g
h @ s
‘ ORI
Discrete Mathematics MAA103 — Bachelor — Year 1 Course webpage: http://www.cmap.polytechnique.fr/-kortchemski/dmaths/ "

POLYTECHNIGUE

|Week 11: Combinatorics: additional exercises |

In$tructor: Igor Kortchemski (igor.kortchemski@polytechnique.edu)

Tutorial Assistants:
— Apolline Louvet (groups A&B, apolline.louvet@olytechnique.edu)
— Milica Tomasevic (groups C&E, milica. tomasevic@polytechnique.edu)
— Benofit Tran (groups D&F, benoit.tran@polytechnique.edu).

f?(ercise 1.

1. In how many ways can we write the 6 integers between 1 and 6 in the following squares

so that the fir§t number is less than the second number?

2. In how many ways can we write the 6 integers between 1 and 6 in the following squares

so that the three numbers are in increasing order?

Solution of exercise 1.

1. We view the filling of squares as a permutation o € Sq as follows:

o(1){o(2)]o(3) o(4)| a(5)|o(6)

We want to find the number of permutations o € Sg such that o(1) < o(4):

* there are (g) choices for the subset A of the images of 1 et 4 (there is only one ordering
when these two integers are chosen, since we require o(1) < 0(4));
* once these two integers chosen, there are 4! bijeGtions between {2,3,5,6} and {1,...,6}\ A

in order to fix the images of 2,3,4,5 by o.

The answer is therefore

(6)4! = 360.
2
2. Similarly, we get the number of permutations ¢ € Sg such that o(1) <0(3) < o(5)is
6
3!1=120.
3
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FExercise 2. Let 1 < n < p be integers. How many (§trictly) increasing fun®ions from {1,2,...,1n} —
{1,2,...,p} are there?

Solution of exercise 2. Such a funtion is entirely defined by its image, which is a subset of {1,2,...,p}
having n elements. The answer is therefore (?). O

‘Exercise 3. Let n > 2 be an integer and let us consider a deck of 1 cards numbered from 1 to n.

1. In how many ways is it possible to shuffle the deck so that the card with number 1 is further in the
deck than the card 2?

2. In how many ways is it possible to shuffle the deck so that the cards with numbers 1 and 2 are

neighbours ?

Solution of exercise 3. We may view a shuffling of the deck as a permutation o € S,,.

1. We want to count the number of elements of the set A = {0 € S,, (1) > 0(2)}. To this end,
we partition A according to the value of k = o(1). Once this k > 2 has been chose, we have to

chose:

¢ the value of 0(2), with k —1 choices (positive integers less that k) ,

* then a bijeltion between {3,4,...,n} and {1,2,...,n}\ {o(1),5(2)}, with (n —2)! choices.

Therefore
. (n-1)n n!

Card(A):;(k—l)(n—2)!:(n—2)! =7

2. We want to count the number of elements of the set B={o € S,,, |0(1) —0(2)| = 1}. To this
end, we partition B according to the value of k = o(1) and then according to the value of o(2)
(only one choice if k =1 or k = n, two choices otherwise); it then remains to choose a bijection
between {3,4,...,n}and {1, 2,...,1}\ {0(1),0(2)}. Therefore

T
N

Card(B)=(n=2)l+ ) 2(n-2)+(n-2)'=(n-2)!(2n-2)=2(n-1).
2
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Fxercise 4. Let 1 < p < n be integers. Let E be a set with 1 elements and A a subset of E with p elements.
1) How many subsets X of E such that A C X are there?
2) If p <m < m, how many subsets X of E such that A C X are there?
3) How many couples (X, Y) of subsets of E such that XNY = A are there?
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Solution of exercise 4.

1) As many as the number of subsets of E\A (which correspond to the elements we add to A to
obtain X), that is 2"*7P.

2) As many as the number of subsets of E\A having m — p elements, that is (:1:’;).

3) Once we have chosen a subset X of E such that A C X and Card(X) = m ((Z__’;) choices), we
have to choose for Y a subset of E\A (2" choices). The answer is therefore

n n-p
=P \yn-m _ N=P\yn—p-k _ n—p _ an—p
Z(m_p)z _Z( B )2 =(1+2)"P =3"P,

m=p k=0

where we have used the Binomial theorem for the second equality. ]

‘Exercise 5. Let n > 2 be an integer. Find the number of permutations ¢ € S, such that 1 and 1 belong to
the same orbit of o (that is, such that there exists an integer k > 1 with o%(1) = n).

Solution of exercise 5. Let us partition the set depending on the size £ of the orbit O of 1 and n. Once

2 < ¢ < nis fixed, we have to choose:
* the £ -2 other elements belonging to this orbit O, that is (2’:3) choices,
* the circular permutation of these ¢ elements, that is (¢ —1)! choices,
* then a permutation of {1,2,...,n}\ O, that is (n —€)! choices.

Therefore the answer is
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