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What is the analogue of Lévy processes for random surfaces? Motivated
by scaling limits of random planar maps in random geometry, we introduce
and study Lévy looptrees and Lévy maps. They are defined using excursions
of general Lévy processes with no negative jump and extend the known sta-
ble looptrees and stable maps, associated with stable processes. We com-
pute in particular their fractal dimensions in terms of the upper and lower
Blumenthal–Getoor exponents of the coding Lévy process. The case where
the Lévy process is a stable process with a drift naturally appears in the con-
text of stable-Boltzmann planar maps conditioned on having a fixed number
of vertices and edges in a near-critical regime.
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FIG. 1. Left: two looptrees coded by (approximations of) an excursion of a stable process with index 3/2 and
with a drift +7 (top) and −20 (bottom); the colours represent Gaussian labels. Right: the associated plane maps
embedded in three-dimensional space; the colours represent the degree of the faces.

1. Introduction. In short, our main purpose is to extend the construction of stable loop-
trees and stable maps, which are random metric spaces built using stable Lévy processes,
to the setting of general Lévy processes with no negative jumps. We calculate their fractal
dimensions and study their behaviour as the coding Lévy processes vary. Figure 1 presents
some simulations of such nonstable objects. In addition to the main results pertaining to ran-
dom geometry, which are presented in this introduction, some of our tools involve new results
for Lévy processes, which are of independent interest.

1.1. Motivation and literature.

The Brownian sphere. In random geometry, the Brownian sphere (also known as the Brow-
nian map) is a random metric space almost surely homeomorphic to the two-dimensional
sphere, whose study has attracted a lot of attention in the past twenty years. It has in partic-
ular been shown to be the universal scaling limit of many different models of random planar
maps, see, for example, [1–3, 8, 12, 25, 44, 50, 55, 58]. We recall that a planar map is the
embedding without edge-crossing of a finite, connected multigraph on the sphere, viewed up
to orientation-preserving homeomorphisms. In two recent breakthroughs, it was also shown
to appear at the scaling limit of models of random, nonembedded, planar graphs [4, 70]. The
models of maps in the previous references share the common feature that no face has a size
which dominates the other ones, so they vanish in the limit after applying a suitable rescal-
ing. In this sense, the Brownian sphere is the canonical model of spherical random surfaces.
It bears intimate connections with the Brownian excursion, Aldous’ continuum random tree
(hereafter called the “Brownian tree”), and Le Gall’s Brownian snake, which are also impor-
tant objects in probability. It also relates to the theory of Liouville quantum gravity [60–63];
let us refer to the expository papers [35, 36, 59, 68] for a gentle introduction to this topic.
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Stable maps. Parallel to this, some effort has been put into escaping the universality class
of the Brownian sphere, motivated in part by statistical physics models on maps (see [53],
Section 8). In this direction, Le Gall and Miermont [53] constructed a family of continuum
models and proved that they are scaling limits, along subsequences, of Boltzmann random
planar maps (defined in the next paragraph) in regimes where the degree of the faces have
infinite variance, and whose behaviour is dictated by an exponent α ∈ (1,2). Very recently,
Curien, Miermont and Riera [26] proved that the convergence in distribution holds without
taking subsequences. They call these limits an α-stable carpet when α ≥ 3/2 and an α-stable
gasket when α < 3/2 because of topological differences between these two regimes. To sim-
plify, we shall call them α-stable maps in all regimes α ∈ (1,2).

Let us briefly recall the model of Boltzmann planar maps, which was introduced in [54].
As often, we restrict to bipartite maps, which are those whose faces all have even degree, and
which turn out to be much simpler to study. We also consider pointed maps, meaning that one
vertex is distinguished. Given a sequence (qk)k≥1 of nonnegative real numbers, one assigns
to any finite bipartite pointed map a weight given by∏︂

f face

qdeg(f )/2,

where deg(f ) is the degree of the face f . One can then sample a pointed map with n

edges proportionally to its weight (assuming that the total weight of n-edged maps, which
is a finite set, is nonzero). This model is similar in spirit to the so-called model of simply
generated trees, which can be seen under mild assumptions as size-conditioned Bienaymé–
Galton–Watson trees, see, for example, the survey [39] for details.

Roughly speaking, Le Gall and Miermont [53] identified a regime of weights for which
large degree faces are present and subsequential scaling limits are built using decorated ex-
cursions of α-stable Lévy processes with no negative jumps, with α ∈ (1,2). An explicit
sequence of such weights is, for example, given by [19], Section 6:

(1.1) qk = cκk−1 Γ(−1/2 − α + k)

Γ(1/2 + k)
1k≥2, κ = 1

4α + 2
, c = −√

π

2Γ(1/2 − α)
.

Multiconditioned planar maps. In [44] we have recently considered planar maps condi-
tioned both to have n edges and Kn vertices, and thus n − Kn + 2 faces by Euler’s formula.
One motivation originated from predictions in [34] concerning the typical order of distances
in such uniform random maps, which we have confirmed by showing a stronger scaling limit
result, and also by connections with random hyperbolic geometry mentioned in the subse-
quent work [24]. Another motivation was a large or moderate deviation question. Indeed, it
can be shown that in the α-stable map regime of [53] as above, a map with n edges has around
θn vertices for some constant θ ∈ (0,1) which depends on the weights (qk)k . For example,
θ = 4κ for the particular weight sequence (1.1). It is then natural to study how the geometry
changes when one forces the number of vertices to deviate from this typical behaviour. One
of the contributions of [44] was to show that in this α-stable regime, multiconditioning en-
ables new continuum maps to appear by finely tuning Kn. To be concrete, in the case of (1.1),
this corresponds to the regime where n−1/α(Kn − 4κn) has a finite limit as n → ∞. In this
regime, one obtains subsequential scaling limits which are coded by decorated excursions of
α-stable Lévy processes with no negative jumps with a drift, see Corollary 3.1 for a precise
statement and Figure 1 for simulations.

Lévy maps. The objective of this present work is then twofold. First we aim at defining
more general continuum maps related to unit duration excursions of any Lévy process with
no negative jump. Indeed, as we have previously mentioned, the case of stable processes
with a drift appears in a multiconditioned setting. More generally, we believe that the Lévy
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FIG. 2. Left: a plane tree in dotted lines and its looptree version. Right: a slight variation, used here, obtained by
merging each internal vertex of the tree with its right-most offspring, as shown by the dashed lines in the middle.

maps that we introduce and construct here are the only possible scaling limits of Boltzmann
maps, based on the fact that Lévy processes are the only possible scaling limits of triangular
arrays of random walks [41], Theorem 16.14, that the continuous-state branching processes
are the only possible scaling limits of discrete-time Bienaymé–Galton–Watson branching
processes [47], and that the Lévy trees are the only possible scaling limits of Bienaymé–
Galton–Watson trees [31]. It would also be interesting to investigate limits of gaskets of a
large random O(N) decorated triangulation in near critical regimes (see, e.g., the discussion
in [23], Section 5.3, which hints to the appearance of Lévy looptrees and maps). We leave
such questions for a future work, and here we focus on the construction of these Lévy maps,
using ad hoc discrete models to pass to the limit.

Fractal properties. We also express the fractal dimensions of Lévy maps: Hausdorff,
Minkowski, and packing dimensions, in terms of natural quantities in the underlying Lévy
process, namely the Blumenthal and Getoor exponents, extending results of Le Gall and Mier-
mont [53] for α-stable maps. Intuitively, these dimensions quantify the “roughness” of these
random metric spaces, and their identification is an important question in random geom-
etry. Fractal dimensions of stable trees and stable maps have been computed respectively
in [37, 53], and dimensions of general Lévy trees have been computed in [32]. The key differ-
ence with Le Gall and Miermont’s approach is that self-similarity is not available anymore,
and the fact that the lower and upper Blumenthal–Getoor indices may differ significantly
complicates the analysis.

Lévy looptrees. A useful tool to construct and study stable maps is the so-called stable
looptrees introduced in [22], also motivated by the study of percolation clusters on random
maps [23]. Looptrees have been used in relation with maps [9, 27, 45, 46, 51, 61, 66, 69], but
also for their own interest or in relation with other models [5–7, 14, 20, 21, 42]. Informally,
stable looptrees are obtained by replacing branchpoints of the stable trees of [28, 32] by
“loops” and then gluing these loops along the tree structure. See Figure 2 for a representation
of a discrete looptree and Figure 1 for simulations of continuum looptrees. Formally, stable
looptrees are built from an excursion of a stable Lévy process with no negative jumps. In this
work, we also extend their construction to general Lévy processes with no negative jumps
and study their properties, such as their fractal dimensions.

1.2. Main results. Let us state right away our main theorems on the dimensions of Lévy
looptrees and maps, while deferring the precise definition of these objects to the next section.

Background on Lévy processes. Throughout this work, we let X = (Xt)t≥0 be a Lévy
process with no negative jump and with paths of infinite variation. We refer to [10, 31]
for details on Lévy processes and further discussions related to this work. Let us denote
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by ψ : λ ∈ [0,∞) ↦→ log𝔼[e−λX1] its Laplace exponent; according to the Lévy–Khintchine
formula, the latter takes the form

ψ(λ) = −dλ + βλ2 +
∫︂ ∞

0

(︁
e−λr − 1 + λr

)︁
π(dr),

where d ∈ℝ is the drift coefficient, β ≥ 0 is the Gaussian parameter, and the Lévy measure π

satisfies
∫︁∞

0 (r ∧ r2)π(dr) < ∞. From the condition of infinite variation paths, if β = 0 then
necessarily

∫︁ 1
0 rπ(dr) = ∞. The case of stable Lévy processes corresponds to ψ(λ) = λα

with 1 < α < 2, for which d = β = 0 and π(dr) = α(α − 1)Γ(2 − α)−1r−α−1 dr .
An idea to deal with general Lévy processes is to compare them with stable processes.

To this end, recall the lower and upper exponents of ψ at infinity introduced by Blumenthal
and Getoor [16]:

(1.2)
𝜸 := sup

{︂
c ≥ 0 : lim

λ→∞λ−cψ(λ) = ∞
}︂
,

𝜼 := inf
{︂
c ≥ 0 : lim

λ→∞λ−cψ(λ) = 0
}︂
.

We use in this work the notation from [32] and the exponents 𝜸 and 𝜼 actually correspond to
β ′′ and β respectively in [16]. Let us mention that 𝜼 also relates to the Lévy measure π by 𝜼 =
inf{c ≥ 0 : ∫︁ 1

0 xcπ(dx) < ∞}. We always have limλ→∞ λ−2ψ(λ) = β , and since we assume
that X has paths with infinite variation, then limλ→∞ λ−1ψ(λ) = ∞. In particular 1 ≤ 𝜸 ≤
𝜼 ≤ 2; the two exponents coincide (with α) for α-stable processes and more generally when
ψ varies regularly at infinity, but they differ in general and all pairs of values 1 ≤ 𝜸 ≤ 𝜼 ≤ 2
are possible.

We shall assume throughout this paper the integrability condition: for every t > 0,

(1.3)
∫︂
ℝ

⃓⃓
𝔼
[︁
eiuXt
]︁⃓⃓

du < ∞.

As observed by Kallenberg [40], Section 5, this condition holds as soon as either β > 0
or u−2| logu|−1 ∫︁ u

0 r2π(dr) → ∞ as u → 0. Observe that this last convergence requires only
slightly more than π to be infinite: π is infinite as soon as u−2 ∫︁ u

0 r2π(dr) → ∞, and is finite
as soon as u−2| logu|1+ε

∫︁ u
0 r2π(dr) → 0 for some ε > 0.

Condition (1.3) also appears in [43, 71], and enables us to define bridges and excursions
of the process with a fixed duration. Precisely, by inverse Fourier transform, under (1.3), the
random variable Xt admits a continuous density for every t > 0 (even jointly continuous in
time and space). These transition densities can then be used to define a regular version Xbr

of (Xt)t∈[0,1] conditioned on X0 = X1 = 0, which we call the bridge version of X. Next, by
exchanging the parts prior and after the first minimum of Xbr, the so-called Vervaat transform
allows to define an excursion Xex, which is informally a version of (Xt)t∈[0,1] conditioned on
X0 = X1 = 0 and Xt > 0 for every t ∈ (0,1). Let us refer to Section 2.2 and references therein
for a few details. Without the condition (1.3), the construction of the continuum looptrees
and maps as well as the calculation of their dimensions can be carried out in the setting of
unconditioned Lévy processes, or under the Itō excursion measure.

We can construct a looptree L (Xex) from the excursion path Xex in a way that somehow
extends the construction of a tree from a continuous excursion via its contour exploration.
Very informally, we see each positive jump, say ΔXex

t > 0, as a vertical line segment with
this length, turned into a cycle by identifying its two extremities. We then glue these cycles
together by attaching the bottom (t,Xex

t−) of such a segment to the first point we meet on
another vertical segment when going horizontally to the left, starting from (t,Xex

t−), at the
last time s < t such that Xex

s− < Xex
t− < Xex

s . In reality, due to the infinite variation paths, two
macroscopic cycles never touch each other, and when the Gaussian parameter β is nonzero,
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the looptree contains infinitesimal “tree parts”. In the case when Xex is the Brownian excur-
sion, the looptree L (Xex) actually has no cycle and reduces to a scaled version of the usual
Brownian tree. The formal definition of L (Xex) is given in Section 2.2, let us only mention
that it is a metric measured space, which is the quotient of the interval [0,1] by a continuous
pseudo-distance defined from Xex.

Fractal dimensions. Let us denote by dimH the Hausdorff dimension, by dimp the pack-
ing dimension, and by dim and dim respectively the lower and upper Minkowski dimensions
(sometimes also called box counting dimensions). We refer to [57], Chapter 4 and 5, for
definitions and basic properties of these dimensions. Recall in particular that the Minkowski
dimensions of a metric space (E,d) are defined as

dimE = lim inf
ε↓0

logN(ε)

log 1/ε
and dimE = lim sup

ε↓0

logN(ε)

log 1/ε
,

where N(ε) := min{k ≥ 1 : ∃x1, . . . , xk ∈ E such that E ⊂ ⋃︁k
i=1 B(xi, ε)} is the minimal

number of ε-balls required to cover the space.

THEOREM 1.1. Almost surely, it holds

dimH L
(︁
Xex)︁= dimL

(︁
Xex)︁= 𝜸 and dimp L

(︁
Xex)︁= dimL

(︁
Xex)︁= 𝜼,

where 1 ≤ 𝜸 ≤ 𝜼 ≤ 2 are the exponents defined in (1.2).

This theorem extends [22], Theorem 1.1, in the case of α-stable Lévy processes for which
𝜸 = 𝜼 = α for each α ∈ (1,2). In the Brownian case α = 2, we also recover the dimension
2 = 𝜸 = 𝜼 of the Brownian tree. It is also consistent with [15], Theorem 2.3, who considered
another model, related to the so-called inhomogeneous continuum random trees.

Turning to Lévy maps, one could construct them directly from the process Xex together
with extra randomness given by a Gaussian field on the looptree L (Xex), using the analogue
of the formula of D∗ in [49, 50, 58] to define the Brownian sphere. However this is not what
we will do and, as for the pioneer works in the Brownian and stable regimes [49, 53], we
will instead use approximations by rescaled discrete maps. The reason is twofold: first our
motivation to study these objects in the first place is to eventually prove scaling limit results,
and second this will allow us to use the discrete objects to obtain some estimates that seem
harder to obtain directly in the continuum world.

We shall give more details in Section 2 below, but for the benefit of the reader let us
here give a first rather informal sense of these Lévy maps. A celebrated bijection from [18]
shows that discrete planar maps with a distinguished vertex are encoded by certain trees
whose vertices are equipped with suitable integer labels. We can reformulate this bijection
in terms of looptrees, again with labelled vertices, as shown in Figure 3. Then just as in the
continuous setting, a discrete looptree can be coded by a discrete excursion Wn of duration n

(the number of edges of the maps) with increments in ℤ≥−1 = {−1,0,1,2, . . . }. Under mild
exchangeability conditions, we shall prove in Theorem 2.1 that when such random excursions
converge in distribution after suitable scaling to Xex, then the rescaled looptrees converge to
the looptree L (Xex) for the so-called Gromov–Hausdorff–Prokhorov topology. In addition,
the random labels on the vertices of the looptree converge in the scaling limit to a random
Gaussian field on L (Xex).

By now classical arguments originally due to Le Gall [49], this implies that the discrete
random maps associated with these labelled looptrees are tight, and thus converge along
subsequences to some limit metric space. Precisely, we shall prove in Theorem 2.3 below a
formal version of the following statement.
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FIG. 3. Left: a well-labelled looptree. Right: a bipartite plane map with vertices labelled by their graph distance
to a distinguished vertex (labelled 0). Middle: the bijection linking them.

“Definition” of the Lévy maps, to be made more precise in Theorem 2.3. Let Mn be random
bipartite planar map with n edges and a distinguished vertex and let Wn denote the discrete
excursion that codes its associated looptree. Assume an exchangeability property for the in-
crements of Wn (i.e., for the faces of Mn), and that there exists a sequence rn → ∞ such
that the rescaled path (r−1

n Wn⌊nt⌋)t∈[0,1] converges in distribution to Xex for the Skorokhod
topology. Then from every increasing sequence of integers, one can extract a subsequence
along which the rescaled maps (2rn)

−1/2Mn converge in distribution to some nondegenerate
measured metric space for the Gromov–Hausdorff–Prokhorov topology. We shall denote by
M any such subsequential limit, which we call a Lévy map associated with Xex.

Theorem 2.3 actually provides more information and shows, for example, that the graph
distances in Mn to its distinguished vertex converge in distribution, without the need to extract
a subsequence. However the convergence of all the pairwise distances remains open. This
result is the generalisation of [49, 53] in the Brownian and stable regimes, before one was
able to prove that convergence of maps holds without the need to extract a subsequence.
These works also compute the Hausdorff dimensions of the subsequential limits and our next
theorem extends this to the Lévy regime.

THEOREM 1.2. Almost surely, for any subsequential limit M , it holds

dimH M = dimM = 2𝜸 and dimp M = dimM = 2𝜼,

where 1 ≤ 𝜸 ≤ 𝜼 ≤ 2 are the exponents defined in (1.2).

Main techniques and difference with previous work on the stable case. The lower bounds
on the dimensions follow from an upper bound on the rate of decay of the volume of balls
centred at a uniform random point as the radius tends to 0. The latter is established for both
looptrees and maps in Section 4. In the case of looptrees, it relies on a spinal decomposition,
which rephrases the usual spinal decomposition of a tree and is formally described in terms
of the coding Lévy excursion. A geometric argument, summarised in Figure 6, allows to
include the ball in a simpler set defined using hitting times of Lévy processes. The core of
the argument is the control of such quantities. By local absolute continuity of the excursion
near an independent uniform random time with a bi-infinite Lévy process (Xt)t∈ℝ, we are
able to transfer estimates for that set obtained for the unconditioned process to its excursion.
The volume of balls in the map is controlled similarly, with a close geometric argument, now
depicted in Figure 9. The estimates however are much more challenging in the case of maps,
since here one needs to control the Gaussian labels on the looptree.
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These estimates are obtained in Section 4 and are much more involved compared to the
corresponding ones in the stable case from [22, 53]. Indeed, informally, in [53] one starts
from a uniform random point in the looptree, or actually in the associated tree, and follows
its ancestral line towards the root and records the labels of the ancestors, until we first exceed
a threshold. These labels simply form a symmetric stable Lévy process, so one can rely on
explicit calculations; they are formally obtained by some time-change in the Lévy process
and one needs then to change back to the original time-scale. This is no longer possible when
the upper and lower exponents of the Lévy process may differ; in addition, at the first time
the label of an ancestor exceeds a threshold, this label may be much larger. One thus has to
be more careful and the looptree formalism helps a lot here to cut the trajectory differently.

Upper bounds on the dimensions rely on Hölder continuity estimates, obtained in Sec-
tion 5. Indeed both the looptree and the map are a quotient of the interval [0,1] by some
pseudo-distance, and we prove there that the canonical projections are Hölder continuous.
For looptrees, this is obtained by cutting the excursion path into small pieces, whenever it
makes a jump larger than a small threshold, and controlling the variation between two such
jumps; again we rely on local absolute continuity with respect to an unconditioned Lévy
process. Hölder continuity estimates for the map are then easily derived from this, using
the representation with labels on the looptree; by their Gaussian nature, the regularity of the
labels is nearly half that of the looptree, which leads to the factor two in the dimensions.

This part is closer to [22, 53] in spirit but there self-similarity of the paths was a key
ingredient in the calculations and arguing without it is more challenging. For example, in an
unconditioned α-stable Lévy process, one can control the variation between two times simply
by considering the value at a given time since the difference Xs+t − Xs has the same law as
t1/αX1. For this reason, our key estimates in Proposition 5.1 and Corollary 5.5 require more
effort compared to the stable case.

Convergence of Lévy-driven objects. In a general setting, the convergence of looptrees
and maps when the driving Lévy excursion varies is discussed in Theorem 6.2 and Theo-
rem 6.3. It is essentially established that if the transition densities of a sequence of Lévy
processes converge uniformly to those of another Lévy process, then the associated labelled
looptrees converge in law, and further the corresponding Lévy maps converge in law after ex-
tracting a subsequence. A typical example of application we have in mind is the case where
X(λ) is an α-stable spectrally positive Lévy process with drift λ, with varying α and λ. This
will be studied in a companion paper.

1.3. Open questions and plan. This work leaves open several natural questions. First,
here the Lévy map M is only defined as a subsequential limit of models of discrete maps,
associated with discrete excursions that converge to Xex. This was the case for the Brow-
nian sphere in [49] until uniqueness was finally proved [50, 58], and similarly for stable
maps [53], for which uniqueness has been proved very recently [26]. We believe that several
geometric ideas of [26] can apply to prove uniqueness in the more general Lévy setting when
the Gaussian parameter β vanishes, although the technical inputs are more involved with-
out self-similarity. When the Gaussian parameter is nonzero, it is likely that other ideas are
needed.

Following the first point, the convergence of looptrees and maps relies on that of the dis-
crete excursions to Xex. The point of this paper was to construct the limiting objects related
to Xex. Given a Lévy excursion, one can always make up discrete paths that converge to it
and use them to build discrete maps, which we do here. The question of proving conver-
gence of natural discrete models of maps and conditioned discrete excursions under optimal
assumptions is left for future work.
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In another direction, after computing the fractal dimensions of Lévy trees [32], Duquesne
and Le Gall [33] investigated the existence and the computation of a gauge function associ-
ated with a nontrivial Hausdorff or packing measure for the Brownian tree. Duquesne [30]
expressed more generally the exact packing measure of Lévy trees, and proved on the con-
trary that there is no (regular) Hausdorff measure, even for the stable trees [29]. More recently,
Le Gall [52] expressed the Hausdorff measure of the Brownian sphere. We plan to investigate
these questions on the Lévy looptrees and maps.

The rest of this paper is organised as follow. In Section 2 we first define formally discrete
and continuous looptrees and maps. We stress again that Lévy looptrees are defined directly
from the excursion Xex, whereas Lévy maps are defined as subsequential limits of discrete
maps, in Theorem 2.3. Section 3 applies these results to the model of stable processes with a
drift. Then in Section 4 we state and prove technical bounds on the volume of small balls in
looptrees and maps, which provide lower bounds for the fractal dimensions. In Section 5 we
first state and prove Hölder continuity estimates for the looptree and map distances, which
provide upper bounds for the fractal dimensions. We then prove Theorem 1.1 and Theo-
rem 1.2. Finally, Section 6 discusses the convergence of Lévy looptrees and maps when the
associated processes converge.

2. Planar maps and labelled looptrees. We first define in Section 2.1 the discrete la-
belled looptrees and plane maps as well as their coding by discrete paths. Then we construct
analogously labelled looptrees associated with (excursions of) Lévy processes in Section 2.2.
We shall stay brief and refer to [56] and references therein for details. See also [42] for more
results on looptrees coded by a function. Finally in Section 2.3 we state and prove invariance
principles, showing that the discrete objects converge to the continuum ones. We define at
this occasion the Lévy maps as subsequential limits of discrete maps.

2.1. The discrete setting. Recall that a plane map is the embedding of a planar graph on
the sphere and viewed up to direct homeomorphisms. In order to break symmetries, we shall
always distinguish an oriented edge, called the root edge of the map. The faces of the map are
defined as the connected components of the complement of the edges. The face to the left of
the root edge is called the boundary of the map and can be seen as an outer face. The degree
of a face is defined as the number of edges surrounding it, counted with multiplicity; a plane
map is bipartite if and only if all faces have even degree.

Looptrees. A looptree, as represented on the right of Figure 2, is by definition a plane
map with the property that every edge has exactly one side incident to the outer face. This
necessarily implies that all the other faces are simple cycles and are edge-disjoint; also no
edge is pending inside the outer face. One can naturally order the edges of a looptree, oriented
to keep the boundary to their left, by following its contour: we start from the root edge e0, then
recursively, the edge ek+1 is the leftmost edge originating from the tip of ek . If the looptree
has n ≥ 1 edges, then the recursion ends at en = e0, once the tour of the looptree is complete.
One can then define a path Wn = (Wn

k ;0 ≤ k ≤ n+ 1) by setting Wn
0 = 0 and letting for each

0 ≤ k ≤ n the increment Wn
k+1 − Wn

k be as follows:

1. Let Wn
k+1 − Wn

k be equal to the length minus 1 of the cycle to the right of the edge ek

if no previously listed edge e0, . . . , ek−1 belongs to this cycle;
2. Otherwise let Wn

k+1 − Wn
k = −1.

One can check that Wn is a Łukasiewicz path with length n + 1, that is, a path whose in-
crements all belong to ℤ≥−1 = {−1,0,1,2, . . . }, started from Wn

0 = 0, with Wn
n+1 = −1

and Wn
k ≥ 0 for every 1 ≤ k ≤ n. We extend it to a càdlàg path defined on the real interval
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FIG. 4. Left: A looptree equipped with a good labelling. Right: Its Łukasiewicz path on top and its label process
on the bottom.

[0, n+1] by letting it drift at speed −1 between two integer times. We refer to Figure 4 for an
example. This construction is invertible, we shall describe below the converse construction
directly in the continuum setting. We denote by L(Wn) the looptree coded by the path Wn.
Let us mention that there is a well-known bijection between Łukasiewicz paths and plane
trees, in which the increments of Wn code the offspring numbers minus 1 when performing
a depth first search exploration of the tree; the tree associated with Wn is the dotted tree on
the left of Figure 2. It is important to note that L(Wn) is not the looptree naturally associated
with the plane tree coded by Wn as considered in [22, 42] (each internal vertex of the tree
with its right-most offspring should be merged to obtain L(Wn)). This version however is the
one primarily studied in [56] and that appeared previously in [23, 46, 66] under the notation
Loop in view of applications to random planar maps. This seemingly small difference actually
affects the continuous part in the scaling limits, that is, the constant a in (2.6) below.

When considering scaling limits of looptrees, it will be useful to have a canonical order
of their vertices. First for each 0 ≤ k ≤ n, let un

k denote the origin of the oriented edge ek in
the contour sequence. This list contains redundancies that we can remove by only keeping
the last appearance of each vertex to extract a list of the vertices (vn

1 , . . . , vn
N) where N is

the total number of vertices; in particular, the root vertex is un
0 = un

n = vn
N is the origin of

the root edge. The reason to keep the last appearance and not the first one comes from the
coding from the Łukasiewicz path Wn: the vertices are in one-to-one correspondence with
the negative increments of the path, so N equals the number of such increments, and the
time of a negative jump is precisely the last appearance of the corresponding vertex in the list
(un

0, . . . , u
n
n).

Labels and maps. Let us further equip a looptree with a good labelling on the vertices.
For every edge, oriented to keep the boundary on its left, we require that the difference of la-
bels between the tip and the origin is an integer larger than or equal to −1. These differences,
together with the label of the origin of the root edge fix uniquely the labels of all the vertices.
One can again encode the labels into a discrete path Zn = (Zn

0 , . . . ,Zn
n) by following the

contour of the looptree. We further extend this path continuously by linear interpolation. See
again Figure 4 for an example. One can notice that the labels of the vertices of any cycle of
the looptree, when read clockwise, form a bridge with increments larger than or equal to −1;
if the cycle has length ℓ ≥ 1, there are

(︁2ℓ−1
ℓ

)︁
such bridges.

The bijection from [18], Section 2, once reformulated in terms of looptrees shows that
looptrees equipped with a good labelling are in one-to-two correspondence with bipartite
plane maps equipped with a distinguished vertex, called pointed maps. Moreover the bijection
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can be constructed by a simple algorithm in both directions (in addition to [18], let us refer
to [56], Section 2.2) and enjoys the following properties:

1. The map and the looptree have the same amount of edges;
2. The cycles of the looptree correspond to the faces of the map, and the length of a cycle

is half the degree of the associated face;
3. The vertices of the looptree correspond to the nondistinguished vertices of the map, and

the labels, shifted so the minimum is 1, equal the graph distances to the distinguished vertex
in the map.

4. The factor 2 in the correspondence only comes from the loss of the orientation of the
root edge in the map.

Let us refer to Figure 3 for a graphical representation of this bijection. The reader acquainted
with the Schaeffer bijection between labelled trees and quadrangulations can observe that the
latter is a particular case of the present bijection, when every cycle of the looptree has length
2, so the looptree is really just a tree in which every edge is doubled.

In short, the construction of a map from a labelled looptree works as follows. First, shift
all the labels so the minimum is 1. Then assign to every corner of the outer face a successor,
which is the first one which carries a smaller label when following the contour of the looptree,
in the sense defined at the beginning of this section but extended by periodicity. The fact that
the labelling is good implies that the difference of label between a corner and its successor
is always exactly −1. The successor of the corners which carry the label 1 is an extra vertex
labelled 0 in the outer face. Then the map is obtained by removing the edges of the looptree
and instead linking every corner to its successor. The extra vertex 0 is the distinguished vertex
of the map, and the labels of the vertices indeed correspond to their distance in the map to
this vertex: the chain of successors forms a geodesic path to 0.

This construction allows to canonically order the vertices of a map. Recall the order
(vn

1 , . . . , vn
N) of the vertices of a looptree with n edges and N vertices. Then these are all

the vertices of the associated map except the distinguished one which we set as vn
0 . In addi-

tion, the vertex vn
N corresponds to the origin of the root edge in the looptree; in the map, it is

an extremity of the root edge, but not necessarily its origin, but rather the one farther away
from vn

0 .

Boltzmann distributions. Let us briefly recall the model of Boltzmann maps introduced
in Section 1.1. Let deg(f ) is the degree of the face f , then given a sequence (qk)k≥1, one
assigns to any finite bipartite pointed map a weight given by∏︂

f face

qdeg(f )/2.

One can then sample a pointed map with n edges proportionally to its weight (assuming that
the total weight of the finite set of n-edged maps is nonzero). By the previous bijection, this
transfers to sampling a looptree with n edges and equipped with a good labelling proportion-
ally to the weight

∏︁
c cycle qlength(c). Recall that each cycle c with length ℓ ≥ 1 in a looptree

can be labelled in
(︁2ℓ−1

ℓ

)︁
different ways. Then the looptree, without the labels, is sampled

proportionally to the weight ∏︂
c cycle

(︃
2 length(c) − 1

length(c)

)︃
qlength(c),

and then conditionally given this looptree, the labels on each cycle are uniform random
bridges with increments larger than or equal to −1, independent of each other. Recall that
the length of the cycles of the looptree equal the size plus one of the nonnegative increments
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of the associated Łukasiewicz path. This Łukasiewicz path, with duration n + 1, is thus sam-
pled proportionally to the weight

n+1∏︂
k=1

˜︁qxk
where ˜︁qj =

(︃
2j + 1
j + 1

)︃
qj+1 for j ≥ 0 and ˜︁q−1 = 1,

and where xk is the k’th increment of the path. By the so-called cyclic lemma [64],
Lemma 6.1, one can realise such a random excursion by first sampling a bridge with du-
ration n + 1, starting from 0 and ending at −1, proportionally to the previous weight, and
then cyclicly exchanging the increments at the first time this bridge achieves its overall min-
imum to turn it into an excursion.

Let us mention that this paper focuses on the continuum objects, so we consider pointed
maps with n edges which is the simplest model to study. However one may consider maps
with n vertices or n faces instead, or even more general notions of size, see, for example, [55],
Section 6.4, and references therein, or combine them and condition the map by its number
of vertices, edges, and faces at the same time [44]. In another direction, one can consider
maps without any distinguished vertex. Note that when we do not condition on the number
of vertices, distinguishing a vertex in the map leads to a size-biasing of the latter. However
standard arguments in the theory allow to show that the effect of this size-biasing disappears
in the limit, provided some technical inputs, see, for example, [55], Proposition 6.4, and
references therein. Finally one can consider maps with a boundary [11, 13] by prescribing
the degree of the face to the right of the root edge in the map, and hence the length of the
cycle to the right of the root edge in the looptree, so finally the size of the first increment of the
Łukasiewicz path. By removing this first jump, one obtains a so-called first-passage bridge,
and all this present work extends readily to this setting, see [55, 56]. We simply consider
maps without boundary to ease the notation.

2.2. Lévy looptrees and Gaussian labels. Recall from Section 1.2 the model of Lévy pro-
cesses that we consider: X has no negative jump, infinite variation paths, and its characteristic
function is integrable (1.3). By inverse Fourier transform, the process X then admits transi-
tion densities, say (pt (x))t>0,x∈ℝ, which are jointly continuous in time and space as shown,
for example, in [43], Lemma 2.4. In addition, they never vanish, and precisely Sharpe [67]
shows that if one of them vanishes somewhere, then the process X is, up to a drift, either a
subordinator or the negative of one.

Following [43], Section 2, thanks to the positivity and joint continuity of the transition
densities, we may use them to define a bridge with unit duration from 0 to any ϑ ∈ ℝ. Pre-
cisely, the conditional law ℙ( · | X1 = ϑ) is characterised by the following absolute continuity
relation with respect to the unconditioned path: for any ε ∈ (0,1) and any continuous and
bounded function F , it holds

(2.1) 𝔼
[︁
F
(︁
(Xt)t∈[0,1−ε]

)︁ | X1 = ϑ
]︁= 𝔼

[︃
F
(︁
(Xt)t∈[0,1−ε]

)︁ pε(ϑ − X1−ε)

p1(ϑ)

]︃
.

One can actually start from this identity and show that the family of processes it defines
extends consistently to a process on the whole interval [0,1], see again [43]. We shall de-
note by Xbr the bridge from 0 to 0, that is the path (Xt)t∈[0,1] under ℙ( · | X1 = 0). This
bridge achieves its overall minimum at a unique time U almost surely, which has the uni-
form distribution on [0,1] by [43], Lemma 2.1 and Theorem 2.1. We then define the Vervaat
transformation 𝒱 , which exchanges the pre and post minimum, namely for every t ∈ [0,1]
we set

(2.2) Xex
t = (︁𝒱Xbr)︁

t = Xbr
U+t mod 1 − Xbr

U .

Then Xex is a unit duration excursion version of the process X; see also [71], Theorem 4.
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Lévy looptrees. Let Y be any càdlàg function on [0,∞) with no negative jump, which
can be, for example, the Lévy process X or its excursion Xex extended to 0 on [1,∞). Let
us recall from [56] the construction of the looptree coded by Y as well as random Gaussian
labels on it. The reader may alternatively find this construction of looptrees in [42] where
they are called “vernation trees”, together with additional topological details on these objects.
This originates from [22, 53] which applies in a pure jump case, where the continuous part C

below vanishes. First define from Y a partial order ⪯ by setting for every s, t ≥ 0:

s ≺ t when both s < t and Ys− ≤ inf[s,t]Y.

We then set s ⪯ t when either s ≺ t or s = t . In analogy to the discrete setting, when Y is
the Łukasiewicz path associated with a plane tree, we interpret s = sup{r ≥ 0 : r ≺ t} as the
parent of t and ΔYs as the degree of s. Then for any s, t ≥ 0, we let

s ∧ t := sup{r ≥ 0 : r ≺ s and r ≺ t}
denote their last common ancestor. For every pair s, t ≥ 0, let us set

(2.3) Rt
s := inf

r∈[s,t]Yr − Ys− if s ⪯ t,

and let Rt
s = 0 otherwise, which is the case as soon as Y does not jump at time s, for example.

Still in analogy to the discrete setting this corresponds to the number of siblings of t that lie
to its right. Another way to visualise this quantity is to consider for t fixed the dual path Y t =
(Yt− −Y(t−s)−)s∈[0,t] and its running supremum Y t = (supr∈[0,s] Y t

r )s∈[0,t], then Rt
t−s = ΔY t

s

is the overshoot of Y t when it jumps to a new record at time s. In general, the path Y t can
also make records in a continuous way, thus we also define a continuous process by

(2.4) Ct = ⃓⃓{︁Y t
r; r ∈ [0, t]}︁⃓⃓= ⃓⃓⃓{︂ inf[s,t]Y ; s ∈ [0, t]

}︂⃓⃓⃓
,

where | · | stands for the Lebesgue measure. For a càdlàg function g on [0,∞), with no
negative jump, let us define for every 0 ≤ s ≤ t

(2.5) dg(s, t) = dg(t, s) = gs + gt− − 2 inf[s,t]g.

Note that we take the left-limit at time t . When g is continuous, it is well known that dg is
a pseudo-distance and that the quotient space Tg obtained by identifying all pairs of times
at dg-distance 0 is a rooted real tree [48]. In particular one may define a tree TC from the
continuous part C from (2.4). We shall also use dg for g = Y to upper bound the looptree
distance, see equation (2.7) below.

Let Y = X be our Lévy process. In this case the dual path Xt has the same law as X, so Ct

has the same law as the Lebesgue measure of the range of the supremum process. The latter
coincides with the measure of the range of the ladder process, obtained by time-changing
this supremum process by the inverse local time at the supremum. In turn the ladder process
is well known to be a subordinator with Laplace exponent ψ(λ)/λ, see, for example, [31],
Lemma 1.1.2, whose drift coincides with the Gaussian parameter β of X. Since the Lebesgue
measure of the range of a subordinator equals its drift, then we conclude that for Lévy pro-
cesses, we have

C vanishes if and only if β = 0.

By the Vervaat transform and absolute continuity of the bridge, this holds also for Y = Xex.
If one wants again to draw an analogy with the discrete setting, viewing X or Xex as

the Łukasiewicz path of a tree, then when β > 0, the nontrivial process C coincides with βH

where H is the so-called height process [31], equation 14, so TC = βTH is the so-called Lévy
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FIG. 5. A schematic representation of the looptree distance between two times s and t and the coding excursion.
In different colours are highlighted the four components of the distance in (2.6): from left to right in the latter
in red, orange, blue, and green. Each portion of the geodesic from s to t is numbered and associated with the
corresponding part of the excursion.

tree coded by X or Xex, up to a multiplicative constant. However when β = 0, the process C

vanishes so the tree TC is reduced to a single point, whereas it is shown in [31] that one can
still define a nontrivial height process H , and thus a nontrivial Lévy tree TH . We shall not
need the height process in this work.

We may now define the looptree coded by Y . We associate with any jump time t ≥ 0
a cycle [0,ΔYt ] with ΔYt identified with 0, equipped with the metric δt (a, b) = min{|a −
b|,ΔYt −|a−b|} for all a, b ∈ [0,ΔYt ]. For definiteness, if ΔYt = 0, then we set δt (0,0) = 0.
Following [56], define the looptree distance with parameter a ≥ 0 between any s, t ≥ 0 by

(2.6) da
L (Y )(s, t) := ∑︂

s∧t≺r≺s

δr

(︁
0,Rs

r

)︁+ ∑︂
s∧t≺r≺t

δr

(︁
0,Rt

r

)︁+ δs∧t

(︁
Rs

s∧t ,R
t
s∧t

)︁+ a dC(s, t),

where here and below, a sum over an empty set is null and where Rt
r is defined in (2.3) and

dC is the tree distance defined in (2.5). Let us refer to Figure 5 for a schematic representation
of this distance.

It can be checked that da
L (Y ) is indeed a continuous pseudo-distance on [0,1] for every a,

which moreover satisfies the following inequality: let dY be defined as dg in (2.5) with g = Y ,
then

(2.7) d1
L (Y ) ≤ dY ,

see [56], Proposition 3.2, which extends [22], Lemma 2.1, when C = 0. Henceforth we denote
by L a(Y ) the quotient space obtained by identifying all pairs of times at pseudo-distance 0.
We shall simply write L (Y ) and dL (Y ) for L 1(Y ) and d1

L (Y ). The value of a > 0 does not
affect the fractal dimensions of the looptree, and Theorem 1.1 extends to L a(Xex). This
constant only appears in the invariance principles in Section 2.3. In the case where Y is a
Brownian excursion, we have C = Y so L a(Y ) = a · TC = a · TY is a scaled Brownian tree
coded by Y . The metric space L a(Y ) has been introduced in [56], and in the particular case
a = 1/2 in [42] it is called the vernation tree coded by Y .

Observe that a discrete looptree as defined in Section 2.1 is a map, while a continuous
looptree L is a compact metric space. Let us note however that the two definitions are very
close: specifically if Y is a Łukasiewicz path, extended to the real line by a drift −1 between
the jumps, as depicted in Figure 4, then the continuum looptree L (Y ) is obtained from the
discrete one L(Y ) by replacing each edge by a segment of length 1, and also attaching an
extra such segment to the root.
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Gaussian labels on looptrees. Recall that Y is any càdlàg function on [0,∞) with no
negative jump and that C is defined by (2.4). One may define a random Gaussian field on
the tree TC , known as the Brownian snake driven by C, see [31], Chapter 4, for details on
such processes in a broader setting. Formally, conditionally given C, there exists a centred
Gaussian process ZC = (ZC

t )t∈[0,1] with covariance function

𝔼
[︁
ZC

s ZC
t

]︁= min
r∈[s,t]Cr, s, t ∈ [0,1].

Equivalently, we have 𝔼[(ZC
s − ZC

t )2] = dC(s, t). On an intuitive level, after associating a
time t with its projection in TC , the values of ZC evolve along the branches of the tree like
a Brownian motion, and these Brownian motions split at branchpoints and afterwards evolve
independently.

We construct a Gaussian field on the looptree L a(Y ) by placing on each cycle an inde-
pendent Brownian bridge, with duration given by the length of the cycle, which describes the
increments of the field along the cycle. Formally, recall that the standard Brownian bridge
b = (b(t))t∈[0,1] is a centred Gaussian process with covariance

𝔼
[︁
b(s)b(t)

]︁= min(s, t) − st, s, t ∈ [0,1].
One can consider a bridge of any given duration using a diffusive scaling. Now recall the
partial order ≺ as well as the notation Rt

s = infr∈[s,t] Yr − Ys− from (2.3). Let C be the
continuous part defined in (2.4) and let ZC be the associated Brownian snake. Independently
let (bi)i≥1 denote a sequence of i.i.d. standard Brownian bridges and define for every a ≥ 0
and t ∈ [0,1]
(2.8) Za

t := √
a ZC

t +∑︂
ti≺t

√︂
ΔYti bi

(︁
(ΔYti )

−1Rt
ti

)︁
,

where the ti ’s are the jump times of Y up to time t . Given Y , the summands in (2.8) are
independent zero-mean Gaussian random variables with variance

𝔼
[︁(︁√︂

ΔYti bi

(︁
(ΔYti )

−1Rt
ti

)︁)︁2]︁= Rt
ti
(ΔYti − Rt

ti
)

ΔYti

≤ min
{︁
Rt

ti
,ΔYti − Rt

ti

}︁= δti

(︁
0,Rt

ti

)︁
.

Arguing as in the proof of Proposition 6 in [53] (recast in the formalism of looptrees), one
deduces that for any q > 0, there exists Kq > 0 such that for every s, t ∈ [0,1], it holds that

(2.9) 𝔼
[︁⃓⃓
Za

t − Za
s

⃓⃓q]︁≤ Kq · da
L (Y )(s, t)

q/2.

Taking s = 0, this shows that the random variable Za
t in (2.8) is well defined for any fixed

t , which in particular implies that the series in (2.8) converges. Further, given Y , we see that
any pair s, t ≥ 0 that has da

L (Y )(s, t) = 0 also has Za
s = Za

t almost surely so Za can actually
be seen as a random process indexed by the looptree. Note that by the scaling property of
Gaussian variables, the process cZa constructed from Y has the same law as the process Za

but constructed from c2Y . The value a = 1/3 shall play a predominant role in relation with
maps and we simply write Z = Z1/3. We shall also denote by Zex this process Z = Z1/3

constructed from Y = Xex.

2.3. Invariance principles. We have not defined Lévy maps yet; they will shortly be de-
fined as subsequential limits of rescaled finite random maps. Precisely, we shall consider
rooted bipartite maps Mn with n edges that carry a distinguished vertex vn

0 and we shall as-
sume that their distribution for every n only depends on their face degrees in the sense that
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if (m,v) and (m′, v′) are two (rooted bipartite and) pointed maps with n edges that have the
same amount of faces with degree 2k for every k ≥ 1, then

(2.10) ℙ
(︁(︁

Mn,vn
0
)︁= (m,v)

)︁= ℙ
(︁(︁

Mn,vn
0
)︁= (︁m′, v′)︁)︁.

Typical examples include the conditioned Boltzmann distributions recalled earlier, since
(m,v) and (m′, v′) have the same weight. We may here generalise this distribution by let-
ting the weight sequence q of the Boltzmann law vary with n.

This assumption has two consequences. First, conditionally on its number of faces of each
degree (Mn, vn

0 ) has the uniform distribution on maps with these degree statistics, which will
falls in the scope of [55, 56]. Second, conditionally on Mn, the distinguished vertex vn

0 has
the uniform distribution on the vertices of Mn. This will only be used in this work in order to
identify the limit as the Brownian sphere or a stable map in the appropriate regime.

By construction of the bijection presented earlier between pointed maps and well-labelled
looptrees, and further with pairs of processes, if the random map (Mn, vn

0 ) satisfies (2.10),
then its associated pair (Wn,Zn) gives the same probability to all pairs in which the
Łukasiewicz paths have the same amount of jumps of size k for every k ≥ −1. In partic-
ular, conditionally on its increment sizes, the path Wn is an excursion sampled uniformly
at random among all possibilities, and Zn is further obtained conditionally given Wn as a
uniformly chosen random good labelling of the looptree, obtained by placing independent
uniform random bridges around each cycles. By the so-called cycle lemma, the law of Wn

is that of the path obtained from a random bridge Bn = (Bn
k )0≤k≤n+1, with Bn

n+1 = −1, and
with increments ΔBn

i ∈ ℤ≥−1 that are exchangeable, by cyclicly shifting Bn at its first mini-
mum to turn it into an excursion.

Let us next say a few words on the notion of convergence that we consider. The abstract
framework to study scaling limit of (possibly pointed) finite graphs, such as (loop)trees and
maps that has been developed is that of the Gromov–Hausdorff–Prokhorov (GHP) distance.
The latter is a separable and complete distance on the space of isometry classes of compact
measured metric spaces, possibly with distinguished points. Then we say that rescaled graphs
converge when their set of vertices equipped with the rescaled graph distance and the uniform
probability measure do in the GHP sense. In our case, we can make this convergence much
more explicit. Indeed, recall from Section 2.1 that the vertices of looptrees and maps can
ordered in some canonical way (vn

0 , . . . , vn
N) where n is the number of edges and N + 1 the

number of vertices of the map, and where for simplicity we let vn
0 = vn

N in the case of the
looptree, whereas in the map vn

0 is the distinguished vertex. One can then encode the graph
distances in each model into a function dn on {0, . . . ,N} by letting dn(i, j) be the distance
between vn

i and vn
j in the corresponding model, which we transform into a function on [0,1]2

by a bilinear interpolation and scaling by N . Then if for some scaling factor rn → ∞ we have(︁
r−1
n dn(s, t)

)︁
s,t∈[0,1]

(d)−→
n→∞

(︁
d(s, t)

)︁
s,t∈[0,1]

for the uniform topology, for some continuous pseudo-distance d , then the graph rescaled by
the factor r−1

n indeed converges for the GHP distance to the quotient space [0,1]/{d = 0}
obtained by identifying all pairs of times at distance 0. This convergence is actually what is
proved for Brownian and stable looptrees and maps [23, 26, 50, 58].

Let us apply this to random looptrees first and then to maps. We let X be a Lévy process
with Laplace exponent ψ , with Gaussian parameter β ≥ 0, and we let Xbr and Xex denote
the unit duration bridge and excursion versions of X respectively. For a ≥ 0, we also let
L a(Xex) denote the looptree defined as in (2.6) and the lines below. Finally, let Zex denote
the label process Za defined as in (2.8) with a = 1/3 and Y = Xex. The next result is an easy
consequence of [56], Theorems 7.4 and 7.9, by conditioning on the increment sizes. Below
dL(Wn) denotes the function on [0,1]2 that encodes the graph distances in the looptree L(Wn)

as introduced above.
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THEOREM 2.1. For every n ≥ 1, let Bn = (Bn
k )0≤k≤n+1 be a random bridge, with Bn

n+1 =
−1, with increments ΔBn

i ∈ ℤ≥−1 and which are exchangeable. Let Wn = (Wn
k )0≤k≤n+1

denote the excursion obtained by cyclicly shifting Bn at its first minimum. Let further Zn

denote the label process associated with a uniform random good labelling of the looptree
coded by Wn.

1. Suppose that there exists a sequence rn → ∞ such that(︁
r−1
n Bn⌊nt⌋

)︁
t∈[0,1]

(d)−→
n→∞ Xbr

for the Skorokhod J1 topology. Then the following convergences in distribution hold jointly:(︁
r−1
n Wn⌊nt⌋

)︁
t∈[0,1]

(d)−→
n→∞ Xex and

(︁
(2rn)

−1/2Zn
nt

)︁
t∈[0,1]

(d)−→
n→∞ Zex

for the Skorokhod J1 topology.
2. Assume in addition that there exists a ≥ 0 such that

(2.11) r−2
n #
{︁
i ≤ n + 1 : ΔBn

i ∈ 2ℤ− 1
}︁ ℙ−→

n→∞ aβ2,

where a = 0 by convention when β = 0. Then, jointly with the first part, we have

r−1
n dL(Wn)

(d)−→
n→∞ d

(a+1)/2
L (Xex) ,

in the space of real-valued continuous functions defined on [0,1]2 equipped with the uniform
topology. This implies that r−1

n L(Wn) converges in distribution to L (a+1)/2(Xex) for the
Gromov–Hausdorff–Prokhorov topology.

Let us mention that [42], Section 6.3, obtains limit theorems for looptrees coded by ex-
cursions, but there are several major differences. First, as we have already mentioned in the
beginning of Section 2.1, the discrete looptree coded Wn considered here slightly differs from
the version studied in [42]. Second, in our setting X is not necessarily pure jump and we may
have a ≠ 1/2, which is outside of the scope of vernation trees considered in [42].

REMARK 2.2. Given a Lévy bridge Xbr and a ≥ 0, one can always construct a sequence
of discrete bridges Bn of duration n+1 respectively which satisfies the assumptions of Theo-
rem 2.1. Therefore the Lévy looptree L (a+1)/2(Xex) can always be realised as the Gromov–
Hausdorff limit of rescaled finite looptrees. As such, it is a length space, and since it is com-
pact, a geodesic space.

Let us comment on Assumption (2.11). When following a geodesic path in the looptree
and traversing a cycle, one takes the shortest between the left and right length. Roughly
speaking, typically half of the cycles are traversed on the right and half on the left, thus
the microscopic cycles contributes to roughly half the continuous part of the coding path,
leading to L 1/2(Xex) in the limit. However, at the discrete level, the fact that the cycle has
even or odd length influences the law of the length of the smallest part between left and
right, namely

∑︁k
j=1 min(j, k − j) depends on the parity of k. This contribution is precisely

captured in (2.11) and adds an extra factor to the continuous part in the looptree distance in
the limit. Such a phenomenon was already observed in [46], Theorem 1.2, (see however [56],
Remark 7.7, on the extra constant). We note that this has however no influence on the labels.
The parameter 1/3 appears in the limit due to our choice of labels in the discrete model;
see [56], Theorem 7.9, for more general labels.
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PROOF. Using Skorokhod’s representation theorem, let us work on a probability space
where the assumptions hold almost surely. For every i ≥ 1, let ΔX↓

i ≥ 0 denote the ith largest
increment of Xbr and then set

θi =
(︃
β2 +∑︂

i≥1

(︁
ΔX↓

i

)︁2)︃−1/2
ΔX↓

i and then θ2
0 = 1 −∑︂

i≥1

θ2
i = β2

β2 +∑︁i≥1(ΔX↓

i )
2
.

Finally let

Y =
(︃
β2 +∑︂

i≥1

(︁
ΔX↓

i

)︁2)︃−1/2
Xbr,

be the exchangeable increment process with Gaussian parameter θ0 and jump sizes (θi)i≥1.
Then the assumptions of [56], Theorem 7.4, are fulfilled, namely let σ 2

n =∑︁n
i=1 ΔBn

i (ΔBn
i +

1) =∑︁n
i=1(ΔBn

i )2 − 1, then according to [41], Theorem 16.23, the convergence of r−1
n Bn

to Xbr is equivalent to the convergence for every i ≥ 1 of the ith largest increment of
r−1
n Bn to ΔX↓

i and the convergence r−2
n σ 2

n → β2 + ∑︁i≥1(ΔX↓

i )
2. Thus if we instead

rescale Bn by σ−1
n , then for every i ≥ 1, the ith largest increment of σ−1

n Bn converges to
(β2 +∑︁i≥1(ΔX↓

i )
2)−1/2ΔX↓

i = θi , while

σ−2
n #
{︁
i ≤ n : ΔBn

i ∈ 2ℤ− 1
}︁ −→

n→∞
aβ2

β2 +∑︁i≥1(ΔX↓

i )
2

= aθ2
0

by our assumption (2.11). Denote by 𝒱Y the Vervaat transform of the bridge Y , as in (2.2),
so

𝒱Y =
(︃
β2 +∑︂

i≥1

(︁
ΔX↓

i

)︁2)︃−1/2
Xex.

It is plain from the construction of the looptree distance (2.6) that for every c > 0, we have
c · L (a+1)/2(𝒱Y) = L (a+1)/2(c𝒱Y). Then applying [56], Theorem 7.4, or precisely equa-
tion 38 there, we deduce that

r−1
n dL(Wn)

(d)−→
n→∞

(︃
β2 +∑︂

i≥1

(︁
ΔX↓

i

)︁2)︃1/2
d

(a+1)/2
L (𝒱Y ) = d

(a+1)/2
L (Xex) ,

for the uniform topology.
As for the labels, we apply [56], Theorem 7.9, in the particular case of the labels that code

maps (see the beginning of [56], Section 7.4) and deduce the convergence in distribution

(︁
(2rn)

−1/2Zn
nt

)︁
t∈[0,1]

(d)−→
n→∞

(︃
β2 +∑︂

i≥1

(︁
ΔX↓

i

)︁2)︃1/4
ζ 1/3,

where the process ζ 1/3 is defined as in (2.8) using 𝒱Y instead of Xex. As above, by the
scaling property of Gaussian variables, multiplying the label process by some c > 0 amounts
to multiplying the underlying excursion with no negative jump by c2, namely the limit above
equals precisely Zex. □

Theorem 2.1 finds applications to scaling limits of random planar maps which is now quite
classical, and we refer to, for example, [56], Section 2.4, for a recent account. Let dMn denote
the function on [0,1]2 that encodes the graph distances in the map Mn induced by the order
on the vertices inherited from that on the looptree. Recall that in this order, the first vertex
is the distinguished one vn

0 , while the last vertex is the extremity of the root edge that is the
farthest away from vn

0 .
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THEOREM 2.3. Let (Mn, vn
0 ) be a random pointed map with n edges whose distribution

satisfies (2.10). Let Wn and Zn denote its associated Łukasiewicz path and label process and
assume that they satisfy the assumptions of Theorem 2.1. Then the following holds jointly
with this theorem.

1. The convergence in distribution(︃
1√
2rn

dMn(0, t)

)︃
t∈[0,1]

(d)−→
n→∞

(︁
Zex

t − minZex)︁
t∈[0,1],

holds for the uniform topology.
2. From every increasing sequence of integers, one can extract a subsequence along which

the convergence in distribution of continuous functions on [0,1]2

1√
2rn

dMn
(d)−→

n→∞ D,

holds for the uniform topology, where D is a random continuous pseudo-distance. Conse-
quently, along this subsequence, the rescaled map (2rn)

−1/2Mn converges in distribution to
the quotient space [0,1]/{D = 0} for the Gromov–Hausdorff–Prokhorov topology.

3. Define for every 0 ≤ s ≤ t ≤ 1

(2.12) D◦(s, t) = D◦(t, s) = Zex
s + Zex

t − 2 max
(︂

inf[s,t]Z
ex, inf[0,s]∪[t,1]Z

ex
)︂
.

Then all the subsequential limits D satisfy

D ≤ D◦ almost surely.

4. Sample U uniformly at random on [0,1] and independently of the rest. Then all the
subsequential limits D satisfy the identity in law:(︁

D(U, t)
)︁
t∈[0,1]

(d)= (︁Zex
t − minZex)︁

t∈[0,1].

5. If Xex has no jump, so it reduces to β times the standard Brownian excursion, then we
have the convergence without the need to extract a subsequence,

1√
2rn

dMn
(d)−→

n→∞
√︂

β/3 · D∗,

where [0,1]/{D∗ = 0} is the standard Brownian sphere. Similarly, if ψ(λ) = cλα with c >

and 1 < α < 2, then the maps converge in distribution without extraction to c1/(2α) times the
standard α-stable map.

PROOF. The first claim is a consequence of the convergence of Zn Theorem 2.1 since the
distances to vn

0 in the map are given by the labels on the looptree, recorded in Zn, shifted by
their overall minimum plus 1; see, for example, the proof of Theorem 7.12 in [55] for details.
The second and third claims follow from an argument from the original work of Le Gall [49]
(see also [56], Lemma 2.6) for a recent account of the argument in a similar context. In a few
words, in the discrete models, recall that the map is constructed from the labelled looptree
by linking each corner to its successor, defined as the first one with a smaller label when
following the contour of the looptree. Then if we start from two corners, the two chains of
successors eventually meet and the sum of the two lengths until this meeting point (minus
2) is precisely the discrete analogue of D◦, say D◦

n, defined using Zn, and this quantity
upper bounds the distances in the map between the two vertices where we started. Since D◦

n

depends continuously on Zn, then it converges in distribution after scaling to D◦, from which
we easily derive both tightness of the distances in the map under the same rescaling due to
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the upper bound dMn ≤ D◦
n + 2, and D ≤ D◦ after passing to the limit along any convergent

subsequence.
The fourth claim is a re-rooting (or rather, re-pointing) invariance property: by the first

two claims, the process on the right describes the distances to the distinguished vertex in the
in the limit, whereas the one on the left describes the distances to an independent uniform
random vertex. The identity thus follows from the fact that, in the discrete model, the dis-
tinguished vertex has the law of an independent uniform random vertex, which is due to the
assumption (2.10).

The last claim in the Brownian case is a consequence of the identification of the Brownian
sphere and the argument can be found in [50]; see precisely the proof of equation 59 there. It
relies on the following ingredients: our claims 2, 3, and 4, the (nontrivial) fact that, if U and
U ′ are two independent uniform random times on [0,1], then Zex

U − minZex has the same
law as

√
β/3 times the distances between U and U ′ for the pseudo-distance D∗ describing

the Brownian sphere, and finally, the fact that, a priori, for any subsequential limit D, we
have D(s, t) = 0 whenever s and t are identified in the Brownian tree coded by Xex. In a few
words, we obtain from these ingredients the identity in law

D(U,V )
(d)=
√︂

β/3 · D∗(U,V ),

and in addition that D ≤ D∗ almost surely so the above identity in law in fact holds almost
surely so finally D = √

β/3 · D∗ almost surely by a density argument. The same argument
applies in the stable regime as discussed in [26], Section 7.4.2, thanks again to the identifi-
cation there of D∗(U,U ′) = Zex

U − minZex in law in this case, where in the last ingredient,
we require that D(s, t) = 0 whenever s and t are identified in the looptree tree coded by Xex.
We will prove this last fact later in Lemma 4.8 in our general Lévy regime. □

The invariance by re-rooting argument used in the last claim in the Brownian and stable
regimes applies in the general Lévy case and would similarly allow to obtain the convergence
for all models whose Łukasiewicz paths converge to the same Lévy excursion, if one could
prove the identity in law D∗(U,U ′) = Zex

U − minZex, for example, by proving the conver-
gence of one specific discrete model of maps.

REMARK 2.4. The first part of the statement, characterising the distances to the distin-
guished vertex vn

0 , is not enough to prove that all subsequential limits agree. However, it does
provide the convergence, without the need to extract a subsequence, of several quantities of
interest. Let V (Mn) denote the set of vertices of Mn and ρn the origin of the root edge, then

1√
2rn

dMn

(︁
vn

0 , ρn

)︁ (d)−→
n→∞ −minZex

and
1√
2rn

max
v∈V (Mn)

dMn

(︁
vn

0 , v
)︁ (d)−→

n→∞ maxZex − minZex,

and finally, for every continuous and bounded function F ,

1

#V (Mn)

∑︂
v∈V (Mn)

F

(︃
1√
2rn

dMn

(︁
vn

0 , v
)︁)︃ (d)−→

n→∞

∫︂ 1

0
F
(︁
Zex

t − minZex)︁dt.

In the rest of this paper, we call a Lévy map any subsequential limit M = [0,1]/{D = 0}
in the previous theorem. We equip it with the metric dM , the image of D by the canonical
projection, and the probability pM , given by the push-forward of the Lebesgue measure on
[0,1]. Similar to looptrees in Remark 2.2, Lévy maps are geodesic spaces.
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3. Limits of biconditioned planar maps and stable excursions with a drift. Let us
present in this section applications of our general results in the case where the coding pro-
cess is a spectrally positive stable Lévy process with a drift, defined just a few lines below,
and recall how such objects appear as limits of multiconditioned discrete models introduced
in [44].

For every α ∈ (1,2), let us denote by Xα the stable Lévy process characterised by the
Laplace exponent ψ(λ) = λα , or equivalently by the characteristic function

(3.1) 𝔼
[︁
exp
(︁
iuXα

t

)︁]︁= exp
(︃
t |u|α
(︃

cos
(︃

πα

2

)︃
− iσ (u) sin

(︃
πα

2

)︃)︃)︃
,

for every u ∈ ℝ and t > 0, where we used the notation σ(u) = 1{u>0} − 1{u<0} for the sign
function to distinguish it from the sine function. The right-hand side satisfies the integrability
condition (1.3), and thus it admits positive, bi-continuous, transition densities pα

t given by
inverse Fourier transform, from which one can define the conditional law ℙ( · | Xα

1 = ϑ) for
any ϑ ∈ ℝ, characterised by (2.1). For any ϑ ∈ ℝ, let us also denote by X

α,ϑ
t = Xα

t − ϑt the
stable process with drift −ϑ , which has transition densities pα

t (· + ϑt). One can also define
bridges of this process and we let Xα,ϑ,br denote the version of Xα,ϑ under the conditional
law ℙ( · | Xα,ϑ

1 = 0). Finally let Xα,ϑ,ex denote the excursion obtained by applying the Vervaat
transform (2.2) to Xα,ϑ,br.

Recall from Section 2.1 the definition of Boltzmann random planar maps. From the bi-
jection recalled there, Boltzmann maps with n edges relate to certain (loop)trees and ex-
cursions with duration n + 1 of downward skip-free random walks with step distribution
(νq(k);k ≥ −1) given by

νq(−1) = 1

Zq

and νq(k) = Zk
q

(︃
2k + 1
k + 1

)︃
qk+1 for k ≥ 0,

provided such a Zq > 1 exists to ensure that νq is indeed a probability. When νq is centred and
has finite variance, the corresponding random walk excursion converges after scaling to the
Brownian excursion, and accordingly, the Boltzmann maps conditioned to have many edges
converge to the Brownian sphere; see, for example, [55], Section 6.4, for a more general
statement. However, when the probability νq is centred and has the asymptotic behaviour
νq(k) ∼ ck−1−α as k → ∞ for some unimportant constant c > 0 and an (important) index α ∈
(1,2), such as in the explicit example (1.1) in the Introduction, then the excursion converges
to that of Xα . In this regime, Le Gall and Miermont [53] proved Theorem 2.3 (i) and (ii) here,
especially the convergence after extraction of a subsequence to a limiting space; and they also
computed the Hausdorff dimension 2α of these limits. This convergence, after extraction of a
subsequence, extends to the whole domain of attraction of an α-stable law [55], Section 6.4,
and it was very recently proved by Curien, Miermont, and Riera [26] that the convergence
holds without the need of extracting subsequences.

In the aforementioned bijection, the vertices of a Boltzmann map relate to the negative
jumps of the νq -excursion. From this, one can prove that the number of vertices in such a map
conditioned to have n edges concentrates around νq(−1)n; see once again [55], Section 6.4.
We have considered in [44] maps Mn,Kn with weights in the α-stable regime as above and
multiconditioned to have n edges and Kn vertices. The corresponding excursion Wn,Kn has
the law of a νq -random excursion conditioned both to have duration n + 1 and a total Kn − 1
of negative increments. Then Theorem 4.4(i) in [44] shows that if we set rn = (αΓ(−α)n)1/α

and if there exists ϑ ∈ ℝ such that

(3.2)
Kn − νq(−1)n

rn(1 − νq(−1))
−→
n→∞ ϑ,
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then

(3.3)
(︁
r−1
n W

n,Kn⌊nt⌋
)︁
t∈[0,1]

(d)−→
n→∞ Xα,ϑ,ex.

Let us mention that the statement in [44] actually applies more generally to noncentred dis-
tributions, and the entire domain of attraction of a stable law. The case α = 2 is also treated
there, although in this regime the limit X2,ϑ,ex is simply the Brownian excursion indepen-
dently of ϑ , as it can be checked using Girsanov’s formula.

Let L(Wn,Kn) be the discrete looptree coded by the Łukasiewicz path Wn,Kn in the sense
of Section 2.1. By a direct application of our previous results, namely theorems 2.1 and 1.1
for looptrees and theorems 2.3 and 1.2 for maps we infer the following results.

COROLLARY 3.1. Let α ∈ (1,2) and ϑ ∈ (−∞,∞) and let Kn satisfy (3.2). Then

r−1
n L
(︁
Wn,Kn

)︁ (d)−→
n→∞ L

(︁
Xα,ϑ,ex)︁,

and the limit satisfies almost surely

dimH L
(︁
Xα,ϑ,ex)︁= dimp L

(︁
Xα,ϑ,ex)︁= dimL

(︁
Xα,ϑ,ex)︁= dimL

(︁
Xα,ϑ,ex)︁= α.

In addition, the sequence ((2rn)
−1/2Mn,Kn)n is tight and every subsequential limit, say Mα,ϑ ,

has almost surely

dimH Mα,ϑ = dimp Mα,ϑ = dimMα,ϑ = dimMα,ϑ = 2α.

One can also derive the convergence without extraction of the profile and some other statis-
tics on the distances in the map by application of Theorem 2.3.

A motivation of this work, following [44], was to make explicit this result, based on the
convergence (3.3). In a companion paper, we further study the behaviour of L (Xα,ϑ,ex) and
Mα,ϑ as α and ϑ vary, partly based on the result in Section 6 below. We prove that the
corresponding looptrees interpolate as ϑ varies from −∞ to ∞, or as α varies from 1 to 2,
between a circle and the Brownian tree, whereas the corresponding maps interpolate between
the Brownian tree and the Brownian sphere.

4. A spinal decomposition and some volume bounds. Throughout this section we let
X denote a Lévy process with Laplace exponent ψ and Xex its excursion version. The main
results of this section are the following volume bounds. They will be the key to establish the
lower bounds on the dimensions of looptrees and maps in the subsequent section. Recall that
both the looptrees and maps are given by quotient of the interval [0,1] by a pseudo-distance
so we naturally identify times in this interval with their projection in the looptrees and maps.

PROPOSITION 4.1. Fix δ > 0 and let U be a random time with the uniform distribution on
[0,1] and independent of Xex. Then almost surely, for every n large enough, the ball of radius
2−n centred at the image of U in the looptree L (Xex) has volume less than ψ(2n(1−δ))−1.

We then turn to maps. Recall that we let (M,dM,pM) denote a subsequential limit of
discrete random maps, related to a pair (Xex,Zex), from Theorem 2.1 and Theorem 2.3. In
addition, thanks to Skorokhod’s representation theorem, we assume that all convergences in
these theorems hold in the almost sure sense. Notice the additional square inside ψ in the
next statement compared to the first one, which eventually leads to the factor 1/2 in the
dimensions.
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PROPOSITION 4.2. Fix δ > 0 and let U be a random time with the uniform distribution
on [0,1] and independent of Xex. Then almost surely, for every n large enough, the ball of
radius 2−n centred at the image of U in the map M has volume less than ψ(22n(1−δ))−1.

In order to prove these results, we shall first describe in Section 4.1 the path from the root
to a uniformly random point in the Lévy looptree, as well as the labels on this path. Then
Proposition 4.1 is proved in Section 4.2, whereas Proposition 4.2 is proved in Section 4.3,
relying on a technical estimates on Brownian paths stated in Section 4.4 and proved in Sec-
tion 4.5.

4.1. A spinal decomposition. Let us first describe the equivalence classes in the looptree.

LEMMA 4.3. Fix a ≥ 0. Almost surely, for every 0 ≤ s < t ≤ 1, we have

da
L (Xex)(s, t) = 0 ⇐⇒

⎧⎨⎩either ΔXex
s > 0 and t = inf

{︁
r > s : Xex

r = Xex
s−
}︁
,

or ΔXex
s = 0 and Xex

s = Xex
t = inf[s,t]X

ex.

Moreover, almost surely for any s ∈ [0,1], the time t is unique in the first case, and there are
either one or two such times t in the second case.

PROOF. Let us first consider a general càdlàg function Y and recall that the looptree
distance da

L (Y ) is defined in (2.6). Then da
L (Y )(s, t) = 0 when all terms on the right-hand side

of (2.6) vanish, namely:

1. For every r such that s ∧ t ≺ r ≺ s, either inf[r,s] Y = Yr or inf[r,s] Y = Yr−;
2. For every r such that s ∧ t ≺ r ≺ t , either inf[r,t] Y = Yr or inf[r,t] Y = Yr−;
3. Either inf[s∧t,s] Y = inf[s∧t,t] Y or both Ys∧t = inf[s∧t,s] Y and Y(s∧t)− = inf[s∧t,t] Y ;
4. Finally Cs = Ct = inf[s,t] C.

Note that in the case s ∧ t = s, or equivalently when s ≺ t , the first two items are empty and
the third one reduces to requiring either Ys = inf[s,t] Y or Ys− = inf[s,t] Y . It is straightforward
to check that these properties hold in each case on the right of the claim, let us prove the direct
implication when Y = Xex by relying on some properties of such a path.

Consider X the unconditioned Lévy process. First almost surely if ΔXr > 0, then for ev-
ery ε > 0, we have both inf[r−ε,r] X < Xr− and inf[r,r+ε] X < Xr . The latter follows from the
Markov property and the fact that 0 is regular for (−∞,0) and the former by invariance under
time reversal and the fact that 0 is regular for (0,∞); see Theorem VII.1 and Corollary VII.5
in [10]. Consequently almost surely if X achieves a local minimum, then it does not jump at
this time. Next, the strong Markov property also entails that the local minima are unique. Fi-
nally, by [10], Proposition III.2, we know that almost surely every weak record of X obtained
by a jump is actually a strict record. Applied to the dual process at a time just after t , it shows
that almost surely if X realises a local minimum at time t and if r = sup{u < t : Xu < Xt } has
ΔXr > 0, then Xr− < Xt < Xr . All these properties transfer to the bridge Xbr by absolute
continuity and then to the excursion Xex by the Vervaat transform. In the rest of this proof,
we implicitly assume that they hold true.

Fix s < t such that da
L (Xex)(s, t) = 0. We first claim that necessarily s ≺ t . Indeed, if

this fails, then there exists u ∈ (s, t) such that Xex
u = inf[s,t] Xex < Xex

s−. Let r = sup{v <

u : Xex
v < Xex

u }. The path Xex makes a local minimum at time u so Xex
r− < Xex

u < Xex
r . By

construction we have

inf[r,s]X
ex > Xex

u ≥ inf[r,t]X
ex
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and by the properties of Xex, since r is a jump time, then

Xex
r > inf[r,s]X

ex.

Notice that r = s ∧ t so this violates the third requirement of da
L (Xex)(s, t) = 0 in the list in

the beginning of this proof.
Therefore, we must have s ≺ t , namely Xex

s− ≤ inf[s,t] Xex. The condition da
L (Xex)(s, t) = 0

thus implies inf[s,t] Xex be equal to either Xex
s or to Xex

s−. By the properties of Xex, if ΔXex
s >

0, then first inf[s,t] Xex < Xex
s , and second, at time u = inf{r > s : Xex

r = Xex
s−}, the path Xex

cannot make a local minimum, so we must have u = t , which is the first alternative in our
claim. In addition, this time t is unique.

Suppose finally that ΔXex
s = 0. Then there is no r ∈ (s, t) such that Xex achieves a local

minimum at time r with Xex
r = Xex

s , nor Xex
s = Xex

r− < Xex
r . Therefore if Xex

t− > Xex
s , and

since dC(s, t) = 0, then there exists r ∈ (s, t) such that ΔXex
r > 0 and Xex

s < Xex
r− and Xex

t− <

Xex
r , which contributes to the second term in (2.6). We conclude that in this case we must

have Xex
t− = Xex

s . Furthermore, the time t cannot be a jump time, for otherwise Xex would
reach smaller values just before, hence Xex

t = Xex
s = inf[s,t] Xex. Finally there can only be at

most two such times t , if inf{t > s : Xex
t = Xex

s } is a time of a local minimum since then it is
unique at this height. □

Let us now describe the “chain of loops” from the root 0 to a given point u ∈ [0,1] in the
looptree; see Figure 6 for a graphical representation. First let Au be the set of pairs of times
(a, b) ∈ [0, u] × [u,1] such that

(4.1) either Xex
a = Xex

b = min[a,b]X
ex or b = inf

{︁
t > a : Xex

t = Xex
a−
}︁
.

By Lemma 4.3, pairs (a, b) ∈ Au are identified in the looptree. These points intuitively cor-
respond to the ancestors of u in the tree. Define then the set of pairs of points that belong to
the same cycle on the geodesic from u to the root, with one point on the left and one on the
right. Formally, let Bu denote the set of pairs of times (a, b) ∈ [0, u] × [u,1] for which there
exists s < a such that

(4.2) Xex
s > Xex

a− = min[s,a−]X
ex > Xex

b− = min[s,b−]X
ex > Xex

s−.

Pairs in (a, b) ∈ Bu are not identified in the looptree (still by Lemma 4.3). Instead, if s in the
time in (4.2) and t = inf{v > s : Xex

v = Xex
s−} > u, then (s, t) ∈ Au, so they correspond to an

ancestor of u. This ancestor has a large offspring number ΔXex
s which creates a cycle in the

looptree. One point on this cycle corresponds to the next ancestor of u and splits the cycle
into a left part, to which a belongs, and a right part, to which b belongs. One can easily prove
that almost surely, for any u ∈ [0,1] the set Au is closed and Au ∪ Bu is the closure of Bu.

For any given ε > 0 fixed, let us consider the set

Bε
u = {︁(s, t) ∈ Au ∪ Bu : dL (Xex)(s, u) ≤ ε and dL (Xex)(t, u) ≤ ε

}︁
.

Let us construct an extremal pair (u−
ε , u+

ε ) ∈ Bε
u; see again Figure 6 for a graphical represen-

tation. First let sε = sup{s < u : Xex
s− ≤ min[s,u] Xex and dL (Xex)(s, u) ≥ ε}, which codes the

last ancestor of u (starting from the root) at dL (Xex)-distance at least ε from u.

1. If dL (Xex)(sε, u) = ε, then define

(4.3)
u−

ε = inf
{︂
s < u : Xex

s− = Xex
sε− = min[s,u] X

ex
}︂
,

u+
ε = inf

{︁
t > u : Xex

t < Xex
s−
}︁
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FIG. 6. Left: A schematic representation of the spine from a time u to the root 0 (a very big loop on the left has
been cropped). The black dots correspond to ancestors of u, that is points in Au, whereas the cycles correspond
to the points in Bu. The two white points u−

ε and u+
ε belong to the same cycle and lie at distance precisely ε from

u. Right: The geodesic from v to u and from w to u are indicated in fat coloured paths (red and blue, as well as
purple for their common part). Since v and w are visited before u−

ε then one must necessarily go through either
u−
ε or u+

ε in order to reach u, so they lie outside the ball centred at u and with radius ε.

so u−
ε ≤ sε with a strict inequality when Xex realizes a local minimum at time sε and that

it previously crossed continuously this level. Then (u−
ε , u+

ε ) ∈ Au satisfies dL (Xex)(u,u−
ε ) =

dL (Xex)(u,u+
ε ) = ε.

2. Otherwise if dL (Xex)(sε, u) > ε, then necessarily ΔXex
sε

> 0. Let tε = inf{t > sε : Xex
t− ≤

min[t,u] Xex} be the next ancestor of u, then dL (Xex)(tε, u) < ε and every time a ∈ [sε, tε] such
that Xex

a = min[sε,a] Xex has dL (Xex)(a, u) = dL (Xex)(tε, u) + (Xex
a − Xex

tε−). We then define

u−
ε = inf

{︁
a > sε : Xex

a ≤ Xex
sε

− (︁dL (Xex)(sε, u) − ε
)︁}︁

= inf
{︁
a > sε : Xex

a ≤ Xex
tε− + (︁ε − dL (Xex)(tε, u)

)︁}︁
,

which is the first point in the looptree when following the left part of the cycle from sε to tε
which lies at looptree distance ε from u. Finally we let

(4.4) u+
ε = inf

{︁
b > u : Xex

b < Xex
tε− + (︁ε − dL (Xex)(tε, u)

)︁}︁
,

which is now the first point in the looptree when following the right part of the cycle from sε
to tε which lies at looptree distance ε from u (equivalently, the last one when going from tε
to sε). Then (u−

ε , u+
ε ) ∈ Bu satisfies dL (Xex)(u

−
ε ) = dL (Xex)(u

+
ε ) = ε.

The following geometric lemma should be clear on a picture; see, for example, Figure 6
right.

LEMMA 4.4. Almost surely, the ball of radius ε centred at u in the looptree is contained
in the interval [u−

ε , u+
ε ].

It should also be clear from Figure 6 that the inclusion is strict in general; but it turns out
that this rough inclusion will give us the correct upper bound for computing the dimensions.

PROOF. In the first case above, when (u−
ε , u+

ε ) ∈ Au, the path Xex achieves val-
ues smaller than Xex

u−
ε − = Xex

u+
ε

immediately before u−
ε and immediately after u+

ε . We
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infer from the definition of dL (X) that any time t < u−
ε or t > u+

ε has dL (X)(t, u) >

dL (X)(u
−
ε , u) = dL (X)(u

+
ε , u) = ε. For the same reason, in the second case, any time t > u+

ε

has dL (X)(t, u) > dL (X)(u
+
ε , u) = ε and any time t < sε has dL (X)(t, u) > dL (X)(sε, u) > ε.

Finally, times t ∈ (sε, u
−
ε ) have dL (X)(t, u) > min{dL (X)(sε, u), dL (X)(u

−
ε , u)} =

dL (X)(u
−
ε , u) = ε. This shows that the complement of the interval [u−

ε , u+
ε ] is contained

in the complement of the ball of radius ε centred at u in the looptree. □

4.2. A volume estimate in the looptree. Recall the claim of Proposition 4.1 on the vol-
ume of balls in the looptree. Given Lemma 4.4, it suffices to upper bound the length of the
interval [U−

ε ,U+
ε ] where U is a uniform random time independent of Xex. In order to make

calculations, we shall rely on the local absolutely continuity between the excursion and the
unconditioned process, which simply comes from the construction of the excursion. Precisely,
let (

←−
X s)s≥0 and (

−→
X t)t≥0 be two independent copies of the Lévy process X, then by (2.1)

and (2.2), the pair (Xex
U − Xex

(U−s)−,Xex
t+U)s∈[0,U ],t∈[0,1−U ] is locally absolutely continuous

with respect to (
←−
X s,

−→
X t)s,t≥0 with bounded density.

We shall keep the same notation as in the preceding subsection and consider the sets A0,
B0, and Bε

0 defined as above for (−←−
X s−,

−→
X t)s,t≥0. In particular, the first elements of pairs in

A0 are given by the negative of the set of times at which (
←−
X s)s≥0 realises a weak record. Let

us thus consider the running supremum process (St )t≥0 and the local time at the supremum

(Lt )t≥0 of the process (
←−
X t)t≥0. We henceforth drop the arrow for better readability. Accord-

ing to [31], equation 96, the random point measure N (dt dx du) =∑︁i∈I δ(ti ,xi ,ui) defined
by

(4.5) N (dt dx du) = ∑︂
s:Ss>Ss−

δ(Ls,Ss−Xs−,(Ss−−Xs−)/(Ss−Xs−))(dt dx du)

is a Poisson random measure on [0,∞) × [0,∞) × [0,1] with intensity dt ⊗ xπ(dx) ⊗ du.
Let us next define four subordinators by X′, XR , ˜︁X, and σ by setting for every t > 0

X′
t = βt +∑︂

ti≤t

xi and XR
t = βt +∑︂

ti≤t

uixi,

as well as

˜︁Xt = βt +∑︂
ti≤t

min{ui,1 − ui}xi and σt = βt +∑︂
ti≤t

ui(1 − ui)xi.

Notice that we give them all the same drift β for the continuous part. Informally, in the
infinite looptree coded by (

←−
X ,

−→
X ) with a distinguished path of loops coded by A0 ∪ B0,

when reading this path starting from 0, the jumps of process X′ code the total length of the
loops on this path, those of XR code their right length, those of ˜︁X the shortest length among
left and right, so related to the looptree distance, and finally those of σ the product of the left
and right lengths, which is related to a Brownian bridge on the loop.

LEMMA 4.5. The Laplace exponents of these processes are given by

ψ ′(λ) − βλ for X′, ˜︁ψ(λ) for XR, ˜︁ψ(λ/2) + βλ/2 for ˜︁X, and

ϕ(λ) + βλ for σ,

where ψ ′ simply denotes the derivative of ψ and ˜︁ψ(λ) = ψ(λ)/λ and finally ϕ(λ) =∫︁∞
0 xπ(dx)

∫︁ 1
0 du(1 − exp(−λu(1 − u)x)).
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PROOF. Recall the Poisson random measure N from (4.5), then for every t, λ > 0, by
exchanging the differentiation and integral, we get

−1

t
log𝔼
[︁
e−∑︁ti≤t xi

]︁= ∫︂ ∞
0

(︁
1 − e−λx)︁xπ(dx) = d

dλ

∫︂ ∞
0

(︁
e−λx − 1 + λx

)︁
π(dx),

which is equal to ψ ′(λ) − 2βλ. For XR , we have

−1

t
log𝔼
[︁
e−∑︁ti≤t uixi

]︁= ∫︂ ∞
0

xπ(dx)

∫︂ 1

0

(︁
1 − e−λux)︁du = 1

λ

∫︂ ∞
0

π(dx)
(︁
λx − 1 + e−λx)︁,

which is equal to ˜︁ψ(λ) − βλ.
Noticing that the random variables min{ui,1 − ui} have density 2 1[0,1/2], and that∫︁ 1/2

0 2 dv(1 − e−λvx) = 1 + 2
λx

(e−λx/2 − 1) = 2
λ
(e−λx/2 − 1 + λx

2 ), we have similarly

−1

t
log𝔼
[︃
exp
(︃
−∑︂

ti≤t

xi min{ui,1 − ui}
)︃]︃

=
∫︂ ∞

0
xπ(dx)

∫︂ 1/2

0
2 dv
(︁
1 − e−λvx)︁,

which is equal to ˜︁ψ(λ
2 ) − βλ

2 .
Finally

−1

t
log𝔼
[︃
exp
(︃
−∑︂

ti≤t

xiui(1 − ui)

)︃]︃
=
∫︂ ∞

0
xπ(dx)

∫︂ 1

0

(︁
1 − e−λu(1−u)x)︁du = ϕ(λ).

This characterises the law of these subordinators. □

The following result claims that in the infinite model, on the distinguished chain of loops,
the sum of the lengths of the loops we encounter is close to the sum of the shortest between
their left and right length.

LEMMA 4.6. Let τε = inf{t ≥ 0 : ˜︁Xt > ε} for every ε > 0. Fix δ ∈ (0,1), then almost
surely, for every ε > 0 small enough, it holds XR

τε− ≤ X′
τε− ≤ ε1−δ .

PROOF. Clearly XR ≤ X′ so we focus on the second bound. Also, it is enough to prove
the claim assuming that β = 0. Indeed, when β > 0, since β is the common drift coefficient
to both X′ and ˜︁X, then by adding this contribution plus that of the jumps of ˜︁X, we infer from
the β = 0 case that X′

τε− ≤ ε1−δ + ˜︁Xτε− ≤ ε1−δ + ε. We now assume that β = 0. To simplify
notation, we set vi = min(ui,1 −ui) and yi = vixi . For K > 1, let us decompose the process
X′ by introducing a cutoff for small values of the vi ’s as follows: for every t > 0, write

X′
t =∑︂

ti≤t

yi

vi

1{vi≥1/(2K)} +∑︂
ti≤t

yi

vi

1{vi<1/(2K)}.

Also, since the vi ’s have density 2 1[0,1/2], we have

ℙ

(︃
vi ≤ 1

2K

)︃
= 1

K
and 𝔼

[︃
1

vi

1{vi≥1/(2K)}
]︃

=
∫︂ 1/2

1/(2K)

2

x
dx = 2 logK.

We claim that for K well-chosen, the first sum in the first display will be close to the sum of
the yi ’s, whereas in the second sum, there are too few terms and this sum will be small.

Fix δ > δ′ > 0 and let Kε = exp(ε−δ′
). Then the Markov inequality implies

ℙ

(︃ ∑︂
ti≤τε−

xi1{vi≥ 1
2Kε

} ≥ ε1−δ|(ti , yi)i∈I

)︃

≤ ℙ

(︃ ∑︂
ti≤τε−

1

vi

yi1{vi≥ 1
2Kε

} ≥ ε−δ
∑︂

ti≤τε−
yi |(ti, yi)i∈I

)︃
≤ 2εδ logKε ≤ 2εδ−δ′

.

Note that the sum of the last quantity over all values of ε of the form 2−n with n ∈ ℕ is finite.
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We next consider the other sum in the decomposition above, when the vi ’s are smaller
than 1/(2Kε). Recall that we assume that β = 0 and note in this case the identity in law (as
processes) ∑︂

ti≤t

xi1{vi<
1

2Kε
}

(d)= X′
t ℙ(vi<

1
2Kε

)
= X′

t/Kε
.

Recall from Lemma 4.5 that X′ has Laplace exponent ψ ′, then for every t, x > 0, we have by
the Markov property and the upper bound 1 − e−y ≤ y

ℙ

(︃∑︂
ti≤t

xi1{vi<
1

2Kε
} > x

)︃
= ℙ
(︁
1 − eX′

t/Kε
/x

> 1 − e−1)︁≤ e

e − 1

(︁
1 −𝔼

[︁
e−X′

t/Kε
/x]︁)︁

,

which is at most e
e−1

t
Kε

ψ ′(1/x). On the other hand, since ˜︁X has Laplace exponent ˜︁ψ(·/2),

ℙ(τε ≥ t) = ℙ(˜︁Xt ≤ ε) = ℙ
(︁
e−˜︁Xt/ε ≥ e−1)︁≤ e ·𝔼[︁e−˜︁Xt/ε

]︁= e · e−t˜︁ψ(1/(2ε)).

We infer that for any t > 0, we have

ℙ

(︃ ∑︂
ti≤τε−

xi1{vi<
1

2Kε
} > ε1−δ

)︃
≤ e

e − 1
tK−1

ε ψ ′(︁1/ε1−δ)︁+ e · e−t˜︁ψ(1/(2ε)).

For t = ε−δ˜︁ψ(1/(2ε))−1 with δ > 0, we read

ℙ

(︃ ∑︂
ti≤τε−

xi1{vi<
1

2Kε
} > ε1−δ

)︃
≤ e

e − 1

ψ ′(1/ε1−δ)

εδKε
˜︁ψ(1/(2ε))

+ e · e−ε−δ

.

Since ˜︁ψ is increasing and ψ ′ grows at most polynomially (in fact, its upper exponent at
infinity is 𝜼 − 1), whereas Kε grows exponentially fast as ε ↓ 0, then the sum of the upper
bound when ε ranges over the set {2−n, n ∈ ℕ} is finite. We conclude from our two bounds
and the Borel–Cantelli lemma that almost surely for every n large enough, we have X′

τ2−n− ≤
2−n(1−δ). We extend this to all values of ε > 0 small enough by monotonicity. □

Recall that Proposition 4.1 claims that almost surely, the volume of the ball in the loop-
tree centred at an independent uniform random point U and with radius 2−n is less than
ψ(2n(1−δ))−1 for n large enough.

PROOF OF PROPOSITION 4.1. As we have already observed, thanks to Lemma 4.4, it
suffices to prove that if U is an independent random time with the uniform distribution on
[0,1], then almost surely, for every n large enough, we have both U − U−

2−n ≤ ψ(2n(1−δ))−1

and U+
2−n − U ≤ ψ(2n(1−δ))−1. Let us first focus on the second bound, we shall then deduce

the first one by a symmetry argument. By the local absolute continuity relation which follows
from (2.1) and (2.2), since the density is bounded and we aim for an almost sure result, it
is sufficient to prove the claim after replacing (Xex

U − Xex
(U−s)−,Xex

t+U)s∈[0,U ],t∈[0,1−U ] by

(
←−
X s,

−→
X t)s,t≥0. In particular, we replace U by 0 and write 0+

ε for the time u+
ε defined from

(
←−
X s,

−→
X t)s,t≥0 for u = 0. Relying on the Borel–Cantelli lemma, it suffices to prove that∑︁

n ℙ(0+
2−n ≥ ψ(2n(1−δ))−1) < ∞ for this infinite model.

Let us rewrite the definition of 0+
ε (recall (4.3) and (4.4)) in a more convenient way and

let us refer to Figure 7 for a figurative representation. Let ˜︁X and XR be defined as previously
from

←−
X instead of X, let τε = inf{s > 0 : ˜︁Xs > ε}, and T (x) = inf{t > 0 : −→

X t ≤ −x}. Then
we have 0+

ε = T (XR
τε− + (ε − ˜︁Xτε−)).
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FIG. 7. Schematic representation of the times u−
ε and u+

ε in terms of the Lévy excursion. On the excursion,
the blue and green vertical lines on the very left have the same length. The sum of this length and that of all
the red vertical lines (which correspond to the geodesic from u to the root) equals precisely ε. This is less than
Xex

u − Xex
u+

ε
, which codes the length of the path from u to u+

ε in the looptree if one always follows the cycles on

the spine on their right, and which is at most of order ε1−δ by Lemma 4.6.

Fix δ > 0, then according to Lemma 4.6, almost surely for every ε small enough, it holds
XR

τε− ≤ ε1−δ/4. We then implicitly work under the event that XR
τε− + (ε − ˜︁Xτε−) ≤ ε1−δ/2, so

it remains to upper bound T (ε1−δ/2). First, for every x > 0, we have by the Markov inequality

ℙ
(︁
T
(︁
ε1−δ/2)︁≥ x

)︁= ℙ
(︁
1 − e−T (ε1−δ/2)/x ≥ 1 − e−1)︁≤ e

e − 1

(︁
1 −𝔼

[︁
e−x−1T (ε1−δ/2)]︁)︁.

It is well known that T is a subordinator with Laplace exponent Φ = ψ−1 the inverse of ψ ,
see, for example, [10], Theorem VII.1. Then, using also that 1 − e−y ≤ y, we infer that

ℙ
(︁
T
(︁
ε1−δ/2)︁≥ x

)︁≤ e

e − 1

(︁
1 − e−ε1−δ/2Φ(x−1))︁≤ e

e − 1
ε1−δ/2Φ

(︁
x−1)︁.

Consequently, for ε = 2−n and x = ψ(ε−(1−δ))−1 = ψ(2n(1−δ))−1, we infer that

ℙ
(︁
T
(︁
2−n(1−δ/2))︁≥ ψ

(︁
2n(1−δ))︁−1)︁≤ e

e − 1
2−n(1−δ/2)+n(1−δ) = e

e − 1
2−nδ/2,

which is a convergent series as we wanted. This implies that almost surely, for every n

large enough, we have 0+
2−n ≤ ψ(2n(1−δ))−1 in the infinite volume model. By local abso-

lute continuity, we deduce that almost surely, for every n large enough, we have U+
2−n − U ≤

ψ(2n(1−δ))−1 in the excursion model.
Let B(U, r) denote the closed ball centred at U and with radius r in L (Xex) and let us

denote by | · | the volume measure. We just proved that almost surely, for every n large enough,
we have |B(U,2−n)∩[U,1]| ≤ ψ(2n(1−δ))−1. Lemma 4.7 below, together with the symmetry
of U , implies that the two sequences (|B(U,2−n)∩[0,U ]|)n≥1 and (|B(U,2−n)∩[U,1]|)n≥1
have the same distribution, which completes the proof. □

We need the following lemma to conclude the proof of Proposition 4.1. It roughly says
that the looptree L (Xex) is invariant under mirror symmetry. This property is not immediate
from the construction from the excursion path Xex, although we believe that a suitable path
construction could map Xex to a process which has the same law as its time-reversal. Also this
mirror symmetry relates informally to that of the Lévy trees from [31], Corollary 3.1.6. One
could rely on this result (beware that it is written under the σ -finite Itō excursion measure),
and indeed the exploration process ρ and its dual η, defined in the form of equations 89
and 90 in [31], relate explicitly to the looptree distances. However we prefer a self-contained
soft argument using an approximation with discrete looptrees which are (almost) symmetric.
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FIG. 8. Middle: a looptree obtained from a dotted plane tree by replacing the edges from each vertex to its parent
by cycles. Left: a looptree as we consider in this work, obtained from that in the middle by merging each internal
vertex of the tree with its right-most offspring. Right: a looptree obtained by first taking the mirror image of that
in the middle and then again merging each internal vertex of the tree with its right-most offspring. The looptrees
on the left and on the right are the mirror image of each other, except for the loop of length 1.

Recall from the previous proof that B(u, r) denotes the closed ball centred at U and with
radius r in L (Xex), seen as a subset of [0,1] and that | · | denotes the Lebesgue measure.

LEMMA 4.7. For every u ∈ [0,1], the processes (|B(u, r) ∩ [0, u]|)r≥0 and (|B(1 −
u, r) ∩ [1 − u,1]|)r≥0 have the same distribution.

PROOF. Fix u ∈ [0,1]. We infer from Remark 2.2 that there exist discrete Łukasiewicz
paths, obtained by cyclicly shifting a bridge with exchangeable increments, which con-
verge in distribution to Xex once properly rescaled, such that if dn denotes the correspond-
ing looptree distance, normalised both in time and space, then (dn(u, t))t∈[0,1] converges
to (dL (Xex)(u, t))t∈[0,1] for the uniform topology. In particular, the processes (|B(u, r) ∩
[0, u]|)r≥0 and (|B(1 −u, r)∩[1 −u,1]|)r≥0 are the limits in law of the analogous processes
for these rescaled discrete looptrees. We claim that these discrete volume processes for any
given n have the same distribution as in fact the discrete looptrees are almost invariant under
mirror symmetry.

Recall that the looptrees we consider here are those on the left of Figure 8, where each
internal node in the associated tree (in the middle of the figure) is merged with its right-most
offspring. Let us call such a looptree Ln. By exchangeability of the coding bridge, the law of
the looptree, say Λn, in the middle of Figure 8, without this merging operation, is invariant
under mirror symmetry. Hence, if one starts from this looptree Λn, takes its mirror imageˆ︁Λn, and constructs a further looptree L′

n by merging each internal vertex with its right-most
offspring, then L′

n has the same law as Ln. Beware that the looptree L′
n is not exactly the

mirror image ˆ︁Ln of Ln. The only difference however is caused by loops of length 1, which
always pend to the left in Ln and L′

n, but get moved instead to the right in ˆ︁Ln. Recall that
the random looptrees we are considering are obtained from a Łukasiewicz path which is a
discrete approximation of Xex; we can always assume that this path has no null increment,
and thus the looptree Ln has no such loop of length 1, in which case ˆ︁Ln = L′

n has indeed the
same law as Ln. We conclude by letting n → ∞ as in the first part of the proof. □

4.3. On distances in the map. Let us now turn to the proof of Proposition 4.2 on the
volume of balls in the map (M,dM,pM). Let us start by noticing that, similar to the discrete
setting, the distance in the map can be seen as a pseudo-distance on the looptree. This will be
useful later. Recall from Theorem 2.1 and Theorem 2.3 that M is defined as a subsequential
limit of rescaled discrete random maps Mn, where Mn is coded by a labelled looptree, itself
coded by a pair of discrete paths (Wn,Zn). We shall denote by Xn = r−1

n Wn⌊n⌋· the rescaled
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Łukasiewicz path which converges to Xex almost surely by combining Theorem 2.1 with
Skorokhod’s representation theorem.

LEMMA 4.8. Almost surely, for every s, t ∈ [0,1], if dL (Xex)(s, t) = 0, then dM(s, t) = 0.

PROOF. Fix s ≤ t such that dL (Xex)(s, t) = 0, which means by Lemma 4.3 that

(4.6)
(i) either ΔXex

s = 0 and Xex
s = Xex

t = inf[s,t]X
ex,

(ii) or ΔXex
s > 0 and t = inf

{︁
r > s : Xex

r = Xex
s−
}︁
.

Suppose first that we are in the first case and in addition that Xex
r > Xex

s = Xex
t for all r ∈

(s, t). Fix some small ε > 0, then on the one hand we have inf[s+ε,t−ε] Xex > Xex
t + 2δ for

some δ > 0, and on the other hand by right-continuity there exists s′ ∈ (s, s + ε) such that
Xex

s < Xex
s′ ≤ Xex

s + δ; finally since Xex has no negative jumps, then all values in (Xex
t ,Xex

t +
2δ) are achieved by some times in (t − ε, t). Recall that Xex is the almost sure limit in the
Skorokhod J1 topology of some rescaled discrete Łukasiewicz path Xn. Then for every n

large enough, there exist sn ∈ (s, s + ε) and tn ∈ (t − ε, t) with Xn
sn

= Xn
tn

= inf[sn,tn] Xn,
namely the two times correspond to the same vertex in the discrete looptree. This implies
that they also correspond to the same vertex in the discrete map, that is, that dMn(sn, tn) = 0.
When passing to the limit along the corresponding subsequence and letting then ε ↓ 0, we
infer that indeed dM(s, t) = 0.

Suppose next that we are in the first case in (4.6), but now that there exists r ∈ (s, t) with
Xex

r = Xex
s = Xex

t . Then by uniqueness of the local minima, neither s nor t are local minima.
Since in addition ΔXex

s = 0, this then implies that for every ε > 0, there exist s′ ∈ (s − ε, s)

and t ′ ∈ (t, t + ε) which satisfy Xex
s′ = Xex

t ′ < Xex
r for all r ∈ (s′, t ′) and we conclude from

the preceding case.
Similarly, if we fall in the second case in (4.6), then the previous argument shows that t is

not a time of local minimum for otherwise the reversed process started just after would reach
this record again by a jump. Using the left-limit at s, we infer that for every ε > 0, there exist
times s′ ∈ (s − ε, s) and t ′ ∈ (t, t + ε) with Xex

s′ = Xex
t ′ < Xex

r for every r ∈ (s′, t ′) and we
conclude again from the first case. □

Let us next continue with a geometric lemma inspired by [53], Lemma 14, which will
allow us to include balls in the map in some well-chosen intervals analogously to Lemma 4.4
for looptrees. Recall the sets Au and Bu defined by (4.1) and (4.2) respectively.

LEMMA 4.9. Almost surely for every u ∈ (0,1) and for every pair (a, b) ∈ Au ∪ Bu, we
have

dM(u, t) ≥ min{Zu − Za,Zu − Zb},
for every t ∈ [0, a) ∪ (b,1].

We shall assume throughout the proof that both Za < Zu and Zb < Zu otherwise the claim
is trivial.

PROOF. Let us first consider the analogue in the discrete setting of a pointed map
(Mn, vn

⋆ ) coded by a pair (Wn,Zn) and the associate labelled looptree. Here times are in-
tegers and we use the same notation for a vertex in the map different from the distinguished
one, the corresponding vertex in the looptree, and a time of visit of one of its corners when
following the contour of the looptree. The assumption that (a, b) ∈ Au ∪Bu means that either
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FIG. 9. A portion of a discrete labelled looptree in plain lines. In dashed lines is represented a geodesic path
between t and u in the associated map. Each dashed edge thus links a time to its successor. The pictures display
the two situations: when x is the successor of y on the left and vice versa on the right. Since the edge between x

and y steps over a or b, then the label of x is necessarily smaller than or equal to that of a or b in each case.

a and b are the same vertex, which is an ancestor of u, or they both belong to the same cycle
between two consecutive ancestors of u, with a on the left and b on the right.

Then take a vertex v outside the interval [a, b] and consider a geodesic in the map from v

to u. This geodesic necessarily contains an edge of the map with one extremity x ∈ [a, b] and
the other one y /∈ [a, b]. From the construction of the bijection briefly recalled in Section 2.1,
this means that either x is the successor of y or vice versa. Now if x is the successor of y, this
means that x is the first vertex after y when following the contour of the looptree (extended
by periodicity) which has a label smaller than that of y. Since one necessarily goes through
a when going from y to x by following the contour of the looptree, then Zn

a ≥ Zn
y ≥ Zn

x + 1,
see, for example, Figure 9. Symmetrically, if y is the successor of x, then Zn

x ≤ Zn
b . Hence

Zn
x ≤ max{Zn

a,Zn
b } in any case. On the one hand this vertex x lies on the geodesic in the

map between u and v, so dMn(u, x) < dMn(u, v). On the other hand the labels encode the
graph distance to the reference point vn

⋆ in the map, so by the triangle inequality, we have
dMn(u, x) ≥ Zn

u − Zn
x , which leads to our claim in the discrete setting.

In the continuum setting, we argue by approximation. Recall that we assume (Xex,Zex) to
arise as the almost sure limit of a pair (Xn,Zn), which is already rescaled in time and space to
lighten the notation. Let us first consider the case when (a, b) ∈ Bu, namely that there exists
s < a such that

Xex
s > Xex

a = min[s,a] X
ex > Xex

b = min[s,b] X
ex > Xex

s−.

We infer from the convergence Xn → Xex in the Skorokhod J1 topology that there exist times
sn < an < un < bn in ℕ/n which converge to s, a, u, b respectively and such that Xn

an
=

min[sn,an] Xn > Xn
bn

= min[sn,bn] Xn > Xn
sn−1/n. This implies that an and bn both belong to

the same cycle between two consecutive ancestors of un, with an on the left and bn on the
right and we infer from the first part of the proof that the graph distance in the rescaled map
between un and any vertex tn which lies outside [an, bn] is larger than or equal to min{Zn

un
−

Zn
an

,Zn
un

−Zn
bn

}. We finally can pass to the limit along the corresponding subsequence, using
that Zn → Z for the uniform topology.

Suppose now that (a, b) ∈ Au, which means that either Xex
a = Xex

b = min[a,b] Xex or
b = inf{t > a : Xex

t = Xex
a−}. As shown in the proof of Lemma 4.8, in each case we can

approximate this pair by pairs that satisfy

Xex
t > Xex

b = Xex
a for every t ∈ (a, b).

We thus henceforth assume that the latter holds. In particular, for any ε > 0 small, the values
of Xex

t for t ∈ [a + ε, b − ε] stay bounded away from Xex
b = Xex

a . From the fact that Xex
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is right-continuous at s and makes no negative jump, we infer that every value larger than
but close enough to Xex

b = Xex
a is achieved both by times arbitrarily close to a and by times

arbitrarily close to b. Then the convergence Xn → Xex in the Skorokhod J1 topology yields
the existence of times an < un < bn which converge to a, u, b respectively and such that for
n large enough, we have Xn

t ≥ Xn
an

= Xn
bn

for every t ∈ (an, bn)∩ℕ/n. It follows that an and
bn correspond to the same vertex in the looptree, and it is an ancestor of un. We conclude
from the discrete case again. □

Recall that Proposition 4.2 claims that almost surely, the volume of the ball in the
map centred at an independent uniform random point U and with radius 2−n is less than
ψ(22n(1−δ))−1 for n large enough. This now easily follows from Lemma 4.9 and a technical
result that we state and prove in the next subsection.

PROOF OF PROPOSITION 4.2. According to Lemma 4.9, almost surely the ball of ra-
dius r centred at the image U in the map is entirely contained in the image of any interval
[ar, br ] such that the pair (ar , br) ∈ AU ∪ BU satisfies min{ZU − Zar ,ZU − Zbr } ≥ r . Con-
sider the infinite volume model, obtained by replacing the excursion Xex by the two-sided
unconditioned Lévy process and the time U by 0. Proposition 4.10 stated below shows that
almost surely, for every r > 0 small enough, there exists such a pair (ar , br) ∈ A0 ∪ B0
such that min{Z0 − Zar ,Z0 − Zbr } ≥ r and both ar and br lie at looptree distance at
most r2(1−δ) from 0. Take r = 2−n. We infer from the proof of Proposition 4.1 that almost
surely, for every n large enough we have both a2−n ≥ U−

2−2n(1−δ) ≥ U − ψ(22n(1−δ)2
)−1 and

b2−n ≤ U+
2−2n(1−δ) ≤ U + ψ(22n(1−δ)2

)−1. The claim follows by local absolute continuity. □

4.4. A technical lemma with Brownian motions. In order to complete the proof of Propo-
sition 4.2, it remains to establish the following.

PROPOSITION 4.10. For every ε > 0, almost surely, for every r > 0 small enough, in
the infinite volume labelled looptree coded by the pair of paths X = (

←−
X s,

−→
X t)s,t≥0, there

exists a pair (ar , br) ∈ A0 ∪ B0 which satisfies both −Zar ≥ r and −Zbr ≥ r as well as
dL (X)(ar ,0) ≤ r2(1−ε) and dL (X)(br ,0) ≤ r2(1−ε).

In the case of stable Lévy processes, Le Gall and Miermont [53], Lemma 15, were able to
find such a pair (ar , br) ∈ A0, namely one that codes an ancestor of the distinguished point 0.
Their argument can be extended when the upper and lower exponents 𝜸 and 𝜼 coincide,
or when the exponent 𝜹 ∈ [1,𝜸 ] introduced by Duquesne [30] as 𝜹 := sup{c > 0 : ∃K ∈
(0,∞) such that K μ−cψ(μ) ≤ λ−cψ(λ), for all 1 ≤ μ ≤ λ} is not equal to 1. However we
were not able to extend it when 𝜹 = 1. We therefore argue in a general setting, conditionally
on the underlying looptree, and relying only on the properties of the Brownian labels.

Let us first introduce the setting in terms of Brownian motion and Brownian bridges. Let
𝒞 be a random closed subset of [0,∞) containing 0, its complement is a countable union
of disjoint open intervals, say, 𝒞c = ⋃︁i≥1(gi, di) with di > gi . For every i ≥ 1, let us de-
note by δi = di − gi the length of these intervals and suppose we are given random lengths
δL
i , δR

i ≥ δi . Independently, let W = (Wt , t ≥ 0) be a standard Brownian motion started from
0. Consider its trace on 𝒞, then independently for every i ≥ 1, conditionally on the values
Wgi

and Wdi
and on the lengths δL

i and δR
i , let us sample two independent Brownian bridges

WL,i = (W
L,i
t ; t ∈ [0, δL

i ]) and WR,i = (W
R,i
t ; t ∈ [0, δR

i ]) with duration δL
i and δR

i respec-
tively, both starting from W

L,i
0 = W

R,i
0 = Wgi

and ending at W
L,i

δL
i

= W
R,i

δR
i

= Wdi
and inde-

pendent of the rest.
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The connection with our problem is the following: the successive ancestors of 0 in the
infinite looptree, correspond to the times of weak records of

←−
X , and their labels form a

subordinate Brownian motion, precisely Wσ(·), where W is a standard Brownian motion and
σ is the last subordinator in Lemma 4.5. We shall thus take 𝒞 to be the range of σ , and the
labels on each side of the successive cycles between these ancestors roughly correspond to
the collection {WL,i,WR,i}.

LEMMA 4.11. For every ε > 0, almost surely, for every r > 0 small enough, the following
alternative holds:

• either there exists t ∈ 𝒞 ∩ [0, r2(1−ε)] such that Wt ≤ −r ,
• or there exist i ≥ 1 such that gi < r2(1−ε), and s ∈ [0,min{δL

i , r2(1−ε)}], and also finally

t ∈ [0,min{δR
i , r2(1−ε)}] such that both WL,i

s ≤ −r and W
R,i
t ≤ −r .

The key point in this statement is that in the second case, both bridges reach −r in the
same interval of 𝒞c ∩ [0, r2(1−ε)]. The idea of the proof is quite intuitive: first we know by
the law of iterated logarithm that W reaches values much less than −r on [0, r2(1−ε)] so, if
the first alternative fails, then there exists an interval (gi, di) on which W goes much below
−r , while starting and ending above this value. Then this interval cannot be too small for
the Brownian motion to fluctuate enough. Therefore, if one resamples two Brownian bridges
with the same duration δi and the same endpoints Wgi

and Wdi
, then they have a reasonable

chance to both go below −r in this interval. Actually the Brownian bridges we sample have
a longer duration, so intuitively, they fluctuate even more and have an even greater chance to
reach −r . However turning this discussion into a rigorous proof is quite challenging, and the
proof of Lemma 4.11 is deferred to Section 4.5.

Let us finish this section by relying on this result in order to establish Proposition 4.10,
thereby finishing the proof of Proposition 4.2.

PROOF OF PROPOSITION 4.10. Recall the Poisson random measure N in (4.5) and the
four subordinators defined from it. By construction of the looptree, the successive ancestors
of 0 in the infinite looptree, started from 0, are coded by the negative of the first element of
pairs in A0 (defined by (4.1)) and correspond to the times of weak records of

←−
X . Further, by

construction of the label process, the labels of these ancestors form a subordinate Brownian
motion, precisely Wσ(·), where W is a standard Brownian motion and σ is the last subor-
dinator in Lemma 4.5. We shall apply Lemma 4.11 to the closed set 𝒞 given by the range
of σ .

Every jump of this subordinator, and more precisely every atom of the Poisson random
measure N , codes two consecutive ancestors separated by a cycle in the looptree, whose left
and right length is encoded in the atom of N . In Lemma 4.11, these two lengths correspond
to δL

i and δR
i , whereas the length δi = di −gi equals δi = δL

i δR
i /(δL

i +δR
i ) ≤ min(δL

i , δR
i ) and

corresponds indeed to the variance of a Brownian bridge of duration δL
i + δR

i and evaluated at
δL
i or δR

i . By standard properties of the Brownian bridge, conditionally on these lengths and
on the labels of the two ancestors Wgi

and Wdi
, the labels on each side of the cycle indeed

evolve like two independent Brownian bridges, given precisely by WL,i and WR,i .
Lemma 4.11 thus shows the following alternative: either there exists a value tr ≤ r2(1−ε)

in the range of σ , say tr = σ(sr), and such that Wσ(sr ) ≤ −r . In this case, the time sr , once

time-changed by the local time at the supremum of
←−
X , corresponds to the first element of a

pair (−ar, br) ∈ A0. Otherwise there exists a jump of σ , say gr = σ(sr−) < σ(sr) = dr , with
gr < r2(1−ε), which corresponds to a cycle in the looptree, and then there exists one point on
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each side of this cycle, both at distance (on the cycle) at most r2(1−ε) from gr and with label
less than −r .

Notice the easy bound min{u,1 − u} ≤ 2u(1 − u) for any 0 ≤ u ≤ 1 which shows that the
subordinators σ and ˜︁X from Lemma 4.5 are related by ˜︁X ≤ 2σ . Observe that ˜︁X encodes the
looptree distance to 0 of the successive ancestors. Therefore, in the first case of the alternative,
the time −ar lies at looptree distance at most 2r2(1−ε) from 0. So does the time corresponding
to gr in the second case, and thus the two points on each side of the cycle lie at looptree
distance at most 3r2(1−ε) from 0. One can then get rid of this factor 3 by replacing ε by a
smaller value. □

4.5. Proof of the technical lemma. Let us end this section with the proof of Lemma 4.11.
The statement can be rephrased as follows: if the Brownian motion W is such that Wt > −r

for all t ∈ 𝒞 ∩[0, r2(1−ε)], then necessarily the two Brownian bridges we resample both reach
−r in the same interval in 𝒞c ∩ [0, r2(1−ε)].

We start with an easy intermediate result. We shall denote by τz = inf{t ≥ 0 : Wt = z} the
first hitting time of z ∈ ℝ by the Brownian motion W . For every r ∈ (0,1) small enough, we
let Kr be the largest integer such that

(4.7) Kr ≤ log(1/r)

(log log(1/r))3 .

LEMMA 4.12. Almost surely, for every r ∈ {2−n, n ∈ ℕ} small enough, the following
assertions hold:

1. The path W reaches −r log10Kr (1/r) before time r2(1−1/ log log(1/r)).
2. For every k ≤ Kr , the path W reaches −r log10k(1/r) before r log10k+3(1/r).
3. There exists a universal constant c ∈ (0,1) such that for at least cKr different indices

k ≤ Kr the following holds: at the first time the path W reaches −r log10k(1/r), it was below
−r for a duration at least (r log10k(1/r))2 and it previously never reached r log10k(1/r).

Let us note that by comparing any r ∈ (0,1) to a negative power of 2, the claims extend
by monotonicity to any r > 0 small enough, provided a minor change in the exponents.

PROOF. Let us prove that for each event, the probability to fail is bounded above by a
quantity which depends on r and such that the sum over all values of r ∈ {2−n, n ≥ 1} is finite.
The claims then follow from the Borel–Cantelli lemma. For the first assertion, the reflection
principle and the scaling property show that

ℙ
(︁
τ−r log10Kr (1/r) > r2(1−1/ log log(1/r)))︁
= ℙ
(︁
inf
{︁
Wt, t ∈ [︁0, r2(1−1/ log log(1/r))]︁}︁≥ −r log10Kr (1/r)

)︁
= ℙ
(︁|Wr2(1−1/ log log(1/r)) | ≤ r log10Kr (1/r)

)︁
= ℙ
(︁|W1| ≤ r1/ log log(1/r) log10Kr (1/r)

)︁
.

Since Kr = o(log(1/r)/(log log(1/r))2), then for r small enough, we have

r1/ log log(1/r) log10Kr (1/r) ≤ exp
(︃
− log(1/r)

2 log log(1/r)

)︃
,

whose sum of over all values of r ∈ {2−n, n ≥ 1} is finite. By a Taylor expansion of the last
probability, written as the integral of the density, we obtain

ℙ
(︁
τ−r log10Kr (1/r) > r2(1−1/ log log(1/r)))︁= O

(︃
exp
(︃
− log(1/r)

2 log log(1/r)

)︃)︃
,

hence the sum of the left-hand side over all values of r ∈ {2−n, n ≥ 1} is finite as we wanted.
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Next, by the classical ruin problem, we have

ℙ(τr log10k+3(1/r) < τ−r log10k(1/r)) = r log10k(1/r)

r log10k(1/r) + r log10k+3(1/r)
= 1

1 + log3(1/r)
.

Since Kr = o(log(1/r)), then we infer by a union bound that

ℙ(∃k ≤ Kr : τr log10k+3(1/r) < τ−r log10k(1/r)) = o
(︁
log−2(1/r)

)︁
,

and again the right-hand side forms a convergent series when summing over all values r ∈
{2−n, n ∈ ℕ}.

For the last claim, to simplify notation set rk = r log10k(1/r). By symmetry, for any given
k, the probability that W reaches −rk before rk equals 1/2 so if these events were indepen-
dent, then this would follow, for example, from Hoeffding’s inequality. They are not indepen-
dent, however by the previous bound, we may assume that at the first time W reaches −rk ,
it has not reached rk+1 yet, and by the strong Markov property, the probability starting from
this position to reach −rk+1 before rk+1 is (slightly) larger than 1/2. Formally, one can, for
example, apply the Azuma inequality to the martingale whose increments are

ΔMk = 1{τ−rk+1<τrk+1 } − ℙ
(︁
τ−rk+1 < τrk+1 | (Wt , t ≤ τ−rk )

)︁
,

and since the conditional probability on the right is larger than 1/2, then

ℙ

(︃
#{k ≤ Kr : τ−rk+1 < τrk+1} <

Kr

4

)︃
= ℙ

(︄
Kr∑︂
k=1

(︃
1{τ−rk+1<τrk+1 } − 1

2

)︃
< −Kr

4

)︄

≤ ℙ

(︄
Kr∑︂
k=1

ΔMk < −Kr

4

)︄
≤ exp(−cKr),

where c > 0 is some universal constant. The sum of these exponentials over all values r ∈
{2−n, n ∈ ℕ} is finite again.

Similarly, for any z > 0, the law of the time-reversed path (z + W(τ−z−t)+)t≥0 is that of
a three-dimensional Bessel process started from 0, or equivalently the Euclidean norm of a
three-dimensional Brownian motion, stopped at the last passage at z. The probability that a
Bessel process does not reach z/2 before time z2 is bounded below by some constant c > 0
independent of z. We conclude as above, that the proportion of the number of indices k ≤ Kr

such that this occurs for z = rk is bounded away from 0. □

Let us finally prove Lemma 4.11.

PROOF OF LEMMA 4.11. Let us work on the event that Wt > −r for all t ∈ 𝒞 ∩
[0, r2(1−ε)] and let us prove that necessarily the second case of the alternative occurs. By
monotonicity, it is sufficient to prove the claim when r is restricted to the set {2−n, n ∈ ℕ}.
Let us implicitly assume also that the three assertions from Lemma 4.12 hold, and let us prove
that there exists k ≤ Kr , the integer from (4.7), such that on the interval of 𝒞c on which W

reaches −r log10k(1/r) for the first time, the two bridges that we sample also reach −r .
Let us introduce some notation. For every k ≥ 1, denote by Gk and Dk the boundaries gi

and di of the unique interval (gi, di) ⊂ 𝒞c such that W reaches the level −r log10k(1/r) for
the first time in the interval (gi, di). Note that these intervals are not necessarily distinct from
each others and that when r is small enough, by Lemma 4.12, they all intersect (0, r2(1−ε))

for k ≤ Kr , and only DKr may exceed r2(1−ε). Let Δk = Dk − Gk and let ΔL
k ,ΔR

k ≥ Δk

denote the corresponding extensions; let us change the notation and write WL,k and WR,k
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for the Brownian bridges with duration ΔL
k and ΔR

k respectively, with initial and terminal
value WGk

and WDk
respectively. We shall upper bound the probability of the event

Ar = ⋂︂
k≤Kr

(︂{︂
inf

s∈[0,ΔL
k ]∩(0,r2(1−ε))

WL,k
s > −r

}︂
∪
{︂

inf
t∈[0,ΔR

k ]∩(0,r2(1−ε))
W

R,k
t > −r

}︂)︂
by a quantity that only depends on r and whose sum over all values of r ∈ {2−n, n ≥ 1} is
finite, such as log−2(1/r). We then conclude as in the previous proof from the Borel–Cantelli
lemma.

STEP 1: PROOF FOR BROWNIAN MOTIONS. Let us first prove the claim when the Brown-
ian bridges WL and WR are replaced by Brownian motions. Precisely, for every k ≤ Kr , con-
ditionally on Δk , ΔL

k , ΔR
k , and WGk

, let XL,k = (X
L,k
t ; t ∈ [0,ΔL

k ]) and XR,k = (X
R,k
t ; t ∈

[0,ΔL
k ]) be two independent Brownian motions started from X

L,k
0 = X

R,k
0 = WGk

> −r .
We first claim that if the interval [Gk,Dk] is too long, then the Brownian motions XL,k

and XR,k on it cannot reasonably stay above −r . Specifically, if we denote by X a generic
Brownian motion independent of the rest, then by the same reasoning as in the previous proof,
we have for every k

ℙ
(︂
Δk > 2(r + WGk

)2 log6(1/r) and max
{︂

inf
t∈[0,Δk/2]X

L,k
t , inf

t∈[0,Δk/2]X
R,k
t

}︂
> −r

)︂
≤ 2ℙ

(︁
inf
{︁
Xs,0 ≤ s ≤ (r + WGk

)2 log6(1/r)
}︁
> −(WGk

+ r)
)︁

= 2ℙ
(︁|X(r+WGk

)2 log6(1/r)| < WGk
+ r
)︁

= 2ℙ
(︁|X1| < log−3(1/r)

)︁
= O
(︁
log−3(1/r)

)︁
.

Since Kr = o(log(1/r)), then a union bound combined with the Borel–Cantelli lemma
imply that almost surely, all the events for k ≤ Kr fail for r small enough (of the form
r = 2−n). Thus, in order to avoid that both XL,k and XR,k reach −r , we must have
Δk ≤ 2(r + WGk

)2 log6(1/r) for every k ≤ Kr . Since Gk is smaller than the first hitting
time of −r log10k(1/r) by definition, then combined with Lemma 4.12, we have

−r < WGk
≤ r log10k+3(1/r) and so Δk ≤ 3

(︁
r log10k+6(1/r)

)︁2 for each k ≤ Kr.

According to the strong Markov property applied at the first hitting time of −r log10k(1/r),
the path W behaves after this time as an unconditioned Brownian motion started from this
value during the remaining time of the interval [Gk,Dk]. On the previous event, this re-
maining time is at most 3(r log10k+6(1/r))2. This is not enough for W to further reach
−r log10(k+1)(1/r). Indeed, if X is a generic Brownian motion, then

ℙ
(︂

inf
[0,4(r log10k+6(1/r))2]

X < −r log10k+8(1/r)
)︂

= ℙ

(︃
|X1| > 1

2
log2(1/r)

)︃
≤ 2e− 1

4 log2(1/r),

and the right-hand side, multiplied by Kr , is again a convergent series when summing over
all values r ∈ {2−n, n ∈ ℕ}. Hence, we may also assume that the intervals for different values
of k ≤ Kr are disjoint, and so the Brownian motions XL,k and XR,k that we sample are
independent.

Finally, by the last claim of Lemma 4.12, for a positive proportion of the indices k ≤ Kr we
have both WGk

≤ r log10k(1/r) and Δk > (r log10k(1/r))2, so there is a probability uniformly
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bounded away from 0 that both XL,k and XR,k reach −r , in the first half of the interval. We
conclude by independence that this occurs for a positive proportion of the indices k ≤ Kr .

STEP 2: PROOF FOR BROWNIAN BRIDGES. Let us next prove the actual statement by
comparing the Brownian motions XL,k and XR,k with Brownian bridges WL,k and WR,k .
We aim at proving that the probability that one of these bridges stays above −r in the first half
of the interval when Δk > (r + WGk

)2 log6(1/r) is summable when r ranges over {2−n, n ∈
ℕ}, and then that if both WGk

≤ r log10k(1/r) and Δk > (r log10k(1/r))2, then there is a
probability bounded away from 0 uniformly in r and k that the two bridges both reach −r .
Let us only consider XL,k and WL,k since the same argument applies to XR,k and WR,k .
Since, conditionally on WGk

, WDk
, Δk , and ΔL

k , the path WL,k is a Brownian bridge from
WGk

to WDk
with duration ΔL

k ≥ Δk , then the following absolute continuity relation holds:
for any measurable and nonnegative function F ,

𝔼
[︁
F
(︁
W

L,k
t , t ≤ ΔL

k /2
)︁ | WGk

,WDk
,Δk,Δ

L
k

]︁
= 𝔼

[︃
F
(︁
X

L,k
t , t ≤ ΔL

k /2
)︁ pΔL

k /2(WDk
− XL

ΔL
k /2

)

pΔL
k
(WDk

− WGk
)

⃓⃓⃓
WGk

,WDk
,Δk,Δ

L
k

]︃
,

where pt(x) = (2πt)−1/2 exp(−x2/(2t)). We then integrate with respect to WDk
. Precisely,

we claim that there exists a constant C > 0 such that on the event {WGk
> −r,WDk

>

−r,Δk > 2(r + WGk
)2 log6(1/r)}, we have

(4.8) 𝔼

[︃pΔL
k /2(WDk

− XL
ΔL

k /2
)

pΔL
k
(WDk

− WGk
)

⃓⃓⃓
XL

ΔL
k /2

,WGk
,Δk,Δ

L
k

]︃
≤ C.

This allows to infer from the first part of the proof that

ℙ
(︂
Δk > 2(r + WGk

)2 log6(1/r) and max
{︂

inf
t∈[0,Δk/2]W

L,k
t , inf

t∈[0,Δk/2]W
R,k
t

}︂
> −r

)︂
is O(log−3(1/r)). Then, as in the first part, we must impose Δk ≤ 2(r + WGk

)2 log6(1/r) ≤
3(r log10k+6(1/r))2 for every k ≤ Kr in order to prevent the bridges WL,k and WR,k to reach
−r .

Let us prove the upper bound (4.8). Recall the notation rk = r log10k(1/r). Conditionally
on WGk

and Δk , the path (Wt ; t ∈ [Gk,Dk]) has the law of a Brownian motion Y with dura-
tion Δk , started from WGk

, and conditioned on the event Ek = {inf{Yt ; t ∈ [Gk,Dk]} ≤ −rk}.
Then the law of WDk

can be obtained by splitting at the first hitting time of this value; by the
Markov property, the remaining path after is an unconditioned Brownian motion. Recall also
that we work implicitly on the event where WGk

,WDk
> −r . For z > 0, let us write qz for the

density of the first hitting time of −z by a standard Brownian motion, then

𝔼

[︃pΔL
k /2(WDk

− XL
ΔL

k /2
)

pΔL
k
(WDk

− WGk
)

1{WGk
,WDk

>−r}
⃓⃓⃓
XL

ΔL
k /2

,WGk
,Δk,Δ

L
k

]︃

= 1

ℙ(Ek)

∫︂ Δk

0
dt

∫︂ ∞
−r

dy qrk+WGk
(t)pΔk−t (y + rk)

pΔL
k /2(y − XL

ΔL
k /2

)

pΔL
k
(y − WGk

)
1{WGk

>−r}

= 1

ℙ(Ek)

∫︂ Δk

0
dt

qrk+WGk
(t)

2
√

π(Δk − t)

·
∫︂ ∞
−r

dy exp
(︃

(y − WGk
)2

2ΔL
k

−
(y − XL

ΔL
k /2

)2

ΔL
k

− (y + rk)
2

2(Δk − t)

)︃
1{WGk

>−r}.
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We have ℙ(Ek) = ∫︁Δk

0 dtqrk+WGk
(t), it thus remains to prove that the integral in y of the

rest of the expression is bounded, when in addition Δk > 2(r + WGk
)2 log6(1/r). Let us first

consider the integral over [WGk
,∞). Indeed, if y > WGk

> −r , then (y − WGk
)2 ≤ y2 ≤

(y + rk)
2 and consequently

1

2
√

π(Δk − t)
exp
(︃

(y − WGk
)2

2ΔL
k

−
(y − XL

ΔL
k /2

)2

ΔL
k

− (y + rk)
2

2(Δk − t)

)︃

≤ 1

2
√

π(Δk − t)
exp
(︃
−(y + rk)

2

2

(︃
1

Δk − t
− 1

ΔL
k

)︃
−

(y − XL
ΔL

k /2
)2

ΔL
k

)︃
.

Suppose first that ΔL
k ≥ 2Δk so ΔL

k ≥ 2(Δk − t) for any t ∈ (0,Δk) and thus 1
Δk−t

− 1
ΔL

k

≥
1

2(Δk−t)
. In this case, by simply removing the last term in the exponential, we have

1

2
√

π(Δk − t)
exp
(︃
−(y + rk)

2

2

(︃
1

Δk − t
− 1

ΔL
k

)︃
−

(y − XL
ΔL

k /2
)2

ΔL
k

)︃

≤ 1

2
√

π(Δk − t)
exp
(︃
− (y + rk)

2

4(Δk − t)

)︃
,

which is the density of a Gaussian law, in particular its integral over the entire real line
equals 1. If ΔL

k is close to Δk and t is small, one has to be more careful. Suppose now that
Δk ≤ ΔL

k ≤ 2Δk , then,

≤ 1

2
√

π(Δk − t)
exp
(︃
−(y + rk)

2

2

(︃
1

Δk − t
− 1

ΔL
k

)︃
−

(y − XL
ΔL

k /2
)2

ΔL
k

)︃

≤ 1

2
√

π(Δk − t)
exp
(︃
−(y + rk)

2

2

t

Δk(Δk − t)
−

(y − XL
ΔL

k /2
)2

2Δk

)︃

≤ 1

2
√

πΔk/2
exp
(︃
−

(y − XL
ΔL

k /2
)2

2Δk

)︃
1{0<t≤Δk/2}

+ 1

2
√

π(Δk − t)
exp
(︃
− (y + rk)

2

4(Δk − t)

)︃
1{Δk/2<t<Δk}.

Again the integral over the entire real line of the upper bound is constant. Finally, if −r <

y < WGk
then (y − WGk

)2 ≤ (r + WGk
)2. Here we use that we work on the event Δk >

2(r + WGk
)2 log6(1/r) ≥ 2(y − WGk

)2 log6(1/r). Indeed, this implies

1

2
√

π(Δk − t)
exp
(︃

(y − WGk
)2

2ΔL
k

−
(y − XL

ΔL
k /2

)2

ΔL
k

− (y + rk)
2

2(Δk − t)

)︃

≤ 1

2
√

π(Δk − t)
exp
(︃

1

4 log6(1/r)
− (y + rk)

2

2(Δk − t)

)︃
,

and again the integral over y of the last line is uniformly bounded above. This completes the
proof of the bound (4.8).

Let us finally lower bound the probability that the Brownian bridge WL,k reaches −r in the
first half of the interval when both −r < WGk

≤ rk and Δk > r2
k , where we keep the notation
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rk = r log10k(1/r). We argue similarly: conditionally on ΔL
k , WGk

, and WDk
, this probability

equals ∫︂ ΔL
k /2

0
dt q−(r+WGk

)(t)
pΔL

k −t (WDk
+ r)

pΔL
k
(WDk

− WGk
)

=
∫︂ ΔL

k /2

0
dt q−(r+WGk

)(t)

⌜⃓⃓⎷ ΔL
k

ΔL
k − t

exp
(︃

(WDk
− WGk

)2

2ΔL
k

− (WDk
+ r)2

2(ΔL
k − t)

)︃

≥
∫︂ Δk/2

0
dt q−(r+WGk

)(t)
√

2 exp
(︃
−(WDk

+ r)2

2(Δk − t)

)︃
.

Without the exponential, the last integral is bounded away from 0. We then lower bound
the expectation of the exponential with respect to WDk

. Recall that conditionally on WGk

and Δk , the path (Wt ; t ∈ [Gk,Dk]) has the law of a Brownian motion started from WGk

and conditioned on the event Ek that it reaches −rk at some point in the time interval, so
by splitting at the first hitting time of this value, we have since we restrict our attention to
t ≤ Δk/2,

𝔼

[︃
exp
(︃
−(WDk

+ r)2

2(Δk − t)

)︃
1{WGk

,WDk
>−r}
⃓⃓⃓
WGk

,Δk

]︃

= 1

ℙ(Ek)

∫︂ Δk

0
ds

∫︂ ∞
−r

dy
q−(rk+WGk

)(s)√
2π(Δk − s)

exp
(︃
− (y + rk)

2

2(Δk − s)
− (y + r)2

2(Δk − t)

)︃
1{WGk

>−r}

≥
∫︂ Δk

0
ds

∫︂ ∞
−r

dy
q−(rk+WGk

)(s)√
2π(Δk − s)

exp
(︃
−(y + rk)

2

2

(︃
1

Δk − s
+ 1

Δk − t

)︃)︃
1{WGk

>−r}

≥
∫︂ Δk/2

0
ds

∫︂ ∞
−r

dy
q−(rk+WGk

)(s)√
2πΔk

exp
(︃
−2

(y + rk)
2

Δk

)︃
1{WGk

>−r}.

Consider the integral over y only in the last line, and without the density q . It equals half the
probability that a Gaussian random variable with mean −rk and variance Δk/4 is larger than
−r , or equivalently that a Gaussian random variable with mean 0 and variance 1 is larger than
2(rk − r)/

√
Δk . Since Δk > r2

k , this probability is indeed bounded away from 0 uniformly in
k and r . Then the integral of q over s equals the probability that a standard Brownian motion
reaches −(WGk

+ rk) in less than Δk/2 when WGk
≤ rk ≤ √

Δk , which is again bounded
away from 0.

Combined with the results on XL,k , we infer that there exists some constant c > 0 such that
for all r < 1, on each interval [Gk,Dk] with WGk

≤ rk and Δk ≥ (rk)
2, there is a probability

at least c that WL,k reaches the value −r in the first half of the interval. The same holds
for XL,k and since they are independent, they both reach the value −r in the first half with
probability at least c2. We can then conclude from Lemma 4.12 that this occurs for a positive
proportion of indices k ≤ Kr . □

5. Computation of the dimensions. Throughout this section, we let L (Xex) denote
the looptree constructed from the excursion Xex and as in the previous section, we let
(M,dM,pM) denote a subsequential limit of discrete random maps, related to a pair
(Xex,Zex), from Theorem 2.1 and Theorem 2.3. In addition, thanks to Skorokhod’s repre-
sentation theorem, we assume that all convergences in these theorems hold in the almost sure
sense. Our main goal is to compute the dimensions of these looptrees and maps stated in The-
orem 1.1 and Theorem 1.2 respectively. The upper bound on the dimensions will follow from
Hölder continuity estimates established in Section 5.1 while the lower bounds will follow in
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Section 5.2 from the estimates on the volume of balls with small radius established in the
previous section.

5.1. Hölder continuity of the distances. The main goal of this subsection is to prove
that the canonical projections [0,1] → L (Xex) and [0,1] → M are almost surely Hölder
continuous. We will easily derive from this the upper bound for the Hausdorff and upper
Minkowski dimensions. Let us start with the looptree. Recall from (1.2) the upper and lower
exponents 𝜼 and 𝜸 of ψ at infinity.

PROPOSITION 5.1. For any a ∈ (0,1/𝜼), there exists Ca ∈ (0,∞) such that

(5.1) dL (Xex)(s, t) ≤ Ca · |t − s|a for all s, t ∈ [0,1].

We shall see that the exponent 1/𝜼 is optimal in the sense that almost surely, no such
Ca < ∞ exist for a > 1/𝜼, see Remark 5.7. As the proof will show, the claim also holds for
the unconditioned Lévy process X and its bridge version.

We shall need the following tail bound that we state as a separate lemma. The “universal
constant” does not depend on the Lévy process.

LEMMA 5.2. There exists a universal constant C such that the following holds. For every
Lévy process with no negative jump, for any t, x > 0, we have

ℙ
(︂

sup
s∈[0,t]

|Xs | > x
)︂

+ t π(x) ≤ C t
(︁
2d+x−1 + ψ

(︁
x−1)︁)︁,

where d+ = max(d,0) is the positive part of the drift and π(x) = π((x,∞)) is the tail of the
Lévy measure.

PROOF. Let us focus on the probability on the left. Such a maximal inequality has been
obtained by Pruitt [65] for Lévy processes with no Gaussian component (but allowing for
both positive and negative jumps). Precisely, equation 3.2 there reads, when β = 0,

ℙ
(︂

sup
s∈[0,t]

|Xs | > x
)︂

≤ C t h(x),

where, taking note of the difference in the convention for the Lévy–Khintchine formula,

h(x) = π(x) + x−2
∫︂
(0,x]

r2π(dr) + x−1
⃓⃓⃓⃓
d −
∫︂
(x,∞)

rπ(dr)

⃓⃓⃓⃓
≤ π(x) + x−2

∫︂
(0,x]

r2π(dr) + x−1
∫︂
(x,∞)

rπ(dr) + |d|x−1

≤ 2
(︃
x−2
∫︂
(0,x]

r2π(dr) + x−1
∫︂
(x,∞)

rπ(dr) + |d|x−1
)︃
,

after noticing π(x) ≤ x−1 ∫︁
(x,∞) rπ(dr).

We may add the Gaussian component by recalling the identity X = βW + Y in distribu-
tion, where W is a standard Brownian motion, and where Y is independent of W and has
no Gaussian component. By the reflection principle, a well-known tail bound for Gaussian
random variables, and finally the easy bound eu ≥ e × u for every u ≥ 0, we have

ℙ
(︂

sup
s∈[0,t]

|βWs | > x
)︂

≤ 4ℙ(Wt > x/β) ≤ 4 exp
(︃
− x2

2βt

)︃
≤ 4

e

2tβ

x2 .
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A union bound then yields

ℙ
(︂

sup
s∈[0,t]

|Xs | > x
)︂

+ t π(x) ≤ ℙ
(︂

sup
s∈[0,t]

|βWs | > x
)︂

+ ℙ
(︂

sup
s∈[0,t]

|Ys | > x
)︂

+ t π(x)

≤ 8

e
tβx−2 + C t h(x) + t π(x),

which is bounded by some universal constant times t times

x−2
∫︂
(0,x]

r2π(dr) + x−1
∫︂
(x,∞)

rπ(dr) + |d|x−1 + βx−2.

Let ψ0(λ) = ψ(λ) + dλ − βλ2 denote the Laplace exponent of the process with its drift
and Gaussian component removed and let ϕ = ψ ′

0 denote its derivative. Then ϕ is the
Laplace exponent of a subordinator without drift and Lévy measure ν(dr) = rπ(dr). In the
last display, the sum of the first two terms, with the integrals, corresponds to x−2Jϕ(x)

in the notation of [30], equation 47. The next equation there, taken from [10], Proposi-
tion III.1, shows that it lies between two universal constant times x−1ϕ(x−1) = x−1ψ ′

0(x
−1),

which itself, by [30], equation 50, lies between two universal constant times ψ0(x
−1) =

ψ(x−1) + dx−1 − βx−2. Therefore, our last display lies between two universal constant
times ψ(x−1) + (d + |d|)x−1 = ψ(x−1) + 2d+x−1. □

The exact result that we shall need in order to prove Proposition 5.1, based on this lemma,
is the following. Recall that 𝜼 is the exponent defined in (1.2). For any κ, t > 0, we let Nκ(t) =
#{s ∈ [0, t] : ΔXs > κ−1} and Xκ = (Xκ

t )t≥0 the process obtained from X by removing all
these jumps larger than κ−1.

COROLLARY 5.3. Fix N ≥ 1. There exists a constant CN such that for any t > 0 and any
δ > 0, we have

ℙ
(︂

sup
s∈[0,t]

⃓⃓
Xκ

s

⃓⃓
> 2Nκ−1

)︂
+ ℙ
(︁
Nκ(t) ≥ N

)︁≤ CNtNκN(𝜼+δ),

for all κ > 0 large enough, depending in δ and ψ .

PROOF. Note that Xκ is a Lévy process with the same drift and Gaussian component as
X and with Lévy measure πκ(·) = π(· ∩ [0, κ−1]). Since its Laplace exponent is smaller than
or equal to ψ , then we may apply Lemma 5.2 to Xκ with ψ in the upper bound. Because
Xκ makes only jumps smaller than or equal to κ−1, at the first time it exceeds x in absolute
value, it cannot exceed x + κ−1. With the help of the strong Markov property, we obtain by
induction

ℙ
(︂

sup
s∈[0,t]

⃓⃓
Xκ

s

⃓⃓
> 2Nκ−1

)︂
≤ (︁C t

(︁
2d+κ + ψ(κ)

)︁)︁N
.

In addition, the random variable Nκ(t) has the Poisson distribution with rate t π(κ−1). The
Chernoff bound shows that the tail probability of a Poisson random variable Y with rate λ

satisfies ℙ(Y ≥ k) ≤ e−λ(eλ/k)k for every k > λ. Thus, for cN = (e/N)N , we have

ℙ
(︁
Nκ(t) ≥ N

)︁≤ cN

(︁
t π
(︁
κ−1)︁)︁N ≤ cN

(︁
C t
(︁
2d+κ + ψ(κ)

)︁)︁N
by Lemma 5.2. By the very definition of 𝜼 we have ψ(κ) = o(κ𝜼+δ) as κ → ∞ as well as
κ = o(κ𝜼+δ) since 𝜼 + δ > 1, which concludes the proof. □

We may now prove our Hölder continuity result.
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PROOF OF PROPOSITION 5.1. We claim that given a < 1/𝜼, there exists a deterministic
constant Ka ∈ (0,∞) which only depends on a, not even on the law of the Lévy process,
such that almost surely, there exists n0 ≥ 1 (random, and which may depend on the law of
the Lévy process) such that for every n ≥ n0, we have

(5.2) sup
0≤i≤2n−1

dL (Xex)

(︁
i2−n, (i + 1)2−n)︁≤ Ka2−an.

For 1 ≤ n < n0, there are only finitely many quantities involved, so we infer that almost
surely, there exists a now random Ca ∈ (0,∞) such that (5.1) holds for every pair (s, t) of
the form (i2−n, (i + 1)2−n) with n ≥ 1 and i ∈ {0, . . . ,2n − 1}. It then extends to all dyadic
numbers by a routine argument, after multiplying Ca by 2/(1 − 2−a), and then to the whole
interval [0,1] by density, using that dL (Xex) is continuous almost surely.

It remains to prove (5.2). Let us first replace Xex by the unconditioned process X and then
argue by absolute continuity. According to (2.7), almost surely, for s < t , we have

dL (X)(s, t) ≤ Xs + Xt− − 2 inf
r∈[s,t)Xr ≤ 4 sup

r∈[s,t)
|Xr − Xs |.

Recall indeed that, informally the term in the middle is the length of the path if one goes from
s to t in the looptree by always following a cycle on its right, instead of optimising between
left and right. Note that the value of the jump of X at time t , if any, does not affect the looptree
distance, and not even the upper bound. This bound is too crude to be used directly because
of the jumps of X, but we shall use it between consecutive large jumps since the possible
jumps at time s and t do not appear in the upper bound.

Precisely, fix δ > 0, let θ = (1 + δ)(𝜼 + δ), and let us prove (5.2) with a = 1/θ by relying
on Lemma 5.2 and Corollary 5.3 with κ = 2n/θ . Indeed, fix n ≥ 1 and i ∈ {0, . . . ,2n − 1}.
Let tn,i(1) < · · · < tn,i(Nn,i) denote the increasing enumeration of the set of times {t ∈
(i2−n, (i + 1)2−n) : ΔXt > 2−n/θ }. Set also tn,i(0) = i2−n and tn,i(Nn,i + 1) = (i + 1)2−n.
Then combining the last display with the triangle inequality, we have

(5.3) dL (X)

(︁
i2−n, (i + 1)2−n)︁≤ 4

Nn,i∑︂
j=0

sup
r∈[tn,i (j),tn,i (j+1))

|Xr − Xtn,i (j)|.

Note that conditionally on the tn,i(j)’s, the paths between two consecutive such times behave
like the process Xκ with κ = 2n/θ from Corollary 5.3 whereas Nn,i has the same law as
N2n/θ (2−n). Some union bounds, invariance by time translation of the Lévy process, and the
upper bound tn,i(j + 1) − tn,i(j) ≤ 2−n, lead to the following bound for every N ≥ 1:

ℙ

(︄Nn,i∑︂
j=0

sup
r∈[tn,i (j),tn,i (j+1)]

|Xr − Xtn,i (j)| > 2N22−n/θ

)︄

≤ ℙ(Nn,i ≥ N) + ℙ
(︂
Nn,i < N and sup

0≤j<N

sup
r∈[tn,i (j),tn,i (j+1)]

|Xr − Xtn,i (j)| > 2N2−n/θ
)︂

≤ ℙ
(︁
N2n/θ

(︁
2−n)︁≥ N

)︁+ N ℙ
(︂

sup
r∈[0,2−n]

⃓⃓
X2n/θ

r

⃓⃓
> 2N2−n/θ

)︂
.

According to Corollary 5.3, for every n large enough, the last line is bounded above by some
constant that only depends on N times(︁

2−n2n(𝜼+δ)/θ )︁N = 2−nNδ/(1+δ).

Choose any N > (1 + δ)/δ and let q = δN/(1 + δ) − 1 > 0. Then a last union bound implies
that, for some constant CN , for every n large enough,

ℙ

(︄
∃0 ≤ i < 2n :

Nn,i∑︂
j=0

sup
r∈[tn,i (j),tn,i (j+1)]

|Xr − Xtn,i (j)| > 2N22−n/θ

)︄
≤ CN2−nq.
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The Borel–Cantelli lemma shows that almost surely these events eventually fail for n large
enough.

For the conditional law, recall that the first half the bridge (Xbr
t ;0 ≤ t ≤ 1/2) is absolutely

continuous with respect to the unconditioned process (Xt ;0 ≤ t ≤ 1/2). Hence almost surely,
these events eventually fail for n large enough in Xbr, when restricting to i ∈ {0, . . . ,2n−1}.
In addition, the time- and space-reversal of the second half of the bridge has the same law as
the first half, so this also holds for the second half and thus for the entire bridge. Finally we
transfer it to the excursion by applying the Vervaat transform. Notice that the latter changes
the starting point and thus shifts the intervals, but this only mildly affects the constant 2N2.

In each case, we obtain the desired Hölder property (5.2) thanks to the deterministic
bound (5.3). □

REMARK 5.4. If one wanted to replace the exponent 1/𝜼 by the smaller one 1/𝜸 , then
instead of the upper bound ψ(x) ≤ x𝜼+δ for every x large enough, one would only have
the existence of a sequence xn → ∞ along which ψ(xn) ≤ x

𝜸+δ
n . Taking a subsequence if

necessary, we may assume that
∑︁

n x−1
n < ∞ and then the preceding argument shows that

instead of (5.2) for any a ∈ (0,1/𝜸 ), almost surely there exist Ka > 0 and a sequence εn ↓ 0
such that, for every n large enough,

dL (Xex)

(︁
iεn, (i + 1)εn

)︁≤ Kaε
a
n for all i ∈ {︁0, . . . ,

⌊︁
ε−1
n

⌋︁− 1
}︁
.

This will be used to upper bound the packing and lower Minkowski dimensions.

We then turn to the map M and the label process Zex. Informally, we simply lose a factor
1/2 due to the regularity of the Brownian labels. Again, we state the result under the excursion
law but it holds similarly under the unconditioned or bridge law.

COROLLARY 5.5. For any a ∈ (0,1/(2𝜼)), the label process (Zex
t )t∈[0,1] has a modifica-

tion that is Hölder continuous with exponent a.

PROOF. Recall the moment bound on the Brownian labels (2.9), then if the Hölder con-
tinuity (5.1) on the looptree distances held true with a deterministic constant Ca , then we
could apply the classical Kolmogorov continuity criterion, showing that for any a < 1/𝜼 and
any q > 0, the process (Zex

t )t has a modification that is Hölder continuous with any exponent
b < q−1(aq/2− 1), which is arbitrarily close to 1/(2𝜼) when q is large and a is close to 1/𝜼.

In order to do so, let An = {n − 1 < Ca ≤ n} for each n ≥ 1, so these events are disjoint
and their union has probability 1. Let us set ℕ′ = {n ≥ 1 : ℙ(An) ≠ 0} and A0 = (

⋃︁
n∈ℕ′ An)

c.
Then for every n ∈ ℕ′ we can apply Kolmogorov’s criterion under ℙ( · | An) and deduce the
existence of a modification Zn that is Hölder continuous with any exponent b < 1/(2𝜼),
under the conditional law. Let Z′ coincide with Zn on An for every n ∈ ℕ′ and let Z′ be
a fixed arbitrary value on A0. Then for every t ∈ [0,1], since ℙ(A0) = 0, then we have
ℙ(Zex

t = Z′
t ) =∑︁n∈ℕ′ ℙ(An)ℙ(Zex

t = Zn | An) = 1 so Z′ is a modification of Zex. By the
same argument Z′ is almost surely Hölder continuous with any exponent b < 1/(2𝜼). □

From now on, we always work with these Hölder continuous modifications. This further
implies that the distances in the map are Hölder continuous.

PROPOSITION 5.6. For any a ∈ (0,1/(2𝜼)), there exists Ca ∈ (0,∞) such that

(5.4) dM(s, t) ≤ Ca · |t − s|a for all s, t ∈ [0,1].
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Similar to Proposition 5.1, we shall see that the exponent 1/(2𝜼) is optimal in the sense
that almost surely, no such Ca < ∞ exist for a > 1/(2𝜼), see again Remark 5.7.

PROOF. The claim follows from the upper bound dM ≤ D◦ from Theorem 2.3, where we
recall that D◦ is defined by

D◦(s, t) = D◦(t, s) = Zex
s + Zex

t − 2 inf[s,t]Z
ex.

Then the Hölder continuity of Zex from Corollary 5.5 transfers to D◦ which thus satisfies the
upper bound (5.4), and thus so does dM . □

5.2. Fractal dimensions. We are now ready to compute the dimensions of our spaces.
Recall that Theorem 1.1 about the looptrees precisely states that almost surely, we have

dimH L
(︁
Xex)︁= dimL

(︁
Xex)︁= 𝜸 and dimp L

(︁
Xex)︁= dimL

(︁
Xex)︁= 𝜼.

For the maps, Theorem 1.2 states that the dimensions are twice these quantities.

PROOF OF THEOREM 1.1 AND THEOREM 1.2. Let us refer to [57] for the definition and
basic properties of these dimensions. Let us only recall here the following relations between
these notions of dimension:

dimH ≤ dim and dimH ≤ dimp ≤ dim .

It thus suffices to upper bound dim and dim and to lower bound dimH and dimp .
The upper bound for dim is an immediate consequence of the Hölder continuity provided

by Proposition 5.1 and Proposition 5.6. Indeed, fix δ > 0 and let Nn = ⌊2n(𝜼+δ)⌋; then by the
former result, almost surely, for every 1 ≤ i ≤ Nn, the diameter of the image of [iN−1

n , (i −
1)N−1

n ] in the looptree is small compared to 2−n. Hence, almost surely, for every n large
enough, the space L (Xex) can be covered by Nn balls with radius 2−n and this implies that
dimL (Xex) ≤ 𝜼 + δ almost surely with δ arbitrarily small. The upper bound dimL (Xex) ≤
𝜸 is similar, using Remark 5.4: with the sequence (εn)n≥1 from this remark, we may apply the
previous reasoning with Nn = ⌊ε−𝜸−δ

n ⌋. The upper bounds for the maps are proved similarly
using Proposition 5.6 and the analogue of Remark 5.4, which is derived from the latter.

The lower bounds on the Hausdorff and packing dimensions follow from our estimate
on the volume of small balls. Recall that we associate times on [0,1] by their projection
in the looptree; let then B(u, r) denote the ball centred at u ∈ [0,1] and with radius r ≥ 0
for the looptree distance. Let also | · | denote the Lebesgue measure on [0,1]. Let U be an
independent uniform random time on [0,1] and δ > 0. We read from Proposition 4.1 that
almost surely, for every n large enough, we have⃓⃓

B
(︁
U,2−n)︁⃓⃓≤ ψ

(︁
2n(1−δ))︁−1

.

By definition of 𝜸 , we know that 2−n(1−δ)(𝜸−δ)ψ(2n(1−δ)) → ∞. Therefore, almost surely,
for every r > 0 small enough, if 2−(n+1) ≤ r ≤ 2−n, then⃓⃓

B(U, r)
⃓⃓≤ ⃓⃓B(︁U,2−n)︁⃓⃓= o

(︁
2−n(1−δ)(𝜸−δ))︁= o

(︁
r(1−δ)(𝜸−δ))︁.

On the other hand, by definition of 𝜼, we know that 2−n(1−δ)(𝜼−δ/2)ψ(2n(1−δ)) does not tend
to 0, so there is exists a subsequence which is bounded away from 0 and we infer similarly
that for some rn → 0, it holds ⃓⃓

B(U, εn)
⃓⃓= o
(︁
r(1−δ)(𝜼−δ)
n

)︁
.
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This shows that almost surely, for Lebesgue almost every u ∈ [0,1], we have both

lim sup
r↓0

|B(u, r)|
r(1−δ)(𝜸−δ)

= 0 and lim inf
r↓0

|B(u, r)|
r(1−δ)(𝜼−δ)

= 0.

We conclude from density theorems that dimH L (Xex) ≥ 𝜸 − δ and dimp L (Xex) ≥ 𝜼 − δ,
see, for example, [57], Theorem 6.9 and 6.11. Again, this is adapted to the maps by simply
replacing the estimate from Proposition 4.1 by that from Proposition 4.2. □

REMARK 5.7. Notice that the upper bounds on the Hausdorff dimensions only rely on
the Hölder continuity results and extend as far as the latter do. Therefore if the canonical
projection on the looptree (resp. on the map) was Hölder continuous with exponent a > 1/𝜼

(resp. a > 1/(2𝜼)), then we would upper bound the dimension by 1/a < 𝜼 (resp. 1/a < 2𝜼),
and this would contradict the lower bounds. In other words, if the bound (5.1) held with
a > 1/𝜼, then by taking δ > 0 small enough, this would contradict the liminf in the last
display of the previous proof. Therefore the exponents in Proposition 5.1 and Proposition 5.6
are optimal.

6. Approximations in the continuum world. In this section we ask ourselves the fol-
lowing question. Suppose that for all λ > 0 we are given a Lévy process X(λ) with no negative
jump and infinite variation paths, with exponent ψ(λ), and another one X with exponent ψ .
Suppose that X(λ) and X satisfy the integrability condition (1.3), so they all have continuous
transition densities p

(λ)
t (x) and pt(x) respectively, and we can define bridges and excursions

as before. If these transition densities converge, then it is well known that the Lévy processes
converge in law; but do the corresponding looptrees, Gaussian labels, and continuum maps
converge as well? We prove the convergence of labelled looptrees in Section 6.1 and that of
maps (along a subsequence) in Section 6.2.

One could for instance consider the case where X(λ) is an α-stable spectrally positive Lévy
process with drift ϑ , as mentioned in Section 3, with α ∈ (1,2) and ϑ ∈ ℝ that may both vary.
We will study this in a companion paper.

Let us say a few words on the techniques used to derive these results. If the limit X has no
Gaussian part, then it has the pure jump property from [56] and Section 4 there answers pos-
itively our question, see alternatively [42], Theorem 3 (iii), for the convergence of looptrees
in the pure jump case. However, here we consider the general setting and we need additional
arguments. First, tightness of the looptree distances is easy but that of the labels is not: we
argue by adapting the proof of the usual Kolmogorov criterion and using some general con-
centration bounds for Gaussian processes. We then turn to the finite-dimensional marginals,
that is, the pairwise distances and joint labels of finitely many points in the looptree. The
contribution of the large cycles can easily be controlled, and the contribution of the micro-
scopic parts is proved by a sort of weak law of large numbers in the spirit of [22]. Indeed,
informally, the Lévy excursion codes the length of paths in the looptree when one always
follows the cycles on their right, whereas the true distance minimises left and right lengths.
We show that for microscopic cycles, this basically divides their lengths by two. We actually
argue on the unconditioned process first and then use a local absolute continuity argument
for the excursion; the convergence of the densities is used for this transfer. Once the conver-
gence of labelled looptrees is proved, the convergence of maps along a subsequence, and the
identification of the Brownian sphere and tree in the extreme regimes, is routine as the usual
arguments to control discrete maps can be adapted.

Let us start as a warmup with an easy lemma.
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LEMMA 6.1. Suppose that for every t ≥ 0, the transition density p
(λ)
t converges uniformly

to pt as λ → ∞. Then X(λ) → X in distribution for the Skorokhod J1 topology under the
unconditional law as well as under ℙ( · | X

(λ)
1 = ϑ) for any ϑ ∈ ℝ, and finally under the

excursion law.

PROOF. The convergence of the densities implies the convergence in distribution X
(λ)
t →

Xt for any t ≥ 0 fixed under the unconditional law. Since they are Lévy processes, this im-
plies the convergence in distribution for the Skorokhod J1 topology, see, for example, [38],
Chapter VII, for details. Next, fix ϑ ∈ ℝ, then for every ε ∈ (0,1), recall that the bridges
satisfy the absolute continuity relation

𝔼
[︁
F
(︁
X

(λ)
t ; t ∈ [0,1 − ε])︁ | X(λ)

1 = ϑ
]︁= 𝔼

[︃
F
(︁
X

(λ)
t ; t ∈ [0,1 − ε])︁ · p

(λ)
ε (ϑ − X

(λ)
1−ε)

p
(λ)
1 (ϑ)

]︃
,

for any continuous and bounded function F . We infer from the convergence in distribution
of the unconditioned processes and the uniform convergence p

(λ)
ε → pε that the right-hand

side converges to the same quantity for X, hence the bridges converge on any interval [0,1 −
ε]. Notice then that the bridges are invariant under space- and time-reversal (since Lévy
processes are), so the part on the interval [1 − ε,1] converges as well, and in particular it is
tight and so the entire bridge on [0,1] is tight. The convergence on any interval [0,1 − ε]
then characterises uniquely the subsequential limits. Finally, the convergence of bridges for
ϑ = 0 is transferred to the excursions by the Vervaat transform. □

In practice, the uniform convergence of transition densities can often be checked by using
the inverse Fourier transform. Precisely, we may write:

sup
x∈ℝ
⃓⃓
p

(λ)
t (x) − pt(x)

⃓⃓≤ 1

2π

∫︂ ∞
−∞
⃓⃓
𝔼
[︁
eiuX

(λ)
t
]︁−𝔼
[︁
eiuXt
]︁⃓⃓

du.

The right-hand side tends to 0 provided the integrand does and one can, for example, apply
the dominated convergence theorem. This will be the case in our application in Section 3.

We assume for the rest of this section that the assumption of Lemma 6.1 is in force.

6.1. Convergence of looptrees and labels. Let us first study the convergence of the loop-
trees and Gaussian labels associated with X(λ) and X. Recall from (2.6) and (2.8) respectively
that they are defined using a parameter that acts as a multiplicative constant on the continuous
part. In the next theorem, we fix the value of this constant: 1/2 for looptrees and 1/3 for the
labels. We discuss this restriction after the statement.

THEOREM 6.2. Suppose that for every t ≥ 0, the transition density p
(λ)
t converges uni-

formly as λ → ∞ to pt . Under the unconditional law or the bridge or excursion law, we have
jointly with the convergence in distribution X(λ) → X

L 1/2(︁X(λ))︁ (d)−→
λ→∞ L 1/2(X) and Z(λ,1/3) (d)−→

λ→∞ Z1/3

for the Gromov–Hausdorff–Prokhorov topology and for the uniform topology respectively.

As was previously mentioned, in the particular case where X has no Gaussian part, then
it has the pure jump property and the convergence of looptrees follows from [56], Section 4,
or alternatively [42], Theorem 1.4. In the general case, Theorem 1.6 in [42] proves the con-
vergence of a “shuffled” version of the looptrees, provided that the excursions converge and
under some technical assumption on this shuffling. This technical assumption is proved to
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hold for stable looptrees, and also that their shuffled version has the same law as the original
looptree [42], Theorem 6.6. A possible alternative proof of the convergence in distribution of
looptrees in Theorem 6.2 could thus be to extend this approach to Lévy looptrees, as noted
in [42], Remark 6.8. This approach, however, does not seem to directly give joint convergence
of the looptrees and the Lévy processes.

Let us discuss the choice of constants in this theorem. First notice that in absence of jumps
in the limit, namely if X is a scaled Brownian path, then for any c > 0, the looptree L c(X) =
cL 1(X) is a scaled Brownian tree and Zc = √

cZ is a scaled Brownian snake so the choice
of c amounts to fix a normalisation. In the opposite case, if this continuous part in the limit
vanishes, then the choice of this constant is irrelevant. Similarly, if the continuous part in
X(λ) vanishes, then this constant is irrelevant in the sequence. The reason for this restriction
is the following. The continuous part for X appears as the limit of the continuous part of X(λ)

together with sum of quantities of the form Rt
s as defined in (2.3), corresponding to small

jumps of X(λ). Now typically, the contribution to the looptree distances of these small jumps
will be half of the sum of these Rt

s ’s by symmetry, since the latter code the right-length of the
cycles. Hence in order to control the looptrees with a different multiplicative constant than
1/2, we must understand the precise contribution of the continuous part of X(λ) and its small
jumps to the continuous part of X, whereas with the constant 1/2, in the looptree, they both
contribute equally. The same applies for the constant 1/3 for the Gaussian labels.

Let us first provide a tightness argument. We note that the latter does not require to restrict
to the parameters 1/2 and 1/3.

PROOF OF TIGHTNESS. Thanks to the upper bound (2.7) on looptree distances, the con-
vergence of the excursions implies tightness of the associated looptrees. Indeed, for any
s, s′, t, t ′ ∈ [0,1] we have by the triangle inequality⃓⃓

d
1/2
L (X(λ))

(s, t) − d
1/2
L (X(λ))

(︁
s′, t ′
)︁⃓⃓≤ d

1/2
L (X(λ))

(︁
s, s′)︁+ d

1/2
L (X(λ))

(︁
t, t ′
)︁

≤ dX(λ)

(︁
s, s′)︁+ dX(λ)

(︁
t, t ′
)︁
.

The last line converges in distribution to dX(s, s′) + dX(t, t ′) under the unconditional law
or the bridge or excursion law by Lemma 6.1. This limit in turn is arbitrarily small when
the pairs (s, t) and (s′, t ′) are arbitrarily close to each other (for the Euclidean distance).
Tightness of the looptree distances then follows easily from this control on the modulus of
continuity.

Tightness of the label process is less immediate. Let us prove it provided that d
1/2
L (X(λ))

→
d

1/2
L (X) in distribution, which we shall prove below. Our aim is again to control the modulus

of continuity. Precisely, let us fix ε, θ > 0 and let us prove that there exists δ > 0 such that for
every λ large enough, we have

ℙ
(︁∃(s, t) ∈ [0,1]2 : |t − s| ≤ δ and

⃓⃓
Z(λ,1/3)

s − Z
(λ,1/3)
t

⃓⃓
> θ
)︁≤ 10ε.

Let Ca be the random variable as in (5.1) for the limit process X, for some fixed admissible
a > 0. Since Ca < ∞ almost surely then there exists a deterministic constant M ∈ (0,∞)

such that Ca ≤ M with probability at least 1 − ε. Let C > 0 which will be chosen large
enough, depending only on θ and M (and thus ε), and let us set κ = (θ/C)2 and then N =
⌈(M/κ)1/a⌉ = ⌈(MC2/θ2)1/a⌉; we shall take δ = 1/N . Consider the good event

G(N,κ,λ) = {︁∀(s, t) ∈ [0,1]2 such that |t − s| ≤ 1/N it holds d
1/2
L (X(λ))

(s, t) ≤ κ
}︁
,

and let us write G(N,κ) for the same event for the process X. It follows from the convergence
of looptree distances, the bound (5.1), and our choice of constants that

ℙ
(︁
G(N,κ,λ)

)︁ −→
λ→∞ ℙ

(︁
G(N,κ)

)︁≥ 1 − ε.
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We shall work on the event G(N,κ,λ) and upper bound

ℙ
(︁
G(N,κ,λ) ∩ {︁∃(s, t) ∈ [0,1]2 : |t − s| ≤ 1/N and

⃓⃓
Z(λ,1/3)

s − Z
(λ,1/3)
t

⃓⃓
> C

√
κ
}︁)︁

.

By the triangle inequality and a union bound, this probability is less than or equal to

N max
0≤i<N

ℙ
(︁
G(N,κ,λ) ∩ {︁∃s ∈ [0,1/N] : ⃓⃓Z(λ,1/3)

s+i/N − Z
(λ,1/3)
i/N

⃓⃓
> C

√
κ/4
}︁)︁

.

Recall that conditional on X(λ), the label process Z(λ,1/3) is a centred Gaussian process with
a so-called canonical or intrinsic pseudo-distance given by

ρ(λ)(s, t) =
√︂
𝔼
[︁(︁

Z
(λ,1/3)
t − Z

(λ,1/3)
s

)︁2 | X(λ)
]︁≤√︃d

1/2
L (X(λ))

(s, t),

where the upper bound follows by replacing the product of left and right length along cycles
by the minimum. Let then N(λ)(r,N, i) denote the number of ρ(λ)-balls of radius r needed to
cover the interval [i/N, (i + 1)/N]. Then on the event G(N,κ,λ) we have N(λ)(r,N, i) = 1
for r ≥ √

κ and N(λ)(r,N, i) ≤ ⌈√κ/r⌉ for r <
√

κ . Then Dudley’s entropy bound [17],
Corollary 13.2, shows that there exists a universal constant K such that

𝔼
[︂

sup
s∈[0,1/N]

⃓⃓
Z

(λ,1/3)
s+i/N − Z

(λ,1/3)
i/N

⃓⃓ ⃓⃓
X(λ)
]︂

1{G(N,κ,λ)}

≤ K

∫︂ ∞
0

√︂
logN(λ)(r,N, i)dr 1{G(N,κ,λ)}

≤ K

∫︂ √
κ

0

√︂
log⌈√κ/r⌉dr ≤ K

√
κ

∫︂ 1

0

√︂
log⌈1/x⌉dx,

and the integral is some universal constant as well. Let us write L
√

κ this upper bound. Recall
the exponent a < 1/𝜼 which we have fixed. If we were able to take a > 1/2 then we could
conclude by the Markov inequality. However in the case 𝜼 = 2, in particular in the Brownian
case, we need a slightly better bound. A very strong bound [17], Theorem 5.8, which follows
from standard Gaussian concentration results is the following: for every u > 0, we have

ℙ
(︂
G(N,κ,λ) ∩

{︂
sup

s∈[0, 1
N

]

⃓⃓
Z

(λ, 1
3 )

s+i/N − Z
(λ, 1

3 )

i/N

⃓⃓
> u +𝔼

[︂
sup

s∈[0, 1
N

]

⃓⃓
Z

(λ, 1
3 )

s+i/N − Z
(λ, 1

3 )

i/N

⃓⃓ ⃓⃓
X(λ)
]︂}︂)︂

≤ 𝔼

[︃
1{G(N,κ,λ)} exp

(︃
− u2

2 sups∈[0,1/N]𝔼[(Z(λ,1/3)
s+i/N − Z

(λ,1/3)
i/N )2]

)︃]︃

≤ exp
(︃
−u2

2κ

)︃
.

Now recall that the expectation in the first line is bounded above by L
√

κ where L is a
universal constant, hence

ℙ
(︂
G(N,κ,λ) ∩

{︂
sup

s∈[0,1/N]
⃓⃓
Z

(λ,1/3)
s+i/N − Z

(λ,1/3)
i/N

⃓⃓
> u + L

√
κ
}︂)︂

≤ exp
(︃
−u2

2κ

)︃
,

for every u > 0. Combining all the previous displays, we infer with u = (C/4 − L)
√

κ that
for every λ large enough, it holds

ℙ

(︃
∃(s, t) ∈ [0,1]2 : |t − s| ≤ 1

N
and
⃓⃓
Z

(λ, 1
3 )

s − Z
(λ, 1

3 )

t

⃓⃓
> θ

)︃
≤ 2ε + N exp

(︃
−(C

4 − L)2

2

)︃
.
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Recall that θ = C
√

κ and N = ⌈(M/κ)1/a⌉ = ⌈(MC2/θ2)1/a⌉ where M was chosen only in
terms of ε in order to get the upper bound 2ε. Since L is a universal constant, then we can
choose C depending only on θ and M (and thus ε) such that the right-hand side above is
less than 3ε. This fixes the value of N in terms of θ and ε only and the proof of tightness is
complete. □

To complete the proof of Theorem 6.2, it remains to characterise the subsequential limits.
We first consider the convergence under the unconditional law of Lévy processes.

PROOF OF CONVERGENCE FOR UNCONDITIONED PROCESSES. Let us first consider the
unconditioned Lévy processes and let us prove that for any t > 0 fixed, the looptree distance
from 0 to t for X(λ) converges in distribution to that for X. Then we discuss the convergence
of the distance between any s and t fixed, the argument for more general finite dimensional
distributions is the same. We then briefly mention the modifications to control the labels.

STEP 1: DISTANCE FROM 0 TO t . The distance from 0 to t in the looptree coded by X

equals

1

2
Ct +∑︂

s≺t

min
(︁
Rt

s,ΔXs − Rt
s

)︁
.

Let us denote by C
(λ)
t and R

(λ),t
s respectively the continuous part and jump part that appear

similarly in the looptree distance associated with X(λ). We shall argue that, when δ > 0 is
small, the following terms:∑︂

s≺t

min
(︁
R(λ),t

s ,ΔX(λ)
s − R(λ),t

s

)︁
1{ΔX

(λ)
s ≤δ} and

1

2

∑︂
s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ}

are close to each other, and that the second one will contribute, together with 1
2C

(λ)
t , to the

continuous part 1
2Ct in the limit as λ → ∞ and δ → 0. We shall implicitly restrict ourselves

to values of δ which are not atoms of the Lévy measure π . This set of atoms is at most
countable, so we can indeed find a sequence outside of it that tends to 0. Henceforth, we thus
assume that X has no jump of size exactly δ.

Recall that Ct = Xt− −∑︁s≺t R
t
s , and the same holds for X(λ). Standard properties of the

Skorokhod J1 topology imply that, since X(λ) converges in distribution to X, then X
(λ)
t− →

Xt− and, jointly, the (finitely many) jumps larger than δ of X all arise as limits of jumps
larger than δ of X(λ) (without boundary effect since X has no jump of size exactly δ), and
the times at which they take place converge, and so do the associated quantities R

(λ),t
s . As a

consequence,

C
(λ)
t +∑︂

s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ} = X

(λ)
t− −∑︂

s≺t

R(λ),t
s 1{ΔX

(λ)
s >δ}

(d)−→
λ→∞ Xt− −∑︂

s≺t

Rt
s1{ΔXs>δ} = Ct +∑︂

s≺t

Rt
s1{ΔXs≤δ},

and the limit further converges in probability to Ct as δ → 0. Hence, to conclude about
the convergence of the looptree distance from 0 to t , it remains to compare this dis-
tance true distance, in X(λ), with the quantity we obtain when we replace the term∑︁

s≺t min(R
(λ),t
s ,ΔX

(λ)
s − R

(λ),t
s )1{ΔX

(λ)
s ≤δ} by 1

2
∑︁

s≺t R
(λ),t
s 1{ΔX

(λ)
s ≤δ}.
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Precisely, let us fix a bounded Lipschitz function F , with supx |F(x)| ≤ K and
supx≠y |F(x) − F(y)|/(|x − y|) ≤ L for some positive constants K and L, and define

DF (λ, δ)

=
⃓⃓⃓⃓
F

(︃
1

2

(︃
C

(λ)
t +∑︂

s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ}
)︃

+∑︂
s≺t

min
(︁
R(λ),t

s ,ΔX(λ)
s − R(λ),t

s

)︁
1{ΔX

(λ)
s >δ}
)︃

− F

(︃
1

2
C

(λ)
t +∑︂

s≺t

min
(︁
R(λ),t

s ,ΔX(λ)
s − R(λ),t

s

)︁)︃⃓⃓⃓⃓
.

Let us prove that 𝔼[DF (λ, δ)] → 0 as first λ → ∞ and then δ → 0, then our claim follows
from the Portmanteau theorem.

Let us adapt the argument in the proof of Theorem 1.2 in [22]. Precisely, we can write
R

(λ),t
s = ΔX

(λ)
s ×ut

s , where in the unconditioned process, the random variables (ut
s; s ≺ t) are

i.i.d. with the uniform law on [0,1] and are independent from (ΔX
(λ)
s ; s ≺ t). Consequently,

𝔼

[︃∑︁
s≺t ΔX

(λ)
s 1{ΔX

(λ)
s ≤δ}u

t
s∑︁

s≺t ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ}

⃓⃓⃓
ΔX(λ)

s ; s ≺ t

]︃
= 1

2

and

Var
(︃∑︁

s≺t ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ}u

t
s∑︁

s≺t ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ}

⃓⃓⃓
ΔX(λ)

s ; s ≺ t

)︃
=
∑︁

s≺t (ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ})

2

12(
∑︁

s≺t ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ})

2

≤ δ

12
∑︁

s≺t ΔX
(λ)
s 1{ΔX

(λ)
s ≤δ}

,

after bounding the sum of the squares by the sum without square times the largest element.
The same holds if we replace ut

s by min(ut
s,1 − ut

s), except that the expectation is now 1/4
and the variance is 1/48.

Fix λ, δ > 0 and ε ∈ (0,1/4) and consider the following two events. First

Aλ,δ,ε =
{︃∑︂

s≺t

ΔX(λ)
s 1{ΔX

(λ)
s ≤δ} ≤ ε

}︃
controls the denominator above, so on the complement event, the variances are bounded
above by δ/(12ε) and δ/(48ε) respectively. Second,

Bλ,δ,ε =
{︃⃓⃓⃓⃓∑︁

s≺t min(R
(λ),t
s ,ΔX

(λ)
s − R

(λ),t
s )1{ΔX

(λ)
s ≤δ}∑︁

s≺t R
(λ),t
s 1{ΔX

(λ)
s ≤δ}

− 1

2

⃓⃓⃓⃓
≤ 3ε

1 − 2ε

}︃
,

controls the ratios. It is straightforward to check that if |a − 1/4| ≤ ε and |b − 1/2| ≤ ε, then
|a/b−1/2| ≤ max{(1/4+ ε)/(1/2− ε)−1/2,1/2− (1/4− ε)/(1/2+ ε)} = 3ε/(1−2ε). A
union bound and the Chebychev inequality then easily show that, for some universal constant
V (e.g., 5/24) coming from the variances, it holds

ℙ
(︁
Ac

λ,δ,ε ∩ Bc
λ,δ,ε

)︁≤ δV

ε3 .

Let us introduce a third and last event:

Cλ,δ,ε =
{︃∑︂

s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ} < ε−1/2

}︃
,
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whose probability tends to 1 as first λ → ∞, then δ → 0, and finally ε → 0 since this sum is
upper bounded by X

(λ)
t− which converges in distribution to Xt− which is finite.

Recall the quantity DF (λ, δ) and that we aim at showing that its expectation converges
to 0 as first λ → ∞, then δ → 0. We shall partition the space into the four events: Aλ,δ,ε ∪
{Ac

λ,δ,ε ∩ Bλ,δ,ε ∩ Cλ,δ,ε} ∪ {Ac
λ,δ,ε ∩ Bc

λ,δ,ε ∩ Cλ,δ,ε} ∪ {Ac
λ,δ,ε ∩ Cc

λ,δ,ε}. Indeed, first, since
F is L-Lipschitz, then

DF (λ, δ) ≤ L

⃓⃓⃓⃓∑︂
s≺t

min
(︁
R(λ),t

s ,ΔX(λ)
s − R(λ),t

s

)︁
1{ΔX

(λ)
s ≤δ} − 1

2

∑︂
s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ}
⃓⃓⃓⃓
.

Using the triangle inequality, this is bounded above by 3Lε/2 on the event Aλ,δ,ε . If instead
we factorise by the sum of the R’s, then on the event Bλ,δ,ε , we have

DF (λ, δ) ≤ 3Lε

1 − 2ε

∑︂
s≺t

R(λ),t
s 1{ΔX

(λ)
s ≤δ},

which is now bounded above by 3L
√

ε/(1 − 2ε) on the event Cλ,δ,ε . For the last two cases,
we simply use that F is bounded by K , so DF (λ, δ) ≤ 2K is uniformly bounded. Therefore,
we have

𝔼
[︁
DF (λ, δ)

]︁≤ 3Lε

2
+ 3L

√
ε

1 − 2ε
+ 2K ℙ

(︁
Ac

λ,δ,ε ∩ Bc
λ,δ,ε

)︁+ 2K ℙ
(︁
Cc

λ,δ,ε

)︁
.

We know that the first probability on the right is bounded above by some universal constant
times δ/ε3 and that the second probability converges to 0 as first λ → ∞, then δ → 0, and
finally ε → 0. The same is then true for 𝔼[DF (λ, δ)] and the proof is complete.

STEP 2: DISTANCE FROM AN ANCESTOR TO t . So far, we have proved the convergence
of the looptree distance from 0 to any given t > 0. Let s ∈ (0, t) and suppose first that s ≺ t

in the looptree coded by X, namely that Xs− ≤ Xr for all r ∈ [s, t]. There are two cases
according as whether or not X jumps at time s.

If ΔXs > 0, then recall from the proof of Lemma 4.3 that X cannot make a local minimum
at the height Xs−. In particular, either Xt > Xs− or t = inf{r > s : Xr = Xs−}. In the second
case, this means that we can find t ′ < t arbitrarily close to t , with Xt ′ > Xt = Xs− and Xt ′
is arbitrarily close to Xt ; this implies that the looptree distance between t and t ′ is arbitrarily
small and t ′ falls into the first case. Therefore we may assume when ΔXs > 0 that Xt > Xs−
and actually Xr > Xs− for all r ∈ [s, t]. In this case, as in the previous step, there are times
s(λ) ≺ t (λ) such that X(λ) jumps at time s(λ), and such that s, t , ΔXs and Rt

s are the limits
of the analogous quantities in X(λ) and the previous argument extends readily to prove the
convergence of the looptree distance from s(λ) to t (λ) for X(λ) to that from s to t for X.

Suppose next that ΔXs = 0. We aim at finding similarly times s(λ) ≺ t (λ) that converge
to s and t to which we can apply the previous argument. Again there are two cases. In the
case where Xr > Xs for all r ∈ (s, t], there exists ε > 0 small such that Xr > Xs + 2ε for
r ∈ (s + 2ε, t]. The Skorokhod convergence implies that for all λ sufficiently large, there
exists r(λ) ∈ (s − ε, s + ε) such that X

(λ)
r > X

(λ)

r(λ) + ε for all r ∈ (r(λ) + 4ε, t]. This further

implies this existence of some time s(λ) ∈ (r(λ), r(λ) + 4ε) ⊂ (s − ε, s + 5ε) with s(λ) ≺ t and
we conclude in this case. A last case is when both ΔXs = 0 and Xr = Xs for some r ∈ (s, t).
Then necessarily this time r is a time of local minimum and since the latter are unique, then
s is not a time of local minimum so we can find s′ < s arbitrarily close to s which falls into
the previous case.

STEP 3: PAIRWISE DISTANCES. Assume now that s ⊀ t in the looptree coded by X. Then
we can cut at their last common ancestor s ∧ t and apply the same reasoning as above: if
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this last common ancestor is a jump time, then the quantities of interest associated with this
macroscopic loop are limits of those for X(λ) and the two branches from s ∧ t to s on the
one hand and from s ∧ t to t on the other hand converge by the previous paragraph. The case
when s ∧ t is not a jump time is controlled similarly. The same argument extends to control
the pairwise distances between any finite collection of times, cutting at the corresponding
branch-points. Details are left to the reader.

STEP 4: LABELS. Let us end with a few words on the Gaussian labels on the looptree.
Recall that the conditional covariance function given the Lévy process is very close to be
the looptree distance: one just replaces the infimum between the left and right length of
the loops by their product. Thus the only modification in Step 2 is that one should replace
min(R

(λ),t
s ,ΔX

(λ)
s −R

(λ),t
s ) by R

(λ),t
s (ΔX

(λ)
s −R

(λ),t
s ). If U has the uniform law on [0,1], we

used previously that 𝔼[min(U,1 − U)] = 1/4, then this value is now replaced by 𝔼[U(1 −
U)] = 1/6. Once divided by 𝔼[U ] = 1/2, we obtain the constant 1/3, which explains why
we consider Z1/3 where we considered L 1/2(X). Steps 2 and 3 are easily adapted. □

We finally turn to conditioned processes.

PROOF OF CONVERGENCE FOR BRIDGES AND EXCURSIONS. We know from the two
previous proofs that the looptree distances and labels associated with the bridges are tight and
those associated with the unconditioned processes converge. Fix ε ∈ (0,1) and notice that the
looptree distance between all pairs s, t ∈ [0,1 − ε] is a measurable function of the trajectory
of the process restricted to the time interval [0,1 − ε]. The same holds for the covariance
function of the labels on the time interval [0,1 − ε]. Then the convergence of these looptree
distances and labels for the bridge follows from the absolute continuity relation as in the proof
of Lemma 6.1. This characterises the subsequential limits and we conclude from tightness.

We next turn to the excursion versions. Recall that we recover the bridge Xbr by cyclicly
shifting the excursion Xex at an independent uniform random time U . Notice that the looptree
distance in the excursion between any two times s, t ∈ [0,U ] is the same as the looptree
distance in the bridge between their images 1 − U + s and 1 − U + t after the cyclic shift.
However they differ if one or both times lie after U . Using the same time U to relate the
excursion and bridge versions of each X(λ), we infer from the case of bridges that the looptree
distances restricted to [0,U ] in the excursions converge in distribution to those in Xex.

Assume next that s < U < t and consider q = inf{r > U : Xex
r− ≤ inf[r,t] Xex} the first an-

cestor of t that lies after U and p = sup{r < U : Xex
r− ≤ Xex

q−} the last ancestor of t before U .
Then the looptree distance between t and q in the excursion is the same as that of their images
t − U and q − U in the bridge, and all the other contributions to the distance between s and
t depend only on the trajectory up to time U as well as the value Xex

U − Xex
q−. Finally if both

s, t > U , then it may be that their last common ancestor also satisfies s ∧ t ≥ U , in which case
the looptree distance in the excursion is that of their images in the bridge. If s ∧ t ≥ U , then
we easily adapt the previous reasoning. In any case we infer the convergence in distribution
of the looptree distances in the excursion from the joint convergence of the bridges and the
associated looptree distances.

The same reasoning shows the convergence of the covariance function of the label pro-
cesses, which combined with the tightness argument implies the convergence in distribution.

□

6.2. Convergence of maps. Let us suppose that for every λ > 0, the pair (X(λ),Z(λ,1/3))

arises as the scaling limit of discrete paths (W(λ,n),Z(λ,n)) in the sense of Theorem 2.1. Sup-
pose that these paths encode a bipartite planar map M(λ,n) = (M(λ,n), d(λ,n),p(λ,n)). Then



4026 I. KORTCHEMSKI AND C. MARZOUK

Theorem 2.3 implies the convergence of the rescaled map along a subsequence to a limit
space M(λ) = (M(λ), d(λ),p(λ)). Now assume that for every t ≥ 0, the transition density p

(λ)
t

converges uniformly as λ → ∞ to pt , so both Lemma 6.1 and Theorem 6.2 are satisfied, and
let us study the convergence of M(λ) as λ → ∞, again along a subsequence.

THEOREM 6.3. Suppose that the previous assumptions are satisfied. Then from every
sequence of integers tending to infinity, one can extract a subsequence along which the con-
vergence in distribution

d(λ) (d)−→
λ→∞ D,

holds for the uniform topology on [0,1]2, jointly with Theorem 6.2. The limit D is a random
continuous pseudo-distance which satisfies the identity in law:(︁

D(U, t)
)︁
t∈[0,1]

(d)= (︁Zex
t − minZex)︁

t∈[0,1],

where U is sampled uniformly at random on [0,1] and independently of the rest. It also
satisfies almost surely the property that for every s, t ∈ [0,1],

if dL (X)(s, t) = 0, then D(s, t) = 0.

Furthermore, along any such convergent subsequence, we have

M(λ) (d)−→
n→∞ M = [0,1]/{D = 0}

in the Gromov–Hausdorff–Prokhorov topology. Finally, if the excursion of X reduces to a
scaled Brownian excursion or stable excursion, then the maps converge in distribution with-
out extraction to a multiple of the Brownian sphere or a stable map respectively.

PROOF. The argument is very close to that of Theorem 2.3. Indeed, from this theorem, for
every λ, we have the identity in law d(λ)(U, ·) = Z(λ,1/3) − minZ(λ,1/3) where U is sampled
uniformly at random on [0,1] and independently of the rest. Since Z(λ,1/3) converges in
distribution to Z1/3 by Theorem 6.2, then tightness of d(λ) follows just as in the discrete
setting, and so does the identity in law D(U, ·) = Z1/3 − minZ1/3 for any subsequential
limit D. Lemma 4.8 shows that for every λ, the pseudo-distance d(λ) can be seen as a pseudo-
distance on the looptree L (X(λ)), in the sense that dL (X(λ)) = 0 implies d(λ) = 0. The same
argument used to prove this lemma, using the approximation X(λ) → X instead of discrete
paths, shows further that this passes to any subsequential limit, namely that dL (X) = 0 implies
D = 0. Then the convergence in the Brownian or stable case follows just as for discrete maps
in Theorem 2.3. □

Acknowledgments. The authors would like to thank the associated editor and the refer-
ees for their detailed comments and suggestions that greatly improved this paper.

REFERENCES

[1] ABRAHAM, C. (2016). Rescaled bipartite planar maps converge to the Brownian map. Ann. Inst. Henri
Poincaré Probab. Stat. 52 575–595. MR3498001 https://doi.org/10.1214/14-AIHP657

[2] ADDARIO-BERRY, L. and ALBENQUE, M. (2017). The scaling limit of random simple triangulations and
random simple quadrangulations. Ann. Probab. 45 2767–2825. MR3706731 https://doi.org/10.1214/
16-AOP1124

[3] ADDARIO-BERRY, L. and ALBENQUE, M. (2021). Convergence of non-bipartite maps via symmetrization
of labeled trees. Ann. Henri Lebesgue 4 653–683. MR4315765 https://doi.org/10.5802/alco.175

https://mathscinet.ams.org/mathscinet-getitem?mr=3498001
https://doi.org/10.1214/14-AIHP657
https://mathscinet.ams.org/mathscinet-getitem?mr=3706731
https://doi.org/10.1214/16-AOP1124
https://doi.org/10.1214/16-AOP1124
https://mathscinet.ams.org/mathscinet-getitem?mr=4315765
https://doi.org/10.5802/alco.175


RANDOM LÉVY LOOPTREES AND LÉVY MAPS 4027

[4] ALBENQUE, M., FUSY, É. and LEHÉRICY, T. (2023). Random cubic planar graphs converge to the Brownian
sphere. Electron. J. Probab. 28 Paper No. 28, 54 pp. MR4550759 https://doi.org/10.1214/23-ejp912

[5] AMANKWAH, D. and STEFÁNSSON, S. Ö. (2023). On scaling limits of random Halin-like maps. Math.
Scand. 129 507–542. MR4667880

[6] ARCHER, E. (2020). Infinite stable looptrees. Electron. J. Probab. 25 Paper No. 11, 48 pp. MR4059189
https://doi.org/10.1214/20-ejp413

[7] ARCHER, E. (2021). Brownian motion on stable looptrees. Ann. Inst. Henri Poincaré Probab. Stat. 57
940–979. MR4260491 https://doi.org/10.1214/20-aihp1103

[8] BELTRAN, J. and LE GALL, J.-F. (2013). Quadrangulations with no pendant vertices. Bernoulli 19
1150–1175. MR3102547 https://doi.org/10.3150/12-BEJSP13

[9] BERNARDI, O., HOLDEN, N. and SUN, X. (2023). Percolation on triangulations: A bijective path to Liouville
quantum gravity. Mem. Amer. Math. Soc. 289 v+176. MR4651497 https://doi.org/10.1090/memo/1440

[10] BERTOIN, J. (1996). Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge Univ. Press, Cam-
bridge. MR1406564

[11] BETTINELLI, J. (2015). Scaling limit of random planar quadrangulations with a boundary. Ann. Inst. Henri
Poincaré Probab. Stat. 51 432–477. MR3335010 https://doi.org/10.1214/13-AIHP581

[12] BETTINELLI, J., JACOB, E. and MIERMONT, G. (2014). The scaling limit of uniform random plane maps,
via the Ambjørn–Budd bijection. Electron. J. Probab. 19 no. 74, 16 pp. MR3256874 https://doi.org/
10.1214/EJP.v19-3213

[13] BETTINELLI, J. and MIERMONT, G. (2017). Compact Brownian surfaces I: Brownian disks. Probab. Theory
Related Fields 167 555–614. MR3627425 https://doi.org/10.1007/s00440-016-0752-y

[14] BJÖRNBERG, J. E. and STEFÁNSSON, S. Ö. (2015). Random walk on random infinite looptrees. J. Stat.
Phys. 158 1234–1261. MR3317412 https://doi.org/10.1007/s10955-014-1174-9

[15] BLANC-RENAUDIE, A. (2022). Looptree, fennec, and snake of ICRT. Preprint. Available at arXiv:2203.
10891.

[16] BLUMENTHAL, R. M. and GETOOR, R. K. (1961). Sample functions of stochastic processes with stationary
independent increments. J. Math. Mech. 10 493–516. MR0123362

[17] BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A Nonasymptotic The-
ory of Independence. Oxford Univ. Press, Oxford. MR3185193 https://doi.org/10.1093/acprof:oso/
9780199535255.001.0001

[18] BOUTTIER, J., DI FRANCESCO, P. and GUITTER, E. (2004). Planar maps as labeled mobiles. Electron.
J. Combin. 11 Research Paper 69, 27 pp. MR2097335 https://doi.org/10.37236/1822

[19] BUDD, T. and CURIEN, N. (2017). Geometry of infinite planar maps with high degrees. Electron. J. Probab.
22 Paper No. 35, 37 pp. MR3646061 https://doi.org/10.1214/17-EJP55

[20] CURIEN, N., DUQUESNE, T., KORTCHEMSKI, I. and MANOLESCU, I. (2015). Scaling limits and influence
of the seed graph in preferential attachment trees. J. Éc. Polytech. Math. 2 1–34. MR3326003 https://
doi.org/10.5802/jep.15

[21] CURIEN, N., HAAS, B. and KORTCHEMSKI, I. (2015). The CRT is the scaling limit of random dissections.
Random Structures Algorithms 47 304–327. MR3382675 https://doi.org/10.1002/rsa.20554

[22] CURIEN, N. and KORTCHEMSKI, I. (2014). Random stable looptrees. Electron. J. Probab. 19 no. 108, 35
pp. MR3286462 https://doi.org/10.1214/EJP.v19-2732

[23] CURIEN, N. and KORTCHEMSKI, I. (2015). Percolation on random triangulations and stable looptrees.
Probab. Theory Related Fields 163 303–337. MR3405619 https://doi.org/10.1007/s00440-014-0593-5

[24] CURIEN, N., KORTCHEMSKI, I. and MARZOUK, C. (2022). The mesoscopic geometry of sparse random
maps. J. Éc. Polytech. Math. 9 1305–1345. MR4482303 https://doi.org/10.5802/jep.207

[25] CURIEN, N. and LE GALL, J.-F. (2019). First-passage percolation and local modifications of distances in
random triangulations. Ann. Sci. Éc. Norm. Supér. (4) 52 631–701. MR3982872 https://doi.org/10.
24033/asens.2394

[26] CURIEN, N., MIERMONT, G. and RIERA, A. (2025). The scaling limits of random planar maps with large
faces. Preprint. Available at arXiv:2501.18566.

[27] DUPLANTIER, B., MILLER, J. and SHEFFIELD, S. (2021). Liouville quantum gravity as a mating of trees.
Astérisque 427 viii+257. MR4340069 https://doi.org/10.24033/ast

[28] DUQUESNE, T. (2003). A limit theorem for the contour process of conditioned Galton-Watson trees. Ann.
Probab. 31 996–1027. MR1964956 https://doi.org/10.1214/aop/1048516543

[29] DUQUESNE, T. (2010). Packing and Hausdorff measures of stable trees. In Lévy Matters I. Lecture Notes in
Math. 2001 93–136. Springer, Berlin. MR2731897 https://doi.org/10.1007/978-3-642-14007-5_2

[30] DUQUESNE, T. (2012). The exact packing measure of Lévy trees. Stochastic Process. Appl. 122 968–1002.
MR2891444 https://doi.org/10.1016/j.spa.2011.10.013

[31] DUQUESNE, T. and LE GALL, J.-F. (2002). Random trees, Lévy processes and spatial branching processes.
Astérisque 281 vi+147. MR1954248

https://mathscinet.ams.org/mathscinet-getitem?mr=4550759
https://doi.org/10.1214/23-ejp912
https://mathscinet.ams.org/mathscinet-getitem?mr=4667880
https://mathscinet.ams.org/mathscinet-getitem?mr=4059189
https://doi.org/10.1214/20-ejp413
https://mathscinet.ams.org/mathscinet-getitem?mr=4260491
https://doi.org/10.1214/20-aihp1103
https://mathscinet.ams.org/mathscinet-getitem?mr=3102547
https://doi.org/10.3150/12-BEJSP13
https://mathscinet.ams.org/mathscinet-getitem?mr=4651497
https://doi.org/10.1090/memo/1440
https://mathscinet.ams.org/mathscinet-getitem?mr=1406564
https://mathscinet.ams.org/mathscinet-getitem?mr=3335010
https://doi.org/10.1214/13-AIHP581
https://mathscinet.ams.org/mathscinet-getitem?mr=3256874
https://doi.org/10.1214/EJP.v19-3213
https://doi.org/10.1214/EJP.v19-3213
https://mathscinet.ams.org/mathscinet-getitem?mr=3627425
https://doi.org/10.1007/s00440-016-0752-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3317412
https://doi.org/10.1007/s10955-014-1174-9
https://arxiv.org/abs/2203.10891
https://arxiv.org/abs/2203.10891
https://mathscinet.ams.org/mathscinet-getitem?mr=0123362
https://mathscinet.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=2097335
https://doi.org/10.37236/1822
https://mathscinet.ams.org/mathscinet-getitem?mr=3646061
https://doi.org/10.1214/17-EJP55
https://mathscinet.ams.org/mathscinet-getitem?mr=3326003
https://doi.org/10.5802/jep.15
https://doi.org/10.5802/jep.15
https://mathscinet.ams.org/mathscinet-getitem?mr=3382675
https://doi.org/10.1002/rsa.20554
https://mathscinet.ams.org/mathscinet-getitem?mr=3286462
https://doi.org/10.1214/EJP.v19-2732
https://mathscinet.ams.org/mathscinet-getitem?mr=3405619
https://doi.org/10.1007/s00440-014-0593-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4482303
https://doi.org/10.5802/jep.207
https://mathscinet.ams.org/mathscinet-getitem?mr=3982872
https://doi.org/10.24033/asens.2394
https://doi.org/10.24033/asens.2394
https://arxiv.org/abs/2501.18566
https://mathscinet.ams.org/mathscinet-getitem?mr=4340069
https://doi.org/10.24033/ast
https://mathscinet.ams.org/mathscinet-getitem?mr=1964956
https://doi.org/10.1214/aop/1048516543
https://mathscinet.ams.org/mathscinet-getitem?mr=2731897
https://doi.org/10.1007/978-3-642-14007-5_2
https://mathscinet.ams.org/mathscinet-getitem?mr=2891444
https://doi.org/10.1016/j.spa.2011.10.013
https://mathscinet.ams.org/mathscinet-getitem?mr=1954248


4028 I. KORTCHEMSKI AND C. MARZOUK

[32] DUQUESNE, T. and LE GALL, J.-F. (2005). Probabilistic and fractal aspects of Lévy trees. Probab. Theory
Related Fields 131 553–603. MR2147221 https://doi.org/10.1007/s00440-004-0385-4

[33] DUQUESNE, T. and LE GALL, J.-F. (2006). The Hausdorff measure of stable trees. ALEA Lat. Amer.
J. Probab. Math. Stat. 1 393–415. MR2291942

[34] FUSY, É. and GUITTER, E. (2014). The three-point function of general planar maps. J. Stat. Mech. Theory
Exp. 2014 p09012, 39 pp. MR3268094 https://doi.org/10.1088/1742-5468/2014/09/p09012

[35] GWYNNE, E. (2020). Random surfaces and Liouville quantum gravity. Notices Amer. Math. Soc. 67
484–491. MR4186266 https://doi.org/10.1090/noti

[36] GWYNNE, E., HOLDEN, N. and SUN, X. (2023). Mating of trees for random planar maps and Liouville
quantum gravity: A survey. In Topics in Statistical Mechanics. Panor. Synthèses 59 41–120. Soc. Math.
France, Paris. MR4619311

[37] HAAS, B. and MIERMONT, G. (2004). The genealogy of self-similar fragmentations with negative index as
a continuum random tree. Electron. J. Probab. 9 57–97. MR2041829 https://doi.org/10.1214/EJP.v9-
187

[38] JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

[39] JANSON, S. (2012). Simply generated trees, conditioned Galton-Watson trees, random allocations and con-
densation. Probab. Surv. 9 103–252. MR2908619 https://doi.org/10.1214/11-PS188

[40] KALLENBERG, O. (1981). Splitting at backward times in regenerative sets. Ann. Probab. 9 781–799.
MR0628873

[41] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[42] KHANFIR, R. (2022). Convergences of looptrees coded by excursions. Preprint. Available at arXiv:2208.
11528.

[43] KNIGHT, F. B. (1996). The uniform law for exchangeable and Lévy process bridges. In Hommage à P. A.
Meyer et J. Neveu 171–187. Société Mathématique de France, Paris. MR1417982

[44] KORTCHEMSKI, I. and MARZOUK, C. (2023). Large deviation local limit theorems and limits of bicon-
ditioned planar maps. Ann. Appl. Probab. 33 3755–3802. MR4663496 https://doi.org/10.1214/22-
aap1906

[45] KORTCHEMSKI, I. and RICHIER, L. (2019). Condensation in critical Cauchy Bienaymé–Galton–Watson
trees. Ann. Appl. Probab. 29 1837–1877. MR3914558 https://doi.org/10.1214/18-AAP1447

[46] KORTCHEMSKI, I. and RICHIER, L. (2020). The boundary of random planar maps via looptrees. Ann. Fac.
Sci. Toulouse Math. (6) 29 391–430. MR4150547 https://doi.org/10.5802/afst.1636

[47] LAMPERTI, J. (1967). The limit of a sequence of branching processes. Z. Wahrsch. Verw. Gebiete 7 271–288.
MR0217893 https://doi.org/10.1007/BF01844446

[48] LE GALL, J.-F. (2005). Random trees and applications. Probab. Surv. 2 245–311. MR2203728 https://doi.
org/10.1214/154957805100000140

[49] LE GALL, J.-F. (2007). The topological structure of scaling limits of large planar maps. Invent. Math. 169
621–670. MR2336042 https://doi.org/10.1007/s00222-007-0059-9

[50] LE GALL, J.-F. (2013). Uniqueness and universality of the Brownian map. Ann. Probab. 41 2880–2960.
MR3112934 https://doi.org/10.1214/12-AOP792

[51] LE GALL, J.-F. (2018). Subordination of trees and the Brownian map. Probab. Theory Related Fields 171
819–864. MR3827223 https://doi.org/10.1007/s00440-017-0794-9

[52] LE GALL, J.-F. (2022). The volume measure of the Brownian sphere is a Hausdorff measure. Electron.
J. Probab. 27 Paper No. 113, 28 pp. MR4474537 https://doi.org/10.1214/22-ejp837

[53] LE GALL, J.-F. and MIERMONT, G. (2011). Scaling limits of random planar maps with large faces. Ann.
Probab. 39 1–69. MR2778796 https://doi.org/10.1214/10-AOP549

[54] MARCKERT, J.-F. and MIERMONT, G. (2007). Invariance principles for random bipartite planar maps. Ann.
Probab. 35 1642–1705. MR2349571 https://doi.org/10.1214/009117906000000908

[55] MARZOUK, C. (2022). On scaling limits of random trees and maps with a prescribed degree sequence. Ann.
Henri Lebesgue 5 317–386. MR4443293 https://doi.org/10.5802/ahl.125

[56] MARZOUK, C. (2024). Scaling limits of random looptrees and bipartite plane maps with prescribed large
faces. Ann. Inst. Henri Poincaré Probab. Stat. 60 1905–1948. MR4780508 https://doi.org/10.1214/23-
aihp1387

[57] MATTILA, P. (1995). Geometry of Sets and Measures in Euclidean Spaces: Fractals and Rectifiability. Cam-
bridge Studies in Advanced Mathematics 44. Cambridge Univ. Press, Cambridge. MR1333890 https://
doi.org/10.1017/CBO9780511623813

[58] MIERMONT, G. (2013). The Brownian map is the scaling limit of uniform random plane quadrangulations.
Acta Math. 210 319–401. MR3070569 https://doi.org/10.1007/s11511-013-0096-8

https://mathscinet.ams.org/mathscinet-getitem?mr=2147221
https://doi.org/10.1007/s00440-004-0385-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2291942
https://mathscinet.ams.org/mathscinet-getitem?mr=3268094
https://doi.org/10.1088/1742-5468/2014/09/p09012
https://mathscinet.ams.org/mathscinet-getitem?mr=4186266
https://doi.org/10.1090/noti
https://mathscinet.ams.org/mathscinet-getitem?mr=4619311
https://mathscinet.ams.org/mathscinet-getitem?mr=2041829
https://doi.org/10.1214/EJP.v9-187
https://doi.org/10.1214/EJP.v9-187
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://doi.org/10.1007/978-3-662-05265-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2908619
https://doi.org/10.1214/11-PS188
https://mathscinet.ams.org/mathscinet-getitem?mr=0628873
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
https://arxiv.org/abs/2208.11528
https://arxiv.org/abs/2208.11528
https://mathscinet.ams.org/mathscinet-getitem?mr=1417982
https://mathscinet.ams.org/mathscinet-getitem?mr=4663496
https://doi.org/10.1214/22-aap1906
https://doi.org/10.1214/22-aap1906
https://mathscinet.ams.org/mathscinet-getitem?mr=3914558
https://doi.org/10.1214/18-AAP1447
https://mathscinet.ams.org/mathscinet-getitem?mr=4150547
https://doi.org/10.5802/afst.1636
https://mathscinet.ams.org/mathscinet-getitem?mr=0217893
https://doi.org/10.1007/BF01844446
https://mathscinet.ams.org/mathscinet-getitem?mr=2203728
https://doi.org/10.1214/154957805100000140
https://doi.org/10.1214/154957805100000140
https://mathscinet.ams.org/mathscinet-getitem?mr=2336042
https://doi.org/10.1007/s00222-007-0059-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3112934
https://doi.org/10.1214/12-AOP792
https://mathscinet.ams.org/mathscinet-getitem?mr=3827223
https://doi.org/10.1007/s00440-017-0794-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4474537
https://doi.org/10.1214/22-ejp837
https://mathscinet.ams.org/mathscinet-getitem?mr=2778796
https://doi.org/10.1214/10-AOP549
https://mathscinet.ams.org/mathscinet-getitem?mr=2349571
https://doi.org/10.1214/009117906000000908
https://mathscinet.ams.org/mathscinet-getitem?mr=4443293
https://doi.org/10.5802/ahl.125
https://mathscinet.ams.org/mathscinet-getitem?mr=4780508
https://doi.org/10.1214/23-aihp1387
https://doi.org/10.1214/23-aihp1387
https://mathscinet.ams.org/mathscinet-getitem?mr=1333890
https://doi.org/10.1017/CBO9780511623813
https://doi.org/10.1017/CBO9780511623813
https://mathscinet.ams.org/mathscinet-getitem?mr=3070569
https://doi.org/10.1007/s11511-013-0096-8


RANDOM LÉVY LOOPTREES AND LÉVY MAPS 4029

[59] MILLER, J. (2018). Liouville quantum gravity as a metric space and a scaling limit. In Proceedings of the
International Congress of Mathematicians—Rio de Janeiro 2018. Vol. IV. Invited Lectures 2945–2971.
World Scientific, Hackensack, NJ. MR3966518

[60] MILLER, J. and SHEFFIELD, S. (2020). Liouville quantum gravity and the Brownian map I: The QLE(8/3,0)

metric. Invent. Math. 219 75–152. MR4050102 https://doi.org/10.1007/s00222-019-00905-1
[61] MILLER, J. and SHEFFIELD, S. (2021). An axiomatic characterization of the Brownian map. J. Éc. Polytech.

Math. 8 609–731. MR4225028 https://doi.org/10.5802/jep.155
[62] MILLER, J. and SHEFFIELD, S. (2021). Liouville quantum gravity and the Brownian map II: Geodesics and

continuity of the embedding. Ann. Probab. 49 2732–2829. MR4348679 https://doi.org/10.1214/21-
aop1506

[63] MILLER, J. and SHEFFIELD, S. (2021). Liouville quantum gravity and the Brownian map III: The conformal
structure is determined. Probab. Theory Related Fields 179 1183–1211. MR4242633 https://doi.org/
10.1007/s00440-021-01026-8

[64] PITMAN, J. (2006). Combinatorial Stochastic Processes. Lecture Notes in Math. 1875. Springer, Berlin.
MR2245368

[65] PRUITT, W. E. (1981). The growth of random walks and Lévy processes. Ann. Probab. 9 948–956.
MR0632968

[66] RICHIER, L. (2018). Limits of the boundary of random planar maps. Probab. Theory Related Fields 172
789–827. MR3877547 https://doi.org/10.1007/s00440-017-0820-y

[67] SHARPE, M. (1969). Zeroes of infinitely divisible densities. Ann. Math. Statist. 40 1503–1505. MR0240850
https://doi.org/10.1214/aoms/1177697525

[68] SHEFFIELD, S. (2023). What is a random surface? In ICM—International Congress of Mathematicians. Vol.
2. Plenary Lectures 1202–1258. EMS Press, Berlin. MR4680280

[69] STEFÁNSSON, S. Ö. and STUFLER, B. (2019). Geometry of large Boltzmann outerplanar maps. Random
Structures Algorithms 55 742–771. MR3997486 https://doi.org/10.1002/rsa.20834

[70] STUFLER, B. (2024). The scaling limit of random cubic planar graphs. J. Lond. Math. Soc. (2) 110 Paper
No. e70018, 46 pp. MR4819289 https://doi.org/10.1112/jlms.70018

[71] URIBE BRAVO, G. (2014). Bridges of Lévy processes conditioned to stay positive. Bernoulli 20 190–206.
MR3160578 https://doi.org/10.3150/12-BEJ481

https://mathscinet.ams.org/mathscinet-getitem?mr=3966518
https://mathscinet.ams.org/mathscinet-getitem?mr=4050102
https://doi.org/10.1007/s00222-019-00905-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4225028
https://doi.org/10.5802/jep.155
https://mathscinet.ams.org/mathscinet-getitem?mr=4348679
https://doi.org/10.1214/21-aop1506
https://doi.org/10.1214/21-aop1506
https://mathscinet.ams.org/mathscinet-getitem?mr=4242633
https://doi.org/10.1007/s00440-021-01026-8
https://doi.org/10.1007/s00440-021-01026-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2245368
https://mathscinet.ams.org/mathscinet-getitem?mr=0632968
https://mathscinet.ams.org/mathscinet-getitem?mr=3877547
https://doi.org/10.1007/s00440-017-0820-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0240850
https://doi.org/10.1214/aoms/1177697525
https://mathscinet.ams.org/mathscinet-getitem?mr=4680280
https://mathscinet.ams.org/mathscinet-getitem?mr=3997486
https://doi.org/10.1002/rsa.20834
https://mathscinet.ams.org/mathscinet-getitem?mr=4819289
https://doi.org/10.1112/jlms.70018
https://mathscinet.ams.org/mathscinet-getitem?mr=3160578
https://doi.org/10.3150/12-BEJ481

	Introduction
	Motivation and literature
	Main results
	Background on Lévy processes
	Fractal dimensions
	‘‘Definition’’ of the Lévy maps, to be made more precise in Theorem 2.3

	Main techniques and difference with previous work on the stable case
	Convergence of Lévy-driven objects

	Open questions and plan

	Planar maps and labelled looptrees
	The discrete setting
	Looptrees
	Labels and maps
	Boltzmann distributions

	Lévy looptrees and Gaussian labels
	Lévy looptrees
	Gaussian labels on looptrees

	Invariance principles

	Limits of biconditioned planar maps and stable excursions with a drift
	A spinal decomposition and some volume bounds
	A spinal decomposition
	A volume estimate in the looptree
	On distances in the map
	A technical lemma with Brownian motions
	Proof of the technical lemma

	Computation of the dimensions
	Hölder continuity of the distances
	Fractal dimensions

	Approximations in the continuum world
	Convergence of looptrees and labels
	Convergence of maps

	Acknowledgments
	REFERENCES

