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Abstract

We are interested in the asymptotic behavior of critical Galton—Watson trees whose offspring distribution
may have infinite variance, which are conditioned on having a large fixed number of leaves. We first find
an asymptotic estimate for the probability of a Galton—Watson tree having n leaves. Second, we let t,
be a critical Galton—Watson tree whose offspring distribution is in the domain of attraction of a stable
law, and conditioned on having exactly n leaves. We show that the rescaled Lukasiewicz path and contour
function of t, converge respectively to X®*¢ and H®*¢, where X°*¢ is the normalized excursion of a strictly
stable spectrally positive Lévy process and H®*C is its associated continuous-time height function. As
an application, we investigate the distribution of the maximum degree in a critical Galton—Watson tree
conditioned on having a large number of leaves. We also explain how these results can be generalized to the
case of Galton—Watson trees which are conditioned on having a large fixed number of vertices with degree
in a given set, thus extending results obtained by Aldous, Duquesne and Rizzolo.
© 2012 Elsevier B.V. All rights reserved.
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0. Introduction

In this article, we are interested in the asymptotic behavior of critical Galton—Watson
trees whose offspring distribution may have infinite variance, and which are conditioned on
having a large fixed number of vertices with degree in a given set. We focus in particular on
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Fig. 1. A tree t with its vertices indexed in lexicographical order and its contour function (Cy (7); 0 < u < 2(¢(r)—1)).
Here, ¢ (1) = 26.

Galton—Watson trees conditioned on having a large fixed number of leaves. Aldous [1,2] studied
the shape of large critical Galton—Watson trees whose offspring distribution has finite variance,
under the condition that the total progeny is equal to n. Aldous’ result has then been extended
to the infinite variance case (see e.g. [11,12]). In a different but related direction, the effect of
conditioning a Galton—Watson tree on having height equal to n has been studied [15,18,23], and
Broutin and Marckert [6] have investigated the asymptotic behavior of uniformly distributed trees
with prescribed degree sequence. In [21], we introduced a new type of conditioning involving
the number of leaves of the tree in order to study a specific discrete probabilistic model, namely
dissections of a regular polygon with Boltzmann weights. The results contained in the present
article are important for understanding the asymptotic behavior of the latter model (see [9,21]).
The more general conditioning on having a fixed number of vertices with degree in a given set
has been considered very recently by Rizzolo [31]. The results of the present work were obtained
independently of [31] (see the end of this introduction for a discussion of the relation between
the present work and [31]).

Before stating our main results, let us introduce some notation. If i is a probability distribution
on the nonnegative integers, P, will be the law of the Galton—Watson tree with offspring
distribution f (in short the GW , tree). Let £ (7) be the total number of vertices of a tree T and let
A(7) be its number of leaves, that is the number of individuals of T without children. Let A be a
non-empty subset of N = {0, 1, 2, ...}. If 7 is a tree, denote the number of vertices u € t such
that the number of children of « is in A by { 4(7). Note that {n(7) = ¢(7) and ¢y (t) = A(T).

We now introduce three different coding functions which determine 7 (see Definition 1.3
for details). Let u(0), u(1),...,u(¢(r) — 1) denote the vertices of t in lexicographical order.
The Lukasiewicz path W(t) = W, (1), 0 < n < {(1)) is defined by Wy(r) = 0 and for
0<n<¢)—1,Wys1(r) = Wy(tr) + k, — 1, where k;, is the number of children of u(n).
For 0 <i < ¢(r) — 1, define H;(7) as the generation of u(i) and set H;(;)(tr) = 0. The height
function H(t) = (H,(7); 0 <t < ¢(7)) is then defined by linear interpolation. To define the
contour function (C;(t), 0 <t < 2¢(tr)), imagine a particle that explores the tree from the left
to the right, moving at unit speed along the edges. Then, for 0 < t < 2({(7) — 1), C¢(7) is
defined as the distance to the root of the position of the particle at time ¢ and we set C;(t) = 0
fort € [2(¢(r) — 1), 2¢(7)]. See Figs. 1 and 2 for an example.
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Fig. 2. The Lukasiewicz path YW(7) and the height function H(t) of 7.

Let 6 € (1, 2] be a fixed parameter and let (X,),>0 be the spectrally positive Lévy process with
Laplace exponent E[exp(—AX;)] = exp(rA?). Let also p; be the density of X;. For § = 2, note
that X is a constant times standard Brownian motion. Let X**¢ = (X{*“)o<;<| be the normalized
excursion of X and H®® = (H)o<< its associated continuous-time height function (see
Section 5.1 for precise definitions). Note that H®*¢ is a random continuous function on [0, 1]
that vanishes at 0 and at 1 and takes positive values on (0, 1), which codes the so-called #-stable
random tree (see [11]).

We now state our main results. Fix 6 € (1, 2]. Let u be an aperiodic probability distribution
on the nonnegative integers. Assume that p is critical (the mean of p is 1) and belongs to the
domain of attraction of a stable law of index 8 € (1, 2].

(I) Let d > 1 be the largest integer such that there exists b € N such that supp(u) \ {0} is
contained in b + dZ, where supp() is the support of p. Then there exists a slowly varying
function 4 such that:

. N 1/6 ged(b —1,d)
Pulr(@ =nl . n O =S
for those values of n such that P, [A(t) = n] > 0. Here we write a, ~ b, if a,/b, — 1 as

n — oo.

(I) Forevery n > 1 such that P, [A(t) = n] > 0, let t, be a random tree distributed according to
P,[- | A(r) = n]. Then there exists a sequence of positive real numbers (B,),>1 converging
to oo such that

C(tn) Ty M ))

converges in distribution to (X*¢, H®*¢ H®*¢) asn — ooc.

1
Wit (s =2 Co e (b,
<B;<t) L& (ta)t) C(t) £ ()t

n 0<t<l1

At the end of this work, we explain how to extend (I) and (IT) when the condition “A(t) = n”
is replaced by the more general condition “¢ 4(r) = n” (see Theorem 8.1). However, we shall
give detailed arguments only in the case of a fixed number of leaves. This particular case is less
technical and suffices in view of applications to the study of random dissections.

We now explain the main steps and techniques used to establish (I) and (II) when A = {0}.
Let v be the probability measure on Z defined by v(k) = u(k + 1) for k > —1. Our starting
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point is a well-known relation between the Lukasiewicz path of a GW, tree and an associated
random walk. Let (W,,;; n > 0) be a random walk started at O with jump distribution v and set
¢ = inf{n > 0; W, = —1}. Then the Lukasiewicz path of a GW, tree has the same law as
(Wo, Wi, ..., W¢). Consequently, the total number of leaves of a GW, tree has the same law as

Bernoulli variables of parameter 1 (0), large deviations techniques give:

Z/{:] L{w,—w,_,=—1;. By noticing that this last sum involves independent identically distributed

A(t) =nand ‘{(r) - —
[ n(0)
for some ¢ > 0. This roughly says that a GW, tree with n leaves has approximately n /. (0)
vertices with high probability. Since GW, trees conditioned on their total progeny are well
known, this will allow us to study GW,, trees conditioned on their number of leaves.

Let us now explain how an asymptotic estimate for P, [A(r) = n] can be derived. Define
A(n) by:

A(n) = Card{0 <i <n—1; Wipg — W; = —1}.

- §(t)3/4:| <oV (1)

The crucial step consists in noticing that for n, p > 1, the distribution of (Wp, Wy, ..., W)
under the conditional probability measure P[- | W, = —1,A(p) = n] is cyclically
exchangeable. The so-called Cyclic Lemma and the relation between the Lukasiewicz path of
a GW,, tree and the random walk W easily lead to the following identity (Proposition 1.6):

1
Pulg(r) = p, A(x) =n] = ;]P’[/l(p) =n, W, =—-1]

= %P[Sp =n] IF’[WI’,_n =n—1], 2)
where S, is the sum of p independent Bernoulli random variables of parameter 1(0) and W' is
the random walk W conditioned on having nonnegative jumps. From the concentration result (1)
and using extensively a suitable local limit theorem, we deduce the asymptotic estimate (I).

The proof of (II) is more elaborate. The first step consists in proving the convergence on every
interval [0, a] with a € (0, 1). To this end, using the large deviation bound (1), we first prove
an analog of (II) when t, is a tree distributed according to P,[- | A(t) > n]. We then use an
absolute continuity relation between the conditional probability measure PP,[ - | A(t) = n] and
the conditional probability measure P, [- | A(T) > n] to get the desired convergence on every
interval [0, a] with a € (0, 1). The second step is to extend this convergence to the whole interval
[0, 1] via a tightness argument based on a time-reversal property. In the case of the Lukasiewicz
path, an additional argument using the Vervaat transformation is needed.

As an application of these techniques, we study the distribution of the maximum degree in a
Galton—Watson tree conditioned on having many leaves. More precisely, if 7 is a tree, let A(t)
be the maximum number of children of a vertex of 7. Let also A(X*°) be the largest jump of
the cadlag process X®*¢. Set D(n) = max{k > 1; u([k, 00)) > 1/n}. For every n > 1 such
that P, [A(r) =n] > 0, let t, be a random tree distributed according to P,[- | A(r) = n].
Then, under assumptions on the asymptotic behavior of the sequence (u(n) 1/ ")n>1 in the finite
variance case (see Theorem 7.1):

@) Ethe variance of w is infinite, then M(O)l/ O At,) /B, converges in distribution towards
A ( XeXC) )
(ii) If the variance of u is finite, then A(t,)/D(n) converges in probability towards 1.



3130 1. Kortchemski / Stochastic Processes and their Applications 122 (2012) 3126-3172

The second case yields an interesting application to the maximum face degree in a large uniform
dissection (see [9]). Let us mention that using generating functions and saddle-point techniques,
similar results have been obtained by Meir and Moon [26] when t, is distributed according to
Pyl | ¢(z) = n]. Our approach can be adapted to give a probabilistic proof of their result.

We now discuss the connections of the present article with earlier work. Using different
arguments, formula (2) has been obtained in a different form by Kolchin [19]. The asymptotic
behavior of P, [¢4(t) = n] has been studied in [27-29] when Card(A) = 1 and the second
moment of w is finite. Absolute continuity arguments have often been used to derive invariance
principles for random trees and forests, see e.g. [8,11,25,23].

Let us now discuss the relationship between the present work and Rizzolo’s recent article [31],
which deals with similar conditionings of random trees. The main result of [31] considers
a random tree distributed according to P,[- | Z4(r) = n], where it is assumed that
0 € A. In the finite variance case, [31] gives the convergence in distribution in the rooted
Gromov—Hausdorff—Prokhorov sense of the (suitably rescaled) tree t,, viewed as a (rooted) metric
space for the graph distance towards the Brownian CRT. Note that the convergence of the contour
functions in (II), together with Corollary 3.3, does imply the Gromov—Hausdorff—Prokhorov
convergence of trees viewed as metric spaces, but the converse is not true. Furthermore our
results also apply to the infinite variance case and include the case where 0 ¢ A.

The paper is organized as follows. In Section 1, we present the discrete framework and we
define Galton—Watson trees and their codings. We prove (2) and explain how the local limit
theorem gives information on the asymptotic behavior of large GW, trees. In Section 2, we
present a law of large numbers for the number of leaves, which leads to the concentration formula
(1). In Section 3, we prove (I). In Section 4, we establish an invariance principle under the
conditional probability P, [ - | A(t) > n]. In Sections 5 and 6, we refine this result by obtaining
an invariance principle under the conditional probability P,,[ - | A(t) = n], thus proving (II). As
an application, we study in Section 7 the distribution of the maximum degree in a Galton—Watson
tree conditioned on having many leaves. Finally, in Section 8, we explain how the techniques used
to deal with the case .A = {0} can be extended to general sets .A.

Notation and assumptions. Throughout this work 6 € (1, 2] will be a fixed parameter. We say
that a probability distribution (1(j)) j>0 on the nonnegative integers satisfies hypothesis (Hp) if
the following three conditions hold:

(1) u is critical, meaning that Z,fozo ku(k) =1,and u(1) < 1.

(ii) w is in the domain of attraction of a stable law of index 6 € (1, 2]. This means that either
the variance of y is finite, or u([j, o0)) = j~?L(j), where L : R, — R, is a function
such that lim, oo L(¢x)/L(x) = 1 for all # > 0 (such a function is called slowly varying).
We refer to [5] or [13, Chapter 3.7] for details.

(iii) p 1is aperiodic, which means that the additive subgroup of the integers Z spanned by
{j; n(j) # 0} is not a proper subgroup of Z.

We introduce condition (iii) to avoid unnecessary complications, but our results can be extended
to the periodic case.

Throughout this text, v will stand for the probability measure defined by v(k) = u(k + 1) for
k > —1. Note that v has zero mean. To simplify notation, we write g instead of w(0). Note that
o > 0 under (Hp).
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1. The discrete setting: Galton—Watson trees

1.1. Galton—Watson trees

Definition 1.1. Let N = {0, 1, .. .} be the set of all nonnegative integers, N* = {1,2, ...} and U
the set of labels:

o0
U= Javy,
n=0

where by convention (N*)? = {#}. An element of U is a sequence U = uj - - - U, of positive
integers, and we set |u| = m, which represents the “generation” of u. If u = u;---u, and
v = vy --- v, belong to U, we write uv = uy - - - u,,v; - - - v, for the concatenation of # and v. In
particular, note that u) = (Ju = u. Finally, a rooted ordered tree 7 is a finite subset of U such
that:

1.0 e,

2. if v € T and v = uj for some j € N* thenu € t,

3. for every u € t, there exists an integer k,(t) > 0 such that, for every j € N*, uj € t if and
onlyif 1 < j <k, (7).

In the following, by tree we will always mean rooted ordered tree. We denote by the set of all
trees by T. We will often view each vertex of a tree t as an individual of a population whose ©
is the genealogical tree. The total progeny of 7 will be denoted by ¢(t) = Card(t). A leaf of a
tree 7 is a vertex u € t such that k,(t) = 0. The total number of leaves of T will be denoted by
A(T). If T is a tree and u € t, we define the shift of 7 at u by T,7 = {v € U; uv € t}, which is
itself a tree.

Definition 1.2. Let p be a probability measure on N with mean less than or equal to 1 and,
to avoid trivialities, such that p(1) < 1. The law of the Galton—Watson tree with offspring
distribution p is the unique probability measure P, on T such that:

L Pytkyg = j) = p(j) for j >0,
2. for every j > 1 with p(j) > 0, the shifted trees Ti7, ..., T;t are independent under the
conditional probability P, (- | k3 = j) and their conditional distribution is IP,,.

A random tree whose distribution is PP, will be called a Galton—-Watson tree with offspring

distribution p, or in short a GW, tree.

In the sequel, for an integer j > 1, P, ; will stand for the probability measure on T/ which
is the distribution of j independent GW, trees. The canonical element of T/ will be denoted by
f.Forf=(t1,...,7;) € T/, set A(f) = A(71) + - -+ + A(rj) and ¢(F) = ¢(t1) + - - - + () for
respectively the total number of leaves of f and the total progeny of f.

1.2. Coding Galton—Watson trees

We now explain how trees can be coded by three different functions. These codings are crucial
in the understanding of large Galton—Watson trees.

Definition 1.3. We write u < v for the lexicographical order on the labels U (for example
# <1 < 21 < 22). Consider a tree T and order the individuals of t in lexicographical order:
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B=u) <u(l) <--- <u((r) —1). The height process H(t) = (H,(t),0 < n < {(1)) is
defined, for 0 < n < ¢(7), by:

Hy(7) = [u(n)].

For technical reasons, we set Hy(7)(7) = 0.

Consider a particle that starts from the root and visits continuously all edges at unit speed
(assuming that every edge has unit length), going backwards as little as possible and respecting
the lexicographical order of vertices. For 0 < r < 2(¢(t) — 1), C;(7) is defined as the distance
to the root of the position of the particle at time #. For technical reasons, we set C;(t) = 0 for
t € [2(¢(r) — 1),2¢(7)]. The function C(7) is called the contour function of the tree 7. See
Fig. 1 for an example, and [11, Section 2] for a rigorous definition.

Finally, the Lukasiewicz path W(t) = W, (t), 0 <n < (7)) of t is defined by Wy(r) =0
andforO <n <¢(tr)—1:

Wait1(t) = Wy(T) + ku(n) (r) - 1.
Note that necessarily W) (t) = —1.
A forest is a finite or infinite ordered sequence of trees. The Lukasiewicz path of a forest
is defined as the concatenation of the Lukasiewicz paths of the trees it contains (the word

“concatenation” should be understood in the appropriate manner, see [11, Section 2] for a more
precise definition). The following proposition explains the importance of the Lukasiewicz path.

Proposition 1.4. Fix an integer j > 1. Let (Wy,; n > 0) be a random walk which starts at O with
Jump distribution v(k) = u(k + 1) for k > —1. Define {; = inf{n > 0; W,, = —j}. Then
(Wo, Wi, ..., Wy;) is distributed as the Lukasiewicz path of a forest of j independent GW
trees. In particular, the total progeny of j independent GW , trees has the same law as ;.

Proof. See [22, Proposition 1.5]. O

Note that the previous proposition applied with j = 1 entails that the Lukasiewicz path of
a Galton—Watson tree is distributed as the random walk W stopped when it hits —1 for the
first time. We conclude this subsection by giving a link between the height function and the
Lukasiewicz path (see [22, Proposition 1.2] for a proof).

Proposition 1.5. Let t be a tree. Then, for every 0 < n < ¢(t):
H, (1) = Card {0 <j<n W)= inf Wk(r)} . 3)
j<k=n

1.3. The Cyclic Lemma

We now state the Cyclic Lemma which is crucial in the derivation of the joint law of
(¢(z), A(7)) under PP,. For integers 1 < j < p, define:

. p
S =100 xp) € (=1,0,1,2,..07 ) x; = —j}
i=1

and

. . m
3;” ={on.xpes) Y x>~ forallme{O,l,...,p—l}}.
i=1
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Forx = (x1,...,xp) € 8,(,j) and i € Z/pZ, denote by x¥) the i-th cyclic shift of x defined by
X, = Xi+kmodp lorl <k < p.Forx e , finally set:
= Xitk modp for 1 <k < p. F S, finally

Ix = {i €7/ pZ; xV e 3;,/)}

The so-called Cyclic Lemma states that we have Card(Zx) = j for every x € S,(,J ) (see [30,
Lemma 6.1] for a proof).

Let (W,; n > 0) and ¢; be as in Proposition 1.4. Define A(k) by A(k) = Card{0 < i <
k—1; Wiy1 — W; = —1}. Let finally n, p > 1 be positive integers. From the Cyclic Lemma and
the fact that for all k € Z/pZ one has Card{l < i < p; x; = —1} = Card{l <i < p; x¥ =
—1}, it is a simple matter to deduce that:

Flgj = p. A(p) = nl = S FIWp = —j A(p) = nl @)

See e.g. [30, Section 6.1] for similar arguments. Note in particular that we have P[¢; = p] =
JP[W, = —j1/p. This result allows us to derive the joint law of ({(7), A(7)) under P;;:

Proposition 1.6. Let j and n < p be positive integers. We have:
J :
P jls® = p, a() =n] = ;P[Sp =n]P[W,_, =n—j]

where S, is the sum of p independent Bernoulli random variables of parameter iy and W'
is the random walk started from 0 with nonnegative jumps distributed according to n(i) =
(@ + 1)/ — po) for every i > 0.

Proof. Using Proposition 1.4 and (4), write P, ;[¢(f) = p,A(f) = n] = jP[A(p) = n,
W, = —j1/p. To simplify notation, set X; = W; — W;_; fori > 1 and note that:

PlA(p) =n, W, =—jl= > PIXi=-1Vie{i....i]

I<ij<--<ip=<p

.....

The last probability is equal to P [W[/,_n =n— j] P[X; > —1, Vi € {i1, ..., i,}] and it follows
that:

IF’[A(p):n,W,,:—j]:IP’[W[/,_nzn—j]IP’[S,,zn], (5)

giving the desired result. [J
1.4. Slowly varying functions

Slowly varying functions appear in the study of domains of attractions of stable laws. Here
we recall some properties of these functions in view of future use.

Recall that a nonnegative measurable function L : Ry — R is said to be slowly varying if,
forevery t > 0, L(tx)/L(x) — 1 as x — oo. A useful result concerning these functions is the
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so-called Representation Theorem, which states that a function L : Ry — Ry is slowly varying
if and only if it can be written in the form:

L(x) = c(x)exp (/x iM)du) , x>0,
1 u

where c is a nonnegative measurable function having a finite positive limit at infinity and € is a
measurable function tending to O at infinity. See e.g. [5, Theorem 1.3.1] for a proof. The following
result is then an easy consequence.

Proposition 1.7. Fix e > O and let L : Ry — R be a slowly varying function.

(i) We have x*L(x) — oo and x €L(x) — 0as x — oc.
(ii) There exists a constant C > 1 such that éx* < L(nx)/L(n) < Cx* for every integer n
sufficiently large and x > 1.

1.5. The local limit theorem

Definition 1.8. A subset A C Z is said to be lattice if there exist b € Z and d > 2 such that
A C b+ dZ. The largest d for which this statement holds is called the span of A. A measure on
Z is said to be lattice if its support is lattice, and a random variable is said to be lattice if its law
is lattice.

Remark 1.9. Since u is supposed to be critical and aperiodic, using the fact that ;(0) > 0, it is
an exercise to check that the probability measure v is non-lattice.

Recall that (X;);>0 is the spectrally positive Lévy process with Laplace exponent
Elexp(—1X;)] = exp(tA?) and p; is the density of X;. When # = 2, we have p;(x) =
e‘x2/4/m. It is well known that p; is positive, continuous and bounded (see e.g. [33, L. 4]).
The following theorem will allow us to find estimates for the probabilities appearing in
Proposition 1.6.

Theorem 1.10 (Local Limit Theorem). Let (Wy,)n>0 be a random walk on Z started from 0 such
that its jump distribution is in the domain of attraction of a stable law of index 6 € (1,2]. Assume
that Wy is non-lattice and that P[W; < —1] = 0. Set K (x) = ]E[W121|W1|5x]f0r x > 0. Let 62
be the variance of Wi and set:

ap =o0+/n/2 if02<oo,

1
a, = (I'(1 —9))1/9inf{x >0; P[W, > x] < —} if 6> =ocoand 6 < 2,
n

K(z) 1 0
ap, = . /n K | sup ZZOQ—ZZ— if o =o0c0and 6 =2,
z

n
with the convention sup ) = 0.

(1) The random variable (W, — nE[W1])/a, converges in distribution towards X.
(ii) We have a,, = n'/? L(n) where L : Ry — R is slowly varying.

(iii) We have lity_ oo Sup;cg, |anP[Wy = k] — pi (%)) —0.
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Proof. First note that E[|W;|] < oo since 8 > 1 (this is a consequence of [16, Theorem 2.6.1]).

We start with (i). The case 02 < oo is the classical central limit theorem. Now assume that
02 = coand 0 < 2. Write G(x) = P[|W;] > x] for x > 0 and introduce a,, = inf{x >
0; G(x) < 1/n}, so thata, = (I'(1 — 6))"/a/, for n sufficiently large. By [13, Formula 3.7.6],
we have nG(a),) — 1. By definition of the domain of attraction of a stable law, there exists
a slowly varying function L : Ry — Ry such that G(x) = L(x)/x?. Hence G(a,) ~
1/(nI'(1-6)). Next, by [14, Section XVII (5.21)] we have K (x) ~ sz(x)Q/(Z—Q) asx — oQ.
Hence:

nK(ay) n 0 0
5 o~ =) a,%G(an) ~—_——,
a; a;2—-0 QQ-6)Irdad-2o
From [14, Section XVILS5, Theorem 3], we now get that (W, — nE[W/])/a, converges in
distribution to X1. Finally, in the case 02 = oo and 6 = 2, assertion (i) is a straightforward

consequence of the proof of Theorem 2.6.2 in [16].

We turn to the proof of (ii). By [16, p. 46], for every integer k > 1, ag,/a, — k'/? asn — oo.
Since (ay,) is increasing, by a theorem of de Haan (see [5, Theorem 1.10.7]), this implies that
there exists a slowly varying function L : Ry — R, such that a, = L(n)n'/? for every positive
integer n.

Assertion (iii) is the classical local limit theorem (see [16, Theorem 4.2.1]). [

2 = 0o and 6 = 2, note that L(n) — oo as n — oo and that L can be chosen to

In the case o
be increasing.

Assume that p satisfies (Hp) for a certain 6 € (1, 2]. Let (W,),>0 be a random walk started
from O with jump distribution v. Since p is in the domain of attraction of a stable law of index
0, it follows that v is also in this domain of attraction. Moreover, [E[W;] = 0 and W) is not
lattice by Remark 1.9. Let o2 be the variance of W and define B, to be equal to the quantity
ap defined in Theorem 1.10. Then, as n — oo, W, /B, converges in distribution towards X;. In

what follows, & : R; — R, will stand for a slowly varying function such that B, = h(n)n'/?.

Lemma 1.11. We have:

r1(0) _ fp10)

P, [((t):n]nw P, [¢(7) Zn]n—mo nh(n)’

500 n1/0+1h(n) ?

Proof. This is an easy consequence of Theorem 1.10(ii) together with the fact that P, [¢(7) =
n] = P[W,, = —1] /n, as noticed before Proposition 1.6. [

Remark 1.12. In particular, P,[¢(7) = n] > O for n sufficiently large if u is aperiodic. When
w is periodic, if d is the span of the support of 1, one can check that for n sufficiently large, one
has P, [¢(z) = n] > Oif and only if » = 1 mod d.

2. A law of large numbers for the number of leaves

In the sequel, we fix 6 € (1, 2] and consider a probability distribution n on N satisfying
hypothesis (Hp). In this section, we show that if a GW, tree has total progeny equal to n, then
it has approximatively pon leaves with high probability. Intuitively, this comes from the fact that
each individual of a GW, has a probability 1 of being a leaf. Conversely, we also establish that
if a GW, tree has n leaves, than it has approximatively n /g vertices with high probability.
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Definition 2.1. Consider atree T € T and let (u(i), 0 <i < ¢(tr) — 1) be the vertices of t listed
in lexicographical order and denote by k; the number of children of u(j). For 0 < s < ¢(7)
define A;(s) by A;(s) = Z]LSZJO L{k;=0}, where |s| stands for the integer part of s. Set also
A (¢ (7)) = A(7).

Lemma 2.2. Let (X;);>1 be a sequence of independent identically distributed Bernoulli random
variables of parameter wg. For 0 < x < 1, define ¢*(x) = x1In % + (1 —x)In 11:11‘0. The
following two properties hold:

(i) Fora >0andn > 1:

1< *
Pl = Xi>puo+al|<2e 9 Hota)
PXEYEHE
[ Zxk<uo—a}<26 n9"o—a),
k=1

(ii) We have ¢™(uo + x) = x2 + o(x?) when x — 0.

1
2po(1=p0)

Proof. For the first assertion, see [10, Remark (c) in Theorem 2.2.3]. The second one is a simple
calculation left to the reader. [J

Definition 2.3. Let ¢ > 0. We say that a sequence of positive numbers (x;) is oec(n) if there
exist positive constants ¢, C > 0 such that x,, < C e~ for all n and we write x, = oe (1).

Remark 2.4. It is easy to see that if x, = oec(n) for some € > 0 then the sequence (y,),>1
defined by y, = Y p=,, xx is also oec (n).

Lemma 2.5. FixO <n < land § > 0.

@) Let (W, = X1+ -+ X5 n > 0) be a random walk started at O with jump distribution
v(k) = u(k + 1), k > —1 under P. Then:

Lnt]
sup
77<[<1

py Zl{x,_— — Io

(ii) For those values of n such that P, [{ () = n] > 0 we have:

P, | sup
n=<t<l

Proof. For the first assertion, define Z; =

)
> m:| = oel/z(n).

A;(nt)

nt

— Mo Em

{(r) = n} = oey2(n).

%Zl;=o lixj=—13 = Mo‘ for k > 1. By
Lemma 2.2(ii), for n sufficiently large we have ¢* (Mo + 5n—1/4) =~ en=172, for some ¢ > 0.

Since the random variables (1{x /:_1}) j>1 are independent Bernoulli random variables of

parameter (o, for large n and k > |nn] we have by Lemma 2.2(i):

- k nn —1 n
/4 ke -1 _Zha12
P(Zr > n ]§4exp< cn1/2> §4exp< c pYE ) §4exp< > n )
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Therefore, for large enough n:

1)
su > —
|:n<t21 n1/4i|

8
< ]P’|:Elk € [nn — 1, n] N N such that Z; > l—i|
nl/4

8

k Lnn)

|nt]

Z Lix;=—1y — o

< 4(1 = prexp (—7n1/2>

which is oey /2 (n).

For the second assertion, introduce ¢ = inf{n > 0; W,, = —1} and use Proposition 1.4 which
tells us that:
A¢(nt)
P S — > — T) =
13 |:n<LtlEl nt Ho| = n1/4 g( ) n
Lnt]
= Su — —_— =
P o St =] = el =o]

1 il 5
<— lix,=— — |-
=~ Pl¢ =n] ni‘:gl nt Z Xj==1} T Ho| = 77

By (i), the last probability in the right-hand side is oe; /> (n) and by Lemma 1.11 combined with
Proposition 1.7(ii), the quantity P[¢ = n] = P, [¢(7) = n] is bounded below by n=19=2 for
large n. The desired result follows. [

Corollary 2.6. We have for every n € (0, 1) and § > 0:

A (§ (D)) 8
P sup |—— — ——¢(t) = n| =oenn).
a |:n§t§1 ¢(o)t nl/4 /
Proof. To simplify notation, set A, = {Supnftsl A’;f r()ft)t) - /,L()’ > n% } It suffices to notice

that:

P, [AnlE(r) = n] < Z P, [¢(x) = k]

k=n mpﬂ [Akl¢(T) = k],

observing that the quantities P, [Ax|¢ (t) = k] are bounded by Lemma 2.5(ii). Details are left to
the reader. [J

We have just shown that if a GW , tree has total progeny n, then it has approximatively pon
leaves and the deviations from this value have exponentially small probability. Part (ii) of the
following crucial lemma provides a converse to this statement by proving that if a GW , tree has
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n leaves, then the probability that its total progeny does not belong to [/ —n3/*, n/ o +n3/4]
decreases exponentially fast in 7.

Lemma 2.7. We have for 1 < j <nand§ > 0:

) Py ; [ % — ,uo‘ > nfsw and ¢ (f) = n] = oey2(n), uniformly in j.
(i) Py, ; [X(f) =n and ‘{(f) - % > {(D3/4] = oe12(n), uniformly in j.

Proof. The proof of assertion (i) is very similar to that of Lemma 2.5. The only difference is the
fact that we are now considering a forest, but we can still use Proposition 1.4. We leave details
to the reader.

Let us turn to the proof of the second assertion, which is a bit more technical. First write:

Pﬂ’j |:)\(f) =n,

(- | > ;(f)”“} =Py [MD =n, ) > —+ ;(63/4]
o Mo

+P, [A(f) =n () < — — ;(f)ﬂ :

1o

Denote the first term on the right-hand side by I, and the second term by J,,. We first deal with
I, and show that I,, = oej/2(n). We observe that:

o0
In = Y Py [0 < ok — nok®*, e =]
k=n
Assertion (i) implies that P, j [A() < pok — uok®*, ¢ () = k| = oe12(k), and this entails that

I, = oe1p(n).
We complete the proof by showing that J, = oej/2(n). Write:

ln/mo)

A(f) Mo

Jn < Pu,j|:§(f)=k77—ﬂo>m .
k=n

By Lemma 2.2(ii), we have ¢* (o + 1ok ~'/*) > c2k™!/2 for some ¢, > 0 and for every k > n,

provided that n is sufficiently large. Then, using Proposition 1.6 and Lemma 2.2(i):

Ln//ton 1k 140 Ln/po] 112
In < ,; P zlgl{x,,=71}>uo+km < ,; 2exp(—cak'/?)

which is oey2(n). O
3. Estimate for the probability of having n leaves

In this section, we give a precise asymptotic estimate for the probability that a GW, tree has n
leaves. This result is of independent interest, but will also be useful when proving an invariance
principle for GW , trees conditioned on having n leaves.

Recall that u is a probability distribution on N satisfying hypothesis (Hy) with 6 € (1, 2].
Recall also that £ is the slowly varying function that was introduced just before Lemma 1.11.

Theorem 3.1. Let supp(u) be the support of n and let d > 1 be the largest integer such that
supp() \ {0} is contained in b + dZ for some b € N. Then choose b minimal such that the
preceding property holds.
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(1) There exists an integer N > 0 such that the following holds. For every n > N,P,[A(T) =
n 4+ 1] > 0 if, and only if, n is a multiple of gcd(b — 1, d).
(i) We have:
_ Y ged(b — 1, d)
Pulr(@) =n+11 ~ ug pl(O)—h(n)n]/QH ,

when n tends to infinity in the set of multiples of gcd(b — 1, d). Here we recall that py is the
continuous density of the law of X1, where (X;);>0 is the spectrally positive Lévy process
with Laplace exponent E[exp(—AX;)] = exp(t)f)).

In particular, when the second moment of | is finite:

[To ged(b — 1,d)

when n tends to infinity in the set of multiples of gcd(b — 1, d).

Note that supp(u) \ {0} is non-lattice if and only if d = 1. It is crucial to keep in mind that
even if p is aperiodic, supp(u) \ {0} can be lattice (for example if the support of u is {0, 4, 7}).

Remark 3.2. In the case where p has finite variance, Theorem 3.1 is a consequence of results
contained in [27].

Before giving the proof of Theorem 3.1, let us mention a useful consequence.

Corollary 3.3. Fix § > 0 and n € (0, 1). We have:
P A (g()1)
w| SUP | —
n<t<l

>
t(o ’”‘0‘ = a7
when n — 1 tends to infinity in the set of multiples of gcd(b — 1, d).

AMz) = n} = oey2(n),

This bound is an immediate consequence of Corollary 2.6 once we know that P, [A(t) = n]
decays like a power of n.

3.1. The non-lattice case

We consider a random variable Y on N with distribution:

v@@), i>0. (6)
1 — o 1 — o

We will first establish Theorem 3.1 when Y is non-lattice, that is b = 0 and d = 1 in the notation
of Theorem 3.1.

In agreement with the notation of Proposition 1.6, we consider the random walk W’ defined
as W conditioned on having nonnegative jumps. In particular, W, is the sum of n independent
copies of the random variable Y, which is in the domain of attraction of a stable law of index
9. Indeed, when o2 = o0, this follows from the characterization of the domain of attraction of
stable laws (see [16, Theorem 2.6.1]). When o2 < oo, formula (6) shows that ¥ has a finite
second moment as well.
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Consequently, if we write B;, for the quantity corresponding to a, in Theorem 1.10 when W
is replaced by W’, we have, by Theorem 1.10(iii):

lim sup |B/P[W = k] — pi <%)‘ —0. %
n—oopez | " B,
Moreover, there exists a slowly varying function 2’ : Ry — Ry such that B, = /' (m)n'/?,
and h'(n) — oo as n — 0o when both 02 = oo and § = 2. In the case where the second
moment of p is finite, we have B, = ¢’/n/2 where ¢’ % is the variance of Y. Note also that
E[Y]= po/(1 — o).
The following lemma establishes an important link between & and /',

Lemma 3.4. [f 6> = 0o we have lim,,_, oo B, /B, = lim, 00 h'(n)/ h(n) = (1 — po)~'/°.

Proof. First assume that 6 < 2. Since P[Y > x] = l—l,l,L()IP)[Wl > x] for x > 0, by
Theorem 1.10(i), we have for n large enough:

B, =T —Q)I/Qinf{x >0; P[Y > x] < 1}
n = = — ~n

n

1_
= I(1—0)/° inf{x >0: P[W; > x] < “0}.

Thus B,/ (1-uy)] < By, < Bn/(1-u0)1> and the conclusion easily follows. The proof in the case
0 = 2 is similar and is left to the reader. [J

We will use the following refinement of the local limit theorem (see [32, Chapter 7, p. 10] for
a proof).

Theorem 3.5 (Strong Local Limit Theorem). Let Z = (Zp)n>0 be a random walk on 7 with
Jjump distribution p started from 0, where p is a non-lattice probability distribution on Z. Assume
that the second moment of p is finite. Denote the mean of p by m and its variance by 2. Set

ay = 6+/n/2. Then:

, ( (x — mn)z)

lim sup(1V —
n

n—)ooer

=0.

n

~ X —mn
apP[Z, = x]— p1 < > )

Proof of Theorem 3.1 when Y is non-lattice. We first show that 4’(n)nl/ 9“}}”“[)»(7:) = n]
converges to a positive real number. Fix € € (0, 1/2) and write:

Pu[A(r) =n] = P, [Mr) =n (l-—e— <t <1+ e)i]
1o 1o

mo& (t) 1‘ ]
—_ > €|.
n

+P, |:A(r) =n,

By Proposition 1.7, there exists C > 0 such that #'(n) < Cn for every positive integer
n. Moreover, for n large enough, for every x > 0, the property |xuo/n — 1| > € implies
|x —n/uol > x3/4, Consequently:

h'(n)nl/QHPu |:A(r) =n,

1o& () 1' }
— = —1|>e€
n

< cn'/f?p, [x(r) =n,

t(r) — —
Mo

> c(r>3/4] ,
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which is oey /2 (n) by Lemma 2.7(ii). It is thus sufficient to show that:

W '/, [Mr) —n (l-0—<t@m=<U+ e)i} )
Ho Ho

converges to a positive real number.

In the following, S, will denote the sum of p independent Bernoulli variables of parameter
wo. Note that S; is non-lattice. The key idea is to write the quantity appearing in (8) as a sum,
then rewrite it as an integral and finally use the dominated convergence theorem. For x € R,
denote the smallest integer greater than or equal to x by [x]. To simplify notation, we write O(1)
for a bounded sequence indexed by n and o(1) for a sequence indexed by n which tends to 0.
Using Proposition 1.6, we write:

K (n)n' P, [xm =n (I—— <¢(r) <1+ 6)1}
Ko Mo

L(1+E)n/ o)

= h' (n)n'/?t! > —P[S, =n]PIW,_, =n—1]
p=[1=on/uol P
/“On-i-(?(l) 7% (n)nl/G-H

S — n]P [W’ o 1]
o) Ln/uo+xJ PLSin/mox) ] Ln/po+x]—n

M—Oﬁ+o(1) Jnh' (n)n1/9+1 ]
= u - —— =n
—vatoy  [n/mo+ M«/_J Stnsmaua)

B[ Wi n =1 = 1]. ©)
Using the case & = 2 of Theorem 1.10(iii), for fixed # € R, one sees that:
1 5
Jim JnPLS ) = 1] = N "
We now claim that there exists a bounded function F : R — R such that:
lim h (n)nl/GIP’[Wn/MOJruf] L =n—11=F@) 10)

for every fixed u € R. We distinguish two cases. When o> = 0o, we have by (7):

. ’ 1/6 / o
nlirgoh (n)n'’’P |:WL”+M«/5J—n =n 1:|
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In the case 6 = 2, we use the property that i’ (n) — 0o as n — co. When 62 < o0, (7) gives:

. 1 I o
nll)rroloo Vn/2P |:WL,L"O+”~/’7J—" =n 1:|

:\/I lim p; no (L%ﬁ-u\/ﬁJ—n)
I — po n—oo o /—L%A—u\/ﬁj—n/ﬁ

%0 V2 o[ oo\
= n|—=- ul.
1 —po o' \1—pno

In both cases, we have obtained our claim (10).
Next, forn > 1 and u € R, define:

0= )7 =]

gn(u) = l{lu\<%ﬁ} B,P |:W\i"+u\/ﬁJ—n =n— 1:| .

20

The strong version of the Local Limit Theorem (Theorem 3.5) implies that there exists C > 0
such that | f;, (¥)| < C min (1, MLZ) foralln > 1 and u € R. To bound g, write:

B/
gnu) =1 e | 5———B| P [W/ =n-— 1] .
lul<isv/n| B! Bfuyn |- Aty |-
i Ho } L%H’ﬁJ_" \J‘O "*/ZJ " Lﬂo "‘/EJ "
.\ R . p P
Proposition 1.7(ii) implies that there exists C’ > 0 such that B;, / B|_n Joui| —n
n sufficiently large and |u| < 2¢_ /n, and then (7) entails that there exists C > 0 such that for all
n > 1and u € R we have |g,(u)| < C. By the preceding bounds on f;, and g,, we can apply the
dominated convergence theorem to the right-hand side of (9) and we get:

< C’ for every

/ 1/6+1 too 1 _ u2
3 2(1—pq)
nhm h' (n)n P,r(r) =n] = uo[ du F (u)—zﬂ(1 = Mo)e HOT (11D

Finally, we need to identify the value of the integral in (11) and to express 4’ in terms of
h. We again distinguish two cases. First suppose that 0> < co. An explicit computation of the
right-hand side of (11) gives:

1 MOa/Z

o' 3

—n?P, M) =n] — | — -
n m T n .

V2 n>oo\ 4 p1o/(1 — o) + o'*(1 = o)

A simple calculation gives o = (c2 — wo)/ (1 — o) — (uo/(1 — ,u,o))z, which entails:

—n] ~ MO 32
Bulio) =nl ~ \[5—n
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When 62 = oo, we have F(u) = (o/(1 — Mo))é p1(0) so that (11) immediately gives that

h’(n)nl/e“IP’M[)L(t) = n] converges towards (uo/(1 — ;Lo))el p1(0) asn — oo. By Lemma 3.4,
we conclude that:

1
—_— ~ § —
II;D/,L[)‘*(T) - n] =00 :u’() pl(o)h(n)n]/9+l .
Note that this formula is still valid for &6 = 2. This concludes the proof in the non-lattice
case. [

3.2. The lattice case

We now sketch a proof of Theorem 3.1 when Y is lattice.

Proof of Theorem 3.1 when Y is lattice. For (i), by Proposition 1.6, P, [A(t) =n + 1] > 0 if
and only if there exists k > 0 such that P[W; = n] > 0. As a consequence, P, [A(7) =n + 1] >
0 if and only if # can be written as a sum of elements of supp(Y). Since supp(Y) C b—1+dZ, it
follows that P, [A(t) = n 4 1] = 0if n is not divisible by gcd(b—1, d), and it is an easy number
theoretical exercise to show that there exists N > O such that forn > N, P, [A(t) =n+1] >0
if n is a multiple of gcd(b — 1, d).

The asymptotic estimate of (ii) is obtained exactly as in the non-lattice case by making use
of the Local Limit Theorem for lattice random variables (see e.g. [16, Theorem 4.2.1]). We omit
the argument to avoid technicalities. [

Remark 3.6. Let us briefly discuss the extension of the preceding results to the case where
W is periodic. In this case, Y is necessarily lattice. Indeed, the property supp(u) C dZ
implies supp(¥Y) C dZ — 1. The same reasoning as above shows that Theorem 3.1 remains
valid in this case. However, the span of supp(Y) is not necessarily equal to the span of
supp(u). Consequently, P, [A(t) =n] = 0 can hold for infinitely many n (for example if
the support of u is {0, 28, 40, 52}) or for finitely many n (for instance if the support of p is
{0, 3, 6}).

4. Conditioning on having at least n leaves

In this section, we show that the scaling limit of a GW, tree conditioned on having at least n
leaves is the same (up to constants) as that of a GW, tree conditioned on having total progeny at
least n. The argument goes as follows. By the large deviation result obtained in Section 2 (which
states that if a GW , tree has n leaves, then the probability that its total progeny does not belong
to[n/mo— n34, n /L0 +n3/4] decreases exponentially fast in n), we establish that the probability
measures P, [- | £(t) > n]and Py[- | A(T) > pon — n3/*] are close to each other for large n.
The fact that the rescaled contour function of a GW, tree under P,,[- | {(7) > n] converges in
distribution then allows us to conclude.

Henceforth, if I is a closed subinterval of R, C(I, R) stands for the space of all continuous
functions from I to R, which is equipped with the topology of uniform convergence on every
compact subset of /.

Recall that p is a probability distribution on N satisfying the hypothesis (Hp) for some
0 € (1, 2]. Recall also the definition of the sequence (B;,), introduced just before Lemma 1.11.
Also recall the notation C;(t) for the contour function of a tree t introduced in Definition 1.3.
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Theorem 4.1 (Duquesne). There exists a random continuous function on [0, 1] denoted by H®*¢
such that if t, is a tree distributed according to P,[ - | (1) = n]:

B d
(—”czman); 0<r< 1) 9D, (e 0 <1< 1),
n n—oo
where the convergence holds in the sense of weak convergence of the laws on C([0, 1], R).

Proof. See [11, Theorem 3.1] or [20]. O

Remark 4.2. The random function H*¢, can be identified as the normalized excursion of the
height process associated to the spectrally positive stable process X. The notion of the height
process was introduced in [24] and studied in great detail in [12]; see Section 5.1 for a definition.

Using Theorem 4.1, we shall prove that for every bounded nonnegative continuous function
F on C([0, 1], R) the following convergence holds:

Ey [F (%cmm(r); 0<r< 1)‘ TOE n] —> E[F(H™)] (12)

Recall that P, ; stands for the probability measure on T/ which is the distribution of j
independent GW , trees.

Lemma 4.3. Fix 1 < j < n. Let U be a bounded nonnegative measurable function on TJ. Then:
By j [UDTe=n] = B j [UO 02 0n—n] |
= WUl P [ = g + D/ < 60 = |+ 0er o)
where the estimate oey2(n) is uniform in j.
Proof. First note that:
By [UB10zn] = Epj [U(le(f)znlx(f)z;m{(f)fg(f)”“]

B [U(Dldﬂzn1A<ﬂ<uo;(f>—¢<ﬂ3/4]

= Eu,j |:U(f)IZ(Dznl)»(f)leO{(f)*Uf)‘%M:l + 061/2(”)7 (13)

where we have used Lemma 2.7(i) in the last equality.
Secondly, write:

Epwj [UO Lz pon-nt] = B [UO iy pugn-n¥4 1 0=n]
+EMJ [U(f)lk(f)zll.onfrﬁ/“1§(f)<n] .

Let C,, and D,, be respectively the first and the second term appearing in the right-hand side. To
simplify notation, set «(n) = uon — n3/4 forn > 1. Then, by Lemma 2.7(ii), we have for n large
enough:

D, =E, ; [U(f)l D3/4} + oe12(n)

r®)=a ), ¢®)<n, ‘“ﬂ_%‘g(
< Eyu,j [U(Dlx(f)m(n),{(f)<n»§(f)>xu((f))_{(f)3/4] Foee

= Ul Py [ = G5+ Dn¥ < ¢ = ] + oer o).



1. Kortchemski / Stochastic Processes and their Applications 122 (2012) 3126-3172 3145

We next consider C,,. Choose n sufficiently large so that the function x +— «(x) is increasing
over [uon — n3/*, 00) and write:

Cn = Epu j [UO ez, r0zac@ ] + Euj [UO Lizam), c=n, 2 <ac @]
< Euj [UDLewzn a0zac@)] + Euj [UDOLezn a0 <ac@)]
=Euj [UD 1020, 20z ] + 0e12(n)

by Lemma 2.7(i).
By the preceding estimates we have, for n large:

0 = Euj [UD L2 pon—nvs] = Biwj [U(f)ldﬂz"lx(ﬂzuoc(ﬂ—cm”“]
< Ul P [ = a5+ D < £0) < 0] + 0120

and by combining this bound with (13) we get the desired estimate. [

Proposition 4.4. Let U, (Uy)y>1 : T — Ry be uniformly bounded measurable functions,
meaning that there exists M > 0 such that foralln > land v € T, U,(t) < M and U(t) < M.

@) If EL[U(z) | ¢(v) = n] converges when n tends to infinity, then E, [U(t) | {(t) > n]
converges to the same limit.

(i) If E, [Un(7) | £(T) = n] converges when n tends to infinity, then E,[U,(7) | A(t) = [1on
— n3/*7] converges to the same limit.

Proof. Using the formula:

1 o
E,[U() | §(0) 20l = o Y Puls(0) = k1 By [U(0) | §(2) = K]
a Pul¢(r) = n] ,; 8 8
it is an easy exercise to verify that the first assertion is true.

We turn to the proof of (ii). Fix 0 < n < 1/4. By Lemma 1.11, we may suppose that n is
sufficiently large so that P, [¢(7) > n] > c3n~ 1971 for a constant ¢3 > 0. Next, setting again
a(n) = pon — n3/*, we have:

|Ey [Un(D)I¢ (1) = n] — E, [Up(0)|A(7) = am)]]
< EM [Un(T)lg‘(r)zn] EM [Un(f)lk(r)za(n)]

Pul¢(r) = n] Py [¢(7) = n]

]Eu [Un(f)lk(t)za(n)] ‘PM[)&(T) > a(n)] . 1‘
Py [A(7) = a(n)] Pul¢(z) = n]

p /041 B
< ME Py [n— Gty + 0w < 0@) <]
PulA(7) = a(n)]

Pulg(r) = n]

where we have used Lemma 4.3 in the last inequality. By Lemma 1.11, the first term of the
right-hand side tends to 0. From Theorem 3.1(ii), it is easy to get that P,[A(zr) > n] ~

+M

- 1‘ + oey2(n),

Q;L(])/epl (0)/(n1/9h(n)) as n — o0o. By combining this estimate with Lemma 1.11, we obtain
that P, [A(T) > a(m)]/P,l¢(r) = n]tends to 1 as n — oo. This completes the proof.  [J
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Theorem 4.5. For n > 1, let t,, be a random tree distributed according to P,[- | A(r) > n].
Then:

B{(fn) . (d) exc.
(C(fn) Coryr(tn); 01 =< 1) njo)o(Ht ;0<t=<1D, (14)

where the convergence holds in the sense of weak convergence of the laws on C([0, 1], R).

Proof. Let F be a bounded nonnegative continuous function on C([0, 1], R). By Theorem 4.1:

By | F (%Cz;w(r); 0=r= 1) () = n} — E[F(H™)].

Proposition 4.4(i) entails:

Bl (I;i(rf)) Coulr) 0=t = 1) £(1) = ”} — E[F(H)]

Proposition 4.4 (ii) then implies:

[ (B 3/4 exc
Bu | F( Zpy Coxon @i 051 < 1) o) 2 [uon —n?*) | — BIF(HT)).

Since [pon — n3/4] takes all positive integer values when n varies, the proof is complete. [

Remark 4.6. When the second moment of p is finite, H®¢ = V2@ where € denotes the
normalized excursion of linear Brownian motion. Since the scaling constants B, = o/n/2
are known explicitly, in that case the theorem can be formulated as:

(tn);05t51>ﬂ>e

n—o00

o
——C
<2 Ty

5. Conditioning on having exactly » leaves

To avoid technical issues, we suppose that supp(u) \ {0} is non-lattice, so that
P, [A(t) = n] > O for n large enough.

Recall that we have obtained an invariance principle for GW, trees under the probability
distribution P,[- | A(r) > n]. Our goal is now to establish a similar result for trees under
the probability distribution P, [- | A(t) = n]. The key idea is to use an “absolute continuity”
property. Let us briefly sketch the main step of the argument.

Letk > 1. If t is a tree and if u(0), u(1), ... are the vertices of 7 in lexicographical order, let
T () be the first index j such that {u(0), u(1), ..., u(j)} contains k leaves and Ty (t) = oo if
there is no such index. Fix a € (0, 1) and recall the notation W(t) for the Lukasiewicz path of a
tree 7. Then there exists a positive function D} on Z. such that, for every nonnegative function
f on the space of finite paths in Z:

By [f WAty 0 (D) | A(7) = n]
=Ep [f WrTjan, 0 (D)) DOV (0 (D) | A(T) = 1]

By combining the invariance principle for trees under P, [ - | A(t) > n] together with estimates
for D! (WTWJU)(I)) as n — oo, we shall deduce an invariance principle for trees under
Pul- | A(r) = nl.
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5.1. The normalized excursion of the Lévy process

We follow the presentation of [11]. The underlying probability space will be denoted by
(£2, F,P). Let X be a process with paths in D(R, R), the space of right-continuous with left
limits (cadlag) real-valued functions, endowed with the Skorokhod Ji-topology. We refer the
reader to [4, Chapter 3] and [17, Chapter VI] for background concerning the Skorokhod topology.
We denote the canonical filtration generated by X and augmented with the P-negligible sets by
(F1)t>0- In agreement with the notation in the previous sections, we assume that X is a strictly
stable spectrally positive Lévy process with index 6 € (1, 2] such that for A > 0:

Elexp(—1X;)] = exp(t1?). (15)

See [3] for the proofs of the general assertions of this subsection concerning Lévy processes. In
particular, for & = 2 the process X is /2 times the standard Brownian motion on the line. Recall
that X has the following scaling property: for ¢ > 0, the process (¢~'/?X.;, t > 0) has the
same law as X. In particular, if we denote by p, the density of X; with respect to the Lebesgue
measure, p; enjoys the following scaling property:

1/6

Prs(x) = A7 piea=!/?) (16)

for x € R and s, A > 0. The following notation will be useful: for s < ¢ set

I = inf X, I; = inf X.
[s,¢] [0,¢]
Notice that the process [ is continuous since X has no negative jumps.

The process X — I is a strong Markov process and 0 is regular for itself with respectto X — I.
We may and will choose —1I as the local time of X — [ at level 0. Let (g;,d;),i € Z be the
excursion intervals of X — I above 0. Forevery i € Z and s > 0, set 0\, = X (g;45)ra; — Xg;- We
view @' as an element of the excursion space £, which is defined by:

E={weDR;,Ry); w(0) =0and ¢(w) :=supf{s > 0; w(s) >0} € (0, 0)}.
From Itd’s excursion theory, the point measure

N(@dtdo) = 8, i)
i€l
is a Poisson measure with intensity dtN(dw), where N(dw) is a o-finite measure on £ which is
called the It6 excursion measure. Without risk of confusion, we will also use the notation X for
the canonical process on the space D(R, R).
Let us define the normalized excursion of X. For every A > 0, define the re-scaling operator
S™) on the set of excursions by:

SM (@) = (Al/ea)(s/k), 5> 0) .

Note that N(¢ > t) € (0, 00) for + > 0. The scaling property of X shows that the image of
N(- | ¢ > 1) under S1/9 does not depend on 7 > 0. This common law, which is supported
on the cadlag paths with unit lifetime, is called the law of the normalized excursion of X and
denoted by N(- | ¢ = 1). We write X**¢ = (X$*°, 0 < s < 1) for a process distributed according
to N(- | ¢ = 1). In particular, for 6 = 2 the process X is V/2 times the normalized excursion
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of linear Brownian motion. Informally, N(- | ¢ = 1) is the law of an excursion under the It6
measure conditioned to have unit lifetime.

We will also use the so-called continuous-time height process H associated with X which was
introduced in [24]. If 6 = 2, H is set to be equal to X. If 6 € (1, 2), the process H is defined for
every t > 0 by:

t

1
H; := lim — 1 syads,
t él_rf(l)e A (Xs<I+e)as

where the limit exists in P-probability and in N-measure on {t < ¢}. The definition of H thus
makes sense under P or under N. The process H has a continuous modification both under P and
under N (see [12, Chapter 1] for details), and from now on we consider only this modification.
Using simple scaling arguments one can also define H as a continuous random process under
N(- | ¢ = 1). Let us finally mention that the limiting process H®*¢ in Theorem 4.1 has the
distribution of H under N(- | ¢ = 1).

5.2. Anminvariance principle

Recall that the Lukasiewicz path W(t) of a tree 7 € T is defined up to time ¢ (7). We extend
it to Z4 by setting Wj(r) = 0 for i > ¢ (7). Similarly, we extend the height function H(7) to
Z4 by setting H;(t) = 0 fori > ¢ (7). We then extend H () to R by linear interpolation,

Hi(t) = (1 = {thH1)(v) + {t}H|1)41(), =0,

where {t} =1 — |z].

Recall that p is a probability distribution on N satisfying the hypothesis (Hp) for some
0 € (1,2]. Recall also the notation &, B, introduced just before Lemma 1.11. For technical
reasons, we put B, = B, for u > 1. It is useful to keep in mind that B, = o/n/2 when the
variance o2 of y is finite. We rely on the following theorem.

Theorem 5.1 (Duquesne and Le Gall). Let t, be a random tree distributed according to P, [ - |
¢(t) = n]. We have:

1 B ()
<—WLntJ (tw), _ant(tn)> —> (X, Hy)o<i<1 under N(- | ¢ > 1).
B, n >0

Proof. See the concluding remark of [12, Section 2.5]. [
5.3. Absolute continuity
Recall from the beginning of this section the definition of 7y (t) for a tree 7.

Proposition 5.2. Let n be a positive integer and let k be an integer such that 1 < k < n — 1.
To simplify notation, set W(k)(r) = Wo(1), ..., Wr,(r)(x)). For every bounded function
f 1 Uis1Z" — Ry we have:

B [fWO @) 2@ =n]

1ﬂn—lc(VVTk('r) @) /¥ (D)
v OV @) (D) /(1)

where r,(j) =P, j [A() = p] and I/f;(j) =P, ;j[A(®) = p]forevery integer p > 1.

=E, [f(W(")(r))

A(T) = n:| ,
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Proof. Let the random walk W be as in Proposition 1.4. The result follows from the latter
proposition and an application of the strong Markov property to the random walk W at the first
time it has made k negative jumps. See [25, Lemma 10] for details of the argument in a slightly
different context. [

We will also use the following continuous version of Proposition 5.2 (see [20, Proposition
2.3] for a proof).

Proposition 5.3. For s > 0 and x > 0, set gs(x) = 5 ps(—x). For everya € (0,1) and x > 0
define:

T ds g5
Then for every measurable bounded function F : D([0, a], Rz) — R,
N (F((X0)o<i<a> (H)o<i<a) | ¢ = 1) = N(F((X)o<i=a» (H)o<i=a)Ta(Xa) | £ > 1)

We now control the Radon—Nikodym density appearing in Proposition 5.2. Recall that p;
stands for the density of X;. It is well known that p; is bounded over R and that the derivative of
qu is bounded over R for every u > 0 (see e.g. [33, L. 4]).

Lemma 5.4. Fix a > 0. We have:

o j
wz‘(j)—f dsqs(B )‘:o,
1 n/ o

nwnu)—ql(B’/ )
n/uo

The proof of Lemma 5.4 is technical and is postponed to Section 5.5.

(1) lim  sup
n_)oolijO‘Bn

(i) lim  sup
n—>oo IS]SaBn

Corollary 5.5. Let r,, be a sequence of positive integers such that n/r, — o asn — oQ.
. 00 J _
w:—[auornj (]) - flfa ds qs (Bn/uo ) ‘ =0

nwnfLauor,,J(J.) —fql—a (#ﬂo)‘ = 0.

(i) We have limy,—, o0 SUP| < j <o,

(i) We have lim,_, o sup; < j<aB,

Proof. We shall only prove (i). The second assertion is easier and is left to the reader. By
Lemma 5.4(1):

- .
. j

sup | m—f dsq (—)‘=o.

I<jzaB, | " Hom) 1 * \ Blu—Lapora /o

By (16) and the definition of g, (x):

00 j % j
ds _ / ds (—)
/l_a qs(Bnm) B\ a=aes,,

and az(n,j) = m It is thus

To simplify notation, set aj(n, j) = W
- /o

sufficient to verify that for n sufficiently large:

sup
I<j<aB,

/1 ds (qs(ai(n, j)) — qs(az(n, j)))‘ =20 a7)
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From (16), we have for x > 0:

00 00 Js © g i x
ds qs(x) = x —ps(=x) =x Trp 1 (xs ) =0 | pir(-u)du,
1 s 1S 0

so that

ax(n, j)
/ p1(—u)du
a

1(n,J)

/1 ds (qs(a1(n, j)) — gqs(az(n, j)))' =0

< OM'lax(n, j) — a1 (n, j)l,

where we have used the fact that p; is bounded by a positive real number M’. Thus we see that
(17) will follow if we can verify that:

Sup |al(n,J)_02(n,J)| —> 05
I<j<aB, e

and to this end it is enough to establish that:

B, By,
7 — — 0.
(1 =a)"’Bujuy  Bn—laporal)/no | 7>

The last convergence is however immediate from our assumption on the sequence (r,). [
5.4. Convergence of the scaled contour and height functions

We now aim at proving invariance theorems under the conditional probability measure
Pul- [ A(z) =nl.

Recall the notation Ti(t) introduced in the beginning of this section. For u > 0, set
TM(T) = TLMJ (T)

Lemma 5.6. Fixa € (0, 1) and @ < min(a/2, (1 —a)/2).

. . Tygin ()
(i) We have limy,_ o0 P, [supbe(%a’am i _ b‘ N IOE n] —0.
(i) We have lim,_ o0 P, [supbe(a_a’a |22 — %‘ telao = n] —0.

Proof. Both assertions are easy consequences of Corollaries 2.6 and 3.3. Details are left to the
reader. [

Lemma 5.7. Let d be a positive integer. Fix a € (0,1) and consider a sequence (Z"),>1
of cadlag processes with values in RY. Let also (Kn)n>1 and (Sp)n>1 be two sequences of
positive random variables converging in probability towards 1. Assume that (Z""),>1 converges
in distribution in D([0, 00), R4 ) towards a cadlag process Z such that a.s. Z is continuous at a.
Then (angnt; 0 <t < a) converges in distribution in D([0, a], R) towards (X;; 0 <t < a).

Proof. By the Skorokhod Representation Theorem (see e.g. [4, Theorem 6.7]), we can assume
that (X"),>1 converges almost surely in ([0, co), RY) towards (X;; ¢ > 0) and that both
(Kn)n=1 and (Sp),>1 converge almost surely towards 1. The conclusion follows by standard
properties of the Skorokhod topology (see e.g. [17, VI. Theorem 1.14]). O
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Lemma 5.8. For n > 1, let r, be the greatest positive integer such that [or, — r,,3/4] = n. Fix
a € (0, 1). Let t, be a random tree distributed according to P, [ - | A(t) = n]. Then the law of

1 By,
B W Tangrn 0 £] )~ Hr, 2 ()
n n

converges to the law of (X;, H;)o<i<q under N(- | ¢ = 1).

0<t<a

Proof. We start by proving that for every o > 1:

lim sup

n—oo .
éBn <j<aB,

Vot D/ (j - 1) o s
Ui o DIV (D) Bu/uo

By Theorem 3.1, ¥ (1)/ny, (1) — 6 as n — oo. Using Corollary 5.5, it then suffices to verify
that there exists § > 0 such that for n sufficiently large:

[e's] J -1
inf / dsqs < ) > 4.
éanjSaBn 1—a Bn

This follows from the fact that there exists 8’ > 0 such that || lofa dsqs(x) > & for every
x € [1/a, a] Details are left to the reader.

Fix a bounded continuous function F : ID([0, a], Rz) — R.. To simplify notation, for every
tree 7 with A(7) > n, set W (1) = (W[(n)(":))OSISa and H™ (1) = (H,(”)(r))os,sa, where for
0<t<a:

1 B
(n) I'n
th (‘[) - EWI_Tauorn (T)éj(r)’ Hl(n) (T) = ?HTGMOHI (T)é(r).

Then set G (7) = F (W(")(t), H(")(r)). Note that by (3), H™ (1) is a measurable function of
W@ (7). Fix & > 1 and put:

1
A(;f(f) = {&B”/HO < WTauorn (T)(T) < aB”/MO} .

By combining Proposition 5.2 and the estimate (18), we get:

lim ‘E [GW (tn) 1Ag<tn>]

n—oo

W (0 (T)
-E, |:G(n) (1) 1Ag(r)Fa (M)‘ A(r) > ni|

=0. (19)
B /u,

We now claim that the law of (W (r), H" (1)) under P,[- | A(r) > n] converges
towards the law of (X;, H;)o<;<, under N(- | ¢ > 1). To establish this convergence, by
Proposition 4.4(ii), it is sufficient to show that the law of

1 B,
B_WLTuuon(T)éJ (T)’ 7 HTau()n (T)g (T)
n

under P, [ - | £(7) > n] converges towards the law of (X;, H;)o<;<q under N(- | { > 1). Indeed,
Proposition 4.4(ii) will then imply that the same convergence holds if we replace P[ - | {(7) > n]

0<t<a
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by P[] A(r) = Twon — n**1] and we just have to replace n by r,. By Lemma 5.6, under

P.l- | ¢(x) = nl, Taugn(r)/(an) converges in probability towards 1, and by Theorem 5.1,

the law of (BLWL,”J (1), % m(t)) 0 converges to the law of (X;, H;);>o under N(- | ¢ > 1).
n > -

Our claim now follows from Lemma 5.7.
From the definition of r,,, we have r,/n — 1/uo as n — oo, which entails B;,, /By, — 1.
Thanks to (19) and the preceding claim, we get that:

lim E[G™ () aga,] =N (F (O Hiozrsa) TaX)lyy Ly 1 16> 1)

=N <F ((Xt, Ht)Oftfa) 1{l<Xa<a} | ¢ = 1) , (20)

where we have used Proposition 5.3 in the last equality. By taking F = 1, we obtain:

lim lim P[A%(t,)] = 1.

oA—> 00 n—>00

By choosing o > 0 sufficiently large, we easily deduce from the convergence (20) that:

lim E[G(”)(tn)] = N(F (X1, H)o<1=a) | ¢ = 1).

n—oo

This completes the proof. [

Recall that C(7) stands for the contour function of the tree 7, introduced in Definition 1.3.

Theorem 5.9. For every n > 1 such that P, [A(t) = n] > 0, let t, be a random tree distributed
according to Py [ - | M(t) = n]. Then the following convergences hold.

(i) Fixa € (0, 1). We have:

1
< Wicttyr(tn); 0 <t < a) ﬂ) (X; 0<t<a)underN(- |1 =1). (21
B{(t) n—o00

n

(ii) We have:

B¢, B¢,
2 Car ity (tn), ——= H (1) (tn)
(c(tn) AT R

0<t<l

d
D, (Hy. Hy)ozi<1 under N(- | ¢ = 1). (22)
n— 00

Remark 5.10. It is possible to replace the scaling factors 1/B¢(,) and Be(t,)/¢ (t,) by respec-

tively ,u(l)/ 0 /B, and ,u(l)_l/ 0 B, /n without changing the statement of the theorem. This follows
indeed from the fact that ¢ (t,)/n converges in distribution towards 1/ under P, [ - | A(7) = n].

The convergence of rescaled contour functions in (ii) implies that the tree t,, viewed as a
finite metric space for the graph distance and suitably rescaled, converges to the 6-stable tree in
distribution for the Gromov—Hausdorff distance on isometry classes of compact metric spaces
(see e.g. [22, Section 2] for details).

The convergence (21) actually holds with a = 1. This will be proved later in Section 6.
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Proof. Recall that throughout this section we limit ourselves to the case where P, [A(7) = n] > 0
for all n sufficiently large.

We start with (i). As in Lemma 5.8, let r, be the greatest positive integer such that
[worn — rn>/*] = n and write:

1
Wicor () = Ky - —Wg . (),
Be) Le (e (tn "B, [Sn- Tupgrn (tn) £ ] L1

n

where K, = B, /By, and S, = al(t))/Tapgr, (t). Recall that r,/n — 1/ug. By
Corollary 3.3, ¢(t,)/n converges in probability to 1/ug. On the one hand, this entails that
K, converges in probability towards 1, and on the other hand, together with Lemma 5.6(ii),
this entails that S,, converges in probability towards 1. The convergence (21) then follows from
Lemmas 5.8 and 5.7.

For the second assertion, we start by observing that:

B @
<§(fn) Heye(t); 0 <1t < a) —> (H;; 0<t<a)underN(-|¢ =1). (23)
This convergence follows from Lemmas 5.8 and 5.7 by the same arguments we used to establish
(1). To complete the proof we use known relations between the height process and the contour
process (see e.g. [11, Remark 3.2]) to show that an analog of (23) also holds for the contour
process. For 0 < p < ¢(t,) set b, = 2p — H,(t,) so that b, represents the time needed by the
contour process to reach the (p + 1)-th individual of ¢ (t,). Also set by (t,) = 2(¢(t,) — 1). Note
that Cbp = Hp forevery p € {0, 1, ..., {(t;)}. From this observation and the definitions of the
contour function and the height function of a tree, we easily get:

sup  |Ci(ty) — Hp(tn)| < [Hpy1(ta) — Hp(ta)| + 1 (24)

te[hpahp+1]

for 0 < p < ¢(t,). Then define the random function g, : [0,2¢(t,)] — N by setting
gn(t) = kift € [b, bry1) and k < §(ty), and g, (1) = §(t,) if 1 € [2(5(t) — 1), 28 ()]
Ift <2((t,) — 1), gn(2) is the largest rank of an individual that has been visited before time #
by the contour function, if the individuals are listed O, 1, ..., ¢ (t,) — 1 in lexicographical order.
Finally, set g,,(¢) = g, (¢ (t,)t)/¢ (t,). Fix o € (0, 1). Then, by (24):

B B
L) £

Cettnr(t) = 2 Hew)zua
[<M §(tn) fnrn ¢ (ty) §(tn)gn ()
= ¢(n)

B, By,
< St | Pew sup  |Hpy1(t) — He(t)],
g(tn) ; (tn) k<loat(ty)]

which converges in probability to O by (23) and the path continuity of H. On the other hand, it
follows from the definition of g, that
+ 1)
(P)

1 Byt 1
sup Hy(t,)+ —— —0
2Bt (t) k<ac(ty) §(tn) ¢(tn)

t

§n(t) Y

by
k— =
2

sup
b
Lot (b))
()]

1
< sup
() \k<lac(ty)

A
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by (23). Finally, by the definition of b, and using (23) we see that })Lg(;%)” converges in probability

towards 2. By applying the preceding observations with « replaced by o’ € (o, 1), we conclude
that:

B, ®)
S8 up [Coryr (tn) — He (o, (b)) —> 0. (25)
¢ (ty) 0<t<a

Together with (23), this implies:

B, . (@) . _
(6 Couy(tn); 0<t<a)—(H;0=<t=<a)underN(-|¢ =1). (26)
n

We now use a time-reversal argument in order to show that the convergence holds on the whole
segment [0, 1]. To this end, we adapt [11, Remark 3.2] and [12, Section 2.4] to our context. See
also [20], where we used the same argument to give another proof of Duquesne’s Theorem 4.1.
Observe that (C;(t,); 0 <1 < 2(¢(t,) — 1)) and (Co(z(t,)—1)—: (ta); 0 =1 < 2(5(t) — 1)) have
the same distribution. From this convergence and the convergence (26), it is an easy exercise to
obtain that:

B, . @ o
Cortyy(ta); 0 <1 <1) =5 (H;; 0<t<1) underN(- [ ¢ = 1). (27)

¢(tn)
See the last paragraph of the proof of Theorem 6.1 in [23] for additional details in a similar
argument.
Finally, we verify that (22) can be derived from (27). To this end, we show that the
convergence (25) also holds for « = 1. First note that:

~ t 1 1
su (t)——‘f — sup Hip(t,) +1
05z22 S 2 ¢ (tn) (2 kg;gn) (b
1 B () ®)
= su ~Cr(ty) + —0 (28)
2Bety koreny St T 2

by (27). Secondly, by (24):

B,
¢(ty)

Bty | Bet)
< ) 4 0 sup |Hyg41(ty) — Hi(t,)]
é‘(tn) é’(tn) k<¢(ty) " ’

B,y | Briy
= ="+ —= sup |Cp , () —Cp,(ty)|-
tty) | C(ty) k<m,,>| R ()

sup
0<r<2

Ceityr(tn) — Bt ¢80 (tn)
¢ (tn)

By (27), in order to show that the latter quantity tends to O in probability, it is sufficient to verify
that supy_(¢,) ¢ (t,) ! |brs1 — bi| converges to 0 in probability. But by the definition of b IE

by bx

Yk 24 Hk(tn) - Hk-H(tn) < +2 su Hk(tn)
() ¢(ty)

) ST itet Tt

k<¢(ty) k<t (ta)
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which converges in probability to 0 by the same argument as in (28). We have thus obtained that

B,
£G) sup |Coz(t,)r (tn) — Het)z, 20 (4] D o.
g‘(t ) 0<t<

Combining this with (27), we conclude that:

B,
< £n) 2§(t,,)t(n)

H;(tn)gn @) (tn)>

¢(ta) ( n) 0<i=<l
D (Hy, Hp)ozi=1 under N(- | £ = 1).
The convergence (28) then entails:
Byt @)
<§(t ) Cor )i ( n) (t ) ;(t,,)t(’%))ostil —> (Hh Hi)o<i<iunderN(- | ¢ =1).

This completes the proof. [
5.5. Proof of the technical lemma

In this section, we control the Radon—Nikodym densities appearing in Proposition 5.2. We
heavily rely on the strong version of the Local Limit Theorem (Theorem 3.5).

Throughout this section, (W,),>0 will stand for the same random walk as in Proposition 1.4.
Recall also the notation ¢, introduced in Proposition 5.3.

5.5.1. Proof of Lemma 5.4(i)

We will use two lemmas to prove Lemma 5.4(i): the first one gives an estimate for P, ;[¢(f) >
n] and the second one shows that P, ; [¢(f) > n] is close to P, ;[A(f) > uon — n3/4.

Lemma S5.11. We have limy, o0 SUp; < j <o, |Ppu,j [£() = n] — floo ds gy (B%n)‘ =0.

Proof. Le Gall established this result in the case where the variance of w is finite in [23].
See [20, Lemma 3.2 (ii)] for the proof in the general case, which is a generalization of Le Gall’s
proof. [

Lemma 5.12. Fix o > 0. We have lim,,_, o SUP|<j<aB, [Py, ilc®) = n] =P, ;j[A{E) > pon —
=0
n .

Proof. To simplify notation, set y = S By Lemma 4.3, it is sufficient to show that:

lim sup P ][n—)/n <¢(@) <n]=0.

n—001<i<yB,

From the local limit theorem (Theorem 1.10), we have, for every j € Z:

BP[Wy = j1— pi (é) < ek).

where €(k) — 0. The function x — |xpj(—x)| is bounded over R by a real number which
we will denote by M (see e.g. [33, I 4]). Set M, (j) = P, jln — yn¥/* < ¢® < n]
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and 8(n) = |n—yn¥*| + 1. Fix € > 0 and suppose that n is sufficiently large so that
n —yn3* <k < nimplies |e(k)| < € and By > B, /2. Then, for | < j < aB,, :
34 <k implies |e (k)| d By > B, /2. Then, for 1 < j < aB,, by (4)

n

Mai) = D2 Bujls®=kl= Y LB Wi =—j]

k=58(n) k=58(n)
n . .
J J
< Y = <p1 (——) +e(k>>
Plaryt k By, By
M+ 2ue
B k=58(n)

which tendsto QO asn — oco. [

Proof of Lemma 5.4(i). By Lemmas 5.11 and 5.12:

Py jh(€) > pon —n¥/*] — / ds gy (é)‘) =0. (29)
1

lim ( sup
n—o0 n

1<j<aB,

Let r, be the greatest positive integer such that [uor, — r,°/*]1 = n. We apply (29) with n
replaced by r,,, and we see that the desired result will follow if we can prove that

* J > J
/ dsqs< )—f dsqs< )‘ =0.
1 Brn 1 Bn/uo

The proof of the latter convergence is similar to that of (17) noting that:

lim ( sup
n— o0

1<j<aB,

— 1 =0.
By, Buju

lim
n—oo

‘ Bl‘l Bn

This completes the proof of Lemma 5.4(1). U

5.5.2. Proof of Lemma 5.4(ii)

The proof of Lemma 5.4(ii) is very technical, so we will sometimes only sketch arguments.

As previously, denote by S, the sum of n independent Bernoulli random variables of
parameter jio, and by W’ the random walk W conditioned on having nonnegative jumps. More
precisely, P[W| = i] = u(i +1)/(1 — uo) for i > 0. Recall that E[W{] = o/(1 — o) and that
o’? is the variance of wi.

Fix 0 < € < 1. By Lemma 2.7(ii):

Y (j) = nP, [m) =0 - —en <) < — + en} + oe12(n), (30)
Mo Mo

where the estimate oej /2 (n) is uniform in j. It is thus sufficient to control the first term in the last
expression. For |u| < e /nand 1 < j < n set:

ra) = [n/po+uvn],  an(u) = /nPSy,w =nl,
bu(u, j) = Br/zp[ r,,,(u)—n =n—jl,
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and using Proposition 1.6 write:

nP, [A(r) =n, L —en<¢(f) < i +6ni|
Mo Mo

[n/mo+en]

] .
=n Z _P[SPZH]P[W;,_nzn_]]
p=[n/uo—en]
n/po+en+0(1) j [ ] /
fn/uo—en+0(1) Lx] L] [x]—n
jo[evto

n
= = du ——a, ()b, (u, 31
B, ) smvory ™ @) W)bn(u, j). 31

Let us introduce the following notation. Set ¢ = /(1 — o) and for u, x € R:

1 2
F(u) = ;e*mo(l—uo)”

V27 o (1 — o)
\/§C3/2M
Go(u, x) = " pl ( Mox — —/1{02<oo} .

o

Put Fo(u) = /joF (g *u). Fix & > 0. Set finally o = a(1 + (1 — )'/?). By Lemma 3.4,
for n sufficiently large, we have a B, < o’Bj,. We suppose in the following that n is sufficiently
large so that the latter inequality holds.

Lemma 5.13. For fixed u € R, we have:

an () —> Fou), sup |bu(u, j) = Go(u. j/B})| — 0.

I<j<aB,

Proof. The first convergence is an immediate consequence of Theorem 1.10(iii) after noting that
E [S1] = o and that the variance of S| is o (1 — o). The second convergence is more technical.

To simplify notation, set:
. 1/6 n—j—cqnu)
qnm) = rp(u) —n, Onu, j)=c'"p1 — 5 |

qn(u)
Note that g, (u) = n/c +u/n + O(1). In particular, B, ~ c!/? B; (w @ 1 — 00. Consequently,
by (7), |bp(u, j) — Qn(u, j)| - 0asn — oo, umformly in 0 < J < aB,. It thus remains to
show that

sup  |Qn(u, j) — Golu, j/By)| —> 0. (32)

1<j<aB,
To this end, introduce:
i . 303/2
Jj —cqn(u) +c1/9 Jj n J— u

Ky(u, j)=|———"" = T ——li2eoqy|-
By B, o T

Recall that the absolute value of the derivative of p; is bounded by a constant which will be
denoted by M’, giving |Q,,(u, J) — Go(u, j/B,’l)] < M'K,(u, j). It is thus sufficient to show
that K, (u, j) — Oasn — oo, uniformlyin 0 < j < aB,.
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We first treat the case where o2 < 00, so that & = 2. In this case, B = o'/n/2, where o'?is

the variance of W/. Simple calculations show that K, (u, j) < A/+/n for some A > 1 depending
only on u, so that K, (u, j) — 0 asn — oo, uniformly in0 < j < aB,,.
Let us now suppose that > = oo. First assume that 6 < 2. Choose n > 0 such that
= 1/6 —n — 1/2 > 0. By Proposition 1.7(i), for n sufficiently large, B(;,,(u) > nl/f—n,
Moreover, we can write B,;/(cl/e B(’]n(u)) = 1+ €,(u) where, for fixed u, €,(u) — 0asn — 0.
Putting these estimates together, we obtain that for large n and for 1 < j < aB,;:

cu/n+ O(1 1
M S a/cl/een(u) + + O < 1/4)
qn ()

J
M e, (u) +

Kn(u, j) = B!

which tends to 0 as n — oo.

We finally treat the case when o> = oo and 6 = 2. Recall the definition of the slowly varying
function A’ introduced in Section 3.1 and let €, (1) be as previously. By the remark following the
proof of Theorem 1.10, A’ is increasing so that for n large enough:

cu/n+ O(1)
h' (gn )~/ gqn ()

RV _u 1
e e + Ao,y TO (n1/4>

for some A > 0. The latter quantity tends to 0 as n — oo since h'(n) — oo as n — oo by the
remark following the proof of Theorem 1.10. This completes the proof. [

Kn(u, j) = |17 L e s

IA

Proof of Lemma 5.4(ii). From Theorem 3.5 we have the bound a, (1) < C(1 Au—2) and by (7),
the functions b,, are uniformly bounded. Since, for j < aB,,

j e/n n e/n
7 L anonate )~ o [ duas @by )
Bn —e/n 7y (1) —e/n
evn
< Co// du(l A=) | —2— — ol
—e/n rn(u)
it follows from the dominated convergence theorem that:
j en esn
sup —// du —— a,(u)b,(u, j) — —//,L()/ dua,(u)b,(u, j)
1<j<aB, Bn —e/n n( ) B esn
—> 0. (33)
n—oo

Recall that g1 (x) = xp1(—x). By (30), (31) and (33), to prove Lemma 5.4(ii), it is sufficient to
establish that:
)
B

esn +00
sup /LO/ du ay )by (u, j) — MO/ du Fou)Go(u, j/B,)| —>
1<j<aB, —e/n —0 n—00

— 0. (34)

n—oo

evin
sup uo/ du ay )by (u, j) —c"/ pl(

1<j<aB, —e/n

Let us first show that:

0. (35
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To this end, let us prove the following stronger convergence:

eyn
/ du ( sup Ian(u)bn(u, J) — Fo(u)Go(u, j/B,’l)|> — 0. (36)
—eJn 1<j<aBy, n—00

It is clear that the function G is uniformly bounded. Recall that the functions b,, are uniformly
bounded as well. Moreover, Fy is an integrable function and we have the bound a,(u) <
C(1Au~?). The convergence (36) then follows from Lemma 5.13 and the dominated convergence
theorem. This proves (35).

To conclude, we distinguish two cases. First assume that 02 < o0, so that § = 2. Then W{
has finite variance o’ as well. Recall that o/> = (02 — o)/ (1 — o) — (mo/(1 — po))?* and
B), = o'\/n/2. A straightforward calculation based on the fact that, for &, 8, ¥, 8 > 0,

2

400 ay
2 2 T -
/ du e_cm e_ﬁ(}””s”) = —f e a/p+o2

—00 Va +,352

gives:

+00
Mof du Fo(u)Go(u, j/By)
—00

+00 j V232
=/ du o Fo(u)c'/? py (cl/z U

0 o'\n/2 o’

_ 2, (_;)Z&/zm (_ J )
ovn/2upo) Bu/po
By combining this with (35), we get (34) as desired.
Now assume that 62 = co. In this case:

+00 +0o0 ]
Mo/ du Fo(u)Go(u, j/B,) / du poFo(u)c? py (—01/9?>

—0Q —0Q n
_ e, (.10 37
cpl ( c Bé) . 37
By Lemma 3.4, B, /By, — c!/%, which implies:
sup |p1 (—c1/6%> — D1 (— J ) — 0. (38)
I<j<aB, B, Bujpg /| 100

By combining (37) and (38) with (35), we get (34) as desired. [
6. Convergence of rescaled Lukasiewicz paths when conditioning on having exactly » leaves

We have previously established that the rescaled Lukasiewicz path, height function and
contour process of a tree distributed according to P,,[- | A(t) = n] converge in distribution
on [0, a] for every a € (0, 1). Recall that by means of a time-reversal argument, we were able to
extend the convergence of the scaled height and contour functions to the whole segment [0, 1].
However, since the Lukasiewicz path YW(t) of a tree distributed according to P [ - | A(7) = n]is
not invariant under time-reversal, another approach is needed to extend the convergence of WW(t)
(properly rescaled) to the whole segment [0, 1]. To this end, we will use a Vervaat transformation.
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Let us stress that the Lukasiewicz path of a tree distributed according to P, [ - | A(t) = n] does

not have a deterministic length, so that special care is necessary to prove the following theorem.
Recall that p is a probability distribution on N satisfying the hypothesis (Hp) for some

0 € (1, 2]. Recall also the definition of the sequence (B,,), introduced just before Lemma 1.11.

Theorem 6.1. For every n > 1 such that P, [A(t) = n] > 0, let t, be a random tree distributed
according to Py [ - | A(t) = n]. Then:
(d)

1
(—Wmtﬂm (t); 01 < 1) ‘% (X,:0 <t < 1) under N(-| ¢ = 1. (39)
B;(t ) n—00

As previously, to avoid further technicalities, we prove Theorem 6.1 in the case where
P,.[A(tr) = n] > O for all n sufficiently large. Throughout this section, (W,),>o will stand
for the random walk of Proposition 1.4. Introduce the following notation for n > 0 and u > 0:

n—1
Am) =Y Nyw,-wj=1), Ty =inf{k > 0; Ak) = |u]},
-

¢ =inf{k > 0; W = —1). (40)

For technical reasons, we put B, = By, foru > 1.

Lemma 6.2. The following properties hold.

i) We have P[ |1 — .1

1
%‘ > m:l = 0@]/2(”1).

1
Bn/;;.o

Wl_gTanJ; 0<r< a) ), (X:; 0 <t <a) underP.

n—o0

(ii) Foreverya > 0, (

Proof. The first assertion is an easy consequence of Lemma 2.5(1). For (ii), we use a
generalization of Donsker’s invariance theorem to the stable case, which states that (W ;s /By;
t > 0) converges in distribution towards (X;; t > 0) as n — oo. See e.g. [17, Chapter VII]. By
(1), T,,/n converges almost surely towards 1/, and (ii) easily follows. [

6.1. The Vervaat transformation

We introduce the Vervaat transformation, which will allow us to deal with random paths with
no positivity constraint. Recall the notation x® introduced in Section 1.3.

Definition 6.3. Let £ > 1 be an integer and let X = (x1,...,x;) € 7K. Set wj =x1+--+X;

for 1 < j < k and let the integer i, (x) be deﬁned.by ix(x) = inf{j > 1; w; = minj<; <t w;}.
The Vervaat transform of X is defined as V(x) = x(+®),

Also introduce the following notation for positive integers k > n:
k
Skn) = {(xl, X)) €{=1,0,1, 8 ) xi =1
i=1

andCard{l <i <k; x; =—1}=ny,
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as well as:

m
Sy =@ .ox) € Sm): Y xi > —1foreverym € {1,2,... .k — 1} .

i=1
Finally set S(n) = Ugan S ().

Lemma 6.4. Let k > n be positive integers. Set Z = (Wi, Wa — Wi, ..., Wi — Wr_1).

(i) Conditionally on the event {Wy = —1}, the random variable i.(Z*) is uniformly distributed
on{l,2,...,k}and is independent of V(Zk).
(i) Let x € 8" (n). Then:

lP’[V(Zk) =x.Zzk= —1] - %IP’ [V(Zk) =x]. (41)

Proof. The first assertion is a well-known fact, but we give a proof for the sake of completeness.
Letx € S (n) with k > n. Then:

P[Zkzx:lz

% Xk:p [(zk)“') = x] - %P [V(Zk) = x] : (42)
i=1

For the first equality, we have used the fact that Z* and (Z")(i) have the same law. The second
equality follows from the fact that by the Cyclic Lemma, there exists a unique 1 < i, < k such

that (Zk)(i*) € Up>1 gk(n), which entails V(Z*) = (Zk)(i*). Then, for 1 <i < k:
. 1
Sk o J] NG I o _
P[l*(z ) =i,V(Z )_x] _IP[(Z ) —x] _IP[Z —x] - kIP’[V(Z )_x].

The conclusion follows.
For (ii), write x = (x1, ..., x;) and observe that

P[V(Zk) =x7Z; = _1] =P [V(Zk) =X, X (zk) = _1] :
The conclusion follows from (i) since Card{1 <i <k; x; = —1}=n. 0O
Proposition 6.5. For every integer n > 1, the law of the vector V(W1, Wo — W1, ..., Wr, —

Wr,—1) under ]P’[- | Wr, = —1] coincides with the law of the vector (Wi(t), Wa(t) —
Wi(@), ..., Wewy(t) — Weo)—1(z)) under Py [ - | A(T) = n].

Proof. To simplify notation set Z = (W1, Wo — W1, ..., Wr, — Wr,_1). Fix an integer k > n,
and set ZF = (Wy, Wa — Wi, ..., Wy — Wi_1). Letx = (x1, ..., %) € S (n). We have:

P[V(Z)=x| Wy, = —1] =IP>[V(Z’<) —x, T, =k|Wr, = —1]

simply because Z = Z* on the event {7}, = k}. Then write:

P[Vvzhy =x,T, =k] P[V(Zk =x, zk=—1
PIV@) =x1Wr, = 1] = : P[Wr, = —1] 1A P Wy, = —1] |
nIP’[V(Zk)zx] _ ]P’[Zkzx]

KP[Wy, =—1]  P[Wy, =—1]
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_, Plz=x

- P[wg, =—1]
P S —

- MP[Z:X|ZGS(?I)],
P[Wg, = —1]

where we have used (41) for the third equality and (42) for the fourth equality. Summing over

all possible x € gk(n) and then over k > n, we get P[Wy, = —1] = nP[Z € S(n)]. As a

consequence, we have P [V(Z) =x|Wr, = —1] =P [Z =x|Z¢e g(n)] for every x € g(n).
On the other hand, by Proposition 1.4, for every x € S(n),

Py [V, o W) (1) = Wen)—1(1) =X | A1) =n| =P[Z° =x | A(Z) =n]
where we have used the notation ¢ introduced in (40). The probability appearing in the right-
hand side is equal to P[Z = x | Z € S(n)] because {A(¢) = n} = {Z € S(n)}, and moreover
we have ¢ = T, and Z% = Z on this event. We conclude that:

Py [W1(D), o, W) (D) = Wer)—1() =x | A(T) = n]

=P[Z=x|ZeSm)]
=P[V(Z) =x|Wg, = —1].
This completes the proof. [
Definition 6.6. Set Dy ([0, 1], R) = {w € D([0, 1], R); w(0) = 0}. The Vervaat transformation

in continuous time, denoted by V : Dy([0, 1], R) — D([0, 1], R), is defined as follows. For
w € Do([0, 1], R), set g1(w) = inf{t € [0, 1]; w(t—) A w(t) = infjp,1] @}. Then define:

]’
1.

IA

w(g1(w) +1) — [ionlf]w, if g1 (w) +1¢

V(w)(t) = o(g) +t— 1)+ o) - [%)nlfl“) if g1(w) +1

v

Corollary 6.7. The law of (ﬁwmfm (1); 0<t< 1) under P, [- | A(t) = n] coincides

with the law of V (BLWLTMJ; 0<t< 1) underIP’[~ | Wr, = —1].

Tn

This immediately follows from Proposition 6.5. In the next subsections, we first get a limiting
result under P [ | Wr, = —1] and then apply the Vervaat transformation using the preceding
remark. The advantage of dealing with P [ | Wr, = — 1] is to avoid any positivity constraint.

6.2. Time reversal

The probability measure P [ | Wr, = —1] enjoys a time-reversal invariance property that
will be useful in our applications. Ultimately, as for the height and contour processes, this time-
reversal property will allow us to get the convergence of rescaled Lukasiewicz paths over the
whole segment [0, 1].

Proposition 6.8. Fix two integers m > n > 1 such that P[W,, =0, A(m) =n] > 0.
For 0 < i < m, set Wi(m) = W — Wiu—i. The law of the vector (Wy, ..., Wy) under
P[-| W,, =0, A(m) = n] coincides with the law of the vector <W(§m), e V/‘\’;;m)> under the

same probability measure.
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Proof. This is left as an exercise. [
6.3. The Lévy bridge

The Lévy bridge X" can be seen informally as the path (X,; 0 < ¢ < 1) conditioned to be at
level zero at time one. See [3, Chapter VIII] for definitions.

Proposition 6.9. The following two properties hold.

(i) The continuous Vervaat transformation V is almost surely continuous at X b and V(X has
the same distribution as X under N(- | ¢ = 1).
(ii) Fixa € (0, 1). Let F be a bounded continuous functional on D([0, a], R). We have:

pl—a(_Xa):| )

E[F(X}’r;Ogtsa)]:E[F(X,;Ogtga) o ©

Proof. The continuity of V at X" follows from the fact that the absolute minimum of X" is
almost surely attained at a unique time. See [7, Theorem 4] for a proof of the fact that V(X") has
the same distribution as X under N( - | ¢ = 1). For (ii), see [3, Formula (8), Chapter VIIL.3]. U

6.4. Absolute continuity and convergence of the Lukasiewicz path

By means of a discrete absolute continuity argument similar to the one used in Section 5, we
shall show that for every a € (0, 1) the law of (#WLT,JJ? 0<t< a) under P [ | Wr, = —1]
converges to the law of (X}’r, 0<t<a).

Lemma 6.10. Fix a € (0, 1) and let n be a positive integer. To simplify notation, set W =
Wo, Wi, ..., WTM)for u > 0. For every function f : Uj>1 Z' — R we have:

Xn—lan] (WTW, ) :|
Xn(0) 7

where xi(j) = Pj[Wg, = —1] for every j € Z and k > 1, and W starts from j under the
probability measure IP;.

1w | Wy, = —1] = | roven)

Proof. This follows from the strong Markov property for the random walk W. [

Buuotn() = p1 (=55 =0
Note that j is allowed to take negative values. Note also that Lemma 6.11 implies that

Xn(0) ~ p1(0)/ By, as n — oo.

Lemma 6.11. For every a > 0, we have lim;,_, SUp| j|<aB,

Proof. Fix € € (0, 1). Using Lemma 6.2(i), we have:
Xn()) =Pj[Wr, = =11 = P[Wr, = —j — 1]

ZP[WT,;—J'—L T, — —

Mo
= Y  PWi=—j—1.T,=k+oe )
lk=n/uol<en
=uo Y, P[Wii=—jAk-D=n-1]
lk—n/pol<en
+oey2(n).

< en} + oey2(n)
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Recall that S,, stands for the sum of n i.i.d. Bernoulli random variables of parameter o and
that W’ is the random walk W conditioned on having nonnegative jumps. By (5):

PiWr,=—11=puo »  PlSii=n—1P[W,_,=n—j—1]+oe,n)

lk—n/pol<en
n/uo+en+0(1)
= I,L()/ dx
n/puo—en+0(1)
xP[Sioay =n—1B[W,_, =n—j— 1] +oe1p(m.

e/n+o(1) f
:pLQ/ du nIP’[Sn =n—1:|
N |+t ]

x P |:W\i”+u\/ﬁj—n =n—j— 1} + oey12(n).

120}
For |u| < e+/n, set:
ap(u) = /nP [SUO’LW’?‘IJ =n— 1] )
Using the notation of Section 5.5.2, we have then:

eyi+o(l)

B,P;[Wr, = —1]= Mof du ()b, (u, j + 1) + oey2(n).
—ey/n+o(l)
The same argument that led us to (34) gives that:
lj|<aBy, B”/ﬂ() n— 00

The conclusion follows from that fact that By, /B, /., — /2. 0O

All the necessary ingredients have been gathered and we can now turn to the proof of the
theorem.

Proof of Theorem 6.1. Let F : ID([0,a], R) — R, be a bounded continuous function. Fix
a € (0,1) and ¢ > 0. To simplify notation, set A% = {|WTM < O‘Bn/uo} and G (W) =
F( L_w T ;Oftsa). We apply Lemma 6.10 with f(Wy, Wy,...,Wr ) =

Bn/p,o |_a anJ an
G(")(W)lAg and get:

- W
E[G™W)lag | Wy, = 1] =F [G(")(W)lAﬁ Xn—tan (Wriy) Ta")]

xn(0)

Lemma 6.11 then entails:

im ‘E[G(”)(W)IM | Wy, = —1]
n—o00 n

1—a)~ /0 1%
- E|:G(n)(W)1A‘,¥( D), (— = )” =0.
p1(0) B—an))/uo
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From Lemma 6.2(ii), we deduce that:

lim E [G(")(W)lAa | Wi, = ]

n—>oo
_ 1—ay” Xa
—E|:F((Xt)0§t§a)1{Xa|<a}Wpl —m .
By (16), we have (1 — a)~1% p, <_(1—XW) = p1—q(—X,). Consequently, by

Proposition 6.9(ii), we conclude that:
lim E [G(")(W)lAa | Wr, = —1] —E [F(be 0<r< a)l{‘xbrlq}] 43)
n—o00 n

By taking F = 1, we obtain:
lim lim P[AS | Wy, = —1]=1. (44)
aA—>00 n—>o0

By choosing o > 0 sufficiently large, we easily deduce from the convergence (43) that:

1
lim |[E|F Wie ;0<t<a |WTn=—1:|
n—>oo' |: (Bn/llo [ LT ] )

—E[F(X}’r; Oftfa)] ‘ —0.

Next write:
—W . . Wie .t ,
BTn LTut] " Bn/ 0 LS” a ‘"’J

where K, = By/,,/Br1, and S, = aT,/T,,. Lemma 6.2(i) entails that K, and S,, both converge

in probability towards 1. Lemma 5.7 then implies that the law of ( Wir,;0<t< a) under
[~ | W, = —1] converges to the law of (Xbr, 0 <t < a), and this holds forevery a € (0, 1).
We now show that the latter convergence holds also for @ = 1 by using a time-reversal

argument based on Proposition 6.8. By the usual tightness criterion (see e.g. [4, Formula (13.8)]),
it is sufficient to show that, for every n > O,

1
lim lim sup P sup |—=—Wr,sy| >n|Wg, =—1[=0. (45)
60 n—oo se[1-5,1) | BT,
Note that:
1 1
sup _W\_TnsJ su —Wk
se[1-5,1) LA=8)T, | <k<T,—1 | BT,

Using this remark, we write:

1
P sup | =— Wz, Wr, = —1
sel1—s,1) | BT,

= P =k, Wy=—-1, sup
]P’[WT" = Z [ " se[1-38,1)

=1

1
— Wiks|
k

3
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o 1
:— PlAk—1)=n—1, We; =0, sup |—Wpsi|>1n
P[Wrg, = Z |: se[1-5.1) | Bk e
1o
< - -
~ P[wyg, =—1]
o0 1
XZP Ak—1)=n—-1, W_; =0, sup ——Wisy| > 1
k=n sef0,6+1/k11 Bk
1
=P sup —Winsy| >n|Wr, =—1],
sel0.6+1/T,1 | BT,

using Proposition 6.8 in the upper bound of the last display. (45) then follows from the fact that
the law of (# Wit ;0<t < a) under P [ | Wr, = —l] converges to the law of (X}’r, 0<
t < a) for every a € (0, 1). We conclude that this convergence also holds for a = 1.

We then combine the continuous Vervaat transformation 1 with the latter convergence. Since
V is almost surely continuous at X br (Proposition 6.9(i)), we get that the law of

1
V<_WLTntJ; 0<t< l>
Br,

under P [ | Wr, = —1] converges to the law of V(Xbr). Corollary 6.7 and Proposition 6.9(i)
entail:

1
( Wiewy (t): 0 <1 < 1) D (X;:0<t<1)underN(-| ¢ =1).
B () n—oo

n

This completes the proof. [

7. Application: maximum degree in a Galton—Watson tree conditioned on having many
leaves

In this section, we study the asymptotic behavior of the distribution of the maximum degree
in a Galton—Watson tree conditioned on having n leaves. To this end, we use tools introduced in
Section 6 such as the Vervaat transformation and absolute continuity arguments.

As earlier, we fix 6 € (1, 2] and suppose that u is a probability distribution satisfying the
hypothesis (Hp). For every n > 1 such that P,,[A(7) = n] > 0, let also t, be a random tree
distributed according to P,[- | () = n]. If t € T is a tree, let A(r) = max{k,; u € 7} be the
maximum number of children of individuals of . We are interested in the asymptotic behavior
of A(t,).

The case 1 < 6 < 2 easily follows from previous results. Indeed, let (B,),>1 be defined as
before Lemma 1.11. Then, by Theorem 6.1 and Remark 5.10:

n—o0

1/6
(“ () 0 <1 < 1) D, xexe, (46)

It Z € D([0, 1], R), let A(Z) be the largest jump of Z. Note that by construction, AW(t)) =

A(t,) — 1. Since A is a continuous functional on D([0, 1], R), (46) immediately gives that

1/ A A(X)/B, converges in distribution towards A(X®*), which is almost surely positive.
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However, in the case 02 < 00, Z(X €X¢) = 0 almost surely since X®*¢ is continuous. It is

natural to ask whether the suitably rescaled sequence A(t,) converges to a non-degenerate limit.
A similar question has been previously studied by Meir and Moon [26] when ¢, is distributed
according to P, [ - | £(7) = n]. We shall make the same assumptions on p as Meir and Moon.

More precisely, let v be a critical aperiodic probability distribution on N with finite variance.
Let R be the radius of convergence of Y v(i)z'. We say that v satisfies hypothesis H if the
following two conditions hold: R > 1 andif R < oo, v(n)!/" converges towards 1/R asn — 00,
if R = oo there exists N > 0 such that the sequence (k)Y k)kz N is decreasing.

Theorem 7.1.
Q) If 1 < 6 < 2, we have u/? Aty)/ By 2> A(xexe),
n—oo

(i) Set D(n) = max{k > 1; u(lk, 00)) > 1/n}. If 6> < oo, under the additional assumption
that p satisfies hypothesis H, we have for every € > 0:

PI(1—&)D() = A(ty) = (1 + D] —> 1.

Part (i) of the theorem follows from the preceding discussion. It remains to prove (ii). We
suppose that u satisfies the assumptions in (ii). The first step is to control the asymptotic behavior
of D(n).

Lemma 7.2 (Meir and Moon). Let € > 0. For n sufficiently large:

w1 —Dm), 00) = n TR, u(l(1+e)Dn), 00)) <n~ ',

Proof. See the proof of Theorem 1 in [26], which uses the different assumptions made on p. [

Proof of Theorem 7.1 in the case > < co. The idea of the proof consists in showing that if

the Lukasiewicz path of a non-conditioned Galton—Watson tree satisfies asymptotically some
property which is invariant under cyclic-shift (with some additional monotonicity condition),
then the Lukasiewicz path of a conditioned Galton—Watson tree satisfies asymptotically the same
property.

We first establish the lower bound. Recall the notation introduced in (40). If u =
(ui,...,ux) € 25, set M(u) = maxi<j<k Ui, so that A(t,) = MWi(t,) — Woltn), ...,
Wet,) (4a) = Wet,)—1(t2)) +1. Note that M is invariant under cyclic shift. Set p, = (1—€)D(n).

To simplify notation, for uy, ..., ux € Zset F™ (uy, ..., uk) = Ypu,....up)<p,)- We have:
PIA®t) < po+1]
=By [FO V(@) = WD), s Wee) (1) = Weoy-1(0) | (0) =]
= E[FO VW), Wa = Wi, ... Wr, = Wy, ) | Wy, = —1]
=E[FO W, W= Wi, Wy, = W) | Wy, = —1], )

where we have used Proposition 6.5 in the first equality, and the fact that F M (V) =
F™(a) for every u € ZF (k > 1) in the second one. To simplify notation, we put

F"(W) = Fo(Wi, Wy — Wi,..., W — Wi_1). Note that E[F}jj)(W) | Wy, = _1] <

E [F;:/)Z(W) | Wr, = —l]. In order to establish the lower bound in Theorem 7.1(ii), it then
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suffices to prove that E [F;"/)Z(W) | Wr, = —1] tends to 0 as n — oo. Let « > 0, and let

the event A be defined by

A, = {'WT,,/2| < O50—\/”/(2,““0)} )

where o2 is the variance of u. By Lemma 6.2(i), we have:

E[FW) | Wr, = 1]

< ]E[l{Aot}c | Wr, = —1]

+E [F}”/)Z(W)l{ | | Wr, = 1] +oe1p(n).

n n
,4M <T, 2=

By Lemma 6.10:
(n)
E|F: (W)l w -1
[ Tn/z( ) {A,, Tig = ;1/2,“0}| T = i|

_]E[ FO (w1 Xn—Ln/zJ(WTn/z)]
N R e BP0

where x,(j) = P;j[Wg, = —1]. By Lemma 6.11, there exists C > 0 such that for every n large
enough, x,—n/2](Wr, /2) /xn(0) < C on the event AS. By combining the previous observations,
we get:

[F('” (W) | Wr, = —1] < E[ljage | Wr, = —1]

+ CE[F“” P ﬂ +oe1p(n). (48)

n 2_1L0

By (44), we have:
lim lim E[1{ae) | Wy, = —1] = 0.

od—>00 n—0o0

Let us finally show that the second term in the right-hand side of (48) tends to zero as well. We
have:

)
Tug = ”/z—ﬂo
< P[MWi, Wa — Wi, ..., Winsang) — Winjauel—1) < P

=P[W) < p,]"/40) = (1 = PIWy = p, /40l
The first part of Lemma 7.2, implies that the last quantity tends to 0 as n — oo. By combining
the previous estimates, we conclude that P[(1 — €)D(n) > A(t,)] — 0asn — oo.

Let us now establish the upper bound. Set g, = (1 4+ €) D(n). By an argument similar to the
one we used to establish (47), we get P[A(t,) > g, + 1] = PIMWy, ..., W, — Wr,_1) >
qn | Wr,, = —1]. It follows that:

P[A(t,) > gn + 1]
SPIMWi, Wo = Wi, ..., Wr, , = Wr, ,—1) > gn | W, = —1]
+P[M(Wrn/2 - WTn/Z_l’ oo, Wr, — WTn—l) > gy | Wr, = —1].
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By a time-reversal argument based on Proposition 6.8, it is sufficient to show that the first term
of the last expression tends to 0. To this end, we use the same approach as for the proof of the
lower bound, taking this time Fk(")(W) = L MWy,....We—Wi_1)>qn}- 1L is then sufficient to verify
that:
E|F™ (W)l ] —> 0.
|: T/z( ) {4#05 n/2_ﬂ }

n—o0

To this end, write:

(n)
S
< PIM((Wy, Wp — W1, s Winjuol — Win/uol—1) > qnl
=1— (1 —P[W; > g,)"/"]

which tends to 0 as n — oo by Lemma 7.2. By combining the previous estimates, we conclude
that P[(1 + €)D(n) < A(t,)] — 0as n — oo. This completes the proof of the theorem. [

Remark 7.3. In particular cases, it is possible to obtain better bounds in the prev10us theorem.

Let u be defined by 1(0) = 2 — +/2, (1) = 0 and pu(i) = ((2 — \/_)/2) for i > 2 (this
probability distribution appears when we consider the tree associated with a uniform dissection
of the n-gon, see [9]). One verifies that w is a critical probability measure. For n > 1, let
t, be a random tree distributed according to P,[- | A(r) = n]. One easily checks that u is
the unique critical probability measure such that t, is distributed uniformly over the set of all
rooted plane trees with n leaves such that no vertex has exactly one child. In this particular case,
Theorem 7.1(ii) can be strengthened as follows:

Pllog, n — clogy, log, n < A(t,) < log, n + clog, log, n] — 1, 49)
n— oo

for every ¢ > 0, where b = 1/u(2) = V242, Indeed, the proof of Theorem 7.1 shows that it is
sufficient to verify that for every ¢ > 0:

(1= P[W; > log, n — clog, log, n])"/4“° — 0,
n

(1= P[W; > log, n + clog, log, n])"/“”O — 1.
n—oo

These asymptotics are easily obtained since the probabilities appearing in these two expressions
can be calculated explicitly.

The convergence (49) yields an interesting application to the maximum face degree in a
uniform dissection (see [9, Proposition 3.5]).

8. Extensions

Recall that if .4 is a non-empty subset of N and 7 a tree, £ 4(7) is the total number of vertices
u € t such that k,(t) € A. For a forest f, ¢ 4(f) is defined in a similar way. In this section, we
extend the results (I) and (IT) appearing in the Introduction to the case where A # {0}. By slightly
adapting the previous techniques, it is possible to obtain the following more general result.

Recall that p is a probability distribution on N satisfying the hypothesis (Hp) for some
0 € (1, 2]. We also consider the slowly varying function £ and the sequence (B,),> introduced
just before Lemma 1.11.
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Theorem 8.1. Let A be a non-empty subset of N. If p has infinite variance, suppose in addition
that either A is finite, or N\ A is finite.

(I) Let d > 1 be the largest integer such that there exists b € N such that supp(u) \ A is
contained in b + dZ, where supp(w) is the support of . Then:
ged(b —1,d)

1/6
P, [¢a(T) =n] e w(A)Y py (O)W
for those values of n such that P, [§4(T) = n] > 0.

(Il) Foreveryn > 1 suchthatP, [{ (1) = n] > O, let t, be a random tree distributed according
to Pyl | ¢a(r) =n). Then

1
( B Wicor) (b ) H;(t,,)t(t ))

¢(t) (’c ) (f )

converges in distribution to (X, H¥¢, H¥*°) as n — oo.

C2§(t,,)t( n)

0<r<l1

Theorem 8.1 can be established by the same arguments used to prove Theorems 3.1, 5.9 and
6.1. The main difference comes from the proof of the needed extension of Lemma 5.4(ii), which
is more technical. Let us explain the argument leading to the convergence

lim sup |nPy ;[ =n]—q ( )‘ —0. (50)

n—00 1<j<aB,

By

The first step is to generalize Proposition 1.6 and find the joint law of (¢ (f), £ 4(f)) under P, ;
(which is the contents of the latter proposition in the case A = {0}). To this end, let p and ' be
the two probability measures on N U {—1} defined by:

ui@+1) . nw@+1)
. — if le A /. — if 1A
piy=1 pay TirleA o =liTua TitE
0 otherwise 0 otherwise.

It is then straightforward to adapt Proposition 1.6 and get that:
J ,
]P)ll.,j[;(f) =p,iqf) =n] = ; ]P)[Sp = n] HD[W[/;_n =—-Uy, —jl

where S, is the sum of p independent Bernoulli random variables of parameter 1. (A), (W,),>1 is
the random walk started from 0 with jump distribution " and (U,),>1 is an independent random
walk started from 0 with jump distribution p. Note that —U,, = n when A = {0}.

First suppose that 4 has finite variance. Then both W{ and U have finite variance. As in the
proof of Lemma 5.4, we have, for0 < ¢ < 1:

n/u(A)+en+0(1)

J
nP,-[s“A(D:n]:n[ dx—L-P[Sy =n
o n/ (A —ent+0(1) Lx] (St ]

X P [W[xH - U, — j] + 015 (n). (51)

By the law of large numbers, we can suppose that for n sufficiently large, P[|U, — nE [U;]|
> en] < €. Sett,(v) = |_nE[U1] + v\/ﬁj forn > 1 and v € R. It follows that:
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/ .
]P)I:WLXJ_n:_Un_]jI

eito(l)
- / Ao (W) = —ta(0) = | P1U = ta0)] | < €.
—ey/n+to(1)

The local limit theorems give bounds and estimates for the quantities P [W[x |on = I (v) — j]
and P [U, = t,(v)]. As previously, we can then use the dominated convergence theorem to obtain
an estimate of P I:W[xj—n =-U, — j] as n — o0o. We substitute this estimate in (51) and using

once again the dominated convergence theorem we obtain (50).

Now suppose that . has infinite variance and that A is finite. Then W/ is in the domain of
attraction of a stable law of index 6 and U has bounded support hence finite variance. The proof
of (50) then goes along the same lines as in the finite variance case.

When 1 has infinite variance and N\ A is finite, W/ has finite variance and U is in the domain
of attraction of a stable law of index 6. The proof of (50) goes along the same lines as when p
has finite variance by interchanging the roles of W’ and of U (see [20] for details in the case

A=N).
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