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#Bienaymé trees and random walks
Outline : 1) Coding trees

2) Connection with conditioned random walks
3)The cycle lemma

1) Coding tres

Decall that me work with plane trees , for exampleoTi = 2011, 2
,

21
, 223

Tz = 2011, 2
, 11

, 123 Th Tz

Formally , they car be defined as certain sets of labels (sequences of integers) ,
we skip the formal definition

Informally, a plane free can be seen as a genealogical free where individuals are the verties

Vetices of a place tree can be equiped with the depth-first search order (informally ,
label vertices as soon as possible when doing the "contour" of the

tree from left to right)

Definition Set T be
a free with sizem ,

with verties ordered in depth-first search orda : No su , ... sM

The Subasiewing path 2 (T) = (2CT1 .
--

; &(T)) is defined by :

· WoCT) = 0

· Win (T = Wi(t) + RuiCT) - 1 for oxi < +1-1 with RulT) = number of children of u.

NT)
N
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PropositionThe map Stres withaverties3-> J
T -> (RuilT)-1 : 0 ci < n -1)

is a bijection ,
where J= Glos .. yante 3-1 ,

0
,

1
,
... : x

,
+ +

n
= -1

,
x +... +i) - 1 for exian3

This can be readily shown by induction. The complete proof is a bit telious to write

and it is skipped here (the reader should convince him/her that this is Arme)

2) Connection with conditioned random walks

Let
M = (p(i) : iso) be a probability distribution on Et ,

called the offspring distribution.

Assure that(1) # 1 andil
Let it be the est of all finite trees < is countable

Recall that for TETT,(T) M(Ru(T) defines a probability measure on IT.

A By random Arer will be a TT-valued random variable
,
with low Pp.

To make the connection with the Lukasiewing path,
we introduce the random walk

(Winso : Let (Xiliss be ind random variables with law BCX1= k) = M(k+ ) fork -1.

Set vo = 0 and Wn = X
,

+ ... + Xu for us
.
1.

Also set infini : Wn =-- NUS+ 3 for 1.

Important remark Observe thatTX]=[RR-1 In particular, critical tres

(for whichK = 1) play a special vole : We have EX= 0 if M is citicla

Proposition Let ↑ be a Bp random tree
.

Then

(2(5)
. -., Will (N)) (Wo

, .
.

.

, W32)
Im particular 31 as.

②



The prof is straightforward using (a) by computing the probability that the 2 random rectors are

equal to (wo
, ..., Wal .

In the sequel ,
in denotes a Bp random the conditioned on having in verties (we

implicitely restrict to values ofn such that PCIT) = n) > 0) .

Corollay . I3
· (Social

. ..., Malin)) for (Wo . .., Wn) under $10(3= n)

The main difficulty is that this conditioning is "non local" To make it "local" me

we are going
to use the so-called cycle lenna.

3)The cycle lemma

We first introduce some notation. Fix
,
1 . Forbi

Set S = E(x , ...,
an) = G - 1

,
0

,
1

,
...3: +... + xn = - 43

,

Set RE(x ,
.

. .(n) +5 - 1, 0,1 ...3 : 0 +... + n
= - 1 and K

,
+... +i) - R for 17113

We identify 2/n2 with 50,
1--,n-13

For x
= (-- n) ER and it I/n2

,
we definex) = (i+i+---in) with

addition considered modulon

Exemple x = (1
,

- 1
,

- 1
,
1

,

-

12 ,
- 1

,
-1) ,

x)
= (2

,
- 1

,
- 1

,
1

,
- 1

,

- 1
,

7
,

- 1) .

Welks with jumps given by x and se't
:

M

·!i ...j

③



Theorem Cycle lumas Fix 1 RIM
.

For
avery ces set Ila) = Sieznz: Es3

Then #I() = R

The proof is a bit tecious and left to the reader .
In the previous exemple IC = 553 .

Corollary For
every zaken

, $(3p =m)= B(Nn = - R)

Proof Setn = (X
,...., Xn) and write

1P(3m = n) = 5/*nEJ)= )=R]=N
mo

Application
(1)Set # = Eforests of f trees having in total nedges3 .

Then#F (2

(2) Let Hu be the height of aeuriform vertex in a uniform place tree with nedges .

Then for ochen :

B(Hn =h)=
~

Uing Stirling's formule ,
(2) implies that Vo : B(Hnx) +> e : rtypical ventex of

n + 0

a uniform plane tres has height of ordr .

Profit (1)
Set En = &(x .

. .

,
an) e G - 1

,13 +... + xn = - 13
,

N

Set (x
, ...:= and for

(8)
observe that Fo is in bijection with Rang by uning
the "contour" encoding , adding-1 after each tree :

ogo
⑭



Taking B(X=Il =1 ,

when Ren [2] we get by the corollay
t =(3r = n) = * B(Wn = -k)= x

+ #R
We conclude that #* RR)

because an element inRha elementsmong element

(2) A pair I free with m edger , distinguished point at heighth) is in bijection withArtnThen PCHn=h)= ,
which gives

the est

-

Referencefor II :

· 5
.
-F

.

L Full
,
Randon trees and application, Probability emveys 2005

· 5.
Pitman

,
Combinatorial stochastic

processes ,
Lecture notes in Mathematics 2006 (Chap . 5)
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⑪Local limits of citical Bienaymé trees
Outline 1) Kesten's tree

2) Local estimates for r.
v.

G : show that large critical Bienayné tras converge"locally".

1) Kesten's tree

Lit
p

be
a
citicul offpring distribution. Define in ,

the size-biased distribution by FCRI= Rick) for b,

Build To as follows :

· thre are two types of vertion : normal and special ,
with the root being special

· normal vertices have children ~

i , special verties have children vi

· children of normal verties are normal
,

a child of a special vertex selected uniformly at random is special,

the other are normal

· all choices are # · -----

of

Definition For a tree + and 14,0 :

. set Erlt= SUEt : 11 =R3 the number of verties at generation R.

· devote by [EJr = SUEt : 1kIk3 the tree obtained by beeping the verties in the first 12 generations

The goal ofis to
prove

the following theorem :

Thorem (Kesten
,
Tauson

,
Abraham-Delmas

Assume that
i

is nitical.Then Flazo
, [MJr[NJR (convergence in distribution in the countable

space of finite frees).
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RempOuthestollySiteDovefree
, itis possible So checht s

defines a distance (called the local distance) so that

(Tec
,
diod is Polish and to -> t in Litpdia) 188 FRyo, [tJr EtYm

In the sequel ,
↑ denotes a By tree

Proposition For every #0 and free t with height R :

P([ No]r = t) = Er(t)P)[N]p = t)

Proof Fix e with lokR
.

Write

PC[No] = t
, spire of to goes throughs)[ MDul) .#T CRult) XMIRLE=I(FR ut #d

,
x]

ut [P,
x] u = x

We get the result by suring over all the possible Eplt) values of o.

-

Beginning of the proof We need to show that FR2
,0

end f treet with height :

P)[MSp = t)= Za(t) (P([N]p =t)

Write PCIYn]
p

= t) = (tN]p = t) x
Plaforest of ERIE) trees has size n - #EtSR-1)

P(# = n)

& = BLENSR = t) .

ExxBN-El
God : Fabio,W

-

·

⑰



2) Local estimates for rv

Def A real-valued r.v.
X is lattice if there exists be and 410 stB(Xbth2) = 1

. If the

greatest such h is called the
spon of X

. If X has span 1 me say
that X is a periodic.

Example #S(X = 1) = DIX = -11 = t ,
X has

spen 2.

LorastyratutthemAssavethais-vared, eperiodithese

This entails the desired local convergence of 1)

Remark : aperiodicity is needed : if P(X = 1) = D(X = 1) =1 we have 1 /n = v =0

if ner[2]

Exercise If X is I-valued
, aperiodic with $(X10K0

,
$(X100

,
then Free

,
-m> 1st

for every m
, 50-- > PRESupport (X) with 1 = x

,
+ ..+p . In particular IP(Wr = 2) >0

The main ingredient is the fact thatPCWr = 2) cannot decreas too fat :

- an)

Proposition If X , is eperiodic with #TX0 , for everyne2, we have(Nn = r) = e

Proof of the theorem (Never

and for everyze2SenghowthSeag
= Supporta

By aperiodicity 7m1S.
EVR, Mm + g ,

re S +... + SIS Rtimes)

⑧



a= - q)

Step 2 To Show (4)
,

set Nu = #51sien : Xi = x3 and x = 1 (X ,
= x)

El (Wn = 2]=(X ,
= x(Wn = 2) =W↑ ↑

symetig Marka

We show that #I# /W=1] -> 1 which implies the desired result.
250

Fix 30.
Since Nuw Bin(,/ , Ecaso st (IN-1,2) Fra

,
1.

Then I EIFINn=c] -N < c + P(/-x, /Wn = 2)

< 2 +

DIN-Hs
Esth 23 for n

lay
on

-

We give
two different proofs of the proposition.

⑨ Proof 1 : properties of 1-D RW

Proof of the proposition
By aperiodicity ,

Im s
. t H(Wm =2(30 · Since B(Wn= r), 1P(Wn-m=0) (Wm= r),

it is enough to show that $(Wn= d -> 1

Step1 Since PP(Warb =0) > P(Wa =dN)Wb=0
,
the sequence Un = -en(1)Wn =0

ealisfies Marb[Matur for a
,

b > 1
. By the Febete sebadditivity lan,enI

*

1/n

n +> 0

n -> 5Un-LERUS-33 ,
which shows that1 stBW =-

Sep2 Argue by contradiction and assure that 2.

Then A= (P(Wn = 0) < *

⑨



This implies transience of (Winso .

But EIWn] = 0 implies recurrence
,
contradiction.

To see this ,
we can proced as follows.

Fix 230 .

claim : for n large enough #[RNiken]

Prof By the SLN
,

as
.

IN stu> N = When . Then for n
,

N

⑳il elen = n-N because for Nik
,

I WilssisEm .

They by Fator :

1 #T linifilen] livingWin]

Now
, forevery RE, setting in= ing5u > 0 : Wn =b3 :

ET RW =R]PI) ELIN =OJEA (Strong Makov property

By applying this for RE Een
,
an] 12 we get [siem] < (22n+ 2)C ,

which controducts the claim.
~

⑪ Proof 2 : Local limit theorem + cutoff argument
The second proof actually shows the following stranger version

D

Iroposition Let X
,

de a &-valued rv
.

Write X1 = X-Xi with XT ,
Xis, 0.

.

Assume that

X , is eperiodic and that ETX ,
+S = E[Xi] E RUS + 03. Ther for everyne2,

- an)
we have(Wn = r) = e

We rely on the following result.

⑩



Theorem (local limit theorems
Let (Vilis, be ind aperidic &-valued r . v

.

Assume that o = Vor(X) -(0
,
0) .

Set a = EIX , ] and

Wn = X
,
+- + Xr

.

Then
- (an

sup( N=R)- e I -> 0

REZ
n ->1

Alternatively ,
D(N= R)= ↓ Eul with eup 1 -

n- *

REZ

The standard proof (see e
. g. Ibrogimor & Limik Theorem 4

.
2

. 1) is based on characteristic functions

S by Wating Etetun] = [citipWj , so BLWRETeit
=Tet

with Plat Etet]

Observe that this
gives the proposition for aperiodic X ,

and finite variance i

D
Iroof of the proposition (Chung-Erdos , Kabutari)

If Va (X 1 ) < X
,
I(Wu=c) by the local limit theorem.

WeI
O

Idea : untoff orgument

t contrassureTamifynotation RforkS

Let M
.
) O be euch that DCIXK Mo) XE and XIXIMo is aperiodic.

Case 1 : #St = X and #5 =*

Fix Ee(0
, t) .

Let M2, Mo be ench that tX 1
- M = x * Mo] <0 .

let N2 Mo be the smallet integer such that C = ELX1
- Max +N] 0

bsave that < < NPN (* 1 because C-NPN = #IXI
- MIXIN-170

Set b= ) - MEX(N) - -31-E - PN2, 1 -22 by (Y) F

OLI



PR for-MERN
Set pr = Pr-fork = N (0 by (1)E

O otherwise

Observe thatapr = b end =

Case2 #S** or #50 · Without loss of generality (consider -X instead of X) ansume

#S =0 and #S[X ·
Write-M = ingS . Fix 30 with E < min (-ELX1-MXMo] ,MP-M)

let N2 Mo be the smallet integer such that C = ELX 1-Max -N] +E,
0

Observe that <<NPN ( ** ) because C-NPN = #[X1
- MEXIN-1] + 20

Set b= ( -MEXIN) - G - E1-E - PN - 37, 1 - 35 by (**)

P-m - fork = - M

Set pr = Pm for-MERINEPN-for k = N
(0 by (y *)

O otherwise

Observe thatapr = b end =

Finally ,
let (Yiliz ,

beind with (Y 1
= R)= for **

and set TrEY c
+- - -Yu

.ThenI

P(Tn = 2) = 2 Ex ...

x int Pr ...

pr because pi = Pe
x

,, .., xn +

-MIDi N
-Mi IN

x + -. +(n = 1

x
, + -

- - + Py = 2

= 1 PSu= r
,
-MEXiN for en) [tP(Sn

= 2)

In

We conclude that D(Nn = m) < bYPCTn= r) > 11-32 (LL+ 800Th)

This shows thatliningWz, 1-32,
which implies the result

-
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⑪ Random dissections
Outline 1) The dual tree

2) Minami's mapping
3) Local limit and application

A dissection of a regular polygon Pn with aveties 51,
2
, --yn} is a collection of

non-crossing diagonals
Y 3

Example :

5
2

6 2

7 8

For a dissection D
,
let :

- VCD) be the number of diagonals adjacent to vatex 1 (1 in the example
- F(D) be the size of the face containing verties 1 and 2 15 in the example)
Let Dn be a dissection of in chosen uniformly at random

What is the asymptotic behavior of VIDn)
,
FIDr) as n + 0 ?

The goal of this section is to prove the following result :

Theorem [Curien
,
K

. J
We have

· P(Fn =R)- (m -1) (Z fork,
n -> 0

· D(Vn = R) -+ (R + 1) (2 -E) (2 - 1
*
for

n + 0

⑬



1) The dual tree
1 - ↳-

One naturally associates a dual free P (D) with a dissection i 2 - E
-

4 0 3 z
O

2

5 .

Ch

3

·
-----E

-
>

6 2

· O
·

7
· 8 D P(D)

Observations
· Dissections of Panor in bijection withTh =Etrees with n leaves and no vetex with I child
· F(D) = number of children of the root of &(D)

· VID) = length of the leftmost path from the root of $(D) - 1.

R - 1

Lemma Set M(0) = 2- r
, M(1) = 0

, M(R) = (2) fork,
2

,
which is a citical

offspringdistribution .
Let in be a BM free conditioned on having

n
leaves.

Then In is uniform onTr

Proof We show the result for M of the form Ma = a

, p(1) = 0
, MIR) = b

**
122 (this implies the

leune with b= )
Let the a free with n leaves and ↑

a Butres . It is enough to show that PIT= t) only

depends on n
.

Write = (Ru(t) - 1)
1 utt

P(T= t) = Ta x TTyRult) -1

= A X
bkult)3,

2
= ang %

ut t Met

Ru(t) = 0 Kult)2

&

2) Minomi's mapping

Minami has found a very nice
mapping

which tens Bienayme trees witha leaves

⑭



to Bienaymé trees withn vertices.

Constructiondecompose a free into "lft-most trips" according to inneering ordefe

&
- ((+))

Proposition
If ↑ is a Butree ,

then CCT) is a Butree for some offspring distribution in

If p
is critical

,
then in is critical.

Prof : · the branching property of CCN) comes from the fact that the trees attached
to the left-most trig of t are ind Boptrees.

To find in we compute the law of Rp(CCN), the number of children of the root of (CM).

lot N be defined by B(N = m) = (1-Mo(
*

"Nos forn, so that Nin the length of the left-most tring

ofN . Then R(CH) (Ym-1) With ilis ,

ind distributed of
me
conditioned

on being to ,
: . e P(Ye = i)= for i

Now ensume in
nitical

,
so ELY1]=

1 - Mo
Thus by Wold's identity, the meen of i is EIN-13 X X,-13 = (p -1) (1) = 2.

-

3) Local limit and application
R- 1

Recall that p(0) =2-5
, MCl = 0

, M(R) = (*) for K.3 .
Let N be a Bie free conditioned

on
having
n

laves. Recoll that hat the dual free of a reniform dissection of Pet

has the some low as im
-

⑮



Proposition Vo, [4], [ToJp ,
where To is Kesten's free associated with

p.

This implies that F (Dn) #children of the root of No& VIDn) Il length of the left-most path starting from the path of To-1

whicheering the explicit form of i given the theorem stated it the beginning of thesection

Prof Denote by 1(T) the number of leaves of t.

Let ↑ be a Bu tree.

Fixko and ta free of height R. Write RODOP
B([T ]p = t) ·

= P)[]r = t)= $aforat of R Butrees has n-1) ventele

= P([N]R = t)A PLaforest of RBytrees has n-1([t]-) leave

= BLENSR =) . Et le
with = *, + --En with (Filis, iid PCY

,
=R =FR+ for **-1 .& P(1(r) =n)

S

s

2 + 8

Since in is nitical
,
#T = 0

,soWE
We conclude that
B([iJa = t) + Ep(t)p([T]r =+) = P([To]r = t) .

n + 8
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Exercise IfX is -valed
, aperiodic with $(X10K0

,
$(X100

,
then Free

,
-m> 1 st

for every m
, 50-- > PRESupport (X) with 1 = x

,
+ ..+p . In particular IP(Wr = 2) >0

This is a variout of the Frobenirs coin problem .

Solution of the exercise (argument due to Chung ,
Multinonial nation [Poul Erdos solves a problem 3,

Methods and Application of analysis 5121 , 1998)

We will use the following luna
Sema (Frobenires Coin problem)
Set Lilizz be a finite or countable collection of integers with ged (Qi : itI) = 1

.

Then 7 M20

sit for every na
,

M there exist 20 integer (Kilies With n= idi.

Proof By Begart, the exist integrs (MilieI such that 1=Mic

Set c = Mila .

We check that M = c work

Take n, and write n =

q+ 2 with or . Since m,
cwe have abc

Then n =qMilli +

2Iliai =(quiith

We have dic, o because 94, m. xi

-

Back to the exercise Set [Qi :TEIT = Support (X2) . By aperiodicity, gcdEQ-ag : ite
, jel3 = 1

For mez let P(1) be the property :

P(r) : " 5M/2KO : Fn >, M(l) -40 integre (Pilie 3
.

t.in and Indi=
"

if I

We show that ((2) is true for every
re.

Sepistreles : antal 3 + 0
We have god{ar-e : (RetE3 = 1 fince any Op-ae ,LE can be written

as a difference of two elements of that set.

By the luna 7Ms . 7 nx
,

N implies 7, 0 integers (Mrl)
(re)tE

S
.

7.

n= Mm(k- )= Me lale

⑰



Then for itI define ai as follows -

· if an 10,i=
· if 910/i=Mel

Then Exinand rearreme lea

= Mrear le +l
-

This shows P(O) = G

Sepbystep isenough ShowKTa
We show Q(1) .

This will imply Q/1) Fr> 1
. Q(-11 is established in

the same way , implying &(1) Fr-1 .

This will complete the solution.

To show (1)
,
set d_ = ged (a :: itI

, 9 <0) and d+= ged(a : I
, aio)

Since gedSai : 13/ gedSai-e : i
, jtl} ,

we have godai : it Is , implying
gcd(d+ ,

d
- ) = 1 .

By the huma (applied twice) , there exists M20 st Kry
,

M
,

(*) 40 integer iliest-ndidi andd
ai)0

Since ged(d+,
1-1 = 1

, by Endid 7 .
b with 1 = ad + bd

+

The Ysz0 ,
1 = (- sd

+
+ a)d + (Sd +b)d

+

Choose s large enough so that-so+ +ax-M and Sd- + b >,M

By (4) me can write (-Sd++ a)d
-Edi

and Istbd= with
thes 1=id

di)0

N

⑱


