k such that
d(n2) B
d(n)

for somen € N.
H 34. Find all positive integers n such that d(n)® = 4n.

H 35. Determine all positive integers for which d(n) = § holds.
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H 36. We say that an integer m > 1 is super-abundant if
k
om) _ o(k)

m k

for all k € {1,2,--- ;m — 1}. Prove that there exists an infinite number of
super-abundant numbers.

)

H 37. Let o(n) denote the sum of the positive divisors of the positive integer
n. and ¢(n) the Euler phi-function. Show that ¢(n) + o(n) > 2n for all
positive integers n.

H 38. Prove that for any 6 greater than 1 and any positive number €, there

is an n such that # — (5‘ < €.

H 39. Prove that o(n)é(n) < n?, but that there is a positive constant c such
that o(n)¢g(n) > cn? holds for all positive integers n.

H 40. Show that o(n)—d(m) is even for all positive integers m and n where
m is the largest odd divisor of n.

H 41. Verify the Ramanujan sum

(Y - i) oo
dgwlz(;?w) H<d) ¢<gcd(7nﬂ))

H 42. Show that for any positive integer n,

a(n!) "1
n! ZZ%

k=1

10.4. More Functions.

H 43. Ramanujan’s tau Function 2> 7 : N — Z has the generating function

ZT(TL)J;" =z H(l — "),
n=1 n=1

i.e. the coefficients of £ on the right hand side define T(n).'?
(1) Show that T(mn) = 7(m)7(n) for all m,n € N with ged(m,n) =1. 4
(2) Show that T(n) =3, d" (mod 691) for allm € N. 1°

H 44. For every natural number n, Q(n) denote the sum of the digits in
the decimal representation of n. Prove that there are infinitely many natural

numbers k with Q(3%) > Q(3F+1).

H 45. Let S(n) be the sum of all different natural divisors of an odd natural
number n > 1 (including 1 and n). Prove that S(n)? < n?.

121 1947, Lehmer conjectured that 7(n) # 0 for all n € N.

B{r(n)n > 1} = {1, —24,252,—1472,--- }. For more terms, see the first page !
This Ramanujan’s conjecture was proved by Mordell.

15T his Ramanujan’s conjecture was proved by Watson.
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H 46. Let ((z)) = z — [z] — 1 if  is not an integer, and let ((z)) = 0
otherwise. If n and k are integers, with n > 0, prove that

n—1
k 1 am . 2wkm
((n)) :_%mglcotnsm e

H 47. The function p: N — C is defined by
2kr . 2kw
pu(n) = Z <COSn + isin n) ,
kER,

where Ry, = {k € N|1 <k < n,gcd(k,n) = 1}. Show that u(n) is an integer
for all positive integer n.

10.5. Functional Equations.

H 48. Prove that there is a function f from the set of all natural numbers
into itself such that f(f(n)) = n? for alln € N.

H 49. Find all surjective function f : N — N satisfying the condition
mln < f(m)|f(n), m,n € N.

H 50. Find all functions f : N — N such that

f(n+1) > f(f(n), n €N.
H 51. Find all functions f : N — N such that

FUF M) + f(f(n) + f(n) = 3n, n e N.
H 52. Find all functions f : N — N such that
f(f(m)+ f(n)) =m+n, m,n € N.
H 53. Find all functions f : N — N such that
£ (n) +97f(n) = 98n + 232, n € N.
H 54. Find all functions f : N — N such that
f(f(n)) + f(n) =2n+ 2001 or 2n + 2002, n € N.
H 55. Find aoll functions f : N — N such that
f(f(f(n))+6f(n) =3f(f(n)) 4+ 4n + 2001, n € N.
H 56. Find all functions f : Ng — Ng such that
f(f(n))+ f(n) =2n+6, n € No.
H 57. Find aoll functions f : Ng — Ng such that
fm+ f(n)) = f(f(m)) + f(n), m,n € No.
H 58. Find all functions f : Ng — Ny such that
mf(n) +nf(m) = (m+n)f(m? +n?), m,n € Ny.

H 59. Find all functions f : N — N such that
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(1) f(2) =2
(2) f(mn) = f(m)f(n), m,neN,
(3) f(n+1)> f(n), neN

H 60. Find all functions f : Z — Z such that
f(flm))=m+1, meZ
H 61. Find all functions [ : Z — Z such that

(1) f(im+8) < f(m)+8, m € Z,
(2) f(im+11) > f(m)+ 11, m e Z

H 62. Find all functions f : Z — Z such that
fm+ f(n)) = f(m) —n, m,n € Z.
H 63. Find all functions f : Z — Z such that
fm+ f(n)) = f(m)+n, m,n € Z.

H 64. Find all functions h : Z — Z such that

h(z +y) + h(zy) = h(z)h(y) + 1, z,y € Z.
H 65. Find all functions f : Q — R such that

flay) =f@)fy) - fle+y) +1, 2,y €Q.
H 66. Find all functions f : QT — Q% such that

f(:n—l—%) Zf(:v)+;g;+2y, r,y € Q.
H 67. Find all functions f : Q — Q such that

faty)+ flz—y) =2(f(z) + f(y)), =,y € Q.
H 68. Find all functions f,g,h: Q — Q such that
fl@+g) =gh(f(@)) +y, v,y € Q.
H 69. Find all functions f : QT — Q% such that
(1) flx+1)=f(x)+1, z€QT,
(2) f(z®) = f(z)?, z€QT.
H 70. Let QT be the set of positive rational numbers. Construct a function
f: Q" — Q" such that
f(z)

flzf(y) = ”

for all z,y € Qt.
H 71. A function f is defined on the positive integers by
f) =1, f3)=3,
f@2n) = f(n),
fdn+1) = 2f(2n+1)— f(n),
f(An+3) = 3f(2n+1)—2f(n),
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for all positive integers n.
Determine the number of positive integers n, less than or equal to 1988,

for which f(n) =n.

H 72. Consider all functions f from the set N of all positive integers into
itself satisfying f(t>f(s)) = s(f(t))? for all s and t in N. Determine the
least possible value of f(1998).

H 73. The function f(n) is defined for all positive integers n and takes on
non-negative integer values. Also, for all m,n

fm+n)—f(m)—f(n)=0o0rl, f(2)=0, f(3) >0, and f(9999) = 3333.
Determine f(1982).
H 74. Find all functions f : N — N such that
f(fm)+ f(n))=m+n, mmneN
H 75. Find all surjective functions f : N — N such that
fn)>n+(-1)" mneN
H 76. Find all functions f: Z — {0} — Q such that
(2£2) - L0210

Z_
3 5 , T,y € {0}

H 77. Find all functions f : N — N such that
FC(fn) + f(f(n)) + f(n) =3n, neN.
H 78. Find all strictly increasing functions f: — such that
f(f(n)) =3n, neN.
H 79. Find all functions f : Z> — RT such that

i) = L0 L) I God 4 1)+ S =1,3) Sl =
H 80. Find all functions f: Q — Q such that

flaty+2)+fla—y)+fly—2)+f(z—2) = 3f(2)+3f(y)+3f(2), ,y,2 € Q.
H 81. Show that there exists a bijective function f : Ng — Ng such that
F(3mn +m +n) = 4f(m) f(n) + f(m) + f(n), m,n € N.

H 82. Show that there exists a function f: N — N such that
FU99) (n) = 2n, n e N.

, i,jEZ.
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11. POLYNOMIALS

The only way to learn Mathematics is to do Mathematics. Paul Halmos

I 1. Suppose p(z) € Z[x] and P(a)P(b) = —(a — b)? for some distinct
a,b € Z. Prove that P(a) + P(b) = 0.

I 2. Prove that there is no nonconstant polynomial f(x) with integral coef-
ficients such that f(n) is prime for alln € N.

I3. Letn > 2 be an integer. Prove that if k>+k+n is prime for all integers
k such that 0 < k < \/@, then k* + k + n is prime for all integers k such
that 0 < k <n—2.

I 4. A prime p has decimal digits pppn—1---po with p, > 1. Show that
the polynomial ppx™ + pp_12™ L + -+ p1x + po cannot be represented as a
product of two nonconstant polynomials with integer coefficients

I 5. (Eisentein’s Criterion) Let f(z) = apa™+- - -+a1x+ap be a nonconstant
polynomial with integer coefficients. If there is a prime p such that p divides
each of ag, a1, -+ ,an—1 but p does not divide a, and p*> does not divide ag,
then f(x) is irreducible in Q[x].

I 6. Prove that for a prime p, P~1 + 2P~2 4+ ... + z + 1 is irreducible in
Ql=].

I 7. Let f(x) = 2™ + 52" 1 + 3, where n > 1 is an integer. Prove that

f(x) cannot be expressed as the product of two nonconstant polynomials with
integer coefficients.

I 8. (Eugen Netto) Show that a polynomial of odd degree 2m + 1 over Z,

2m+1 +

f(z) = camprw <o+ ax+ o,

is irreducible if there exists a prime p such that
2 3
D X62m+17p|cm+lycm+27”' y Co2my P |C0,Cl,"‘ y Cmy andp /{/CO-

I 9. For non-negative integers n and k, let P, ,(x) denote the rational func-
tion

(2" — 1)(z™ —2)--- (2" — 2F 1)

(b = 1)(zF —z) - (zF — k1)~

Show that P, ;(x) is actually a polynomial for all n,k € N.

I 10. Suppose that the integers ay, as, - -+, a, are distinct. Show that
(x—a)(x—a) - (z—a,) —1

cannot be expressed as the product of two nonconstant polynomials with in-
teger coefficients.

I 11. Show that the polynomial °498z* +1 can be expressed as the product
of two nmonconstant polynomials with integer coefficients.
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I 12. Prove that if the integers a1, as, ---, an, are all distinct, then the
polynomial

(z—a))?(z—az)? - (x —ay)* +1
cannot be expressed as the product of two nonconstant polynomials with in-
teger coefficients.

I 13. On Christmas Eve, 1983, Dean Jizon, the famous seer who had made
startling predictions of the events of the preceding year that the volcanic
and seismic activities of 1980 and 1981 were connected with mathematics.
The diminishing of this geological activity depended upon the existance of an
elementary proof of the irreducibility of the polynomial

P(z) = 2" + 290 + 122% 4 24 4 1983.
Is there such a proof ¢
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12. SEQUENCES OF INTEGERS

A peculiarity of the higher arithmetic is the great difficulty which has
often been experienced in proving simple general theorems which had been
suggested quite naturally by numerical evidence. Harold Davenport

12.1. Linear Recurrnces.
J 1. An integer sequence {ay}n>1 is defined by
ap =0, a1 =1, apy2 = 2ap41 +an
Show that 2% divides a,, if and only if 2% divides n.
J 2. The Fibonacci sequence {F,} is defined by
Fi=1, Fy=1, Fupg = Fpi1 + F.
Show that ged(Fm, ) = Fycqom,ny for all m,n € N.
J 3. The Fibonacci sequence {F,} is defined by
Fi=1, Fo=1, Fypg = Fpi1 + Fp.
Show that Fyn—1 — F_1™ is divisible by F,? forallm>1 andn > 1.
J 4. The Fibonacci sequence {F,,} is defined by
Fi=1, Fy=1, Fpio = Fpy1 + Fo.
Show that Fpy — Fpi1™+F,_1™ is divisible by F,® for allm > 1 andn > 1.
J 5. The Fibonacci sequence {F,} is defined by
Fi=1, Fy=1, Fupo = Fpi1 + F.
Show that Fap_12 + Fopy12 +1 = 3Fy,_1Fopi1 for alln > 1.

J 6. Prove that no Fibonacci number can be factored into a product of two
smaller Fibonacci numbers, each greater than 1.

J 7. Let m be a positive integer. Define the sequence {an}n>0 by
ap =0, a1 =m, apy1 = m2an — Qp_1-
Prove that an ordered pair (a,b) of non-negative integers, with a < b, gives
a solution to the equation
a? +v? o
ab+1
if and only if (a,b) is of the form (an,ant1) for some n > 0.
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J 8. Let z,, and y, be two sequences defined recursively as follows
ro=1, x1 =4, Tpi2 = 3Tpy1 — T

Yo=1, y1 =2, Ynt2 = 3Ynt1 — Yn
foralln=0,1,2,---.
a) Prove that x,> — 5y,% +4 = 0 for all non-negative integers.
b) Suppose that a, b are two positive integers such that a®> — 5b* +4 = 0,
Prove that there exists a non-negative integer k such that a = x and b = y.

J 9. Let {un}n>0 be a sequence of positive integers defined by
ug =1, upy1 = auy + 0,

where a,b € N. Prove that for any choice of a and b, the sequence {un }n>0
contains infinitely many composite numbers.

J 10. The sequence {yn}n>1 is defined by
yi=v2=1, yYnt2=(4k = 5)yn41 —yn +4 — 2k (n € N).

Determine all integers k such that each term of this sequence is a perfect
square.

J 11. Let the sequence { Ky, }n>1 be defined by
K1 =2Ky=8,Ky19=3K,+1 — K, +5(-1)".
Prove that if K, is prime, then n must be a power of 3.
J 12. The sequence {an}n>1 is defined by
a1 =1, ag =12, a3 = 20, ap+3 = 2ap42 + 2ap41 — an (n € N).
Prove that 1 + 4anany1 s a square for all n € N.
J 13. The sequence {x,}n>1 is defined by
x1=x9=1, Tpyo=Map1 —x,—4(n=1,2,--+)
Prove that x, is always a perfect square.

12.2. Recursive Sequences.

J 14. Let P(x) be a nonzero polynomial with integral coefficients. Let ag = 0
and for i > 0 define a;11 = P(a;). Show that ged(am, an) = agedim,n) for all
m,n € N

J 15. An integer sequence {an}n>1 is defined by
a1 =1, apy1 = an + [Van]
Show that a,, is a square if and only if n = 28 + k — 2 for some k € N.

J 16. Let f(n) = n+ [\/n]. Prove that, for every positive integer m, the
sequence

m. f(m), F(F(m)). F(F(F(m))). -

contains at least one square of an integer.
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J 17. The sequence {ay}n>1 is defined by

6a 712(1 -3 — 8a —1Q 722
a=1a=2 a3=24, apyo=——" Lt (n >4)
Gp—20n—3

Show that a,, is an integer for all n.
J 18. Show that there is a unique sequence of integers {an }n>1 with
a1=1, as =2, ag =12, angpian_1 = a,’>+1 (n>2).
J 19. The sequence {an}n>1 is defined by
a1 =1, apy1 = 2an, +V3a,2+1 (n>1)
Show that a, is an integer for every n.

J 20. Prove that the sequence {yn}n>1 defined by

1
yo =1, ynt1 = 5 <3yn + 5an2 — 4) (n > 0)

consists only of integers.
J 21. (C. von Staudt) The Bernoulli sequence'® { B, }n>0 is defined by

Bo=1, By——— f "B (> 1)
= =— n
0 ) n n 1k_0 k k =

Show that for all n € N,
n 1
(_1) 13n<_ E 57

is an integer where the summation being extended over the primes p such

that p|2k — 1.
J 22. An integer sequence {an}n>1 is defined by

3
a1 =2, apy1 = ian

Show that it has infinitely many even and infinitely many odd integers.

J 23. An integer sequence satisfies ap+1 = a,24+1999. Show that it contains
at most one square.

J 24. Let ag = 111, ay = 12'2, a3 = 133, and
an = |an—1 — an_2| + an—2 — an_3|,n > 4.
Determine ay14.

J 25. Let k be a fixed positive integer. The infinite sequence a, is defined
by the formulae

a1 =k+1,an41 = an> — kap + k (n>1).

Show that if m # n, then the numbers a,, and a, are relatively prime.

6By =1,B1=-1,Bo=1,B3=0,Bi=—55,B5=0,Bs = 25,
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J 26. The sequence {x,} is defined by
zo € [0,1], xpt1 =1 — |1 — 2z,
Prove that the sequence is periodic if and only if xg is irrational.
J 27. Let x1 and x5 be relatively prime positive integers. For n > 2, define
Tn+l = TnTn—1 + 1.

a) Prove that for everyi > 1, there exists j > i such that z;* divides ;7.
J

(b) Is it true that x1 must divide ;7 for some j >1 ?

J 28. For a given positive integer k denote the square of the sum of its digits

by f1(k) and let fri1(k) = f1(fn(k)). Determine the value of fige1(219%0).

J 29. Define a sequence {a;} by a1 = 3 and a;11 = 3% for i > 1. Which
integers between 00 and 99 inclusive occur as the last two digits in the decimal
expansion of infinitely many a; ?

J 30. A sequence of integers, {an}n>1 with a1 > 0, is defined by

Apt1 = %L if n=0 (mod 4),

an+1 =3an,+1 if n=1 (mod 4),
apn+1 =2a, —1 if n=2 (mod 4),

n+1 = — if n=3(mod4).
Prove that there is an integer m such that a,, = 1.

J 31. Given is an integer sequence {an}n>0 such that ag = 2, a1 = 3 and,
for all positive integers n > 1, apt1 = 2ap—1 0r an+1 = 3an — 2an—1. Does
there exist a positive integer k such that 1600 < az < 2000 ¢

J 32. A sequence with first two terms equal 1 and 24 respectively is defined
by the following rule: each subsequent term is equal to the smallest positive
integer which has not yet occurred in the sequence and is not coprime with
the previous term. Prove that all positive integers occur in this sequence.

J 33. FEach term of a sequence of natural numbers is obtained from the
previous term by adding to it its largest digit. What is the maximal number
of successive odd terms in such a sequence?

J 34. In the sequence 1,0,1,0,1,0,3,5,---, each member after the sixth
one is equal to the last digit of the sum of the siz members just preceeding
it. Prove that in this sequence one cannot find the following group of six
consecutive members :

0,1,0,1,0,1
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J 35. Let a, and b be odd positive integers. Define the sequence (fy) by
putting fr = a, fo = b, and by letting f, for n > 3 be the greatest odd
divisor of fn—1 + fn—2. Show that f, is constant for sufficiently large n
and determine the eventual value as a function of a and b.

J 36. Numbers d(n,m) with m,n integers, 0 < m < n, are defined by
d(n,0) =d(n,n) =1 (n>0), md(n,m) = md(n —1,m) + (2n — m)d(n —
1,m—1) (0 <m < n). Prove that d(n,m) are integers for all m,n € N.

J 37. Let k be a given positive integer. The sequence x, is defined as
follows : 1 = 1 and xpy1 is the least positive integer which is not in
{z1,29, ey T, 1+ k, w2+ 2k, ..., 2y +nk}. Show that there exist real number
a such that x,, = [an] for all positive integer n.

J 38. Let {an}n>1 be a sequence of positive integers such that
0 < ap+1 — an <2001 for all n € N.

Show that there are infinitely many pairs (p,q) of positive integers such that
p>q and aq | ap.

J 39. Let p be an odd prime p such that 2h # 1 (mod p) for all h € N
with h < p—1, and let a be an even integer with a € (%’,p). The sequence
{an}n>0 is defined by ap = a, any1 = p — b, (n > 0), where b, is the
greatest odd divisor of a,. Show that the sequence {an}n>0 is periodic and
find its minimal (positive) period.

J 40. Let p > 3 be a prime number. The sequence {an}n>1 is defined by
anp =mn for all0 <n <p-—1, and ap, = apn—1 + an—p, for alln > p. Compute
apys (mod p).

J 41. Let {uy}n>0 be a sequence of integers satisfying the recurrence relation
Upto = Uni12 — Uy, (n € N). Suppose that ug = 39 and uy = 45. Prove that
1986 divides infinitely many terms of this sequence.

J 42. The sequence {an}n>1 is defined by a1 =1 and

an, 1
= — 4+ — N).
An+1 9 + da, (n € )

Prove that ,/2%22_1 s a positive integer for n > 1.

J 43. Let k be a positive integer. Prove that there exists an infinite monotone
increasing sequence of integers {an}n>1 such that

a, divides an+12 +k and apyq divides an’ +k

for alln € N.

J 44. Fach term of an infinite sequence of natural numbers is obtained from
the previous term by adding to it one of its nonzero digits. Prove that this
sequence contains an even number.
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J 45. In an increasing infinite sequence of positive integers, every term
starting from the 2002-th term divides the sum of all preceding terms. Prove
that every term starting from some term is equal to the sum of all preceding
terms.

J 46. The sequence {x,}n>1 is defined by

24+ x,
1-2x,
Prove that (a) x, # 0 for alln € N and (b) {xy,}n>1 is not periodic.

J 47. (A. Perlin) The sequence of integers {z,} is defined as follows :

T]=2,Tpy1 = (Tl S N)

r1 =1, xn+1:1+x12+-~-+xn2 (n=1,2,3--).

Prove that there are no squares of natural numbers in this sequence except
xIry.

J 48. The first four terms of an infinite sequence S of decimal digits are 1,
9, 8, 2, and succeeding terms are given by the final digit in the sum of the
four immediately preceding terms. Thus S begins 1, 9, 8, 2, 0,9, 9, 0, 8, 6,
3,7, 4,---. Do the digits 3, 0, 4, 4 ever come up consecutively in S ?

12.3. More Sequences.

J 49. Show that the sequence {an}n>1 defined by a, = [n\/2] contains an
infinite number of integer powers of 2.

J 50. Let a,, be the last nonzero digit in the decimal representation of the
number n!. Does the sequence ai, as, as, --- become periodic after a finite
number of terms ?

J 51. Let n > 6 be an integer and ay,az,...,ar be all the natural numbers
less than n and relatively prime to n. If

a2 — a1 =Qa3 —ag = -+ =Qap — Ak—1 >O,
prove that n must be either a prime number or a power of 2.

J 52. Show that if an infinite arithmetic progression of positive integers
contains a square and a cube, it must contain a sixzth power.

J 53. Prove that there exist two strictly increasing sequences a,, and b, such
that an(a, + 1) divides b2 +1 for every natural n.

J 54. Let {a,} be a strictly increasing positive integers sequence such that
ged(ai,a5) =1 and ajpo — aiy1 > ajr1 — ai. Show that the infinite series

<1

CONVETgES.
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J 55. Let {ny}r>1 be a sequence of natural numbers such that for i < j,
the decimal representation of n; does not occur as the leftmost digits of the
decimal representation of n;. Prove that

e}

Zi<l+1+ 1
k*lnk_l 2 9

J 56. An integer sequence {an}n>1 is given such that

2":Zad

d|n
for alln € N. Show that a,, is divisible by n for all n € N.

J 57. Let qo,q1,- - be a sequence of integers such that
(i) for any m > n, m —n is a factor of ¢m — qn, and
(i) |qn| < 10 for all integers n > 0.
Show that there exists a polynomial Q(x) satisfying g, = Q(n) for all n.

J 58. Let a,b be integers greater than 2. Prove that there exists a positive
integer k and a finite sequence ni,na,...,ni of positive integers such that
ny = a, ng = b, and nyn;1 is divisible by n; +nipq for each i (1 <i<k).
J 89. The infinite sequence of 2’s and 3’s
2,3,3,2,3,3,3,2,3,3,3,2,3,3,2, 3, 3,
3,2,3,3,3,2,3,3,3,2,3,3,2,3,3,3,2,....
has the property that, if one forms a second sequence that records the number
of 8’s between successive 2’s, the result is identical to the given sequence.
Show that there exists a real number r such that, for any n, the nth term of

the sequence is 2 if and only if n = 1+ |rm| for some nonnegative integer
m. (Note: |x]| denotes the largest integer less than or equal to x.)

J 60. The sequence {an}n>1 is defined by
an=1+2>+3 4. +n"
Prove that there are infinitely many n such that a, is composite.

J 61. One member of an infinite arithmetic sequence in the set of natural
numbers is a perfect square. Show that there are infinitely many members
of this sequence having this property.

J 62. In the sequence 00, 01, 02, 03, ---, 99 the terms are rearranged so
that each term is obtained from the previous one by increasing or decreasing
one of its digits by 1 (for example, 29 can be followed by 19, 39, or 28, but
not by 30 or 20). What is the mazimal number of terms that could remain
on their places?

J 63. Does there exist positive integers a1 < ag < --- < aigp such that for
2 < k <100, the least common multiple of ap_1 and ay is greater than the
least common multiple of aj, and agy1 ¢



PROBLEMS IN ELEMENTARY NUMBER THEORY 53

J 64. Does there exist positive integers a1 < ag < --- < aigo such that for
2 < k <100, the greatest common divisor of ax_1 and a is greater than the
greatest common divisor of ay and axiq ¢

J 65. Suppose that a and b are distinct real numbers such that
a—b,a®—=b -, d" =0k ..

are all integers. Show that a and b are integers.
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13. COMBINATORIAL NUMBER THEORY

In great mathematics there is a very high degree of unexpectedness, com-
bined with inevitability and economy. Godfrey Harold Hardy

K 1. (Erdds) Suppose all the pairs of a positive integers from a finite col-
lection

A={ai,az,---}
are added together to form a new collection
A*={a;i+a; |1<i<j<n}
For example, A = {2,3,4,7} would yield A* = {5,6,7,9,10,11} and B =
{1,4,5,6} would give B* = {5,6,7,9,10,11}. These examples show that it’s
possible for different collections A and B to generate the same collections

A* and B*. Show that if A* = B* for different sets A and B, then |A| = |B
and |A| = |B must be a power of 2.

K 2. Let p be a prime. Find all positive integers k such that the set
{1,2,--- ,k} can be partitioned into p subsets with equal sum of elements.

K 3. Prove that the set of integers of the form 28 —3 (k =2,3,--- ) contains
an infinite subset in which every two members are relatively prime.

K 4. The set of positive integers is partitioned into finitely many subsets.
Show that some subset S has the following property : for every positive
integer n, S contains infinitely many multiples of n.

K 5. Let M be a positive integer and consider the set
S={neN|M*<n< (M+1)?}.
Prove that the products of the form ab with a,b € S are distinct.

K 6. Let S be a set of integers such that
o there exist a,b € S with ged(a,b) = ged(a —2,b—2) = 1.
o if & and y are elements of S, then x> —y also belongs to S.
Prove that S is the set of all integers.

K 7. Show that for each n > 2, there is a set S of n integers such that
(a — b)? divides ab for every distinct a,b € S

K 8. Let a and b be positive integers greater than 2. Prove that there exists
a positive integer k and a finite sequence ny, ---, ng of positive integers
such that n1 = a, ng = b, and n;n;y1 is divisible by n; + n;y1 for each i
(1<i<k).

K 9. Letn be an integer, and let X be a set of n+2 integers each of absolute
value at most n. Show that there exist three distinct numbers a,b,c € X such
that ¢ = a + b.
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K 10. Let m > 2 be an integer. Find the smallest integer n > m such that
for any partition of the set {m,m +1,--- ,n} into two subsets, at least one

subset contains three numbers a,b, ¢ such that ¢ = a’.

K 11. Let S ={1,2,3,...,280}. Find the smallest integer n such that each
n-element subset of S contains five numbers which are pairwise relatively
prime.

K 12. Let m and n be positive integers. If x1, xo, -+- , Ty are positive
integers whose average is less than n+ 1 and if y1, y2, - -+ , Yn are positive
integers whose average is less than m + 1, prove that some sum of one or
more T’s equals some sum of one or more y’s.

K 13. Let n and k be given relatively prime natural numbers, k < n. Fach
number in the set M = {1,2,...,n — 1} is colored either blue or white. It is
given that

o for each i € M, both i and n — i have the same color;
o for each i € M,i # k, both i and |i — k| have the same
color.

Prove that all numbers in M have the same color.

K 14. Let p be a prime number, p > 5, and k be a digit in the p-adic rep-
resentation of positive integers. Find the maximal length of a non constant
arithmetic progression whose terms do not contain the digit k in their p-adic
representation.

K 15. Is it possible to choose 1983 distinct positive integers, all less than
or equal to 10°, no three of which are consecutive terms of an arithmetic
progression?

K 16. Is it possible to find 100 positive integers not exceeding 25000 such
that all pairwise sums of them are different ¢

K 17. Find the maximum number of pairwise disjoint sets of the form
Sap = {n*+an+b|ncZ},
with a,b € Z.

K 18. Let p be an odd prime number. How many p-element subsets A of
{1,2,... 2p} are there, the sum of whose elements is divisible by p?

K 19. Let m,n > 2 be positive integers, and let ai,ao,--- ,a, be inte-
gers, none of which is a multiple of m"~'. Show that there exist integers
e1,€e2, -, en, not all zero, with |e;| < m for all i, such that eja; + egas +
<o epan 18 a multiple of m™.

K 20. Determine the smallest integer n > 4 for which one can choose
four different numbers a,b,c, and d from any n distinct integers such that
a+b—c—d is divisible by 20
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K 21. A sequence of integers a1, as, as, - -+ is defined as follows : a1 = 1, and
forn > 1, any1 is the smallest integer greater than a, such that a;+a; # 3ay,
foranyi,j, and k in {1,2,3,--- ,n+1}, not necessarily distinct. Determine
1998 -

K 22. Prove that for each positive integer n, there exists a positive integer
with the following properties :

o It has exactly n digits.
o None of the digits is 0.
o It is divisible by the sum of its digits.

K 23. Let k,m,n be integers such that 1 <n <m — 1 < k. Determine the
mazimum size of a subset S of the set {1,2,---  k} such that no n distinct
elements of S add up to m.

K 24. Find the number of subsets of {1,2,---,2000}, the sum of whose
elements is divisible by 5.

K 25. Let A be a non-empty set of positive integers. Suppose that there are
positive integers by, ---, b, and c1, -+, ¢, such that
(i) for each i the set b;A + ¢; = {b;a + cila € A} is a subset of A, and
(1) the sets bjA 4 ¢; and bjA + c; are disjoint whenever i # j.
Prove that
LR R
by + + b, =1
K 26. A set of three nonnegative integers {x,y,z} with x <y < z is called
historic if {z—y,y—x} = {1776,2001}. Show that the set of all nonnegative
integers can be written as the unions of pairwise disjoint historic sets.

K 27. Let p and q be relatively prime positive integers. A subset S of
{0,1,2,---} is called ideal if 0 € S and, for each elementn € S, the integers
n+p and n + q belong to S. Determine the number of ideal subsets of
{0,1,2,---}.

K 28. Prove that the set of positive integers cannot be partitioned into three
nonempty subsets such that, for any two integers x, y taken from two dif-
ferent subsets, the number x? — xy + y? belongs to the third subset.

K 29. Let A be a set of N residues (mod N?). Prove that there exists a set
B of N residues (mod N?) such that the set A+ B = {a + bla € A,b € B}
contains at least half of all the residues (mod N?).

K 30. Determine the largest positive integer n for which there exists a set
S with exactly n numbers such that

(i) each member in S is a positive integer not exceeding 2002,
(ii) if a and b are two (not necessarily different) numbers in
S, then their product ab does not belong to S.
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K 31. Prove that, for any integer a1 > 1, there exist an increasing sequence
of positive integers ai,ao,as, - such that

ai+as+ - +an | a? +a + -+ ay?

for all k € N.

K 32. An odd integer n > 3 is said to be "nice” if and only if there is at
least one permutation a1, -+ ,an, of 1,--- ,n such that the n sums a1 — as +
a3 —:++—Gap-1+ap, ag—a3+az—:--—ap+ai, a3—ags+as—---—a+ay,

co,Gp—a1+ a2 — - — ap_2 + an_1 are all positive. Determine the set of
all "nice” integers.

K 33. Assume that the set of all positive integers is decomposed into r
distinct subsets Ay, Ag,--+- A, Ay UAsU---U A, = N. Prove that one
of them, say A;, has the following property : There exist a positive integer
m such that for any k one can find numbers ay,--- ,a; in A; with 0 <
aj+1—aj§m(1§j§k—1).

K 34. Determine for which positive integers k, the set
X ={1990,1990 4+ 1,1990 + 2, - -- , 1990 + k}

can be partitioned into two disjoint subsets A and B such that the sum of
the elements of A is equal to the sum of the elements of B.

K 35. Prove that n > 3 be a prime number and a1 < as < --- < a, be
integers. Prove that ay,--- ,a, is an arithmetic progression if and only if
there exists a partition of {0,1,2,---} into classes Ay, Aa,- - , Ay, such that

a1+ Al =ay+Ar=---=ay,+ Ay,
where © + A denotes the set {x + ala € A}.

K 36. Let a and b be non-negative integers such that ab > c¢* where ¢ is an
integer. Prove that there is a positive integer n and integers x1, T2, --- ,
"BTL? ylf y?; Tt yn SUCh that

zi 4wt =a, gyttt =, iy Ty =

K 37. Let n, k be positive integers such that n is not divisible by 3 and k
s greater or equal to n. Prove that there exists a positive integer m which
is divisible by n and the sum of its digits in the decimal representation is k.

K 38. Prove that for every real number M there exists an infinite arith-
metical progression such that

o each term is a positive integer and the common difference
s not divisible by 10.
o the sum of digits of each term exceeds M .

K 39. Find the smallest positive integer n, for which there exist n different
positive integers ai,as, -+ ,an satisfying the conditions :
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a) the smallest common multiple of a1, ag, «--, an is 1985;
b) for each i,j € {1,2,--- ,n}, the numbers a; and a; have
a common divisor;

¢) the product ajag - - - ay, is a perfect square and is divisible

by 243.
Find all n-tuples (a1, - ,a,), satisfying a), b), and c).
K 40. Let X be a non-empty set of positive integers which satisfies the
following :
(a) If x € X, then 4z € X.
(b) If x € X, then [\/z] € X.
Prove that X = N.

K 41. Prove that for every positive integer n there exists an n-digit number
divisible by 5" all of whose digits are odd.

K 42. Let N, denote the number of ordered n-tuples of positive integers
(a1,a9,...,ay) such that

/a1 +1/as+ ...+ 1/a, = 1.
Determine whether N1ig is even or odd.

K 43. Is it possible to find a set A of eleven positive integers such that no
sixz elements of A have a sum which is divisible by 6 ¢

K 44. A set C of positive integers is called good if for every integer k there
exist distinct a,b € C such that the numbers a+k and b+k are not relatively
prime. Prove that if the sum of the elements of a good set C' equals 2003,
then there exists ¢ € C' such that the set C' — {c} is good.

K 45. Find the set of all positive integers n with the property that the set
{n,n+1,n+2,n+3,n+4,n+5}

can be partitioned into two sets such that the product of the numbers in one
set equals the product of the numbers in the other set.

K 46. Suppose p is a prime with p = 3 (mod 4). Show that for any set of
p — 1 consecutive integers, the set cannot be divided two subsets so that the
product of the members of the one set is equal to the product of the members
of the other set.

K 47. Let S be the set of all composite positive odd integers less than 79.
(a) Show that S may be written as the union of three (not necessarily
disjoint) arithmetic progressions.
(b) Show that S cannot be written as the union of two arithmetic progres-
stons.

K 48. Let a1, - ,a44 be natural numbers such that

O<ar <ag < -+ <ag <125.
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Prove that at least one of the 43 differences d; = aj1 — a;j occurs at least
10 times.

K 49. (D. Fomin) Consider the set of all five-digit numbers whose decimal
representation is a permutation of the digits 1,2,3,4,5. Prove that this set
can be divided into two groups, in such a way that the sum of the squares of
the numbers in each group is the same.

K 50. What’s the largest number of elements that a set of positive integers
between 1 and 100 inclusive can have if it has the property that none of them
is divisible by another ¢

K 51. Prove the among 16 consecutive integers it is always possible to find
one which is relatively prime to all the rest.

K 52. Is there a set S of positive integers such that a number is in S if and
only if it is the sum of two distinct members of S or a sum of two distinct
positive integers not in S ¢

K 53. Suppose that the set M = {1,2,--- ,n} is split into t disjoint subsets
My, -+, M; where the cardinality of M; is m;, and m; > m;y1, for i =
1,---,t—1. Show that if n > tle then at least one class M, contains three
elements x;, x;, T} with the property that v; — x; = xy,.

K 54. Let S be a subset of {1,2,3,---,1989} in which no two members
differ by exactly 4 or by exactly 7. What is the largest number of elements
S can have ¢

K 55. The set M consists of integers, the smallest of which is 1 and the
greatest 100. Each member of M, except 1, is the sum of two (possibly
identical) numbers in M. Of all such sets, find one with the smallest possible
number of elements.

K 56. Show that it is possible to color the set of integers
M ={1,2,3,--- 1987},

using four colors, so that no arithmetic progression with 10 terms has all its
members the same color.

K 57. Prove that every selection of 1325 integers from M = {1,2,--- 1987}
must contain some three numbers {a, b, c} which are relatively prime in pairs,
but that can be avoided if only 1324 integers are selected.

K 58. Prove that every infinite sequence S of distinct positive integers con-
tains either

(a) an infinite subsequence such that, for every pair of terms, neither term
ever divides the other, or

(b) an infinite subsequence such that, in every pair of terms, one always
divides the other.
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K 59. Let a1 < as < asz < --- be an infinite increasing sequence of positive
integers in the number of prime factors of each term, counting repeated
factors, is never more than 1987. Prove that it is always possible to extract
from A an infinite subsequence by < by < by < --- such that the greatest
common divisor (b;, b;) is the same number for every pair of its terms.
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14. AppDITIVE NUMBER THEORY

On Ramanujan, G. H. Hardy Said : I remember once going to see him
when he was lying ill at Putney. I had ridden in taxi cab number 1729 and
remarked that the number seemed to me rather a dull one, and that I hoped
it was not an unfavorable omen. “No,” he replied,

7it is a very interesting number; it is the smallest number expressible as
the sum of two cubes in two different ways.”

L 1. Show that any integer can be expressed as a sum of two squares and a
cube.

L 2. Show that each integer n can be written as the sum of five perfect cubes
(not necessarily positive).

L 3. Prove that infinitely many positive integers cannot be written in the
form

x13 + x25 + .7337 + 3349 + 33511,
where x1,x9, T3, T4, L5 € N.

L 4. Determine all positive integers that are expressible in the form
a?+ v+ +o,
where a, b, ¢ are integers.

L 5. Show that any positive rational number can be represented as the sum
of three positive rational cubes.

L 6. A positive integer n is a square-free integer if there is no prime p such
that p? | n. Show that every integer greater than 1 can be written as a sum
of two square-free integers.

L 7. Prove that every integer n > 12 is the sum of two composite numbers.

L 8. Prove that any positive integer can be represented as an aggregate of
different powers of 3, the terms in the aggregate being combined by the signs
+ and — appropriately chosen.

L 9. The integer 9 can be written as a sum of two consecutive integers :
9=4+5 ; moreover it can be written as a sum of (more than one) consecutive
positive integers in exactly two ways, namely 9=4+5= 2+3+4. Is there an
integer which can be written as a sum of 1990 consecutive integers and which
can be written as a sum of (more than one) consecutive integers in exactly
1990 ways ¢

L 10. For each positive integer n, S(n) is defined to be the greatest integer
such that, for every positive integer k < S(n), n? can be written as the sum
of k positive squares.
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(a) Prove that S(n) < n?—14 for each n > 4.

(b) Find an integer n such that S(n) = n? — 14.

(¢) Prove that there are infinitely many integers n such that
S(n) =n? — 14.

L 11. For each positive integer n , let f(n) denote the number of ways of
representing n as a sum of powers of 2 with nonnegative integer exponents.
Representations which differ only in the ordering of their summands are
considered to be the same. For instance, f(4) = 4, because the number 4 can
be represented in the following four ways:

4242;24+1+1;1+1+141.
Prove that, for any integer n > 3,
2 /4 < f(2m) < 2772,

L 12. The positive function p(n) is defined as the number of ways that the
positive integer n can be written as a sum of positive integers. 7 Show that,
for all positive integers n > 2,

oVTl < p(n) < 3V,

L 13. Letay =1, aa =2, as, a4, -+ be the sequence of positive integers of
the form 238, where o and B are nonnegative integers. Prove that every
positive integer is expressible in the form

Qg +a/’i2 +"'+a‘in7
where no summand is a multiple of any other.
L 14. Let n be a non-negative integer. Find non-negative integers a, b, c,

d such that
VAP =T7-4"
L 15. Find all integers m > 1 such that m® is a sum of m squares of

consecutive integers.

L 16. Prove that there exist infinitely many integers n such that n,n+1,n+2
are each the sum of the squares of two integers.

L 17. (Jacobsthal) Let p be a prime number of the form 4k + 1. Suppose
that v is a quadratic residue of p and that s is a quadratic nonresidue of p.
Show that p = a® + b, where
—1 . p—1 .
1% i(i% —r) 1 i(i% — s)
== ) =2 AT
=5 (50) - (5

i=1 i=1

Here, (%) denotes the Legendre Symbol.

IThor example, 5 =441 =34+2=34+1+1=2+42+1=2+1+14+1=14+14+1+1+1
gives us p(5) = 7.
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L 18. Let p be a prime with p = 1(mod 4). Let a be the unique integer such
that

p=2a?>+0b% a=—1(mod4), b= 0(mod 2)

p-l <i3+6z’2 +z‘> (2)
S (EHEERNY o (%)
p p

=0

Prove that

L 19. Let n be an integer of the form a® + b2, where a and b are relatively
prime integers and such that if p is a prime, p < /n, then p divides ab.
Determine all such n.

L 20. If an integer n is such that Tn is the form a® + 3b%, prove that n is
also of that form.

L 21. Let A be the set of positive integers represented by the form a? + 2b2,
where a and b are integers and b # 0. Show that if p is a prime number and
p? € A, thenp € A.

L 22. Show that an integer can be expressed as the difference of two squares
if and only if it is not of the form 4k +2 (k € Z).

L 23. Show that there are infinitely many positive integers which cannot be
expressed as the sum of squares.

L 24. Show that any integer can be expressed as the form a®+b>—c?, where
a,b,ceZ.

L 25. Let a and b be positive integers with ged(a,b) = 1. Show that every
integer greater than ab — a — b can be expressed in the form ax + by, where
x,y € Np.

L 26. Let a,b and c be positive integers, no two of which have a common
divisor greater than 1. Show that 2abc — ab — bc — ca is the largest integer
which cannot be expressed in the form xbc + yca 4+ zab, where x,y,z € Ny

L 27. Determine, with proof, the largest number which is the product of
positive integers whose sum is 1976.

L 28. (Zeckendorf) Any positive integer can be represented as a sum of
Fibonacci numbers, no two of which are consecutive.

L 29. Show that the set of positive integers which cannot be represented as
a sum of distinct perfect squares is finite.

L 30. Let ay,a9,as,--- be an increasing sequence of nonnegative integers
such that every nonnegative integer can be expressed uniquely in the form
a;+2a;+4a;, where i, j, and k are not necessarily distinct. Determine a199g.

L 31. A finite sequence of integers ag, a1, -+ ,ay is called quadratic if for

each i € {1,2,--- ,n} we have the equality |a; — a;—1| = i°.
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(a) Prove that for any two integers b and c, there exists a
natural number n and a quadratic sequence with ag = b and
an = C.

(b) Find the smallest natural number n for which there exists
a quadratic sequence with ag = 0 and a, = 1996.

L 32. A composite positive integer is a product ab with a and b not neces-
sarily distinct integers in {2,3,4,...}. Show that every composite positive
integer is expressible as xy + xz + yz + 1, with z,y, z positive integers.

L 33. Let ay,aq,--- ,a be relatively prime positive integers. Determine the
largest integer which cannot be expressed in the form

T1a2a3 - - ap +x20103 - A + -+ Tpa1a2 - Q-1
for some nonnegative integers xr1,xo, - , Tk.
L 34. If n is a positive integer which can be expressed in the form n =
a® 4+ b? + 2, where a,b, ¢ are positive integers, prove that, for each positive

integer k, n?* can be expressed in the form A% + B% 4+ C? , where A, B,C
are positive integers.

L 35. Prove that every positive integer which is not a member of the infinite
set below is equal to the sum of two or more distinct numbers of the set

{3,-2,223,—23,... 22k3 9%+l .1 — 13 9212 —8 48, -32,192,.-- }.
L 36. Let k and s be odd positive integers such that
V3k—2—1<s < Vik.

Show that there are nonnegative integers t, u, v, and w such that
k=t 4+u?+0>+w?, and s=t+u+v+w.

L 37. Let S, = {1,n,n%,n3,---}, where n is an integer greater than 1.
Find the smallest number k = k(n) such that there is a number which may
be expressed as a sum of k (possibly repeated) elements in S,, in more than
one way. (Rearrangements are considered the same.)

L 38. Find the smallest possible n for which there exist integers x1, xa, - -,
xy, such that each integer between 1000 and 2000 (inclusive) can be written
as the sum without repetition, of one or more of the integers x1, x2, -+, Tn.

L 39. In how many ways can 2™ be expressed as the sum of four squares of
natural numbers ¢

L 40. Show that

(a) infinitely many perfect squares are a sum of a perfect square and a
prime number, and

(b) infinitely many perfect squares are not a sum of a perfect square and
a prime number.
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L 41. The infamous conjecture of Goldbach is the assertion that every even
integer greater than 2 is the sum of two primes. Except 2, 4, and 6, every
even integer is a sum of two positive composite integers : n = 4 4+ (n —
4). What is the largest positive even integer that is not a sum of two odd
composite integers?

L 42. Prove that for each positive integer K there exist infinitely many even
positive integers which can be written in more than K ways as the sum of
two odd primes.

L 43. A positive integer n is abundant if the sum of its proper divisors
exceed n. Show that every integer greater than 89 x 315 is the sum of two
abundant numbers.
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15. THE GEOMETRY OF NUMBERS

Srinivasa Aiyangar Ramanujan said ”An equation means nothing to me
unless it expresses a thought of God.”

M 1. Does there exist a convex pentagon, all of whose vertices are lattice
points in the plane, with no lattice point'® in the interior?

M 2. Show there do not exist four points in the Fuclidean plane such that
the pairwise distances between the points are all odd integers.

M 3. Prove no three lattice points in the plane form an equilateral triangle.

M 4. The lengths of a polygon with 1994 sides are a; = Vi?+4 (i =
1,2,---,1994). Prove that its vertices are not all on lattice points.

M 5. A triangle has lattice points as vertices and contains no other lattice

points. Prove that its area is %

M 6. Let R be a convex region symmetrical about the origin with area greater
than 4. Show that R must contain a lattice point different form the origin.

M 7. Show that the number r(n) of representations of n as a sum of two
squares has average value 7, that is

M 8. Prove that on a coordinate plane it is tmpossible to draw a closed
broken line such that

(i) coordinates of each vertex are rational,

(ii) the length of its every edge is equal to 1, and

(iii) the line has an odd number of vertices.

M 9. Prove that if a lattice parallelogram contains an odd number of lattice
points, then its centroid.

M 10. Prove that if a lattice triangle has no lattice points on the its boundary
in addition to its vertices, and one point in its interior, then this interior
point is its center of gravity.

M 11. Prove that if a lattice parallelogram contains at most three lattice
points in addition to its vertices, then those are on one of the diagonals.

M 12. Find coordinates of a set of eight non-collinear planar points so that
each has an integral distance from others.

185 point with integral coordinates
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16. MISCELLANEOUS PROBLEMS

Mathematics is not yet ready for such problems. Paul Erdos

N 1. (a) Two positive integers are chosen. The sum is revealed to logician
A, and the sum of squares is revealed to logician B. Both A and B are
given this information and the information contained in this sentence. The
conversation between A and B goes as follows : B starts

”

27 I can’t tell what the two numbers are.
27 T can’t tell what the two numbers are.
27 I can’t tell what the two numbers are.
27 I can’t tell what the two numbers are.
7 I can’t tell what the two numbers are.
27 I can’t tell what the two numbers are.
7 Now I can tell what the two numbers are.

2

”

2

”

2

SoRE VI N I S vy

2”

What are the two numbers ¢

(b) When B first says that he cannot tell what the two numbers are, A
receives a large amount of information. But when A first says that he cannot
tell what the two numbers are, B already knows that A cannot tell what the
two numbers are. What good does it do B to listen to A ¢

N 2. It is given that 2333 is a 101-digit number whose first digit is 1. How
many of the numbers 2%, 1 < k < 332, have first digit 47

N 3. Is there a power of 2 such that it is possible to rearrange the digits
giving another power of 2 ¢

N 4. If x is a real number such that x> — x is an integer, and for some
n >3, ™ — x is also an integer, prove that x is an integer.

N 5. (Tran Nam Dung) Suppose that both x> — x and z* — x are integers
for some real number x. Show that x is an integer.

N 6. Suppose that © and y are complex numbers such that
" — yn
-y

are integers for some four consecutive positive integers n. Prove that it is
an integer for all positive integers n.

N 7. Let n be a positive integer. Show that

- 9 km
Ztan 2 1
Pt n +

is an odd integer.
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N 8. The set S = {% | n € N} contains arithmetic progressions of various
, 2—10, 37 % is such a progression of length 3 and common
difference %. Moreover, this is a maximal progression in S since it cannot
be extended to the left or the right within S (% and Z—Ol not being members of
S). Prove that for all n € N, there exists a maximal arithmetic progression

of length n in S.

lengths. For instance

N 9. Suppose that

1996
H (14 nxSn) =1+ alxkl + agzvkz + -4 amka
n=1
where a1, ag, ..., Gy are nonzero and k1 < kg < -+ < kp,. Find a1996.

N 10. Let p be an odd prime. Show that there is at most one non-degenerate
integer triangle with perimeter 4p and integer area. Characterize those
primes for which such triangle exist.

N 11. For each positive integer n, prove that there are two consecutive
positive integers each of which is the product of n positive integers > 1.

N 12. Let
ajl ar2 ai3
a1 G22 Q23
a3l asz2 ass

be a doubly infinite array of positive integers, and suppose each positive
integer appears exactly eight times in the array. Prove that a,,, > mn for
some pair of positive integers (m,n).

N 13. The digital sum of a natural number n is denoted by S(n). Prove
that S(8n) > £S(n) for each n.

N 14. Let p be an odd prime. Determine positive integers x and y for which
x <y and \/2p — \/x — \/y is nonnegative and as small as possible.

N 15. Let a(n) be the number of digits equal to one in the dyadic represen-
tation of a positive integer n. Prove that
(a) the inequality ca(n®) < Sa(n)(1 + a(n)) holds,
(b) the above inequality is an equality for infinitely many
positive integers n, and

o) —

(c) there exists a sequence {n;} such that lim;_,, S =

N 16. Show that if a and b are positive integers, then

i) <)

is an integer for only finitely many positive integer n.
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N 17. Determine the mazimum value of m>+n?, where m andn are integers
satisfying m,n € {1,2,...,1981} and (n®> — mn —m?)? = 1.

N 18. Denote by S the set of all primes p such that the decimal representa-
tion of% has the fundamental period of divisible by 3. For every p € S such

that % has the fundamental period 3r one may write
1
- = 0.a1a2~--a3ra,1a2...agr... ,

where r = r(p) ; for every p € S and every integer k > 1 define f(k,p) by

f(k,p) = ar + Aftr(p) T Aht2r(p)-

a) Prove that S is finite.
b) Find the highest value of f(k,p) for k>1 andp € S.

N 19. Determine all pairs (a,b) of real numbers such that a[bn] = blan] for
all positive integer n. (Note that [x] denotes the greatest integer less than
or equal to x.)

N 20. Let n be a positive integer that is not a perfect cube. Define real
numbers a, b, ¢ by
1 1
a—la' " b— I’
where [z] denotes the integer part of x. Prove that there are infinitely many

such integers n with the property that there exist integersr, s, t, not all zero,
such that ra + sb + tc = 0.

1
a=n3, b=

N 21. Find, with proof, the number of positive integers whose base-n rep-
resentation consists of distinct digits with the property that, except for the
leftmost digit, every digit differs by 1 from some digit further to the left.

N 22. The decimal expression of the natural number a consists of n digits,
while that of a® consists of m digits. Can n +m be equal to 20012

N 23. Observe that

1 1 4

I+§:§’ 42+32:52,
1 1 8
gts=1p S =17
1 1 12
g—i-?:%, 122+352:372

State and prove a generalization suggested by these examples.

N 24. (C. Cooper, R. E. Kennedy) A number n is called a Niven number,
named for Ivan Niven, if it is divisible by the sum of its digits. For example,
24 is a Niwven number. Show that it is not possible to have more than 20
consecutive Niven numbers.



70 PROBLEMS IN ELEMENTARY NUMBER THEORY

N 25. Prove that if the number « is given by decimal 0.9999 - - - | where there
are at least 100 nines, then \/a also has 100 nines at the beginning.

N 26. Prove that there does not exist a natural number which, upon transfer
of its initial digit to the end, is increased five, siz, or eight times.

N 27. Which integers have the following property? If the final digit is
deleted, the integer is divisible by the new number.

N 28. Let A be the set of 16 first positive integer. Find the least positive
integer k satisfying the condition : In every k-subset of A, there exist two
distinct a,b € A such that a®> + b* is prime.

N 29. What is the rightmost nonzero digit of 1000000! ¢

N 30. For how many positive integers n is
1 1
(1999 + 5)” + (2000 + 5)”
an integer ?

N 31. Is there a 3 x 3 magis square consisting of distinct Fibonacci numbers
(both f1 and fo may be used; that is two 1s are allowed)? (A magic square
has the property that the eight sums along rows, columns, and the two main
diagonals are all the same number.)

N 32. Alice and Bob play the following number-guessing game. Alice writes
down a list of positive integers x1, ---, xp, but does not reveal them to
Bob, who will try to determine the numbers by asking Alice questions. Bob
chooses a list of positive integers ay, ---, a, and asks Alice to tell him the
value of a1x1+- - -+ apxy. Then Bob chooses another list of positive integers
bi, -+, by and asks Alice for byxy + -+ - + bpxy. Play continues in this way
until Bob is able to determine Alice’s numbers. How many rounds will Bob
need in order to determine Alice’s number ¢

N 33. Four consecutive even numbers are removed from the set
A={1,2,3,--- ,n}.

If the average of the remaining numbers is 51.5625, which four numbers were
removed ?

N 34. Let S, be the sum of the digits of 2. Prove or disprove that S,11 =
S, for some positive integer n.

N 35. Counting from the right end, what is the 2500th digit of 10000! ¢
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E 10. Berkeley Math Circle Monthly Contest 1999-2000
E 11. Iran 1998

E 12 (Zh, PP. 40). Mediterranean Mathematics Competition 1999 (Proposed
by Ukrine)

E 13 (Pels, pp. 99).
E 14 (PbAw, pp. 2).
E 15 (EbMKk, pp. 15
E 16 (EbMk, pp. 23
E 17 (GML, pp. 167).
E 18 (GML, pp. 183).

)-
)

Irrational Numbers

E 19. The Grosman Meomorial Mathematical Olympiad 1999
E 20. Belarus 2002

E 21. Belarus 2001

E 22. Putnam 1980

E 23. CRUX, Problem A240, Proposed by Mohammed Aassila
E 24.

E 25.
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E 26.
E 27.
E 28.
E 29.
E 30. CRUX, Problem 2305, Proposed by Richard I. Hess
E 31. Amer. Math. Monthly, Problem 10630, Proposed by Richard Strong
E 32. Math. Magazine, Problem 1372, Proposed by Nick Lord
E 33 (Al pp. 106). For a proof, See [Kmh).
E 34 (KhKw, pp. 11).
E 35 (Al pp. 116). For a proof, See [KaMr].
E 36. USA 1973
E 37. IMO 1987/5
E 38. APMO 1994/5
E 39.
E 40. Putnam 1995
E 41. Math. Magazine, Problem 1385, Proposed by Howard Morris
E 42 (Ae, pp. 226).
E 43 (Pels, pp. 95).
E 44 (Pels, pp. 99).
E 45 (PbAw, pp. 2).
E 46 (Ams, pp. 14).
Diophantine Equations I
F 1. AIME 1989/9
F 2. UC Berkeley Preliminary Fxam 1983
F 3. Taiwan 1998
F 4.
F 5.
F 6.
F 7. Poland 2002
F 8. Bulgaria 1999
F 9. Ireland 1995
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10.
11.
12.
13.
14.
15.
16.
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F 18.
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Putnam 2001
India 1998

Ttaly 1994

Canada 1991

Balkan Mathematical Olympiad 1998
Poland 2003

Vietnam 2002

Romania 1995, Proposed by M. Becheanu

F 19 (UmDz pp.14). Unused Problem for the Balkan Mathematical Olympiad

F 20
F 21

F 22,
F 23.
F 24.
F 25.
F 26.
F 27.
F 28.
F 29.
F 30.

F 31
F 32

F 33.
F 34.
F 35.
F 36.
F 37.

F 38
F 39
F 40

APMO 1993/4
APMO 1989/2
Poland 1998

IMO 1982/4

IMO Short List 2002 N1

Ukraine 2002

IMO Short List 2000 N5

IMO Short List 1997 N6

Belarus 2000

IMO Short List 1993 GEO3
(Ebl, pp. 19). Amer. Math. Monthly 61(1954), 126; 62(1955), 263
IMO Long List 1987 (Romaina)

IMO Long List 1967 P (PL)

IMO Long List 1985 (SE1)

IMO Long List 1985 (TR3)

Ttaly 1996

Bulgaria 1996 - Arne Smeets : 2003/12/12
(JeMm, pp. 10).
(KhKw, pp. 9).
(EbMK, pp. 44).
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F 41 (Wsa, pp. 39).
F 42 (GML, pp. 2).
F 43 (GML, pp. 33).
F 44 (GML, pp. 192).
F 45 (Ljm, pp. 21).
F 46 (Ljm, pp. 57).
F 47 (Ljm, pp. 94).

F 48 (Ljm, pp. 205).

F 49 (Ljm, pp. 208).

F 50 (Her, pp. 287).

F 51 (Rh3, pp. 207).

F 52. Tom Verhoeff : 2004/05/23 3

F 53. Math. Magazine, Jan. 1985, Lorraine L. Foster, pp. 50-51

F 54. Math. Magazine, Sep. 1980, Problem 1077, Proposed by Henry
Klostergaard

Diophantine Equations I1
G 1. British Mathematical Olympiad 2002/2003, 1-1
G 2. Latvia 1995
G 3 (MaGz pp.13-16).
G 4. Belarus 1999, Proposed by S. Shikh
G 5. IMO Long List 1987 (Greece)
G 6 (VsAs). - Tran Nam Dung : 2003/12/13
G 7. CRUX, Problem 1797, Proposed by Marcin E. Kuczma
G 8. India 1995
G 9.
G 10 (Rdc pp.51).
G 11. Austria 2002
G 12. Austria 2002
G 13. IMO Short List 2002 N/
G 14. IMO Short List 2001 N2

23Cont]ributor, Date
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G 15. Hong Kong 2000

G 16. Belarus 1999

G 17. Baltic Way 2002

G 18.

G 19. IMO 1997/5

G 20. Belarus 2000

G 21. Iran 1998

G 22. Belarus 1996

G 23. Korea 1998

G 24. Hungary 1998

G 25 (Eb2, pp. 20). Q657, Math. Magazine 52(1979), 47, 55
G 26. IMO Short List 1980 (GB)

G 27 (DfAk, pp. 18). Leningrad Mathematical Olympiad 1988
G 28. British Mathematical Olympiad 2002/2003, 1-5

G 29. British Mathematical Olympiad 2000, 2-3

G 30. Math. Magazine, Problem 1529, Proposed by David C. Kay

G 31. Math. Magazine, Problem 1538, Proposed by Murray S. Klamkin
and George T. Gilbert.

G 32. CRUX, Problem 2351, Proposed by Paul Yiu
G 38 (EbMKk, pp. 22).

G 33 (EbMKk, pp. 46).

G 34 (DNI, 42).

G 35. Vietnam 2004

G 36 (JDS, pp. 29).

Functions in Number Theory
1. Floor Function and Fractional Part Function

H 1. IMO ShortList 1991 P20 (IRE 3)

H 2 (EbMKk, pp. 5).

H 3 (EbMk, pp. 7).

H 4. Canada 1987

H 5. CRUX, Problem 1650, Proposed by Iliya Bluskov
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H 6. Iran 1996
H 7. Math. Magazine, Problem 1410, Proposed by Seung-Jin Bang

H 8. Canadian Mathematical Society Notes, Problem P11, Proposed by
Mihdly Bencze

H 9. Taiwan 1998
H 10. Amer. Math. Monthly, Problem 10346, Proposed by David Doster
H 11. Korea 2000
H 12 (IHH pp.142).
H 13. CRUX, Problem 2321, Proposed by David Doster
H 14.
H 15. APMO 1993/2
H 16.
H 17. Bulgaria 2003 - Arne Smeets : 2003/12/13
H 18 (Tt). Tournament of the Towns 2002 Spring/A-Level
H 19 (PbAw, pp. 5).
H 20 (Ams, pp. 45).
2. Fuler phi Function
H 21.
H 22.
H 23. Math. Magazine, Problem 1376, Proposed by Eric Canning
H 24. Amer. Math. Monthly, Problem 10837, Proposed by Hojoo Lee
H 25 (Km, Problems Sheet 1-11).
H 26. Amer. Math. Monthly, Problem 10626, Proposed by Florian Luca
H 27 (Rdc pp.36).
H 28 (Pels, pp. 237).
H 29 (Pr, pp. 38).

H 30. Math. Magazine, Sep. 1983, Problem 1153, Proposed by Charles R.
Wall

8. Divisor Functions
H 31. Russia 1998
H 32. Canada 1999
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H 33. IMO 1998/3
H 34. IMO Short List 2000 N2
H 35. Canada 1992
H 36. IMO Short List 1983 (Belgium,)
H 37 (Rh pp.104). Quantum, Problem M59, Contributed by B. Martynov
H 38 (Pels, pp. 237).
H 39 (Pels, pp. 237).
H 40 (Jjt, pp. 95).
H 41 (Jjt, pp. 169).
H 42 (Dmb, pp. 108).

4. More Functions
H 43 (Tau). and [Tau?2]
H 44. Germany 1996
H 45. Belarus 1999, Proposed by D. Bazylev
H 46 (Tma, pp.175).
H 47.

5. Functional Equations
H 48. Singapore 1996
H 49. Turkey 1995
H 50. IMO 1977/6
H 51. Unknown 2*
H 52. Unknown
H 53. IMO unused 1997
H 54. Balkan 2002
H 55. USAMO Summer Program 2001
H 56. Austria 1989
H 57. IM0 1996/3
H 58. Canada 2002
H 59. Canada 1969
H 60. Slovenia 1997

241 don’t know the origin of the problem.



H 61.
H 62.
H 63.
H 64.
H 65.
H 66.
H 67.
H 68.
H 69.
H 70.
H 71.
H 72.
H 73.
H 74.
H 75.
H 76.
H 77.
H 78.
H 79.
H 80.
H 81.
H 82.
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Unknown

APMC 1997

South Africa 1997

Belarus 1999

APMC 1984

Unknown

Nordic Mathematics Contest 1998
KMO Winter Program Test 2001
Ukrine 1997

IMO 1990/4

IMO 1988/3

IMO 1998/6

IMO 1982/1

IMO Short List 1988

Romania 1986

Iran 1995

Polynomials

I 1. Math. Magazine, Problem Q800, Proposed by Bjorn Poonen

I2.

I 3. IMO 1987/6

I 4. Balkan Mathematical Olympiad 1989
I5 (Twh, pp. 111).

I 6 (Twh, pp. 114).

I17. IMO 1993/1

I 8 (Ac, pp. 87). For a proof, see [En].

85
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19. CRUX, Problem A230, Proposed by Naoki Sato
110 (Ae, pp. 257).

I 11 (Ae, pp. 258).

I 12 (DNI, 47).

I 13. Math. Magazine, Jan. 1982, Problem 1113, Proposed by William H.
Gustafson

Sequences of Integers
1. Linear Recurrnces

J 1. IMO Short List 1988
J 2 (Nv pp.58).
J 3 (Nv pp.74).
J 4 (Nv pp.75).
J 5 (Ebl pp.21).
J 6. Math. Magazine, Problem 1390, Proposed by J. F. Stephany
J 7. Canada 1998
J 8. Vietnam 1999
J 9. Germany 1995 - Arne Smeets : 2003/11/2/
J 10. Bulgaria 2003 - Arne Smeets : 2003/12/13
J 11. Math. Magazine, Problem 1558, Proposed by Mansur Boase
J 12 (Ae, pp. 226).
J 13 (Rh2, pp. 197).
2. Recursive Sequences
J 14.

J 15. Amer. Math. Monthly, Problem E2619, Proposed by Thomas C.
Brown

J 16. Putnam 1983

J 17. Putnam 1999

J 18. United Kingdom 1998
J 19. Serbia 1998

J 20. United Kingdom 2002
J 21 (KiMr pp. 233).

J 22. Putnam 1983
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J 23. APMC 1999

J 24. IMO Short List 2001 N3

J 25. Poland 2002

J 26 (Ae pp.228).

J 27. IMO Short List 199/ N6

J 28. IMO Short List 1990 HUN1

J 29. Putnam 1985/A/4

J 30. CRUX, Problem 2446, Proposed by Carherine Shevlin
J 31. Netherlands 1994 - Arne Smeets : 2003/12/12

J 32 (Tt). Tournament of the Towns 2002 Fall/A-Level- Arne Smeets :
2003/12/12

J 33 (Tt). Tournament of the Towns 2003 Spring/O-Level
J 34 (JtPt, pp. 93). Russia 1984 - Arne Smeets : 2003/12/12
J 35. USA 1993
J 36. IMO Long List 1987 (GB)
J 37. Vietnam 2000 - Tran Nam Dung : 2003/12/13
J 38. Vietnam 1999 - Tran Nam Dung : 2003/12/13
J 39. Poland 1995 - Arne Smeets : 2003/12/13
J 40. Canada 1986 - Arne Smeets : 2003/12/13
J 41. China 1991
J 42. Math. Magazine, Problem 1545, Proposed by Erwin Just
J 43 (Rh, pp. 276).
J 44 (Tt). Tournament of the Towns 2002 Fall/O-Level
J 45 (Tt). Tournament of the Towns 2002 Spring/A-Level
J 46 (Ae, pp. 227).
J 47 (Ams, pp. 104).
J 48 (Rh3, pp. 103).
3. More Sequences
J 49. IMO Long List 1985 (RO3)
J 50. IMO Short List 1991 P14 (USS 2)
J 51. IMO 1991/2
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J 52. IMO Short List 1993
J 53. IMO Short List 1999 N3
J 54. Pi Mu Epsilon Journal, Problem 339, Proposed by Paul Erdos
J 55. Iran 1998
J 56. IMO Short List 1989
J 57. Taiwan 1996
J 58. USA 2002
J 59. Putnam 1993/A6
J 60. Vietnam 2001 - Tran Nam Dung : 2003/12/13
J 61. Croatia 199/
J 62 (Tt). Tournament of the Towns 2003 Spring/O-Level
J 63 (Tt). Tournament of the Towns 2001 Fall/A-Level
J 64 (Tt). Tournament of the Towns 2001 Fall/A-Level
J 65 (GML, pp. 173).
Combinatorial Number Theory
K 1 (Rh2, pp. 243).
K 2. IMO Long List 1985 (PL2)
K 3. IMO 1971/3
K 4. Berkeley Math Circle Monthly Contest 1999-2000
K 5. India 1998
K 6. USA 2001
K 7. USA 1998
K 8. Romania 1998
K 9. India 1998
K 10. Romania 1998
K 11. IMO 1991/3
K 12. Math. Magazine, Problem 1466, Proposed by David M. Bloom
K 13. IMO 1985/2
K 14. Romania 1997, Proposed by Marian Andronache and Ion Savu
K 15. IMO 1983/5
K 16. IMO Short List 2001



K 17.
K 18.
K 19.
K 20.
K 21.
K 22.
K 23.

K 24

K 25.
K 26.
K 27.
K 28.
K 29.
K 30.

K 31

K 32.
K 33.
K 34.
K 35.
K 36.
K 37.
K 38.
K 39.
K 40.
K 41.
K 42.
K 43.
K 44.
K 45.
K 46.

K 47
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Turkey 1996

IMO 1995/6

IMO Short List 2002 N5

IMO Short List 1998 P16

IMO Short List 1998 P17

IMO ShortList 1998 P20

IMO Short List 1996
(TaZf pp.10). High-School Mathematics (China) 1994/1
IMO Short List 2002 A6

IMO Short List 2001 C4

IMO Short List 2000 C6

IMO Short List 1999 A/

IMO Short List 1999 C},

Australia 2002
(Ae pp.228).

IMO ShortList 1991 P24 (IND 2)

IMO Short List 1990 CZES3

IMO Short List 1990 MEX2

USA 2002

IMO Short List 1995

IMO Short List 1999

IMO Short List 1999

Romania 1995

Japan 1990

USA 2003

Putnam 1997/A5

British Mathematical Olympiad 2000 - Arne Smeets : 2003/12/13
Bulgaria 2003 - Arne Smeets : 2003/12/13
IMO 1970/4

CRUX, Problem A233, Proposed by Mohammed Aassila
(KhKw, pp. 12).
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K 48 (KhKw, pp. 13).
K 49 (Ams, pp. 12).
K 50 (Prh, pp. 29).
K 51 (DNI, 19).
K 52 (JDS, pp. 31).
K 53 (Her, pp. 16).
K 54 (Rh2, pp. 89).
K 55 (
(
(
(

Rh2, pp. 125).
K 56 (Rh2, pp. 145).
K 57 (Rh2, pp. 202).
K 58 (Rh3, pp. 213).
K 59 (Rh3, pp. 51).

Additive Number Theory

L 1. Amer. Math. Monthly, Problem 10426, Proposed by Noam FElkies and
Irving Kaplanky

L 2. Netherlands 1994 - Arne Smeets : 2003/12/12

L 3. Belarus 2002 Proposed by V. Bernik - Arne Smeets : 2003/12/13
L 4. Math. Magazine, Problem 817, Proposed by Robert B. McNeill
L 5.

L 6 (IHH, pp. 474).

L 7 (Tma, pp. 22).

L 8 (Rdc pp.24).

L 9. IMO Short List 1990 AUSS3

L 10. IMO 1992/6

L 11. IMO 1997/6

L 12 (Hua pp.199).

L 13. Math. Magazine, Problem Q81/4, Proposed by Paul Erdés

L 14. Romania 2001, Proposed by Laurentiu Panaitopol

L 15. Amer. Math. Monthly, Problem E306/, Proposed by lon Cucurezeanu
L 16. Putnam 2000

L 17.
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L 18. Amer. Math. Monthly, Problem 2760, Proposed by Kenneth S.
Williams

L 19. APMO 1994/3

L 20. India 1998

L 21. Romania 1997, Proposed by Marcel Tena

L 22.

L 23.

L 24.

L 25.

L 26. IMO 1983/3

L 27. IMO 1976/

L 28.

L 29. IMO Short List 2000 N6

L 30. IMO Short List 1998 P21

L 31. IMO Short List 1996 N3

L 32. Putnam 1988/B1

L 33. Math. Magazine, Problem 1561, Proposed by Emre Alkan
L 34 (KhKw, pp. 21).
L 35 (EbMk, pp. 46).
L 36 (Wsa, pp. 271).
L 37 (GML, pp. 37).
L 38 (GML, pp. 144).
L 39 (DNI, 28).

L 40 (JDS, pp. 25).
L 41 (JDS, pp. 25).
L 42. Math. Magazine, Feb. 1986, Problem 1207, Proposed by Barry Powell

L 44. Math. Magazine, Nov. 1982, Problem 1130, Proposed by J. L. Self-
ridge

The Geometry of Numbers
M 1. Math. Magazine, Problem 1409, Proposed by Gerald A. Heur
M 2. Putnam 1993/B5
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M 3.

M 4. Israel 199

M 5.

M 6 (Hua pp.535).

M 7 (GjJj pp.215).

M 8. IMO Short List 1990 USS3

M 9 (Pels, pp. 125).

M 10 (PelJs, pp. 125).

M 11 (PelJs, pp. 125).

M 12 (Jjt, pp. 75).
Miscellaneous Problems

N 1. Math. Magazine, May 1984, Problem 1173, Proposed by Thomas S.
Ferguson

N 2 (Tt). Tournament of the Towns 2001 Fall/A-Level

N 3 (Pt). Tournament of the Towns

N 4. Ireland 1998

N 5. Vietnam 2003 - Tran Nam Dung : 2003/12/13

N 6. Amer. Math. Monthly, Problem E2998, Proposed by Clark Kimberling
N 7.

N 8. British Mathematical Olympiad 1997 - Arne Smeets : 2003/12/13
N 9. Turkey 1996 - Arne Smeets : 2003/12/12

N 10. CRUX, Problem 2331, Proposed by Paul Yiu

N 11 (Rh, pp. 165). Unused problems for 1985 Canadian Mathematical
Olympiad

N 12. Putnam 1985/B3

N 13. Latvia 1995

N 14. IMO Short List 1992 P17
N 15.

N 16 (Ns pp.4).

N 17. IMO 1981/3

N 18. IMO Short List 1999 Nj
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N 19. IMO Short List 1998 P15
N 20. IMO Short List 2002 A5
N 21. USA 1990

N 22 (Tt). Tournament of the Towns 2001 Spring/O-Level
N 23 (EbMk, pp. 10).

N 24 (Jjt, pp. 58).

N 25 (DNI, 20).

N 26 (DNI, 12).

N 27 (DNI, 11).

N 28. Vietnam 2004

N 29 (JDS, pp. 28).

N 30 (JDS, pp. 30).

N 31 (JDS, pp. 31).

N 32 (JDS, pp. 57).

N 33 (Rh2, pp. 78).

N 34. Math. Magazine, Nov. 1982, Q679, Proposed by M. S. Klamkin and
M. R. Spiegel

N 35. Math. Magazine, Sep. 1980, Problem 1075, Proposed by Phillip M.
Dunson
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GML
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Hua
ITHH
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