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What is the analogue of Lévy processes for random surfaces? Motivated
by scaling limits of random planar maps in random geometry, we introduce
and study Lévy looptrees and Lévy maps. They are defined using excursions
of general Lévy processes with no negative jump and extend the known sta-
ble looptrees and stable maps, associated with stable processes. We com-
pute in particular their fractal dimensions in terms of the upper and lower
Blumenthal-Getoor exponents of the coding Lévy process. The case where
the Lévy process is a stable process with a drift naturally appears in the con-
text of stable-Boltzmann planar maps conditioned on having a fixed number
of vertices and edges in a near-critical regime.
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FIG. 1. Left: two looptrees coded by (approximations of) an excursion of a stable process with index 3/2 and
with a drift +7 (top) and —20 (bottom); the colours represent Gaussian labels. Right: the associated plane maps
embedded in three-dimensional space; the colours represent the degree of the faces.

1. Introduction. In short, our main purpose is to extend the construction of stable loop-
trees and stable maps, which are random metric spaces built using stable Lévy processes,
to the setting of general Lévy processes with no negative jumps. We calculate their fractal
dimensions and study their behaviour as the coding Lévy processes vary. Figure 1 presents
some simulations of such nonstable objects. In addition to the main results pertaining to ran-
dom geometry, which are presented in this introduction, some of our tools involve new results
for Lévy processes, which are of independent interest.

1.1. Motivation and literature.

The Brownian sphere. In random geometry, the Brownian sphere (also known as the Brow-
nian map) is a random metric space almost surely homeomorphic to the two-dimensional
sphere, whose study has attracted a lot of attention in the past twenty years. It has in partic-
ular been shown to be the universal scaling limit of many different models of random planar
maps, see, for example, [1-3, 8, 12, 25, 44, 50, 55, 58]. We recall that a planar map is the
embedding without edge-crossing of a finite, connected multigraph on the sphere, viewed up
to orientation-preserving homeomorphisms. In two recent breakthroughs, it was also shown
to appear at the scaling limit of models of random, nonembedded, planar graphs [4, 70]. The
models of maps in the previous references share the common feature that no face has a size
which dominates the other ones, so they vanish in the limit after applying a suitable rescal-
ing. In this sense, the Brownian sphere is the canonical model of spherical random surfaces.
It bears intimate connections with the Brownian excursion, Aldous’ continuum random tree
(hereafter called the “Brownian tree”), and Le Gall’s Brownian snake, which are also impor-
tant objects in probability. It also relates to the theory of Liouville quantum gravity [60—63];
let us refer to the expository papers [35, 36, 59, 68] for a gentle introduction to this topic.
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Stable maps. Parallel to this, some effort has been put into escaping the universality class
of the Brownian sphere, motivated in part by statistical physics models on maps (see [53],
Section 8). In this direction, Le Gall and Miermont [53] constructed a family of continuum
models and proved that they are scaling limits, along subsequences, of Boltzmann random
planar maps (defined in the next paragraph) in regimes where the degree of the faces have
infinite variance, and whose behaviour is dictated by an exponent « € (1, 2). Very recently,
Curien, Miermont and Riera [26] proved that the convergence in distribution holds without
taking subsequences. They call these limits an «-stable carpet when « > 3/2 and an «-stable
gasket when o < 3/2 because of topological differences between these two regimes. To sim-
plify, we shall call them «-stable maps in all regimes o € (1, 2).

Let us briefly recall the model of Boltzmann planar maps, which was introduced in [54].
As often, we restrict to bipartite maps, which are those whose faces all have even degree, and
which turn out to be much simpler to study. We also consider pointed maps, meaning that one
vertex is distinguished. Given a sequence (qx)x>1 of nonnegative real numbers, one assigns
to any finite bipartite pointed map a weight given by

[T dacecrry.
f face

where deg(f) is the degree of the face f. One can then sample a pointed map with n
edges proportionally to its weight (assuming that the total weight of n-edged maps, which
is a finite set, is nonzero). This model is similar in spirit to the so-called model of simply
generated trees, which can be seen under mild assumptions as size-conditioned Bienaymé—
Galton—Watson trees, see, for example, the survey [39] for details.

Roughly speaking, Le Gall and Miermont [53] identified a regime of weights for which
large degree faces are present and subsequential scaling limits are built using decorated ex-
cursions of a-stable Lévy processes with no negative jumps, with o € (1,2). An explicit
sequence of such weights is, for example, given by [19], Section 6:

P12 —ath) 1 _J7
>2, k= , (=—7——.
Ta/2+k <=2 4o +2 2r(1/2 — @)

Multiconditioned planar maps. In [44] we have recently considered planar maps condi-
tioned both to have n edges and K, vertices, and thus n — K, + 2 faces by Euler’s formula.
One motivation originated from predictions in [34] concerning the typical order of distances
in such uniform random maps, which we have confirmed by showing a stronger scaling limit
result, and also by connections with random hyperbolic geometry mentioned in the subse-
quent work [24]. Another motivation was a large or moderate deviation question. Indeed, it
can be shown that in the «-stable map regime of [53] as above, a map with n edges has around
On vertices for some constant 6 € (0, 1) which depends on the weights (gx)x. For example,
6 = 4« for the particular weight sequence (1.1). It is then natural to study how the geometry
changes when one forces the number of vertices to deviate from this typical behaviour. One
of the contributions of [44] was to show that in this «-stable regime, multiconditioning en-
ables new continuum maps to appear by finely tuning K,,. To be concrete, in the case of (1.1),
this corresponds to the regime where n~1/%(K, — 4kn) has a finite limit as n — oo. In this
regime, one obtains subsequential scaling limits which are coded by decorated excursions of
a-stable Lévy processes with no negative jumps with a drift, see Corollary 3.1 for a precise
statement and Figure 1 for simulations.

(1.1) gx = CcKk

Lévy maps. The objective of this present work is then twofold. First we aim at defining
more general continuum maps related to unit duration excursions of any Lévy process with
no negative jump. Indeed, as we have previously mentioned, the case of stable processes
with a drift appears in a multiconditioned setting. More generally, we believe that the Lévy
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FI1G. 2. Left: a plane tree in dotted lines and its looptree version. Right: a slight variation, used here, obtained by
merging each internal vertex of the tree with its right-most offspring, as shown by the dashed lines in the middle.

maps that we introduce and construct here are the only possible scaling limits of Boltzmann
maps, based on the fact that Lévy processes are the only possible scaling limits of triangular
arrays of random walks [41], Theorem 16.14, that the continuous-state branching processes
are the only possible scaling limits of discrete-time Bienaymé—Galton—Watson branching
processes [47], and that the Lévy trees are the only possible scaling limits of Bienaymé—
Galton—Watson trees [31]. It would also be interesting to investigate limits of gaskets of a
large random O(N) decorated triangulation in near critical regimes (see, e.g., the discussion
in [23], Section 5.3, which hints to the appearance of Lévy looptrees and maps). We leave
such questions for a future work, and here we focus on the construction of these Lévy maps,
using ad hoc discrete models to pass to the limit.

Fractal properties. We also express the fractal dimensions of Lévy maps: Hausdorff,
Minkowski, and packing dimensions, in terms of natural quantities in the underlying Lévy
process, namely the Blumenthal and Getoor exponents, extending results of Le Gall and Mier-
mont [53] for a-stable maps. Intuitively, these dimensions quantify the “roughness” of these
random metric spaces, and their identification is an important question in random geom-
etry. Fractal dimensions of stable trees and stable maps have been computed respectively
in [37, 53], and dimensions of general Lévy trees have been computed in [32]. The key differ-
ence with Le Gall and Miermont’s approach is that self-similarity is not available anymore,
and the fact that the lower and upper Blumenthal-Getoor indices may differ significantly
complicates the analysis.

Lévy looptrees. A useful tool to construct and study stable maps is the so-called stable
looptrees introduced in [22], also motivated by the study of percolation clusters on random
maps [23]. Looptrees have been used in relation with maps [9, 27, 45, 46, 51, 61, 66, 69], but
also for their own interest or in relation with other models [5-7, 14, 20, 21, 42]. Informally,
stable looptrees are obtained by replacing branchpoints of the stable trees of [28, 32] by
“loops” and then gluing these loops along the tree structure. See Figure 2 for a representation
of a discrete looptree and Figure 1 for simulations of continuum looptrees. Formally, stable
looptrees are built from an excursion of a stable Lévy process with no negative jumps. In this
work, we also extend their construction to general Lévy processes with no negative jumps
and study their properties, such as their fractal dimensions.

1.2. Main results. Let us state right away our main theorems on the dimensions of Lévy
looptrees and maps, while deferring the precise definition of these objects to the next section.

Background on Lévy processes. Throughout this work, we let X = (X;);>0 be a Lévy
process with no negative jump and with paths of infinite variation. We refer to [10, 31]
for details on Lévy processes and further discussions related to this work. Let us denote
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by ¥ : A € [0, 00) — logE[e *%1] its Laplace exponent; according to the Lévy—Khintchine
formula, the latter takes the form

v (W) =—dr+ BAZ + /Ooo(e‘“ — 1+ Ar)m(dr),

where d € R is the drift coefficient, § > 0 is the Gaussian parameter, and the Lévy measure
satisfies fooo (r A r?)7(dr) < oco. From the condition of infinite variation paths, if 8 =0 then
necessarily fol rr(dr) = oo. The case of stable Lévy processes corresponds to i (A) = A%
with 1 <« <2, for whichd ==0and n(dr) =a(a¢ — DI'(2 — o) lrme-lgr,

An idea to deal with general Lévy processes is to compare them with stable processes.
To this end, recall the lower and upper exponents of i at infinity introduced by Blumenthal
and Getoor [16]:

y = sup[c >0: Alim A Y (L) = oo},
(1.2) -
0 ::inf{c >0: lim A~C¥ () =0}.
A—00

We use in this work the notation from [32] and the exponents p and 5 actually correspond to
B” and B respectively in [16]. Let us mention that 7 also relates to the Lévy measure 77 by 5 =
inf{c > 0: fol x¢m(dx) < 0o}. We always have limy_, oo A2 (1) = B, and since we assume
that X has paths with infinite variation, then lim; _, oo k‘lw(k) = 00. In particular 1 <y <
n < 2; the two exponents coincide (with o) for -stable processes and more generally when
Y varies regularly at infinity, but they differ in general and all pairs of values 1 <y <9 <2
are possible.
We shall assume throughout this paper the integrability condition: for every ¢ > 0,

(1.3) /R|]E[ei”X’]|du < 00.

As observed by Kallenberg [40], Section 5, this condition holds as soon as either 8 > 0
or u~?|logu|™! 0 r?m(dr) — oo as u — 0. Observe that this last convergence requires only
slightly more than 7 to be infinite: 7 is infinite as soon as u > Io r?m(dr) — oo, and is finite
as soon as u 2| logu|'*¢ Jo r27(dr) — 0 for some & > 0.

Condition (1.3) also appears in [43, 71], and enables us to define bridges and excursions
of the process with a fixed duration. Precisely, by inverse Fourier transform, under (1.3), the
random variable X; admits a continuous density for every ¢ > 0 (even jointly continuous in
time and space). These transition densities can then be used to define a regular version X"
of (X¢):eq0.1) conditioned on X¢ = X = 0, which we call the bridge version of X. Next, by
exchanging the parts prior and after the first minimum of X', the so-called Vervaat transform
allows to define an excursion X%, which is informally a version of (X;);¢[0,1] conditioned on
Xo=X1=0and X; > Oforeveryt € (0, 1). Let us refer to Section 2.2 and references therein
for a few details. Without the condition (1.3), the construction of the continuum looptrees
and maps as well as the calculation of their dimensions can be carried out in the setting of
unconditioned Lévy processes, or under the Itd excursion measure.

We can construct a looptree .2 (X*) from the excursion path X* in a way that somehow
extends the construction of a tree from a continuous excursion via its contour exploration.
Very informally, we see each positive jump, say AX;* > 0, as a vertical line segment with
this length, turned into a cycle by identifying its two extremities. We then glue these cycles
together by attaching the bottom (¢, X{*) of such a segment to the first point we meet on
another vertical segment when going horizontally to the left, starting from (¢, X{*), at the
last time s < ¢ such that X$* < X7* < X%*. In reality, due to the infinite variation paths, two
macroscopic cycles never touch each other, and when the Gaussian parameter g is nonzero,
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the looptree contains infinitesimal “tree parts”. In the case when X* is the Brownian excur-
sion, the looptree .2’ (X®*) actually has no cycle and reduces to a scaled version of the usual
Brownian tree. The formal definition of .Z(X®*) is given in Section 2.2, let us only mention
that it is a metric measured space, which is the quotient of the interval [0, 1] by a continuous
pseudo-distance defined from XX,

Fractal dimensions. Let us denote by dimy the Hausdorff dimension, by dim, the pack-
ing dimension, and by dim and dim respectively the lower and upper Minkowski dimensions
(sometimes also called box counting dimensions). We refer to [57], Chapter 4 and 5, for
definitions and basic properties of these dimensions. Recall in particular that the Minkowski
dimensions of a metric space (E, d) are defined as

dimE = liminfM and dimE = limsup M,
cl0 logl/e elo logl/e

where N(¢) ;= minf{k > 1: Ix,...,xx € E suchthat E C Uf-‘zl B(x;, &)} is the minimal
number of e-balls required to cover the space.

THEOREM 1.1. Almost surely, it holds
dimy Z(X¥) =dim.Z2(X*) =y and dim, 2 (X%)=dim.2(X%)=n,

where 1 <y <n <2 are the exponents defined in (1.2).

This theorem extends [22], Theorem 1.1, in the case of «-stable Lévy processes for which
y =1 =« for each a € (1, 2). In the Brownian case o = 2, we also recover the dimension
2 = y = n of the Brownian tree. It is also consistent with [15], Theorem 2.3, who considered
another model, related to the so-called inhomogeneous continuum random trees.

Turning to Lévy maps, one could construct them directly from the process X* together
with extra randomness given by a Gaussian field on the looptree £ (X®*), using the analogue
of the formula of D* in [49, 50, 58] to define the Brownian sphere. However this is not what
we will do and, as for the pioneer works in the Brownian and stable regimes [49, 53], we
will instead use approximations by rescaled discrete maps. The reason is twofold: first our
motivation to study these objects in the first place is to eventually prove scaling limit results,
and second this will allow us to use the discrete objects to obtain some estimates that seem
harder to obtain directly in the continuum world.

We shall give more details in Section 2 below, but for the benefit of the reader let us
here give a first rather informal sense of these Lévy maps. A celebrated bijection from [18]
shows that discrete planar maps with a distinguished vertex are encoded by certain trees
whose vertices are equipped with suitable integer labels. We can reformulate this bijection
in terms of looptrees, again with labelled vertices, as shown in Figure 3. Then just as in the
continuous setting, a discrete looptree can be coded by a discrete excursion W" of duration n
(the number of edges of the maps) with increments in Z>_; ={—1,0, 1,2, ...}. Under mild
exchangeability conditions, we shall prove in Theorem 2.1 that when such random excursions
converge in distribution after suitable scaling to X*, then the rescaled looptrees converge to
the looptree .2 (X®*) for the so-called Gromov—Hausdorff—Prokhorov topology. In addition,
the random labels on the vertices of the looptree converge in the scaling limit to a random
Gaussian field on .Z(X%).

By now classical arguments originally due to Le Gall [49], this implies that the discrete
random maps associated with these labelled looptrees are tight, and thus converge along
subsequences to some limit metric space. Precisely, we shall prove in Theorem 2.3 below a
formal version of the following statement.
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FI1G. 3. Left: a well-labelled looptree. Right: a bipartite plane map with vertices labelled by their graph distance
to a distinguished vertex (labelled 0). Middle: the bijection linking them.

“Definition” of the Lévy maps, to be made more precise in Theorem 2.3. Let M" be random
bipartite planar map with n edges and a distinguished vertex and let W” denote the discrete
excursion that codes its associated looptree. Assume an exchangeability property for the in-
crements of W” (i.e., for the faces of M"), and that there exists a sequence r, — 0o such
that the rescaled path (r, IW(’m J)te[O,l] converges in distribution to X®* for the Skorokhod
topology. Then from every increasing sequence of integers, one can extract a subsequence
along which the rescaled maps (2r,,)~'/>M" converge in distribution to some nondegenerate
measured metric space for the Gromov—Hausdorff—Prokhorov topology. We shall denote by
M any such subsequential limit, which we call a Lévy map associated with X .

Theorem 2.3 actually provides more information and shows, for example, that the graph
distances in M" to its distinguished vertex converge in distribution, without the need to extract
a subsequence. However the convergence of all the pairwise distances remains open. This
result is the generalisation of [49, 53] in the Brownian and stable regimes, before one was
able to prove that convergence of maps holds without the need to extract a subsequence.
These works also compute the Hausdorff dimensions of the subsequential limits and our next
theorem extends this to the Lévy regime.

THEOREM 1.2. Almost surely, for any subsequential limit M, it holds
dimy M =dimM =2y and dim, M =dim M =2y,

where 1 <y <y <2 are the exponents defined in (1.2).

Main techniques and difference with previous work on the stable case. The lower bounds
on the dimensions follow from an upper bound on the rate of decay of the volume of balls
centred at a uniform random point as the radius tends to 0. The latter is established for both
looptrees and maps in Section 4. In the case of looptrees, it relies on a spinal decomposition,
which rephrases the usual spinal decomposition of a tree and is formally described in terms
of the coding Lévy excursion. A geometric argument, summarised in Figure 6, allows to
include the ball in a simpler set defined using hitting times of Lévy processes. The core of
the argument is the control of such quantities. By local absolute continuity of the excursion
near an independent uniform random time with a bi-infinite Lévy process (X;);cr, we are
able to transfer estimates for that set obtained for the unconditioned process to its excursion.
The volume of balls in the map is controlled similarly, with a close geometric argument, now
depicted in Figure 9. The estimates however are much more challenging in the case of maps,
since here one needs to control the Gaussian labels on the looptree.
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These estimates are obtained in Section 4 and are much more involved compared to the
corresponding ones in the stable case from [22, 53]. Indeed, informally, in [53] one starts
from a uniform random point in the looptree, or actually in the associated tree, and follows
its ancestral line towards the root and records the labels of the ancestors, until we first exceed
a threshold. These labels simply form a symmetric stable Lévy process, so one can rely on
explicit calculations; they are formally obtained by some time-change in the Lévy process
and one needs then to change back to the original time-scale. This is no longer possible when
the upper and lower exponents of the Lévy process may differ; in addition, at the first time
the label of an ancestor exceeds a threshold, this label may be much larger. One thus has to
be more careful and the looptree formalism helps a lot here to cut the trajectory differently.

Upper bounds on the dimensions rely on Holder continuity estimates, obtained in Sec-
tion 5. Indeed both the looptree and the map are a quotient of the interval [0, 1] by some
pseudo-distance, and we prove there that the canonical projections are Holder continuous.
For looptrees, this is obtained by cutting the excursion path into small pieces, whenever it
makes a jump larger than a small threshold, and controlling the variation between two such
jumps; again we rely on local absolute continuity with respect to an unconditioned Lévy
process. Holder continuity estimates for the map are then easily derived from this, using
the representation with labels on the looptree; by their Gaussian nature, the regularity of the
labels is nearly half that of the looptree, which leads to the factor two in the dimensions.

This part is closer to [22, 53] in spirit but there self-similarity of the paths was a key
ingredient in the calculations and arguing without it is more challenging. For example, in an
unconditioned a-stable Lévy process, one can control the variation between two times simply
by considering the value at a given time since the difference X;; — X has the same law as
1% X 1. For this reason, our key estimates in Proposition 5.1 and Corollary 5.5 require more
effort compared to the stable case.

Convergence of Lévy-driven objects. In a general setting, the convergence of looptrees
and maps when the driving Lévy excursion varies is discussed in Theorem 6.2 and Theo-
rem 6.3. It is essentially established that if the transition densities of a sequence of Lévy
processes converge uniformly to those of another Lévy process, then the associated labelled
looptrees converge in law, and further the corresponding Lévy maps converge in law after ex-
tracting a subsequence. A typical example of application we have in mind is the case where
X® is an a-stable spectrally positive Lévy process with drift A, with varying o and A. This
will be studied in a companion paper.

1.3. Open questions and plan. This work leaves open several natural questions. First,
here the Lévy map M is only defined as a subsequential limit of models of discrete maps,
associated with discrete excursions that converge to X®*. This was the case for the Brow-
nian sphere in [49] until uniqueness was finally proved [50, 58], and similarly for stable
maps [53], for which uniqueness has been proved very recently [26]. We believe that several
geometric ideas of [26] can apply to prove uniqueness in the more general Lévy setting when
the Gaussian parameter 8 vanishes, although the technical inputs are more involved with-
out self-similarity. When the Gaussian parameter is nonzero, it is likely that other ideas are
needed.

Following the first point, the convergence of looptrees and maps relies on that of the dis-
crete excursions to X®*. The point of this paper was to construct the limiting objects related
to X®*. Given a Lévy excursion, one can always make up discrete paths that converge to it
and use them to build discrete maps, which we do here. The question of proving conver-
gence of natural discrete models of maps and conditioned discrete excursions under optimal
assumptions is left for future work.
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In another direction, after computing the fractal dimensions of Lévy trees [32], Duquesne
and Le Gall [33] investigated the existence and the computation of a gauge function associ-
ated with a nontrivial Hausdorff or packing measure for the Brownian tree. Duquesne [30]
expressed more generally the exact packing measure of Lévy trees, and proved on the con-
trary that there is no (regular) Hausdorff measure, even for the stable trees [29]. More recently,
Le Gall [52] expressed the Hausdorff measure of the Brownian sphere. We plan to investigate
these questions on the Lévy looptrees and maps.

The rest of this paper is organised as follow. In Section 2 we first define formally discrete
and continuous looptrees and maps. We stress again that Lévy looptrees are defined directly
from the excursion X*, whereas Lévy maps are defined as subsequential limits of discrete
maps, in Theorem 2.3. Section 3 applies these results to the model of stable processes with a
drift. Then in Section 4 we state and prove technical bounds on the volume of small balls in
looptrees and maps, which provide lower bounds for the fractal dimensions. In Section 5 we
first state and prove Holder continuity estimates for the looptree and map distances, which
provide upper bounds for the fractal dimensions. We then prove Theorem 1.1 and Theo-
rem 1.2. Finally, Section 6 discusses the convergence of Lévy looptrees and maps when the
associated processes converge.

2. Planar maps and labelled looptrees. We first define in Section 2.1 the discrete la-
belled looptrees and plane maps as well as their coding by discrete paths. Then we construct
analogously labelled looptrees associated with (excursions of) Lévy processes in Section 2.2.
We shall stay brief and refer to [56] and references therein for details. See also [42] for more
results on looptrees coded by a function. Finally in Section 2.3 we state and prove invariance
principles, showing that the discrete objects converge to the continuum ones. We define at
this occasion the Lévy maps as subsequential limits of discrete maps.

2.1. The discrete setting. Recall that a plane map is the embedding of a planar graph on
the sphere and viewed up to direct homeomorphisms. In order to break symmetries, we shall
always distinguish an oriented edge, called the root edge of the map. The faces of the map are
defined as the connected components of the complement of the edges. The face to the left of
the root edge is called the boundary of the map and can be seen as an outer face. The degree
of a face is defined as the number of edges surrounding it, counted with multiplicity; a plane
map is bipartite if and only if all faces have even degree.

Looptrees. A looptree, as represented on the right of Figure 2, is by definition a plane
map with the property that every edge has exactly one side incident to the outer face. This
necessarily implies that all the other faces are simple cycles and are edge-disjoint; also no
edge is pending inside the outer face. One can naturally order the edges of a looptree, oriented
to keep the boundary to their left, by following its contour: we start from the root edge eg, then
recursively, the edge ex+1 is the leftmost edge originating from the tip of ex. If the looptree
has n > 1 edges, then the recursion ends at ¢, = eg, once the tour of the looptree is complete.
One can then define a path W" = (W}'; 0 <k <n+ 1) by setting W = 0 and letting for each
0 <k < n the increment W} 1 W} be as follows:

L. Let W, | — W} be equal to the length minus 1 of the cycle to the right of the edge e
if no previously listed edge ey, ..., ex—1 belongs to this cycle;
2. Otherwise let Wi, | — W' = —1.

One can check that W”" is a fukasiewicz path with length n 4 1, that is, a path whose in-
crements all belong to Z>_1 ={-1,0,1,2,...}, started from Wy =0, with W ; = —1
and W' > 0 for every 1 < k < n. We extend it to a cadlag path defined on the real interval
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Fi1G. 4. Left: A looptree equipped with a good labelling. Right: Its Lukasiewicz path on top and its label process
on the bottom.

[0, n 4 1] by letting it drift at speed —1 between two integer times. We refer to Figure 4 for an
example. This construction is invertible, we shall describe below the converse construction
directly in the continuum setting. We denote by L(W") the looptree coded by the path W".
Let us mention that there is a well-known bijection between Lukasiewicz paths and plane
trees, in which the increments of W” code the offspring numbers minus 1 when performing
a depth first search exploration of the tree; the tree associated with W" is the dotted tree on
the left of Figure 2. It is important to note that L(W") is not the looptree naturally associated
with the plane tree coded by W" as considered in [22, 42] (each internal vertex of the tree
with its right-most offspring should be merged to obtain L(W")). This version however is the
one primarily studied in [56] and that appeared previously in [23, 46, 66] under the notation
Loop in view of applications to random planar maps. This seemingly small difference actually
affects the continuous part in the scaling limits, that is, the constant a in (2.6) below.

When considering scaling limits of looptrees, it will be useful to have a canonical order
of their vertices. First for each 0 <k <n, let uZ denote the origin of the oriented edge ey in
the contour sequence. This list contains redundancies that we can remove by only keeping
the last appearance of each vertex to extract a list of the vertices (v}, ..., v}) where N is
the total number of vertices; in particular, the root vertex is ug = uj, = vl is the origin of
the root edge. The reason to keep the last appearance and not the first one comes from the
coding from the Lukasiewicz path W": the vertices are in one-to-one correspondence with
the negative increments of the path, so N equals the number of such increments, and the
time of a negative jump is precisely the last appearance of the corresponding vertex in the list
(ug, ..., up).

Labels and maps. Let us further equip a looptree with a good labelling on the vertices.
For every edge, oriented to keep the boundary on its left, we require that the difference of la-
bels between the tip and the origin is an integer larger than or equal to —1. These differences,
together with the label of the origin of the root edge fix uniquely the labels of all the vertices.
One can again encode the labels into a discrete path Z" = (Z7, ..., Z!') by following the
contour of the looptree. We further extend this path continuously by linear interpolation. See
again Figure 4 for an example. One can notice that the labels of the vertices of any cycle of
the looptree, when read clockwise, form a bridge with increments larger than or equal to —1;
if the cycle has length ¢ > 1, there are (%Z 1 such bridges.

The bijection from [18], Section 2, once reformulated in terms of looptrees shows that
looptrees equipped with a good labelling are in one-to-two correspondence with bipartite
plane maps equipped with a distinguished vertex, called pointed maps. Moreover the bijection
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can be constructed by a simple algorithm in both directions (in addition to [18], let us refer
to [56], Section 2.2) and enjoys the following properties:

1. The map and the looptree have the same amount of edges;

2. The cycles of the looptree correspond to the faces of the map, and the length of a cycle
is half the degree of the associated face;

3. The vertices of the looptree correspond to the nondistinguished vertices of the map, and
the labels, shifted so the minimum is 1, equal the graph distances to the distinguished vertex
in the map.

4. The factor 2 in the correspondence only comes from the loss of the orientation of the
root edge in the map.

Let us refer to Figure 3 for a graphical representation of this bijection. The reader acquainted
with the Schaeffer bijection between labelled trees and quadrangulations can observe that the
latter is a particular case of the present bijection, when every cycle of the looptree has length
2, so the looptree is really just a tree in which every edge is doubled.

In short, the construction of a map from a labelled looptree works as follows. First, shift
all the labels so the minimum is 1. Then assign to every corner of the outer face a successor,
which is the first one which carries a smaller label when following the contour of the looptree,
in the sense defined at the beginning of this section but extended by periodicity. The fact that
the labelling is good implies that the difference of label between a corner and its successor
is always exactly —1. The successor of the corners which carry the label 1 is an extra vertex
labelled O in the outer face. Then the map is obtained by removing the edges of the looptree
and instead linking every corner to its successor. The extra vertex O is the distinguished vertex
of the map, and the labels of the vertices indeed correspond to their distance in the map to
this vertex: the chain of successors forms a geodesic path to 0.

This construction allows to canonically order the vertices of a map. Recall the order
(v],...,vy) of the vertices of a looptree with n edges and N vertices. Then these are all
the vertices of the associated map except the distinguished one which we set as vg. In addi-
tion, the vertex v, corresponds to the origin of the root edge in the looptree; in the map, it is
an extremity of the root edge, but not necessarily its origin, but rather the one farther away
from vyj.

Boltzmann distributions. Let us briefly recall the model of Boltzmann maps introduced
in Section 1.1. Let deg(f) is the degree of the face f, then given a sequence (gx)k>1, one
assigns to any finite bipartite pointed map a weight given by

[T dacecr) -
f face

One can then sample a pointed map with n edges proportionally to its weight (assuming that
the total weight of the finite set of n-edged maps is nonzero). By the previous bijection, this
transfers to sampling a looptree with n edges and equipped with a good labelling proportion-
ally to the weight [; cycie Glength(c)- Recall that each cycle ¢ with length £ > 1 in a looptree

can be labelled in (26—1) different ways. Then the looptree, without the labels, is sampled
proportionally to the weight

2 length(c) — 1
1_[ length (c) qlength(c)»
ccycle
and then conditionally given this looptree, the labels on each cycle are uniform random
bridges with increments larger than or equal to —1, independent of each other. Recall that
the length of the cycles of the looptree equal the size plus one of the nonnegative increments
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of the associated Lukasiewicz path. This Lukasiewicz path, with duration n + 1, is thus sam-
pled proportionally to the weight

n+1 2j +1
l_[cjxk Wherec7j=< X )qj+1 forj>0andg_; =1,
k=1 j+l1

and where x; is the k’th increment of the path. By the so-called cyclic lemma [64],
Lemma 6.1, one can realise such a random excursion by first sampling a bridge with du-
ration n + 1, starting from O and ending at —1, proportionally to the previous weight, and
then cyclicly exchanging the increments at the first time this bridge achieves its overall min-
imum to turn it into an excursion.

Let us mention that this paper focuses on the continuum objects, so we consider pointed
maps with n edges which is the simplest model to study. However one may consider maps
with n vertices or n faces instead, or even more general notions of size, see, for example, [55],
Section 6.4, and references therein, or combine them and condition the map by its number
of vertices, edges, and faces at the same time [44]. In another direction, one can consider
maps without any distinguished vertex. Note that when we do not condition on the number
of vertices, distinguishing a vertex in the map leads to a size-biasing of the latter. However
standard arguments in the theory allow to show that the effect of this size-biasing disappears
in the limit, provided some technical inputs, see, for example, [55], Proposition 6.4, and
references therein. Finally one can consider maps with a boundary [11, 13] by prescribing
the degree of the face to the right of the root edge in the map, and hence the length of the
cycle to the right of the root edge in the looptree, so finally the size of the first increment of the
Lukasiewicz path. By removing this first jump, one obtains a so-called first-passage bridge,
and all this present work extends readily to this setting, see [55, 56]. We simply consider
maps without boundary to ease the notation.

2.2. Lévy looptrees and Gaussian labels. Recall from Section 1.2 the model of Lévy pro-
cesses that we consider: X has no negative jump, infinite variation paths, and its characteristic
function is integrable (1.3). By inverse Fourier transform, the process X then admits transi-
tion densities, say (p;(x));>0 xeRr, Which are jointly continuous in time and space as shown,
for example, in [43], Lemma 2.4. In addition, they never vanish, and precisely Sharpe [67]
shows that if one of them vanishes somewhere, then the process X is, up to a drift, either a
subordinator or the negative of one.

Following [43], Section 2, thanks to the positivity and joint continuity of the transition
densities, we may use them to define a bridge with unit duration from O to any ¢ € R. Pre-
cisely, the conditional law P(- | X| = ¢) is characterised by the following absolute continuity
relation with respect to the unconditioned path: for any ¢ € (0, 1) and any continuous and
bounded function F, it holds

pe( — X 1—5)]
p1(0)
One can actually start from this identity and show that the family of processes it defines
extends consistently to a process on the whole interval [0, 1], see again [43]. We shall de-
note by X the bridge from O to 0, that is the path (X;);c[0,1] under P(- | X1 = 0). This
bridge achieves its overall minimum at a unique time U almost surely, which has the uni-
form distribution on [0, 1] by [43], Lemma 2.1 and Theorem 2.1. We then define the Vervaat

transformation V, which exchanges the pre and post minimum, namely for every ¢ € [0, 1]
we set

(2'2) X?X = (VXbr)t = th)]r—i-t mod 1 — XIIDJr'

Then X* is a unit duration excursion version of the process X; see also [71], Theorem 4.

Q1) E[F((Xrep1—e) | X1 = 0] = E[F((Xt)te[o,l_e])
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Lévy looptrees. Let Y be any cadlag function on [0, co) with no negative jump, which
can be, for example, the Lévy process X or its excursion X* extended to O on [1, 00). Let
us recall from [56] the construction of the looptree coded by Y as well as random Gaussian
labels on it. The reader may alternatively find this construction of looptrees in [42] where
they are called “vernation trees”, together with additional topological details on these objects.
This originates from [22, 53] which applies in a pure jump case, where the continuous part C
below vanishes. First define from Y a partial order < by setting for every s, > 0:

s <t whenboths <tandY;_ < [1ntf] Y.
S,
We then set s <t when either s < ¢ or s = ¢. In analogy to the discrete setting, when Y is
the Lukasiewicz path associated with a plane tree, we interpret s = sup{r > 0: r <t} as the
parent of t and AY; as the degree of 5. Then for any s, > 0, we let

sAt:=sup{r>0:r <sandr <t}
denote their last common ancestor. For every pair s, t > 0, let us set

(2.3) R, := inf Y, —Y,_ ifs =1,
rels,t]

and let R! = 0 otherwise, which is the case as soon as Y does not jump at time s, for example.
Still in analogy to the discrete setting this corresponds to the number of siblings of ¢ that lie
to its right. Another way to visualise this quantity is to consider for 7 fixed the dual path Y’ =
(Yi— — Y(r—s)—)sef0.r] and its running supremum Y’ = (Sup,[0.5] ¥} )sefo.1], then R} _ = AY!
is the overshoot of Y’ when it jumps to a new record at time s. In general, the path Y’ can
also make records in a continuous way, thus we also define a continuous process by

(2.4) Ci=|{¥i;rel0,0}|=||inf v;s e 10,11},
[s.7]
where | - | stands for the Lebesgue measure. For a cadlag function g on [0, co), with no
negative jump, let us define for every 0 <s <t
2.5) dy(s, 1) = dg(1,5) = g + 81— —2inf g.
5

Note that we take the left-limit at time . When g is continuous, it is well known that d,, is
a pseudo-distance and that the quotient space T, obtained by identifying all pairs of times
at dg-distance 0 is a rooted real tree [48]. In particular one may define a tree T¢ from the
continuous part C from (2.4). We shall also use d, for g =Y to upper bound the looptree
distance, see equation (2.7) below.

Let Y = X be our Lévy process. In this case the dual path X’ has the same law as X, so C;
has the same law as the Lebesgue measure of the range of the supremum process. The latter
coincides with the measure of the range of the ladder process, obtained by time-changing
this supremum process by the inverse local time at the supremum. In turn the ladder process
is well known to be a subordinator with Laplace exponent ¥ (1) /A, see, for example, [31],
Lemma 1.1.2, whose drift coincides with the Gaussian parameter 8 of X. Since the Lebesgue
measure of the range of a subordinator equals its drift, then we conclude that for Lévy pro-
cesses, we have

C vanishes ifand onlyif B =0.

By the Vervaat transform and absolute continuity of the bridge, this holds also for ¥ = X°*.
If one wants again to draw an analogy with the discrete setting, viewing X or X* as

the Lukasiewicz path of a tree, then when 8 > 0, the nontrivial process C coincides with 8 H

where H is the so-called height process [31], equation 14, so T¢c = BT is the so-called Lévy
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FIG.5. A schematic representation of the looptree distance between two times s and t and the coding excursion.
In different colours are highlighted the four components of the distance in (2.6): from left to right in the latter

in red, orange, blue, and green. Each portion of the geodesic from s to t is numbered and associated with the
corresponding part of the excursion.

tree coded by X or X, up to a multiplicative constant. However when 8 = 0, the process C
vanishes so the tree T¢ is reduced to a single point, whereas it is shown in [31] that one can
still define a nontrivial height process H, and thus a nontrivial Lévy tree Ty . We shall not
need the height process in this work.

We may now define the looptree coded by Y. We associate with any jump time ¢ > 0
a cycle [0, AY;] with AY; identified with 0, equipped with the metric §;(a, b) = minf{|a —
b|, AY;—|a—b|}forall a, b € [0, AY;]. For definiteness, if AY; = 0, then we set §,(0, 0) = 0.
Following [56], define the looptree distance with parameter a > 0 between any s, ¢ > 0 by

(2.6) dYyyy(s.0):= Y (0. R)+ Y (0, R))+8n(Rps R ) +ade(s, D),

SAt<r<s SAI<r<t

where here and below, a sum over an empty set is null and where R’ is defined in (2.3) and
dc is the tree distance defined in (2.5). Let us refer to Figure 5 for a schematic representation
of this distance.

It can be checked that d_‘gf(y) is indeed a continuous pseudo-distance on [0, 1] for every a,
which moreover satisfies the following inequality: let dy be defined as dg in (2.5) with g =Y,
then

2.7 dyy) < dy,

see [56], Proposition 3.2, which extends [22], Lemma 2.1, when C = 0. Henceforth we denote
by Z“(Y) the quotient space obtained by identifying all pairs of times at pseudo-distance 0.
We shall simply write .Z(Y) and d_¢(y) for £LY(Y) and d}g(y). The value of a > 0 does not
affect the fractal dimensions of the looptree, and Theorem 1.1 extends to .Z4(X*). This
constant only appears in the invariance principles in Section 2.3. In the case where Y is a
Brownian excursion, we have C =Y so £*(Y) =a - Tc = a - Ty is a scaled Brownian tree
coded by Y. The metric space .Z2"“(Y) has been introduced in [56], and in the particular case
a =1/2in [42] it is called the vernation tree coded by Y.

Observe that a discrete looptree as defined in Section 2.1 is a map, while a continuous
looptree .Z is a compact metric space. Let us note however that the two definitions are very
close: specifically if Y is a Lukasiewicz path, extended to the real line by a drift —1 between
the jumps, as depicted in Figure 4, then the continuum looptree .Z(Y) is obtained from the
discrete one L(Y) by replacing each edge by a segment of length 1, and also attaching an
extra such segment to the root.
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Gaussian labels on looptrees. Recall that Y is any cadlag function on [0, co) with no
negative jump and that C is defined by (2.4). One may define a random Gaussian field on
the tree T¢, known as the Brownian snake driven by C, see [31], Chapter 4, for details on
such processes in a broader setting. Formally, conditionally given C, there exists a centred
Gaussian process Z €= (Ztc )ref0,1] With covariance function

E[zEZE]= min C,, s,1€]0,1].
rels,t]
Equivalently, we have E[(Zsc — Ztc )21 = dc (s, t). On an intuitive level, after associating a
time ¢ with its projection in Tc, the values of Z€ evolve along the branches of the tree like
a Brownian motion, and these Brownian motions split at branchpoints and afterwards evolve
independently.

We construct a Gaussian field on the looptree -Z“(Y) by placing on each cycle an inde-
pendent Brownian bridge, with duration given by the length of the cycle, which describes the
increments of the field along the cycle. Formally, recall that the standard Brownian bridge
b = (b(t))s¢[0,1] 1s a centred Gaussian process with covariance

E[b(s)b(t)] = min(s, 1) —st, s,1€[0,1].

One can consider a bridge of any given duration using a diffusive scaling. Now recall the
partial order < as well as the notation R§ =inf,¢[s.s1 Yy — Ys— from (2.3). Let C be the
continuous part defined in (2.4) and let Z€ be the associated Brownian snake. Independently
let (b;);>1 denote a sequence of i.i.d. standard Brownian bridges and define for every a > 0
and 7 € [0, 1]

(2.8) Z8=yazf +)  JAY, bi((AY;) 'R},

1<t
where the #;’s are the jump times of ¥ up to time ¢. Given Y, the summands in (2.8) are
independent zero-mean Gaussian random variables with variance

_ Rt-(AYli - Rt')
B{(yAYbi ((AY) ™ RY))] = = —
li

< min{R,’i, AYy, — thi} =3 (0, R;i)'

Arguing as in the proof of Proposition 6 in [53] (recast in the formalism of looptrees), one
deduces that for any ¢ > 0, there exists K; > 0 such that for every s, ¢ € [0, 1], it holds that

(2.9) E[|Zf — Z¢|1] < K - dy (s, )7/,

Taking s = 0, this shows that the random variable Z{ in (2.8) is well defined for any fixed
t, which in particular implies that the series in (2.8) converges. Further, given Y, we see that
any pair s, ¢ > 0 that has dgp(y)(s, t) =0 also has Z{ = Z{ almost surely so Z“ can actually
be seen as a random process indexed by the looptree. Note that by the scaling property of
Gaussian variables, the process cZ“ constructed from Y has the same law as the process Z¢
but constructed from ¢2Y. The value a = 1/3 shall play a predominant role in relation with
maps and we simply write Z = Z!/3. We shall also denote by Z®* this process Z = Z1/3
constructed from ¥ = X*.

2.3. Invariance principles. 'We have not defined Lévy maps yet; they will shortly be de-
fined as subsequential limits of rescaled finite random maps. Precisely, we shall consider
rooted bipartite maps M" with n edges that carry a distinguished vertex vj; and we shall as-
sume that their distribution for every n only depends on their face degrees in the sense that
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if (m, v) and (m’, v’) are two (rooted bipartite and) pointed maps with n edges that have the
same amount of faces with degree 2k for every k > 1, then

(2.10) P((M", v5) = (m,v)) =P((M", v5) = (m',V")).

Typical examples include the conditioned Boltzmann distributions recalled earlier, since
(m,v) and (m’,v") have the same weight. We may here generalise this distribution by let-
ting the weight sequence g of the Boltzmann law vary with n.

This assumption has two consequences. First, conditionally on its number of faces of each
degree (M", vg) has the uniform distribution on maps with these degree statistics, which will
falls in the scope of [55, 56]. Second, conditionally on M", the distinguished vertex v has
the uniform distribution on the vertices of M”. This will only be used in this work in order to
identify the limit as the Brownian sphere or a stable map in the appropriate regime.

By construction of the bijection presented earlier between pointed maps and well-labelled
looptrees, and further with pairs of processes, if the random map (M", vy) satisfies (2.10),
then its associated pair (W™, Z") gives the same probability to all pairs in which the
Lukasiewicz paths have the same amount of jumps of size k for every k > —1. In partic-
ular, conditionally on its increment sizes, the path W" is an excursion sampled uniformly
at random among all possibilities, and Z" is further obtained conditionally given W" as a
uniformly chosen random good labelling of the looptree, obtained by placing independent
uniform random bridges around each cycles. By the so-called cycle lemma, the law of W”
is that of the path obtained from a random bridge B" = (B})o<k<n+1, With B, | = —1, and
with increments AB;' € Z~_ that are exchangeable, by cyclicly shifting B" at its first mini-
mum to turn it into an excursion.

Let us next say a few words on the notion of convergence that we consider. The abstract
framework to study scaling limit of (possibly pointed) finite graphs, such as (loop)trees and
maps that has been developed is that of the Gromov—Hausdorff—Prokhorov (GHP) distance.
The latter is a separable and complete distance on the space of isometry classes of compact
measured metric spaces, possibly with distinguished points. Then we say that rescaled graphs
converge when their set of vertices equipped with the rescaled graph distance and the uniform
probability measure do in the GHP sense. In our case, we can make this convergence much
more explicit. Indeed, recall from Section 2.1 that the vertices of looptrees and maps can
ordered in some canonical way (v, ..., vy) where n is the number of edges and N + 1 the
number of vertices of the map, and where for simplicity we let v; = v} in the case of the
looptree, whereas in the map vy is the distinguished vertex. One can then encode the graph
distances in each model into a function d” on {0, ..., N} by letting d" (i, j) be the distance
between v}’ and v’} in the corresponding model, which we transform into a function on [0, 112
by a bilinear interpolation and scaling by N. Then if for some scaling factor r, — oo we have

B (d)
("5 D)y perony =z @6 D)sseron

o0

for the uniform topology, for some continuous pseudo-distance d, then the graph rescaled by
the factor r, ! indeed converges for the GHP distance to the quotient space [0, 1]/{d = 0}
obtained by identifying all pairs of times at distance 0. This convergence is actually what is
proved for Brownian and stable looptrees and maps [23, 26, 50, 58].

Let us apply this to random looptrees first and then to maps. We let X be a Lévy process
with Laplace exponent 1, with Gaussian parameter 8 > 0, and we let X®" and X°* denote
the unit duration bridge and excursion versions of X respectively. For a > 0, we also let
L4 (X%) denote the looptree defined as in (2.6) and the lines below. Finally, let Z** denote
the label process Z¢ defined as in (2.8) with a = 1/3 and Y = X*. The next result is an easy
consequence of [56], Theorems 7.4 and 7.9, by conditioning on the increment sizes. Below
dy (wny denotes the function on [0, 112 that encodes the graph distances in the looptree L(W")
as introduced above.
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THEOREM 2.1.  Foreveryn > 1,let B" = (B}')o<k<n+1 be a random bridge, with Bn+1 =
—1, with increments AB]' € Z>_1 and which are exchangeable. Let W" = (W} )o<k<n+1
denote the excursion obtained by cyclicly shifting B" at its first minimum. Let further Z"
denote the label process associated with a uniform random good labelling of the looptree
coded by W".

1. Suppose that there exists a sequence r, — 00 such that

o T

tel0,1] ;5%
for the Skorokhod Jy topology. Then the following convergences in distribution hold jointly:

B ) _ (d)
(rnImeJ) — X% and ((2rn) nt)te[O [} z=

tel0,1] ;55 n—00

for the Skorokhod J\ topology.
2. Assume in addition that there exists a > 0 such that

2.11) rri<n+1: ABM€2Z—1) —> ap?,

n—oo

where a = 0 by convention when B = 0. Then, jointly with the first part, we have

-1 () (a+1)/2
Ty dL(W” jo)o dj(xex) )

in the space of real-valued continuous functions defined on [0, 11> equipped with the uniform
topology. This implies that r,' L(W") converges in distribution to & @+D/2(XX) for the
Gromov—Hausdorff-Prokhorov topology.

Let us mention that [42], Section 6.3, obtains limit theorems for looptrees coded by ex-
cursions, but there are several major differences. First, as we have already mentioned in the
beginning of Section 2.1, the discrete looptree coded W considered here slightly differs from
the version studied in [42]. Second, in our setting X is not necessarily pure jump and we may
have a # 1/2, which is outside of the scope of vernation trees considered in [42].

REMARK 2.2. Given a Lévy bridge X" and a > 0, one can always construct a sequence
of discrete bridges B" of duration n + 1 respectively which satisfies the assumptions of Theo-
rem 2.1. Therefore the Lévy looptree .#@T1D/2(X®%) can always be realised as the Gromov—
Hausdorff limit of rescaled finite looptrees. As such, it is a length space, and since it is com-
pact, a geodesic space.

Let us comment on Assumption (2.11). When following a geodesic path in the looptree
and traversing a cycle, one takes the shortest between the left and right length. Roughly
speaking, typically half of the cycles are traversed on the right and half on the left, thus
the microscopic cycles contributes to roughly half the continuous part of the coding path,
leading to .Z!/2(X®*) in the limit. However, at the discrete level, the fact that the cycle has
even or odd length influences the law of the length of the smallest part between left and
right, namely Zk_l min(j, k — j) depends on the parity of k. This contribution is precisely
captured in (2. 11) and adds an extra factor to the continuous part in the looptree distance in
the limit. Such a phenomenon was already observed in [46], Theorem 1.2, (see however [56],
Remark 7.7, on the extra constant). We note that this has however no influence on the labels.
The parameter 1/3 appears in the limit due to our choice of labels in the discrete model;
see [56], Theorem 7.9, for more general labels.
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PrOOF. Using Skorokhod’s representation theorem, let us work on a probability space
where the assumptions hold almost surely. For every i > 1, let AX ZL > 0 denote the ith largest
increment of X" and then set

-1/2 2
9'=<ﬁ2+ (AX*)2> AX} andthen 65=1-) 6= _
| 2 ' ’ ; LB+ Ein(AX)?

Finally let

—1/2
Y:(IBZ—’_Z(AXZL)Z) / Xbr’
i>1
be the exchangeable increment process with Gaussian parameter 6y and jump sizes (6;);>1.
Then the assumptions of [56], Theorem 7.4, are fulfilled, namely let onz = ;7:1 ABi” (ABI-” +
1) = ?ZI(ABI”)Z — 1, then according to [41], Theorem 16.23, the convergence of rn_lB”
to X" is equivalent to the convergence for every i > 1 of the ith largest increment of
r ' B" to AXil and the convergence r, 202 — B2 + Zizl(AXil)z. Thus if we instead
rescale B" by o', then for every i > 1, the ith largest increment of o, ! B" converges to
(B*+Yi=1(AX)HD)T12AX} =6;, while

a,82 )
—_— 5 T 2:Cl90
=% B AL (AXD)

by our assumption (2.11). Denote by VY the Vervaat transform of the bridge Y, as in (2.2),
o)

o, *#[i <n: AB!' €27 — 1}

n

—1/2
VY = ([32 + Z(ijﬁ) XX,
i>1
It is plain from the construction of the looptree distance (2.6) that for every ¢ > 0, we have
¢ L@tD2(Yy) = £@tD/2(cYy). Then applying [56], Theorem 7.4, or precisely equa-
tion 38 there, we deduce that

1/2
1 ) 2 2 @+1)/2 _ ja+1)2
o duowny —> (5 +) (AX)) ) d.ii(VYé = d,;(xex/) ;
i>1
for the uniform topology.
As for the labels, we apply [56], Theorem 7.9, in the particular case of the labels that code
maps (see the beginning of [56], Section 7.4) and deduce the convergence in distribution

1/4
B (d) 2
(@)™ 20 ) o =2 (ﬁ2+Z(AX"l )> e,

i>1

where the process ¢!/3 is defined as in (2.8) using VY instead of X®*. As above, by the
scaling property of Gaussian variables, multiplying the label process by some ¢ > 0 amounts
to multiplying the underlying excursion with no negative jump by ¢2, namely the limit above
equals precisely Z%*. [

Theorem 2.1 finds applications to scaling limits of random planar maps which is now quite
classical, and we refer to, for example, [56], Section 2.4, for a recent account. Let dys» denote
the function on [0, 1]? that encodes the graph distances in the map M" induced by the order
on the vertices inherited from that on the looptree. Recall that in this order, the first vertex
is the distinguished one vy, while the last vertex is the extremity of the root edge that is the
farthest away from vy;.
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THEOREM 2.3. Let (M", vy) be a random pointed map with n edges whose distribution
satisfies (2.10). Let W" and Z" denote its associated Ltukasiewicz path and label process and
assume that they satisfy the assumptions of Theorem 2.1. Then the following holds jointly
with this theorem.

1. The convergence in distribution

1 )
dyn (0, t ) — (Z%* —min Z% ,
(m 0,1) re[0.1] "= ( t )te[O,l]
holds for the uniform topology.

2. From every increasing sequence of integers, one can extract a subsequence along which
the convergence in distribution of continuous functions on [0, 117

holds for the uniform topology, where D is a random continuous pseudo-distance. Conse-
quently, along this subsequence, the rescaled map (2r,)~Y/>M" converges in distribution to
the quotient space [0, 1]1/{D = 0} for the Gromov—Hausdorff-Prokhorov topology.

3. Define for every 0 <s <t <1

2.12 D°(s,t) = D°(t =74 7% _2 inf Z%, inf Z%).
(2.12) (s,1) (,5) o+ Z max([lsy}t] [O,SI]ILlJ[t,l] )

Then all the subsequential limits D satisfy
D < D° almost surely.

4. Sample U uniformly at random on [0, 1] and independently of the rest. Then all the
subsequential limits D satisfy the identity in law:

@) ex : ex
(DWU. D)o,y = (Z7 —minZ%), g 4y
5. If X% has no jump, so it reduces to  times the standard Brownian excursion, then we
have the convergence without the need to extract a subsequence,

1 Py
where [0, 11/{D* = 0} is the standard Brownian sphere. Similarly, if ¥ (1) = cA% with ¢ >
and 1 < a < 2, then the maps converge in distribution without extraction to ¢'/?® times the
standard o-stable map.

PROOF. The first claim is a consequence of the convergence of Z" Theorem 2.1 since the
distances to vy in the map are given by the labels on the looptree, recorded in Z", shifted by
their overall minimum plus 1; see, for example, the proof of Theorem 7.12 in [55] for details.
The second and third claims follow from an argument from the original work of Le Gall [49]
(see also [56], Lemma 2.6) for a recent account of the argument in a similar context. In a few
words, in the discrete models, recall that the map is constructed from the labelled looptree
by linking each corner to its successor, defined as the first one with a smaller label when
following the contour of the looptree. Then if we start from two corners, the two chains of
successors eventually meet and the sum of the two lengths until this meeting point (minus
2) is precisely the discrete analogue of D°, say D, defined using Z", and this quantity
upper bounds the distances in the map between the two vertices where we started. Since D,
depends continuously on Z”, then it converges in distribution after scaling to D°, from which
we easily derive both tightness of the distances in the map under the same rescaling due to
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the upper bound dy» < D, + 2, and D < D° after passing to the limit along any convergent
subsequence.

The fourth claim is a re-rooting (or rather, re-pointing) invariance property: by the first
two claims, the process on the right describes the distances to the distinguished vertex in the
in the limit, whereas the one on the left describes the distances to an independent uniform
random vertex. The identity thus follows from the fact that, in the discrete model, the dis-
tinguished vertex has the law of an independent uniform random vertex, which is due to the
assumption (2.10).

The last claim in the Brownian case is a consequence of the identification of the Brownian
sphere and the argument can be found in [50]; see precisely the proof of equation 59 there. It
relies on the following ingredients: our claims 2, 3, and 4, the (nontrivial) fact that, if U and
U’ are two independent uniform random times on [0, 1], then Zg‘ — min Z% has the same
law as +/B/3 times the distances between U and U’ for the pseudo-distance D* describing
the Brownian sphere, and finally, the fact that, a priori, for any subsequential limit D, we
have D(s,t) = 0 whenever s and ¢ are identified in the Brownian tree coded by X°*. In a few
words, we obtain from these ingredients the identity in law

(@)

DWU,V) = /B/3-D*(U,V),

and in addition that D < D* almost surely so the above identity in law in fact holds almost
surely so finally D = 4/8/3 - D* almost surely by a density argument. The same argument
applies in the stable regime as discussed in [26], Section 7.4.2, thanks again to the identifi-
cation there of D*(U,U’) = Z' — min Z% in law in this case, where in the last ingredient,
we require that D (s, ) = 0 whenever s and ¢ are identified in the looptree tree coded by X,
We will prove this last fact later in Lemma 4.8 in our general Lévy regime. [

The invariance by re-rooting argument used in the last claim in the Brownian and stable
regimes applies in the general Lévy case and would similarly allow to obtain the convergence
for all models whose Lukasiewicz paths converge to the same Lévy excursion, if one could
prove the identity in law D*(U, U’) = Z§} — min Z**, for example, by proving the conver-
gence of one specific discrete model of maps.

REMARK 2.4. The first part of the statement, characterising the distances to the distin-
guished vertex vy, is not enough to prove that all subsequential limits agree. However, it does
provide the convergence, without the need to extract a subsequence, of several quantities of
interest. Let V (M™) denote the set of vertices of M”" and p, the origin of the root edge, then

d .
D nin %

—F Mn (UO ) pﬂ)
and

1 (d)
max dy- (v}, v) —> maxZ%* —min Z%,
N 2Fy, veV (M™) w (v, v) n—00

and finally, for every continuous and bounded function F,

1 1 ) 1 .
— F(—dMn ve, v ) — / F(Z% — min Z%) dt.
#V(M") veVZ(M”) m ( 0 ) n—=% Jo ( t )

In the rest of this paper, we call a Lévy map any subsequential limit M = [0, 1]/{D = 0}
in the previous theorem. We equip it with the metric dys, the image of D by the canonical
projection, and the probability pj,s, given by the push-forward of the Lebesgue measure on
[0, 1]. Similar to looptrees in Remark 2.2, Lévy maps are geodesic spaces.
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3. Limits of biconditioned planar maps and stable excursions with a drift. Let us
present in this section applications of our general results in the case where the coding pro-
cess is a spectrally positive stable Lévy process with a drift, defined just a few lines below,
and recall how such objects appear as limits of multiconditioned discrete models introduced
in [44].

For every o € (1,2), let us denote by X* the stable Lévy process characterised by the
Laplace exponent (1) = A%, or equivalently by the characteristic function

3.1 Elexp(iuX?)] = exp(t|u|°‘ (cos(?) —io(u) sin(?))),

for every u € R and ¢ > 0, where we used the notation o (1) = 1{,~0; — 1{4 <0y for the sign
function to distinguish it from the sine function. The right-hand side satisfies the integrability
condition (1.3), and thus it admits positive, bi-continuous, transition densities p;* given by
inverse Fourier transform, from which one can define the conditional law P(- | X$ = @) for

any ¥ € R, characterised by (2.1). For any ¥ € R, let us also denote by Xf“? = X7 — vt the
stable process with drift —¢, which has transition densities p{ (- + ¥¢). One can also define
bridges of this process and we let X% ?:P" denote the version of X®? under the conditional
law P(- | X (1’"'7 = 0). Finally let X*%** denote the excursion obtained by applying the Vervaat
transform (2.2) to X*2-br,

Recall from Section 2.1 the definition of Boltzmann random planar maps. From the bi-
jection recalled there, Boltzmann maps with n edges relate to certain (loop)trees and ex-
cursions with duration n 4+ 1 of downward skip-free random walks with step distribution
(vg(k); k > —1) given by

1
vy (=) =— and v, (k) =Z}

q

2k +1
k+1

) dk+1 for k > 0,

provided such a Z, > 1 exists to ensure that v, is indeed a probability. When v, is centred and
has finite variance, the corresponding random walk excursion converges after scaling to the
Brownian excursion, and accordingly, the Boltzmann maps conditioned to have many edges
converge to the Brownian sphere; see, for example, [55], Section 6.4, for a more general
statement. However, when the probability v, is centred and has the asymptotic behaviour
vy (k) ~ ck~17% as k — oo for some unimportant constant ¢ > 0 and an (important) index « €
(1, 2), such as in the explicit example (1.1) in the Introduction, then the excursion converges
to that of X¢. In this regime, Le Gall and Miermont [53] proved Theorem 2.3 (i) and (ii) here,
especially the convergence after extraction of a subsequence to a limiting space; and they also
computed the Hausdorff dimension 2« of these limits. This convergence, after extraction of a
subsequence, extends to the whole domain of attraction of an «-stable law [55], Section 6.4,
and it was very recently proved by Curien, Miermont, and Riera [26] that the convergence
holds without the need of extracting subsequences.

In the aforementioned bijection, the vertices of a Boltzmann map relate to the negative
jumps of the v, -excursion. From this, one can prove that the number of vertices in such a map
conditioned to have n edges concentrates around v, (—1)n; see once again [55], Section 6.4.
We have considered in [44] maps M™X» with weights in the a-stable regime as above and
multiconditioned to have n edges and K,, vertices. The corresponding excursion W”-X» has
the law of a v,-random excursion conditioned both to have duration n + 1 and a total K, — 1
of negative increments. Then Theorem 4.4(i) in [44] shows that if we set r,, = (@l (—a)n)/®
and if there exists ¢ € R such that

Ky —vy(=Dn

©-2) (v (1)) 1=

’
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then
-1 n, Kn (d) N 7.9,
(3.3) (r Wi )te[O, e XEEE

Let us mention that the statement in [44] actually applies more generally to noncentred dis-
tributions, and the entire domain of attraction of a stable law. The case oo = 2 is also treated
there, although in this regime the limit X% is simply the Brownian excursion indepen-
dently of 9, as it can be checked using Girsanov’s formula.

Let L(W"Xn) be the discrete looptree coded by the Lukasiewicz path W”-X» in the sense
of Section 2.1. By a direct application of our previous results, namely theorems 2.1 and 1.1
for looptrees and theorems 2.3 and 1.2 for maps we infer the following results.

COROLLARY 3.1. Leta € (1,2) and ¥ € (—o0, 00) and let K,, satisfy (3.2). Then

l’n_lL(Wn’K") ﬂ) g(xa,ﬁ,ex)’

n—oo

and the limit satisfies almost surely
dimH.,Zﬂ(Xa’ﬂ’eX) — dimp.,iﬂ(Xa’ﬁ’eX) — di_mf(Xa’ﬁ’ex) — di—m.,S,ﬂ(Xa’ﬂ’eX) —a.

In addition, the sequence ((2r,)~ /2 M™Xn), is tight and every subsequential limit, say M*"”
has almost surely

dimy M*? = dim, M*’ = dim M*" = dim M*"’ = 2a.

One can also derive the convergence without extraction of the profile and some other statis-
tics on the distances in the map by application of Theorem 2.3.

A motivation of this work, following [44], was to make explicit this result, based on the
convergence (3.3). In a companion paper, we further study the behaviour of .2 (X% %) and
M®*? as « and ¥ vary, partly based on the result in Section 6 below. We prove that the
corresponding looptrees interpolate as ¥ varies from —oo to oo, or as « varies from 1 to 2,
between a circle and the Brownian tree, whereas the corresponding maps interpolate between
the Brownian tree and the Brownian sphere.

4. A spinal decomposition and some volume bounds. Throughout this section we let
X denote a Lévy process with Laplace exponent ¥ and X its excursion version. The main
results of this section are the following volume bounds. They will be the key to establish the
lower bounds on the dimensions of looptrees and maps in the subsequent section. Recall that
both the looptrees and maps are given by quotient of the interval [0, 1] by a pseudo-distance
so we naturally identify times in this interval with their projection in the looptrees and maps.

PROPOSITION4.1. Fix$ > 0and let U be a random time with the uniform distribution on
[0, 1] and independent of X*. Then almost surely, for every n large enough, the ball of radius
27" centred at the image of U in the looptree £ (X) has volume less than (2" =)=,

We then turn to maps. Recall that we let (M, dy, py) denote a subsequential limit of
discrete random maps, related to a pair (X®*, Z%), from Theorem 2.1 and Theorem 2.3. In
addition, thanks to Skorokhod’s representation theorem, we assume that all convergences in
these theorems hold in the almost sure sense. Notice the additional square inside ¥ in the
next statement compared to the first one, which eventually leads to the factor 1/2 in the
dimensions.
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PROPOSITION 4.2. Fix § > 0 and let U be a random time with the uniform distribution
on [0, 1] and independent of X®*. Then almost surely, for every n large enough, the ball of
radius 27" centred at the image of U in the map M has volume less than yr (22"(1=9))~1,

In order to prove these results, we shall first describe in Section 4.1 the path from the root
to a uniformly random point in the Lévy looptree, as well as the labels on this path. Then
Proposition 4.1 is proved in Section 4.2, whereas Proposition 4.2 is proved in Section 4.3,
relying on a technical estimates on Brownian paths stated in Section 4.4 and proved in Sec-
tion 4.5.

4.1. A spinal decomposition. Let us first describe the equivalence classes in the looptree.

LEMMA 4.3.  Fix a > 0. Almost surely, for every 0 <s <t <1, we have

either  AXY >O0andt=inf{r >s: XX =X},
dYyixen(s,1) =0 <= .
LX) or AX?":OandXsesz,exz[mf]Xex.
s,

Moreover, almost surely for any s € [0, 1], the time t is unique in the first case, and there are
either one or two such times t in the second case.

PROOF. Let us first consider a general cadlag function Y and recall that the looptree
distance d_‘;f)(y) is defined in (2.6). Then d_@(y) (s, ) = 0 when all terms on the right-hand side
of (2.6) vanish, namely:

1. Forevery r such that s At <r < s, eitherinf[, ;Y =Y, orinfj, g Y =Y, _;

2. Forevery r such that s At <r < ¢, eitherinf, Y =Y, orinf, 1 Y =Y, _;

3. Either infjs, 51 Y =inf[ga, 1 ¥ or both Yya, =infisn, 51 Y and Y- =infiga; 11 Y
4. Finally C; = C; = inf, ;) C.

Note that in the case s At = s, or equivalently when s < ¢, the first two items are empty and
the third one reduces to requiring either ¥ = infi, ;) ¥ or Ys_ = infi, ;) Y. Itis straightforward
to check that these properties hold in each case on the right of the claim, let us prove the direct
implication when Y = X®* by relying on some properties of such a path.

Consider X the unconditioned Lévy process. First almost surely if AX, > 0, then for ev-
ery ¢ > 0, we have both inf|, . ,| X < X,_ and inf, ;1) X < X,. The latter follows from the
Markov property and the fact that 0 is regular for (—oo, 0) and the former by invariance under
time reversal and the fact that O is regular for (0, 0o); see Theorem VII.1 and Corollary VIL.5
in [10]. Consequently almost surely if X achieves a local minimum, then it does not jump at
this time. Next, the strong Markov property also entails that the local minima are unique. Fi-
nally, by [10], Proposition III.2, we know that almost surely every weak record of X obtained
by a jump is actually a strict record. Applied to the dual process at a time just after #, it shows
that almost surely if X realises a local minimum at time ¢ and if »r = sup{u <¢: X,, < X;} has
AX; > 0, then X,_ < X; < X,. All these properties transfer to the bridge xbr by absolute
continuity and then to the excursion X®* by the Vervaat transform. In the rest of this proof,
we implicitly assume that they hold true.

Fix s <t such that df’%(xex)(s, t) = 0. We first claim that necessarily s < 7. Indeed, if
this fails, then there exists u € (s, t) such that X* = inf[; ) X** < XX, Let r = sup{v <
u: X3* < X2}, The path X** makes a local minimum at time u# so XX < XJ* < X;7*. By
construction we have

inf X** > X* > inf X**
[r,s] [r,t]
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and by the properties of X*, since r is a jump time, then

X7 > inf X%,
[r,s]
Notice that » = s A ¢ so this violates the third requirement of dgf( Xex)(s, t) = 0 in the list in
the beginning of this proof.

Therefore, we must have s < 7, namely X$* < inff, ;) X**. The condition df;,( xen) (s,5)=0
thus implies inff; ;; X** be equal to either X:* or to XX . By the properties of X**, if AXT* >
0, then first infj; ;j X** < X, and second, at time u = inf{r > s: X7* = X{* }, the path X**
cannot make a local minimum, so we must have u = ¢, which is the first alternative in our
claim. In addition, this time # is unique.

Suppose finally that AX$* = 0. Then there is no r € (s, t) such that X* achieves a local
minimum at time r with X$* = X%, nor X{* = XX < X Therefore if X;* > X5*, and
since dc (s, t) = 0, then there exists r € (s, ¢) such that AX;* > 0 and XJ* < X7* and X{* <
X;*, which contributes to the second term in (2.6). We conclude that in this case we must
have X* = X¢*. Furthermore, the time ¢ cannot be a jump time, for otherwise X** would
reach smaller values just before, hence X;* = X{* = inf[; ;) X®*. Finally there can only be at
most two such times ¢, if inf{t > s: X7* = X{*} is a time of a local minimum since then it is
unique at this height. [J

Let us now describe the “chain of loops” from the root 0 to a given point u € [0, 1] in the
looptree; see Figure 6 for a graphical representation. First let A, be the set of pairs of times
(a,b) €[0,u] x [u, 1] such that
4.1) either XX =X} = {crlnbr% X* or b=inflt>a: XJ* =X}
By Lemma 4.3, pairs (a, b) € A, are identified in the looptree. These points intuitively cor-
respond to the ancestors of u in the tree. Define then the set of pairs of points that belong to
the same cycle on the geodesic from u to the root, with one point on the left and one on the
right. Formally, let B, denote the set of pairs of times (a, b) € [0, u] x [u, 1] for which there
exists s < a such that
4.2) X7 > X = min X¥ > X;* = min X > X,

[s,a—] [s,b—]

Pairs in (a, b) € B, are not identified in the looptree (still by Lemma 4.3). Instead, if s in the
time in (4.2) and t =inf{v > s: X7* = XX} > u, then (s, 1) € A, so they correspond to an
ancestor of u. This ancestor has a large offspring number AX$* which creates a cycle in the
looptree. One point on this cycle corresponds to the next ancestor of u and splits the cycle
into a left part, to which a belongs, and a right part, to which b belongs. One can easily prove
that almost surely, for any u € [0, 1] the set A, is closed and A, U B, is the closure of B,,.

For any given ¢ > 0 fixed, let us consider the set

B; = {(S,l‘) € Ay UBy,: doxe(s,u) <eand dyxex(t,u) < 8}.

Let us construct an extremal pair (u , u;") € Bf; see again Figure 6 for a graphical represen-
tation. First let s, = sup{s <u: X{* <minf ,) X** and d ¢(xex) (s, u) > ¢}, which codes the
last ancestor of u (starting from the root) at d ¢ (xex)-distance at least & from u.

1. If d ¢ (xex) (s, u) = €, then define

u, =inf{s <u: X = X¥* =min X%
&€ S Se ’

(4.3) Ls.ul

uf =inflt > u: XF* < X}
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FIG. 6. Left: A schematic representation of the spine from a time u to the root 0 (a very big loop on the left has
been cropped). The black dots correspond to ancestors of u, that is points in Ay, whereas the cycles correspond
to the points in By. The two white points u, and ug' belong to the same cycle and lie at distance precisely € from
u. Right: The geodesic from v to u and from w to u are indicated in fat coloured paths (red and blue, as well as
purple for their common part). Since v and w are visited before u, then one must necessarily go through either
ug oru} in order to reach u, so they lie outside the ball centred at u and with radius ¢.

so u, <s, with a strict inequality when X** realizes a local minimum at time s, and that
it previously crossed continuously this level. Then (u , u)) € A, satisfies d o (xex)(u, u; ) =
dg(XeX)(u, u;f) =¢£.

2. Otherwise if d ¢(xex)(se, u) > €, then necessarily AX(* > 0. Let 7, = inf{r > s X7* <
ming; ,) X**} be the next ancestor of u, then d ¢ (xex) (t;, u) < € and every time a € [s;, t;] such
that XZX = min[sg,a] X has dg(XCX)(a, u)= d;/(XeX)(lg, u) + (XZX — X[esx_). We then define

u

. =infla > 5.0 XJ¥ < X§¥ — (d.g(xex) (56, u) — €)}

=infla > se: X5 < X% + (6 — dg(xe (te, u))},
which is the first point in the looptree when following the left part of the cycle from s, to .
which lies at looptree distance ¢ from u. Finally we let
(4.4) ub =inf{b > u: X§* < X2 + (e — dy(xer)(te, w))},

which is now the first point in the looptree when following the right part of the cycle from s,
to . which lies at looptree distance & from u (equivalently, the last one when going from 7,
to S€). Then (I/tg_, M:) S Bu satisfies dz(xex)(ug_) = dg(xex) (Lt;—) =£.

The following geometric lemma should be clear on a picture; see, for example, Figure 6
right.

LEMMA 4.4. Almost surely, the ball of radius ¢ centred at u in the looptree is contained
in the interval [u , ug’].

It should also be clear from Figure 6 that the inclusion is strict in general; but it turns out
that this rough inclusion will give us the correct upper bound for computing the dimensions.

PROOF. In the first case above, when (u;,uj) € A,, the path X% achieves val-
ues smaller than Xz’i = X;”i immediately before u, and immediately after u;. We
- &

&
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infer from the definition of dg(x) that any time ¢ < u, or ¢t > u} has dgx)(t,u) >
dox)(u, ,u)= dg(x)(u;r, u) = ¢. For the same reason, in the second case, any time ¢ > uj
has d ¢ (x)(t, u) > dg(x)(ug', u) =¢ and any time r < s hasd o x)(t,u) > dyx)(se, u) > €.
Finally, times ¢ € (s¢,u,) have dgx)(,u) > min{dyx)(se, u), dyx)(u, ,u)} =
dox)(u, ,u) = e. This shows that the complement of the interval [u,, uj] is contained
in the complement of the ball of radius ¢ centred at  in the looptree. [J

4.2. A volume estimate in the looptree. Recall the claim of Proposition 4.1 on the vol-
ume of balls in the looptree. Given Lemma 4.4, it suffices to upper bound the length of the
interval [U;, U;'] where U is a uniform random time independent of X*. In order to make
calculations, we shall rely on the local absolutely continuity between the excursion and the
unconditioned process, which simply comes from the construction of the excursion. Precisely,

%

let ( ?s) s>0 and (X ;);>0 be two independent copies of the Lévy process X, then by (2.1)
and (2.2), the pa(ii(Xz — Xf("]_s)_, X u)selo,ul.re0,1-v7 is locally absolutely continuous
with respect to ( X 5, X ;)s.r>0 with bounded density.

We shall keep the same notation as in the preceding subsection and consider the sets Ao,

<~ =
By, and B defined as above for (— X s, X ,)s,;,>0. In particular, the first elements of pairs in
e
Ay are given by the negative of the set of times at which ( X ;);>¢ realises a weak record. Let
us thus consider the running supremum process (S;);>0 and the local time at the supremum
<—

(Ly)>0 of the process ( X ;);>0. We henceforth drop the arrow for better readability. Accord-
ing to [31], equation 96, the random point measure .4 (d¢ dx du) = >;c; 8(;.x;,u,) defined
by

(4.5) JV(dt dx du) = Z 8(LssSs_Xs—s(Ss—_Xs—)/(Ss_XJ—))(dt dx du)
§:8¢>S—

is a Poisson random measure on [0, o0) x [0, 00) x [~O’ 1] with intensity df ® x7 (dx) ® du.
Let us next define four subordinators by X', X&, X, and o by setting for every t > 0

X;:,Bt—l—ZX,‘ and X,RI,BI—FZM,'XI‘,
1<t 1<t
as well as
X, =pr+> minfu;, | —u;}x; and o =pr+ > ui(l—up)x;.
i<t L=<t

Notice that we give them all the same drift 8 for the continuous part. Informally, in the
infinite looptree coded by (3?, 7()) with a distinguished path of loops coded by Ay U By,
when reading this path starting from 0, the jumps of process X’ code the total length of the
loops on this path, those of XX code their right length, those of X the shortest length among
left and right, so related to the looptree distance, and finally those of o the product of the left
and right lengths, which is related to a Brownian bridge on the loop.

LEMMA 4.5. The Laplace exponents of these processes are given by
v'(A) — Br for X', v for XK, U(A/2) + Br/2 for X, and
¢ (A) + BA foro,

where ' simply denotes the derivative of ¥ and U(h) = Y(A)/A and finally ¢ (L) =
2 xm(dx) fy du(l — exp(—iu(l — u)x)).
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PROOF. Recall the Poisson random measure .4 from (4.5), then for every 7, A > 0, by
exchanging the differentiation and integral, we get

—llogE[e*ZﬁSt*i] = /Oo(l —e M) xm(dx) = d /Oo(e_“ — 1+ Ax)m(dx),
t 0 dx Jo

which is equal to ¥’ (1) — 28A. For XX, we have

Lo E[e™ %] = ooxn(dx) 1(1—e—W)du—l Oon(dx)(/\x—1+e—“)
;o8 —Jo 0 2 Jo '

which is equal to J(A) — BA.
Noticing that the random variables min{u;, 1 — u;} have density 219,12}, and that
JoP2dv(1 —e*) =14 2 (e /2 — 1) = 2(e7/2 — | 4 %), we have similarly

~togfexp(~ Xxmintus 1 -ui))| = [Towian) [ 200 -,

1 <t

which is equal to {ﬁ(% — %

Finally

—llog]E[exp<— > xiui(l— u-))} = /Ooxn(dx)/l(l — e MmNy 4y = ¢ (1)
t o l 0 0 '

t; <t

This characterises the law of these subordinators. [

The following result claims that in the infinite model, on the distinguished chain of loops,
the sum of the lengths of the loops we encounter is close to the sum of the shortest between
their left and right length.

LEMMA 4.6. Let 1, = inf{t > 0: )N(t > ¢} for every ¢ > 0. Fix § € (0, 1), then almost
surely, for every ¢ > 0 small enough, it holds XR < X’ _<el s,

PROOF. Clearly X® < X’ so we focus on the second bound. Also, it is enough to prove
the claim assuming that 8 = 0. Indeed, when 8 > 0, since B is the common drift coefficient
to both X" and X, then by adding this contribution plus that of the jumps of X, we infer from
the 8 = 0 case that X’rg_ <gl=0 4 X, < e!7% 4 &. We now assume that 8 = 0. To simplify
notation, we set v; = min(u;, 1 —u;) and y; = v;x;. For K > 1, let us decompose the process
X' by introducing a cutoff for small values of the v;’s as follows: for every 7 > 0, write

X; = Z Lz 1K) + 30 Sl <1/0K))-
i<t Vi i<t Vi

Also, since the v;’s have density 219 1/2], we have

IP( 1) | d E[ 1 } /1/2 2d 2log K

v, < — )= — an —ax = (0] .
'T2K K tiz1/KO) 1/(2K) X £

We claim that for K well-chosen, the first sum in the first display will be close to the sum of
the y;’s, whereas in the second sum, thf,:re are too few terms and this sum will be small.

Fix 8§ > 8’ > 0 and let K, = exp(¢~?). Then the Markov inequality implies

P( > xil{vizﬁ} 281_5|(ti,yi)iel>

1, <Tg—
1
SP( Z yll{v, —}>8 - Z Vil (tz,)ﬁ)zel)<28 log K, <2g
1 <Tg— 1 <Te—

Note that the sum of the last quantity over all values of ¢ of the form 27" with n € N is finite.
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We next consider the other sum in the decomposition above, when the v;’s are smaller
than 1/(2K;). Recall that we assume that 8 = 0 and note in this case the identity in law (as
processes)

@ v/
le Ul<2K | XIP(U,<2[1< )_XZ/KS.
ti<t e

Recall from Lemma 4.5 that X" has Laplace exponent ¥/, then for every 7, x > 0, we have by
the Markov property and the upper bound 1 —e™ <y

(le (vi<zkz ) P(1— X" > 1 —e7!) <

t; <t

(1 —E[e ¥ix/)),

e—1

which is at most ﬁ K—W (1/x). On the other hand, since X has Laplace exponent @(- /2),

P(z, > 1) =P(X, <¢) = }P’(e_i’/g >e ') <e- E[e_if/g] —e.e W/,

We infer that for any ¢ > 0, we have

P( Yooxily, 1> 81‘5) < S KT (1)1 0) 1o eV W/,
1i<T.— f 2K, e—1
For t = ¢ %4 (1/(2¢))~! with § > 0, we read

]P’( Z x;1 | >81_5)< © Wq/glia) +e-e_€75.
S ) = e— 15K, 9 (1/(2€))

Since J is increasing and ¥ grows at most polynomially (in fact, its upper exponent at
infinity is » — 1), whereas K, grows exponentially fast as € | O, then the sum of the upper
bound when ¢ ranges over the set {27, n € N} is finite. We conclude from our two bounds
and the Borel-Cantelli lemma that almost surely for every n large enough, we have X ;2_n <

271(=8) "We extend this to all values of & > 0 small enough by monotonicity. [J

Recall that Proposition 4.1 claims that almost surely, the volume of the ball in the loop-
tree centred at an independent uniform random point U and with radius 27" is less than
¥ (2"1=9)=1 for i large enough.

PROOF OF PROPOSITION 4.1. As we have already observed, thanks to Lemma 4.4, it
suffices to prove that if U is an independent random time with the uniform distribution on
[0, 1], then almost surely, for every n large enough, we have both U — U,_, < 1#(2”(1_‘3))_1
and UZ?L_n -U< 1//(2"(1_5))_1. Let us first focus on the second bound, we shall then deduce
the first one by a symmetry argument. By the local absolute continuity relation which follows
from (2.1) and (2.2), since the density is bounded and we aim for an almost sure result, it
is sufficient to prove the claim after replacing (X7 — X ?IXJ ) X7 y)selo.u).re0,1-u] by
(3? 5s 3() 1)s.1>0- In particular, we replace U by O and write Oj for the time uj defined from
(3?3, X t) s..>0 for u = 0. Relying on the Borel-Cantelli lemma, it suffices to prove that
>on IP( . > Y (2"0=0)=1y < o for this infinite model.

Let us rewrlte the definition of 0Jr (recall (4.3) and (4. 4)) in a more convenient way and
let us refer to Figure 7 for a figurative representatlon Let X and X® be deﬁned as previously

from X instead of X, let 7, = 1nf{s >0: X, > e}, and T (x) = inf{t > O: X; < —x}. Then
we have 0f =T (XX _ + (¢ — X, ).
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F1G. 7. Schematic representation of the times ug and u;" in terms of the Lévy excursion. On the excursion,
the blue and green vertical lines on the very left have the same length. The sum of this length and that of all
the red vertical lines (which correspond to the geodesic from u to the root) equals precisely €. This is less than
X —X Z’;‘,_, which codes the length of the path from u to u;" in the looptree if one always follows the cycles on

the spine on their right, and which is at most of order gl-d by Lemma 4.6.

Fix § > 0, then according to Lemma 4.6, almost surely for every ¢ small enough it holds
X7 R _ < ¢&!7%/4 We then implicitly work under the event that X R _H+ (=X < el=9/2 50

it remains to upper bound 7 (¢! ~%/2). First, for every x > 0, we have by the Markov inequality

]P’(T(sl_‘s/z) > x) :IP’(I _ e—T(glfa/z)/x >1— e_l) < (1 _ E[e_xflT(glfé/z)])‘

e—1

It is well known that T is a subordinator with Laplace exponent ® = y~! the inverse of 1,
see, for example, [10], Theorem VII.1. Then, using also that 1 —e™Y <y, we infer that

IP’(T(sl_‘S/z) x) <

(1- e—e‘*5/2q>(x*1)) < L81—8/2q>(x—1)‘

e—1 “e—1

Consequently, for e =27 and x = (e ~179) =1 =y (2"1=9)~1 we infer that

n(1-5/2) n(1=8)\=1y o € 5-n(1-8/2)+n(1-6) _ nd/2.
B(r(27"179) 2y (2109) ) < 20 Sl
which is a convergent series as we wanted. This implies that almost surely, for every n
large enough, we have OJr » < (2"1=9)=1ip the infinite volume model. By local abso-
lute continuity, we deduce that almost surely, for every n large enough, we have U U<
1#(2”(1*‘3))*1 in the excursion model.

Let B(U, r) denote the closed ball centred at U and with radius r in .Z(X®*) and let us
denote by | - | the volume measure. We just proved that almost surely, for every n large enough,
we have |[B(U,27")N[U, 1]| < ¢ (2"1=9)~1, Lemma 4.7 below, together with the symmetry
of U, implies that the two sequences (|B(U,27") N[0, U]|)p>1 and (|B(U,27")N[U, 1])n>1
have the same distribution, which completes the proof. [

We need the following lemma to conclude the proof of Proposition 4.1. It roughly says
that the looptree .2 (X*) is invariant under mirror symmetry. This property is not immediate
from the construction from the excursion path X*, although we believe that a suitable path
construction could map X to a process which has the same law as its time-reversal. Also this
mirror symmetry relates informally to that of the Lévy trees from [31], Corollary 3.1.6. One
could rely on this result (beware that it is written under the o -finite Ito excursion measure),
and indeed the exploration process p and its dual 7, defined in the form of equations 89
and 90 in [31], relate explicitly to the looptree distances. However we prefer a self-contained
soft argument using an approximation with discrete looptrees which are (almost) symmetric.
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FI1G. 8. Middle: a looptree obtained from a dotted plane tree by replacing the edges from each vertex to its parent
by cycles. Left: a looptree as we consider in this work, obtained from that in the middle by merging each internal
vertex of the tree with its right-most offspring. Right: a looptree obtained by first taking the mirror image of that
in the middle and then again merging each internal vertex of the tree with its right-most offspring. The looptrees
on the left and on the right are the mirror image of each other, except for the loop of length 1.

Recall from the previous proof that B(u, r) denotes the closed ball centred at U and with
radius r in .Z(X®*), seen as a subset of [0, 1] and that | - | denotes the Lebesgue measure.

LEMMA 4.7. For every u € [0, 1], the processes (|B(u,r) N[0, u]|)r=0 and (|B(1 —
u,r) N[1—u,l1]|) >0 have the same distribution.

PROOF. Fix u € [0, 1]. We infer from Remark 2.2 that there exist discrete FL.ukasiewicz
paths, obtained by cyclicly shifting a bridge with exchangeable increments, which con-
verge in distribution to X°* once properly rescaled, such that if 4" denotes the correspond-
ing looptree distance, normalised both in time and space, then (d"(u, t)):c[0,1] converges
to (d¢(xe)(u,1))ielo,1] for the uniform topology. In particular, the processes (|B(u,r) N
[0, ull)r>0 and (|B(1 —u,r)N[1 —u, 1]|),>0 are the limits in law of the analogous processes
for these rescaled discrete looptrees. We claim that these discrete volume processes for any
given n have the same distribution as in fact the discrete looptrees are almost invariant under
mirror symmetry.

Recall that the looptrees we consider here are those on the left of Figure 8, where each
internal node in the associated tree (in the middle of the figure) is merged with its right-most
offspring. Let us call such a looptree L,. By exchangeability of the coding bridge, the law of
the looptree, say A, in the middle of Figure 8, without this merging operation, is invariant
under mirror symmetry. Hence, if one starts from this looptree A, takes its mirror image
A, and constructs a further looptree L) by merging each internal vertex with its right-most
offspring, then L/ has the same law as L,. Beware that the looptree L, is not exactly the
mirror image L, of L,. The only difference however is caused by loops of length 1, which
always pend to the left in L, and L), but get moved instead to the right in L,. Recall that
the random looptrees we are considering are obtained from a Lukasiewicz path which is a
discrete approximation of X®*; we can always assume that this path has no null increment,
and thus the looptree L, has no such loop of length 1, in which case L,= L), has indeed the
same law as L;,. We conclude by letting n — oo as in the first part of the proof. [J

4.3. On distances in the map. Let us now turn to the proof of Proposition 4.2 on the
volume of balls in the map (M, dys, py). Let us start by noticing that, similar to the discrete
setting, the distance in the map can be seen as a pseudo-distance on the looptree. This will be
useful later. Recall from Theorem 2.1 and Theorem 2.3 that M is defined as a subsequential
limit of rescaled discrete random maps M", where M" is coded by a labelled looptree, itself
coded by a pair of discrete paths (W", Z"). We shall denote by X" =r, 1 W[,,,. the rescaled
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Lukasiewicz path which converges to X* almost surely by combining Theorem 2.1 with
Skorokhod’s representation theorem.

LEMMA 4.8.  Almost surely, for every s, t € [0, 1], if d ¢(xex)(s, 1) =0, then dp (s, 1) = 0.

PROOF. Fix s <t such that d ¢ (xex) (s, t) = 0, which means by Lemma 4.3 that

(i) either AX{* =0and X{* = X;* = inf X,
(4.6) L]
(i) or AX{>O0ands=inf{r>s: X=X}

Suppose first that we are in the first case and in addition that X2 > X$* = Xt* for all r €
(s,1). Fix some small ¢ > 0, then on the one hand we have infj;1. ) X** > X7~ + 26 for
some & > 0, and on the other hand by right-continuity there exists s’ € (s, s + &) such that
X < XT < X$* + 6, finally since X®* has no negative jumps, then all values in (X7*, X7* +
268) are achieved by some times in (f — ¢, ¢). Recall that X°* is the almost sure limit in the
Skorokhod J; topology of some rescaled discrete Fukasiewicz path X”. Then for every n
large enough, there exist s, € (s,s + ¢) and 1, € (¢t — ¢,t) with X;‘” = X,’; = infl,, 1,1 X",
namely the two times correspond to the same vertex in the discrete looptree. This implies
that they also correspond to the same vertex in the discrete map, that is, that dys (s, t,) = 0.
When passing to the limit along the corresponding subsequence and letting then ¢ | 0, we
infer that indeed dp; (s, 1) = 0.

Suppose next that we are in the first case in (4.6), but now that there exists r € (s, t) with
X7 = X$* = X7*. Then by uniqueness of the local minima, neither s nor ¢ are local minima.
Since in addition AX{* = 0, this then implies that for every ¢ > 0, there exist s'e(s—e,s)
and 1’ € (t,1 + &) which satisfy X = X7* < X7 for all r € (s',¢') and we conclude from
the preceding case.

Similarly, if we fall in the second case in (4.6), then the previous argument shows that ¢ is
not a time of local minimum for otherwise the reversed process started just after would reach
this record again by a jump. Using the left-limit at s, we infer that for every ¢ > 0, there exist
times s' € (s —&,5) and ¢’ € (t,1 + &) with X&' = XT* < X for every r € (s, ') and we
conclude again from the first case. [J

Let us next continue with a geometric lemma inspired by [53], Lemma 14, which will
allow us to include balls in the map in some well-chosen intervals analogously to Lemma 4.4
for looptrees. Recall the sets A, and B, defined by (4.1) and (4.2) respectively.

LEMMA 4.9. Almost surely for every u € (0, 1) and for every pair (a,b) € A, U B, we
have

dM(l/t, t) = Hlll’l{Zu —Za, 2y — Zb}a
foreveryt €[0,a)U (b, 1].

We shall assume throughout the proof that both Z, < Z,, and Z; < Z,, otherwise the claim
is trivial.

PROOF. Let us first consider the analogue in the discrete setting of a pointed map
(M", v}) coded by a pair (W", Z") and the associate labelled looptree. Here times are in-
tegers and we use the same notation for a vertex in the map different from the distinguished
one, the corresponding vertex in the looptree, and a time of visit of one of its corners when
following the contour of the looptree. The assumption that (a, b) € A, U B,, means that either
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FI1G. 9. A portion of a discrete labelled looptree in plain lines. In dashed lines is represented a geodesic path
between t and u in the associated map. Each dashed edge thus links a time to its successor. The pictures display
the two situations: when x is the successor of y on the left and vice versa on the right. Since the edge between x
and y steps over a or b, then the label of x is necessarily smaller than or equal to that of a or b in each case.

a and b are the same vertex, which is an ancestor of u, or they both belong to the same cycle
between two consecutive ancestors of u, with a on the left and b on the right.

Then take a vertex v outside the interval [a, b] and consider a geodesic in the map from v
to u. This geodesic necessarily contains an edge of the map with one extremity x € [a, b] and
the other one y ¢ [a, b]. From the construction of the bijection briefly recalled in Section 2.1,
this means that either x is the successor of y or vice versa. Now if x is the successor of y, this
means that x is the first vertex after y when following the contour of the looptree (extended
by periodicity) which has a label smaller than that of y. Since one necessarily goes through
a when going from y to x by following the contour of the looptree, then Z} > Z; >7Z+1,
see, for example, Figure 9. Symmetrically, if y is the successor of x, then Z} < Z;. Hence
Z% <max{Z}, Z;} in any case. On the one hand this vertex x lies on the geodesic in the
map between u and v, so dym (u, x) < dpy(u, v). On the other hand the labels encode the
graph distance to the reference point v} in the map, so by the triangle inequality, we have
dyn(u,x) > Z); — Z", which leads to our claim in the discrete setting.

In the continuum setting, we argue by approximation. Recall that we assume (X, Z*) to
arise as the almost sure limit of a pair (X", Z"), which is already rescaled in time and space to
lighten the notation. Let us first consider the case when (a, b) € B, namely that there exists
s < a such that

X7 > X =min X > X* =min X > XX .
[s,a] [s,b]

We infer from the convergence X" — X°* in the Skorokhod J; topology that there exist times
Sn < an < up < by in N/n which converge to s, a, u, b respectively and such that X =
ming, q,) X" > X} = ming, p,) X" > X¢ . This implies that a, and b, both belong to
the same cycle between two consecutive ancestors of u,, with @, on the left and b, on the
right and we infer from the first part of the proof that the graph distance in the rescaled map
between u, and any vertex #, which lies outside [a;,, b,] is larger than or equal to min{Z;’n —
Zy, 2y — ZZn }. We finally can pass to the limit along the corresponding subsequence, using
that Z" — Z for the uniform topology.

Suppose now that (a,b) € A,, which means that either XJ* = X7* = minf, ;) X* or
b =inf{t > a: X{* = XX }. As shown in the proof of Lemma 4.8, in each case we can
approximate this pair by pairs that satisfy

X7 > Xt =X foreveryt € (a,b).

We thus henceforth assume that the latter holds. In particular, for any ¢ > 0 small, the values
of X{* for t € [a + &, b — €] stay bounded away from X;* = X7*. From the fact that X
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is right-continuous at s and makes no negative jump, we infer that every value larger than
but close enough to X;* = X¢* is achieved both by times arbitrarily close to a and by times
arbitrarily close to b. Then the convergence X" — X in the Skorokhod J; topology yields
the existence of times a, < u, < b, which converge to a, u, b respectively and such that for
n large enough, we have X} > X Zﬂ =X gn for every t € (a,, b,) NN/n. It follows that a, and
by correspond to the same vertex in the looptree, and it is an ancestor of u,. We conclude
from the discrete case again. [

Recall that Proposition 4.2 claims that almost surely, the volume of the ball in the
map centred at an independent uniform random point U and with radius 27" is less than
¥ (22"1=9)=1 for n large enough. This now easily follows from Lemma 4.9 and a technical
result that we state and prove in the next subsection.

PROOF OF PROPOSITION 4.2. According to Lemma 4.9, almost surely the ball of ra-
dius r centred at the image U in the map is entirely contained in the image of any interval
[a,, b,] such that the pair (a,, b,) € Ay U By satisfies min{Zy — Z,,, Zy — Zp,} > r. Con-
sider the infinite volume model, obtained by replacing the excursion X* by the two-sided
unconditioned Lévy process and the time U by 0. Proposition 4.10 stated below shows that
almost surely, for every r > 0 small enough, there exists such a pair (a,, b;) € Ag U By
such that min{Zy — Z,,, Zo — Zp,} > r and both a, and b, lie at looptree distance at
most 72178 from 0. Take r = 27". We infer from the proof of Proposition 4.1 that almost

surely, for every n large enough we have both a,-» > U, 5,5y 2 U — 1#(22”(1_‘3)2)_l and
by—n < UZJ[ sy < U+ W(22”(1_5)2)_1. The claim follows by local absolute continuity. [

4.4. A technical lemma with Brownian motions. In order to complete the proof of Propo-
sition 4.2, it remains to establish the following.

PROPOSITION 4.10. For every ¢ > 0, almost surely, for every r > 0 small enough, in

the infinite volume labelled looptree coded by the pair of paths X = (()?S, 7() t)s.t>0, there
exists a pair (ar, b;) € Ao U By which satisfies both —Z, >r and —Z;,, > r as well as
dox)(ar,0) <r*1=9 and d o(x)(by, 0) < r>179).

In the case of stable Lévy processes, Le Gall and Miermont [53], Lemma 15, were able to
find such a pair (a,, b;) € Ag, namely one that codes an ancestor of the distinguished point 0.
Their argument can be extended when the upper and lower exponents y and 5 coincide,
or when the exponent § € [1, y] introduced by Duquesne [30] as § := sup{c > 0: 3K €
(0, 00) such that K =y (u) < A7y (A), forall 1 < p <A} is not equal to 1. However we
were not able to extend it when § = 1. We therefore argue in a general setting, conditionally
on the underlying looptree, and relying only on the properties of the Brownian labels.

Let us first introduce the setting in terms of Brownian motion and Brownian bridges. Let
C be a random closed subset of [0, c0) containing 0, its complement is a countable union
of disjoint open intervals, say, C¢ = |J;~(gi,d;) with d; > g;. For every i > 1, let us de-
note by 8; = d; — g; the length of these intervals and suppose we are given random lengths
51.1‘, SI.R > §;. Independently, let W = (W;, t > 0) be a standard Brownian motion started from
0. Consider its trace on C, then independently for every i > 1, conditionally on the values
W, and Wy, and on the lengths SiL and SiR, let us sample two independent Brownian bridges
whi = (WtL’i; t €10, SiL]) and WRI = (W,R’i; t €0, 8iR]) with duration (SiL and 6iR respec-
tively, both starting from WOL = WOR "' = W,, and ending at W(SLL" = 6];” = Wy, and inde-
pendent of the rest. l l
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The connection with our problem is the following: the successive ancestors of 0 in the

infinite looptree, correspond to the times of weak records of 3?, and their labels form a
subordinate Brownian motion, precisely W .y, where W is a standard Brownian motion and
o is the last subordinator in Lemma 4.5. We shall thus take C to be the range of o, and the
labels on each side of the successive cycles between these ancestors roughly correspond to
the collection {WL:i, Wi},

LEMMA 4.11. Forevery ¢ > 0, almost surely, for every r > 0 small enough, the following
alternative holds:

o cither there exists t € C N[0, 2= such that Wy < —r,
e or there exist i > 1 such that g; < 2= and s € [0, min{(SiL, ,,2(1—5)}]’ and also finally

t € [0, min{8R, r20=9] such that both WEi < —r and W' < —r.

The key point in this statement is that in the second case, both bridges reach —r in the
same interval of C¢ N [0, »2(=)]. The idea of the proof is quite intuitive: first we know by
the law of iterated logarithm that W reaches values much less than —r on [0, 721 ~#)] so, if
the first alternative fails, then there exists an interval (g;, d;) on which W goes much below
—r, while starting and ending above this value. Then this interval cannot be too small for
the Brownian motion to fluctuate enough. Therefore, if one resamples two Brownian bridges
with the same duration §; and the same endpoints Wy, and Wy, then they have a reasonable
chance to both go below —r in this interval. Actually the Brownian bridges we sample have
a longer duration, so intuitively, they fluctuate even more and have an even greater chance to
reach —r. However turning this discussion into a rigorous proof is quite challenging, and the
proof of Lemma 4.11 is deferred to Section 4.5.

Let us finish this section by relying on this result in order to establish Proposition 4.10,
thereby finishing the proof of Proposition 4.2.

PROOF OF PROPOSITION 4.10. Recall the Poisson random measure .4 in (4.5) and the
four subordinators defined from it. By construction of the looptree, the successive ancestors
of 0 in the infinite looptree, started from 0, are coded by the negative of the first element of

pairs in Ag (defined by (4.1)) and correspond to the times of weak records of ()? Further, by
construction of the label process, the labels of these ancestors form a subordinate Brownian
motion, precisely Wy (), where W is a standard Brownian motion and o is the last subor-
dinator in Lemma 4.5. We shall apply Lemma 4.11 to the closed set C given by the range
of o.

Every jump of this subordinator, and more precisely every atom of the Poisson random
measure ./, codes two consecutive ancestors separated by a cycle in the looptree, whose left
and right length is encoded in the atom of .4". In Lemma 4.11, these two lengths correspond
to 8F and 8, whereas the length §; = d; — g; equals §; = 8-6X /(8L 4 88) < min(sF, 8¥) and
corresponds indeed to the variance of a Brownian bridge of duration SiL + SiR and evaluated at
BiL or SZ.R. By standard properties of the Brownian bridge, conditionally on these lengths and
on the labels of the two ancestors W, and Wy, the labels on each side of the cycle indeed
evolve like two independent Brownian bridges, given precisely by W+ and W&,

Lemma 4.11 thus shows the following alternative: either there exists a value #, <r
in the range of o, say 7, = o (s,), and such that W, ) < —r. In this case, the time s,, once

2(1—¢)

time-changed by the local time at the supremum of X , corresponds to the first element of a
pair (—a,, b)) € Ag. Otherwise there exists a jump of o, say g, = o (s, —) < o (s;) = d,, with
gr < r2(=8 which corresponds to a cycle in the looptree, and then there exists one point on
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each side of this cycle, both at distance (on the cycle) at most r2(=8) from g and with label
less than —r.

Notice the easy bound min{u, 1 —u} <2u(1 —u) for any 0 < u < 1 which shows that the
subordinators o and X from Lemma 4.5 are related by X <20. Observe that X encodes the
looptree distance to 0 of the successive ancestors. Therefore, in the first case of the alternative,
the time —a, lies at looptree distance at most 2721 =#) from 0. So does the time corresponding
to g, in the second case, and thus the two points on each side of the cycle lie at looptree
distance at most 3r2(1=¢) from 0. One can then get rid of this factor 3 by replacing ¢ by a
smaller value. [

4.5. Proof of the technical lemma. Let us end this section with the proof of Lemma 4.11.
The statement can be rephrased as follows: if the Brownian motion W is such that W; > —r
for all t € C N[0, r207#)], then necessarily the two Brownian bridges we resample both reach
—r in the same interval in C¢ N [0, r2(1=#)].

We start with an easy intermediate result. We shall denote by t, = inf{r > 0: W; =z} the
first hitting time of z € R by the Brownian motion W. For every r € (0, 1) small enough, we
let K, be the largest integer such that

log(1/r)
~ (loglog(1/r))*

LEMMA 4.12. Almost surely, for every r € {27",n € N} small enough, the following
assertions hold:

1. The path W reaches —r 1og'°%7 (1/r) before time r2(1—1/loglog(1/r))

2. Forevery k < K,, the path W reaches —r 1og'% (1/r) before r 1og'%+3(1/r).

3. There exists a universal constant c € (0, 1) such that for at least cK, different indices
k < K, the following holds: at the first time the path W reaches —r loglOk(l/r), it was below
—r for a duration at least (r loglok(l/r))2 and it previously never reached r loglok(l/r).

4.7)

Let us note that by comparing any r € (0, 1) to a negative power of 2, the claims extend
by monotonicity to any r > 0 small enough, provided a minor change in the exponents.

PROOF. Let us prove that for each event, the probability to fail is bounded above by a
quantity which depends on r and such that the sum over all values of ¥ € {27, n > 1} is finite.
The claims then follow from the Borel-Cantelli lemma. For the first assertion, the reflection
principle and the scaling property show that

P(T—rlogIOKr(l/r) > p2(1=1/loglog(1/r)))
— P(inf{W,. 1 € [0, 20~V 1081020/} > 1 16g10Kr (1))
=P(IW,20-1/10g10g(1/r | < ”loglOK’(l/r))
=P(|W;| < r!/10eloe/r) 1og10Kr (1 /1),

Since K, = o(log(1/r)/(log log(l/r))z), then for  small enough, we have
1/ 10glog(1/r) 14 10Kr (1 /1) < exp(— log(1/7) )
2loglog(1/r)

whose sum of over all values of » € {27", n > 1} is finite. By a Taylor expansion of the last
probability, written as the integral of the density, we obtain

log(1
P(r_ ogioke gy > 120711010 = 0<6XP<_%)>’
oglog(1/r

hence the sum of the left-hand side over all values of r € {27", n > 1} is finite as we wanted.
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Next, by the classical ruin problem, we have

rlog'%(1/r) B 1
rlog!%(1/r) +rlog!%3(1/r) ~ 1 +1og*(1/r)

P 10g1063 (1) < T_r1og!O%(1/r) =

Since K, = o(log(1/r)), then we infer by a union bound that
PEk < Ky T, 10g10653(1 /) < Ty 10g10k (1) = 0(log > (1/7)),

and again the right-hand side forms a convergent series when summing over all values r €
{27",n e N}.

For the last claim, to simplify notation set r; = r log'%(1/r). By symmetry, for any given
k, the probability that W reaches —ry before ry equals 1/2 so if these events were indepen-
dent, then this would follow, for example, from Hoeffding’s inequality. They are not indepen-
dent, however by the previous bound, we may assume that at the first time W reaches —ry,
it has not reached r; 4+ yet, and by the strong Markov property, the probability starting from
this position to reach —ry41 before rr41 is (slightly) larger than 1/2. Formally, one can, for
example, apply the Azuma inequality to the martingale whose increments are

AMj = 1{er+1 )= P(tory < T | Wrt S 72p),

<Trky1
and since the conditional probability on the right is larger than 1/2, then

K

K, 1 K,
P(#{k =K;: Terpr < Trk+1} < T) =P Z(l{frk+1<frk+1} - 5) < _T

k=1

K, K
< ]P’(Z AM; < —f) <exp(—cK,),
k=1

where ¢ > 0 is some universal constant. The sum of these exponentials over all values r €
{27, n € N} is finite again.

Similarly, for any z > 0, the law of the time-reversed path (z + W(;___;+)/>0 is that of
a three-dimensional Bessel process started from 0, or equivalently the Euclidean norm of a
three-dimensional Brownian motion, stopped at the last passage at z. The probability that a
Bessel process does not reach z/2 before time z2 is bounded below by some constant ¢ > 0
independent of z. We conclude as above, that the proportion of the number of indices k < K,
such that this occurs for z = r¢ is bounded away from 0. [

Let us finally prove Lemma 4.11.

PROOF OF LEMMA 4.11. Let us work on the event that W; > —r for all t € C N
[0, 72(1=8)] and let us prove that necessarily the second case of the alternative occurs. By
monotonicity, it is sufficient to prove the claim when r is restricted to the set {27",n € N}.
Let us implicitly assume also that the three assertions from Lemma 4.12 hold, and let us prove
that there exists k < K, the integer from (4.7), such that on the interval of C¢ on which W
reaches —r log!'%(1/r) for the first time, the two bridges that we sample also reach —r-.

Let us introduce some notation. For every k > 1, denote by G and Dy the boundaries g;
and d; of the unique interval (g;, d;) C C¢ such that W reaches the level —r logIOk(l /r) for
the first time in the interval (g;, d;). Note that these intervals are not necessarily distinct from
each others and that when r is small enough, by Lemma 4.12, they all intersect (0, r2(1=))
for k < K, and only Dk, may exceed r20=8) Let Ay = Dy — Gy and let A,f, A,f > Ag
denote the corresponding extensions; let us change the notation and write W% and WR-*
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for the Brownian bridges with duration A,f and A ,’f respectively, with initial and terminal
value Wg, and Wp, respectively. We shall upper bound the probability of the event

A= (] inf whk > —rtu] inf Wik > —r})
k<K, = SE0,AFINO,r20-) 1€[0, ARIN(0,r2(1-2))

by a quantity that only depends on r and whose sum over all values of r € {27, n > 1} is
finite, such as log=2(1/r). We then conclude as in the previous proof from the Borel-Cantelli
lemma.

STEP 1: PROOF FOR BROWNIAN MOTIONS. Let us first prove the claim when the Brown-
ian bridges WX and WX are replaced by Brownian motions. Precisely, for every k < K, con-
ditionally on Ay, AF, AR, and W, let X% = (XF*; 1 € [0, AF]) and XR* = (xFF; 1 e
[0, A,%]) be two independent Brownian motions started from Xé o, X(If o, Ws, > —r.

We first claim that if the interval [Gyg, D] is too long, then the Brownian motions X L.k
and X®* on it cannot reasonably stay above —r. Specifically, if we denote by X a generic
Brownian motion independent of the rest, then by the same reasoning as in the previous proof,
we have for every k

21006 - Lk . Rk _
P(Ak > 2(r + Wg,)*log®(1/r) and max{le[(}’rlAi/z] Xp it X } > r)

(inf{X;,0 <5 < (r + Wg,)  log®(1/r)} > —=(Wg, +71))

<2P

=2P(1X (- wg 210g001 /)| < W +7)
=2P(|X;| <log3(1/r))

= 0(log3(1/1r)).

Since K, = o(log(1/r)), then a union bound combined with the Borel-Cantelli lemma
imply that almost surely, all the events for kK < K, fail for r small enough (of the form
r = 27"). Thus, in order to avoid that both XXk and X®* reach —r, we must have
A <2(r + Wg )210g6(1/r) for every k < K,. Since Gy is smaller than the first hitting
time of —r log!%(1/r) by definition, then combined with Lemma 4.12, we have

—r < Wg, < r10g10k+3(1/r) andso Ax <3(r logmk"r6(1/r))2 for each k < K.

According to the strong Markov property applied at the first hitting time of —r log!%(1/r),
the path W behaves after this time as an unconditioned Brownian motion started from this
value during the remaining time of the interval [G, Di]. On the previous event, this re-
maining time is at most 3(r 10g10k+6(1 /r))?. This is not enough for W to further reach
—r1og!%®+D(1/r). Indeed, if X is a generic Brownian motion, then

1
P inf X < —rlog!%+8(1/r) =]P<|X1| > —log?(1 r))
([0’4(', 10g10k+6(1/r))2] g / ) 2 g /

< e~ ilog (/).

and the right-hand side, multiplied by K,, is again a convergent series when summing over
all values r € {27"*, n € N}. Hence, we may also assume that the intervals for different values
of k < K, are disjoint, and so the Brownian motions X% and X®* that we sample are
independent.

Finally, by the last claim of Lemma 4.12, for a positive proportion of the indices k < K, we
have both Wi, <r log!%(1/r) and Ay > (r1log'%(1/r))2, so there is a probability uniformly
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bounded away from O that both X©¥ and X®¥ reach —r, in the first half of the interval. We
conclude by independence that this occurs for a positive proportion of the indices k < K.

STEP 2: PROOF FOR BROWNIAN BRIDGES. Let us next prove the actual statement by
comparing the Brownian motions X ¥ and X®* with Brownian bridges WX and WX,
We aim at proving that the probability that one of these bridges stays above —r in the first half
of the interval when Ay > (r + WGk)210g6(1/r) is summable when r ranges over {27",n €
N}, and then that if both Wg, < rloglOk(l/r) and Ay > (r logIOk(l/r))z, then there is a
probability bounded away from 0 uniformly in r and & that the two bridges both reach —r.
Let us only consider X% and WL-* since the same argument applies to X®* and WRX,
Since, conditionally on Wg,, Wp,, Ag, and A,f , the path WLk is a Brownian bridge from
Wg, to Wp, with duration A,% > Ay, then the following absolute continuity relation holds:
for any measurable and nonnegative function F,

E[F(WE*, 1 < AL/2) | We,. Wp,. Ax, AF]

L
PappWoe = X5

)
=E[F(Xf’k,t§A,f/2) ‘ WGk,WDk,Ak,A/f}

pA,’; (WDk - WGk)

where p;(x) = 2m1)~'/?exp(—x?/(2t)). We then integrate with respect to Wp, . Precisely,
we claim that there exists a constant C > 0O such that on the event {Wg, > —r, Wp, >
—r, Ak > 2(r + Wg,)?1og®(1/r)}, we have

L
PappWoe =X

)

(4.8) E[
par(Wp, — Wa,)

This allows to infer from the first part of the proof that

P(Ak >2(r + WGk)zlog(’(l/r) and max{te[oi’rsz/z] W,L’ ’te[Ol,Afk/Z] W,R’k} > —r)
is 0(log_3(1/r)). Then, as in the first part, we must impose Ay < 2(r + WGk)210g6(1/r) <
3(r1og'%+(1/r))? for every k < K, in order to prevent the bridges W%-* and W ¥ to reach
—r.

Let us prove the upper bound (4.8). Recall the notation ry = r log'%(1/r). Conditionally
on Wg, and A, the path (W;; t € [Gy, Di]) has the law of a Brownian motion Y with dura-
tion Ay, started from Wg,, and conditioned on the event Ey = {inf{Y;; € [Gy, D]} < —r¢}.
Then the law of Wp, can be obtained by splitting at the first hitting time of this value; by the
Markov property, the remaining path after is an unconditioned Brownian motion. Recall also
that we work implicitly on the event where W, , Wp, > —r. For z > 0, let us write ¢, for the
density of the first hitting time of —z by a standard Brownian motion, then

L
[pAé/Z(WDk _ XAlf/Z)l XL, W A AL}
pA,’;(WDk _ WGk) {(Wg,,Wp, >—r} INTeX Gr» Dk, Af

L[ [T Opasty +r 2120 Kot

= t t _ +r _
P(Ex) Jo L Y At Wo, P Y Par(y —Wa,) (W ==r)
. 1 /Ak d Qrk—s-WGk(t)
~ P(Ex) Jo 2Jm (A —1)
_ vL 2
& exp<(y_WGk)2 O XGe) (y+rk)2)
L 2AF Af 20, — 1)) e
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We have P(Ey) = fOAk df‘lrkJch;k (1), it thus remains to prove that the integral in y of the
rest of the expression is bounded, when in addition A > 2(r + W(;k)2 log6(1 /r). Let us first
consider the integral over [Wg,, 00). Indeed, if y > Wg, > —r, then (y — WGk)2 < y2 <
(y + r%)? and consequently

_ywL 2
1 exp((y ~we)? VT Xg) o +rk)2)
2w (A — 1) 2AF AL 2(Ak—1)

L 2

< 1 ( (y+rk)2< 1 1 ) O _XA/%/z) )

< exp| — -— ) ).
2Jm (A —1) 2 Ar—t Ak Af

Suppose first that A,% > 2Af SO A,f > 2(Ag —t) for any t € (0, Ag) and thus Akl_t — ﬁ >
k

m. In this case, by simply removing the last term in the exponential, we have

_vyL 2
L M)
27 (A =1) 2 Ar—t Ak Af

1 ( O +r0)? )
SoYF/Xp\ = |
2w (A —1) 4(Ax —1)
which is the density of a Gaussian law, in particular its integral over the entire real line

equals 1. If A,f is close to Ay and ¢ is small, one has to be more careful. Suppose now that
Ak < Af <2Ag, then,

L 2
< ! ( (y +”k)2( 1 1 ) - XA;%/z) )
< ————exp| — - —F

2w (A —1) 2 Ar—t A AL
L 2
- 1 o (_ (v + ro)? t B 0= X5e ) >
So/aai=n P 2 Ar(Ar—1D) 24

1 (v — ngy
- Ay
T 2T A2 exp( 2A; ) {0<t<Ag/2}
+ ;ex <_M>l
2V (Ak —1) p A(Ax — 1) (Ax/2<t<Ag}-

Again the integral over the entire real line of the upper bound is constant. Finally, if —r <
y < Wg, then (y — W(;k)2 <+ WGk)Z. Here we use that we work on the event Ay >
2(r 4+ Wg,)*logb(1/r) = 2(y — Wg,)*1og®(1/r). Indeed, this implies

: ex ((y - We,)? - Xé/fﬁ)z O +"k)2>
NI R 2AE AL 2(Ak —1)
1 ( 1 (v +r)? )
< exp — s
2V (A —1) 410g®(1/r)  2(Ak—1)

and again the integral over y of the last line is uniformly bounded above. This completes the
proof of the bound (4.8).

Let us finally lower bound the probability that the Brownian bridge WX ¥ reaches —r in the
first half of the interval when both —r < Wg, <ri and Ay > r,%, where we keep the notation
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rx = rlog'%(1/r). We argue similarly: conditionally on A,%, Wg,, and Wp,, this probability
equals

paL—(Wp, +1)
PAkL(WDk - Wa,)

AL/ Af (Wp, = Wg,)*  (Wp, +71)?
= dr q_ t k_ ex ( k ok )
/O q (r+WGk)() Allg—f P 2A/€‘ 2(A]I;—l)

Ak/2 (Wp, +1)?
> dr q_ NHV2 (—"7)
= [ dt gy 0V 2exp v

Without the exponential, the last integral is bounded away from 0. We then lower bound
the expectation of the exponential with respect to Wp,. Recall that conditionally on Wg,
and Ay, the path (W;;t € [Gg, Di]) has the law of a Brownian motion started from Wg,
and conditioned on the event Ej that it reaches —r at some point in the time interval, so
by splitting at the first hitting time of this value, we have since we restrict our attention to
t < Ay/2,

(Wp, +1)?
oo~ Sa oy v o

AL
/0 dr Q—(r+WGk)(t)

Wa,, Ak}

1 (M 0 g wg(8) G+r)? (v +7r)?
= —/ ds y exp( — - Liwg, >—r)
P(E;) Jo —r 2 (Ar =) 20k —s)  2(Ak—1)

Ak 0 G—(r+Wg,) ($) (y +rk)2 1 1
> [Tas [T ay B (_ ( + ))1 )
_/o Y =) P 2 Ar—s  Ap—1)) Ve

Ax/2 S q—(r+wg,)(8) (y+ rk)2
> ds/ dy ———E —ex (—27)1 —r1e
_'/(‘) _, y m p Ak {WGk> r}

Consider the integral over y only in the last line, and without the density g. It equals half the
probability that a Gaussian random variable with mean —r; and variance Ay /4 is larger than
—r, or equivalently that a Gaussian random variable with mean 0 and variance 1 is larger than
2(rx — r)/+/A. Since Ay > r?, this probability is indeed bounded away from 0 uniformly in
k and r. Then the integral of g over s equals the probability that a standard Brownian motion
reaches —(Wg, + ri) in less than Ay /2 when W, <rp < /Ay, which is again bounded
away from 0.

Combined with the results on XZ*, we infer that there exists some constant ¢ > 0 such that
for all < 1, on each interval [G, Dy] with Wg, <ri and Ay > (r1)?, there is a probability
at least ¢ that W reaches the value —r in the first half of the interval. The same holds
for X©-* and since they are independent, they both reach the value —r in the first half with
probability at least ¢>. We can then conclude from Lemma 4.12 that this occurs for a positive
proportion of indices k < K. [

5. Computation of the dimensions. Throughout this section, we let .Z(X®*) denote
the looptree constructed from the excursion X®* and as in the previous section, we let
(M, dy, py) denote a subsequential limit of discrete random maps, related to a pair
(X%, Z%), from Theorem 2.1 and Theorem 2.3. In addition, thanks to Skorokhod’s repre-
sentation theorem, we assume that all convergences in these theorems hold in the almost sure
sense. Our main goal is to compute the dimensions of these looptrees and maps stated in The-
orem 1.1 and Theorem 1.2 respectively. The upper bound on the dimensions will follow from
Holder continuity estimates established in Section 5.1 while the lower bounds will follow in
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Section 5.2 from the estimates on the volume of balls with small radius established in the
previous section.

5.1. Holder continuity of the distances. The main goal of this subsection is to prove
that the canonical projections [0, 1] - Z(X®) and [0, 1] — M are almost surely Holder
continuous. We will easily derive from this the upper bound for the Hausdorff and upper
Minkowski dimensions. Let us start with the looptree. Recall from (1.2) the upper and lower
exponents 5 and y of ¥ at infinity.

PROPOSITION 5.1.  Forany a € (0, 1/n), there exists C, € (0, 00) such that

5.1 dgxex(s, 1) <Cq-|t —s|* foralls,tel0,1].

We shall see that the exponent 1/5 is optimal in the sense that almost surely, no such
C, < oo exist for a > 1/73, see Remark 5.7. As the proof will show, the claim also holds for
the unconditioned Lévy process X and its bridge version.

We shall need the following tail bound that we state as a separate lemma. The “universal
constant” does not depend on the Lévy process.

LEMMA 5.2. There exists a universal constant C such that the following holds. For every
Lévy process with no negative jump, for any t, x > 0, we have

IP( sup | X| > x) +17(x) < Ct(2dT x4+ y(x7)),
s€[0,t]
where d™ = max(d, 0) is the positive part of the drift and T (x) = 7 ((x, 00)) is the tail of the
Lévy measure.

PROOF. Let us focus on the probability on the left. Such a maximal inequality has been
obtained by Pruitt [65] for Lévy processes with no Gaussian component (but allowing for
both positive and negative jumps). Precisely, equation 3.2 there reads, when g =0,

IP’( sup | X,| >x) <Cth),
s€[0,1]

where, taking note of the difference in the convention for the Lévy—Khintchine formula,

hx) =7 (x) +x7? /(0 ]rzrr(dr) +x_1‘d —/ ra(dr)

(x,00)

X

<m(x)+ x_2/

r2r(dr) +x~! / ra(dr) + Idl)c_1
(0,x]

(x,00)
§2<x_2/ rzn(dr)+x_1f ra(dr) + |d|x_1),
(0,x] (x,00)

after noticing 7 (x) < x~! f(x’OO) ra(dr).

We may add the Gaussian component by recalling the identity X = W + Y in distribu-
tion, where W is a standard Brownian motion, and where Y is independent of W and has
no Gaussian component. By the reflection principle, a well-known tail bound for Gaussian
random variables, and finally the easy bound e* > e x u for every u > 0, we have

B( sup [BWsl > x) <4B(W; > x/) <4 ( xz><42"8
su > X > X €X —_— -5 .
se[OI,)t] ’ - ! - P 2Bt) ~ e x2
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A union bound then yields

IP’( sup | Xs| > x) +tm(x) SIP( sup |BW;| > x) —HP’( sup |Ys| > x) +t7T(x)
s€[0,7] s€[0,1] s€[0,1]

8
<-tBx 2+ Cth(x)+t7(x),
e
which is bounded by some universal constant times ¢ times

x_2/ rzrr(dr) +x! / ra(dr) + |a’|x_1 + ﬂx_z.
(0,x] (x,00)

Let yo(M) =¥ (L) +dr — ,BAZ denote the Laplace exponent of the process with its drift
and Gaussian component removed and let ¢ = 1, denote its derivative. Then ¢ is the
Laplace exponent of a subordinator without drift and Lévy measure v(dr) = rm(dr). In the
last display, the sum of the first two terms, with the integrals, corresponds to x‘2J¢(x)
in the notation of [30], equation 47. The next equation there, taken from [10], Proposi-
tion I11.1, shows that it lies between two universal constant times x ! ¢(x~ Iy =x"1 W(/) (x™h,
which itself, by [30], equation 50, lies between two universal constant times wo(xfl) =
¥ (x~ 1) 4+ dx~! — Bx~2. Therefore, our last display lies between two universal constant
times y(x D+ d+|dDx ' =y~ H +2dtx"1. O

The exact result that we shall need in order to prove Proposition 5.1, based on this lemma,
is the following. Recall that 7 is the exponent defined in (1.2). For any «, t > 0, we let N, (¢) =
#{s €[0,1]: AXy;>«"!} and X = (X)s=0 the process obtained from X by removing all

these jumps larger than .

COROLLARY 5.3. Fix N > 1. There exists a constant Cy such that for any t > 0 and any
6 > 0, we have

IP’( S%p]|X§| > 2NK_1> +P(N(t) = N) < CytNeNatd),
sel0,1

for all k > 0 large enough, depending in & and .

PROOF. Note that X* is a Lévy process with the same drift and Gaussian component as
X and with Lévy measure 7°(-) = 7w (- N[0, K_l]). Since its Laplace exponent is smaller than
or equal to i, then we may apply Lemma 5.2 to X* with i in the upper bound. Because
X* makes only jumps smaller than or equal to « ~!, at the first time it exceeds x in absolute
value, it cannot exceed x + «~'. With the help of the strong Markov property, we obtain by
induction

IP’( sup | X¥| > 2NK_1) <(Ct(2d*k + lP(K)))N.
s€[0,7]

In addition, the random variable N, () has the Poisson distribution with rate r w(x ~!). The

Chernoff bound shows that the tail probability of a Poisson random variable Y with rate A
satisfies P(Y > k) < e_)‘(ek/k)k for every k > A. Thus, for cy = (e/N)N, we have

P(N () > N) <en(tm(k )Y <en(Cr2d i + v ()Y

by Lemma 5.2. By the very definition of » we have ¥ (k) = ok as k — oo as well as
Kk = o(k™%) since n 4+ § > 1, which concludes the proof. [J

We may now prove our Holder continuity result.
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PROOF OF PROPOSITION 5.1. We claim that given a < 1/, there exists a deterministic
constant K, € (0, oo) which only depends on a, not even on the law of the Lévy process,
such that almost surely, there exists ng > 1 (random, and which may depend on the law of
the Lévy process) such that for every n > ng, we have
5.2) sup  doxeny (127", ( +1)27") < K27

0<i<2"—1
For 1 < n < ng, there are only finitely many quantities involved, so we infer that almost
surely, there exists a now random C, € (0, co) such that (5.1) holds for every pair (s, ¢t) of
the form (i27", (i + 1)27") withn > 1 and i € {0, ..., 2" — 1}. It then extends to all dyadic
numbers by a routine argument, after multiplying C, by 2/(1 —27¢), and then to the whole
interval [0, 1] by density, using that d ¢ (xex) is continuous almost surely.

It remains to prove (5.2). Let us first replace X°* by the unconditioned process X and then
argue by absolute continuity. According to (2.7), almost surely, for s < ¢, we have

dex)(s,t) <X+ X,— =2 inf X, <4 sup |X, — X;|.
refs,r) rels,t)

Recall indeed that, informally the term in the middle is the length of the path if one goes from
s to t in the looptree by always following a cycle on its right, instead of optimising between
left and right. Note that the value of the jump of X at time ¢, if any, does not affect the looptree
distance, and not even the upper bound. This bound is too crude to be used directly because
of the jumps of X, but we shall use it between consecutive large jumps since the possible
jumps at time s and ¢ do not appear in the upper bound.

Precisely, fix § > 0,let 8 = (1 + 6)(n + 8), and let us prove (5.2) with a = 1/6 by relying
on Lemma 5.2 and Corollary 5.3 with k = 2"/% Indeed, fix n>1and i € {0,...,2" — 1}.
Let #,;(1) < --- < t,,;(Ny,;) denote the increasing enumeration of the set of times {t €
(27", (G + 127" AX; >27"9) Setalso t,,;(0) =i27" and 1, ; (N,; + 1) = (i + 1)27".
Then combining the last display with the triangle inequality, we have

Np,i
(5.3) deoo(i27", (i +D27") <4 ) sup Xy — X,

j=07€lni (1)stn.i G+1))
Note that conditionally on the #, ; (j)’s, the paths between two consecutive such times behave
like the process X* with x = 21/ from Corollary 5.3 whereas N, ; has the same law as
Nynse(27"). Some union bounds, invariance by time translation of the Lévy process, and the
upper bound 7, ; (j + 1) —1,;(j) <27", lead to the following bound for every N > 1:

Nn,i
]P(Z sup Xy = Xu, i > 2N22"/9)
20 eltni (Dot G+

<P(Nyi = N)+P(N,s <Nand sup sup X, = X, > 2N27"17)
0<j <N relty; (j).tn,i (j+D] o

<P(Nys(27) = N)+ NP( sup [x2"| > 2N27"/7),
ref0,271]
According to Corollary 5.3, for every n large enough, the last line is bounded above by some
constant that only depends on N times
(2—n2n(ﬂ+8)/9)N — 9—nN3§/(1+8)

Choose any N > (1+46)/6 andletq =8N /(1 +8) — 1 > 0. Then a last union bound implies
that, for some constant Cy, for every n large enough,

Nn,i
IP’(EIO <i<2': ) sup X, — Xp, ()| > 2N22—”/9> <Cy27M.
j:Ore[tll,i(j)vtll,i(j+l)]
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The Borel-Cantelli lemma shows that almost surely these events eventually fail for n large
enough.

For the conditional law, recall that the first half the bridge (X ?r ;0 <t <1/2) is absolutely
continuous with respect to the unconditioned process (X;; 0 <t < 1/2). Hence almost surely,
these events eventually fail for n large enough in X", when restricting to i € {0, ...,2" "1}
In addition, the time- and space-reversal of the second half of the bridge has the same law as
the first half, so this also holds for the second half and thus for the entire bridge. Finally we
transfer it to the excursion by applying the Vervaat transform. Notice that the latter changes
the starting point and thus shifts the intervals, but this only mildly affects the constant 2N2.

In each case, we obtain the desired Holder property (5.2) thanks to the deterministic
bound (5.3). O

REMARK 5.4. If one wanted to replace the exponent 1/5 by the smaller one 1/y, then
instead of the upper bound ¥ (x) < x"*® for every x large enough, one would only have
the existence of a sequence x, — oo along which ¥ (x,) < x’rr&_ Taking a subsequence if
necessary, we may assume that 3, x, ! < oo and then the preceding argument shows that
instead of (5.2) for any a € (0, 1/y), almost surely there exist K, > 0 and a sequence ¢, |, 0

such that, for every n large enough,
dogxes)(ien, (i + 1)en) < Kqed  foralliel0,..., e, ] —1}.

This will be used to upper bound the packing and lower Minkowski dimensions.

We then turn to the map M and the label process Z*. Informally, we simply lose a factor
1/2 due to the regularity of the Brownian labels. Again, we state the result under the excursion
law but it holds similarly under the unconditioned or bridge law.

COROLLARY 5.5. Forany a € (0, 1/(2n)), the label process (Z{*);c[0,1] has a modifica-
tion that is Holder continuous with exponent a.

PROOF. Recall the moment bound on the Brownian labels (2.9), then if the Holder con-
tinuity (5.1) on the looptree distances held true with a deterministic constant C,, then we
could apply the classical Kolmogorov continuity criterion, showing that for any a < 1/5 and
any g > 0, the process (Z;*); has a modification that is H6lder continuous with any exponent
b < g '(ag/2 — 1), which is arbitrarily close to 1/(25) when ¢ is large and a is close to 1/7.

In order to do so, let A, = {n — 1 < C, < n} for each n > 1, so these events are disjoint
and their union has probability 1. Letus set N' = {n > 1: P(A,) # 0} and Ag = (U, ery An)©.
Then for every n € N’ we can apply Kolmogorov’s criterion under P(- | A,) and deduce the
existence of a modification Z” that is Holder continuous with any exponent b < 1/(2p),
under the conditional law. Let Z’ coincide with Z" on A, for every n € N’ and let Z’ be
a fixed arbitrary value on Ag. Then for every ¢ € [0, 1], since P(Ag) = 0, then we have
P(ZF=7Z) =3 e P(A)P(ZS* = Z" | Ay) =1 so Z' is a modification of Z®*. By the
same argument Z’ is almost surely Holder continuous with any exponent b < 1/(25). O

From now on, we always work with these Holder continuous modifications. This further
implies that the distances in the map are Holder continuous.

PROPOSITION 5.6.  Forany a € (0, 1/(2y)), there exists C, € (0, 00) such that

(5.4) dy(s,t) <Cq- |t —s|* foralls,tel0,1].



RANDOM LEVY LOOPTREES AND LEVY MAPS 4017

Similar to Proposition 5.1, we shall see that the exponent 1/(2p) is optimal in the sense
that almost surely, no such C, < oo exist for a > 1/(29), see again Remark 5.7.

PROOF. The claim follows from the upper bound dj; < D° from Theorem 2.3, where we
recall that D° is defined by
D°(s,t) =D°(t,s) =Z> + Z7* — 2[inf] VAL
5.t
Then the Holder continuity of Z%* from Corollary 5.5 transfers to D° which thus satisfies the
upper bound (5.4), and thus so does dy;. [

5.2. Fractal dimensions. We are now ready to compute the dimensions of our spaces.
Recall that Theorem 1.1 about the looptrees precisely states that almost surely, we have

dimy Z(X¥)=dim Z(X*) =y and dim,.Z(X%)=dim.Z(X*)=n.

For the maps, Theorem 1.2 states that the dimensions are twice these quantities.

PROOF OF THEOREM 1.1 AND THEOREM 1.2. Let us refer to [57] for the definition and
basic properties of these dimensions. Let us only recall here the following relations between
these notions of dimension:

dimy <dim and dimy <dim, <dim.

It thus suffices to upper bound dim and dim and to lower bound dimy and dim,,.

The upper bound for dim is an immediate consequence of the Holder continuity provided
by Proposition 5.1 and Proposition 5.6. Indeed, fix § > 0 and let N,, = [2"@*9) |: then by the
former result, almost surely, for every 1 <i < N,, the diameter of the image of [i N, N
N, 11 in the looptree is small compared to 27". Hence, almost surely, for every n large
enough, the space .2 (X®*) can be covered by N,, balls with radius 27" and this implies that
dim .2 (X®*) < n + & almost surely with § arbitrarily small. The upper bound dim .#(X®*) <
y is similar, using Remark 5.4: with the sequence (g,),>1 from this remark, we may apply the
previous reasoning with N,, = | &, y_aj. The upper bounds for the maps are proved similarly
using Proposition 5.6 and the analogue of Remark 5.4, which is derived from the latter.

The lower bounds on the Hausdorff and packing dimensions follow from our estimate
on the volume of small balls. Recall that we associate times on [0, 1] by their projection
in the looptree; let then B(u, r) denote the ball centred at u € [0, 1] and with radius r > 0
for the looptree distance. Let also | - | denote the Lebesgue measure on [0, 1]. Let U be an
independent uniform random time on [0, 1] and § > 0. We read from Proposition 4.1 that
almost surely, for every n large enough, we have

B2 <y 0)

By definition of y, we know that 2_”(1_5)(”_3)1“2”(1_5)) — 00. Therefore, almost surely,
for every r > 0 small enough, if 2="+D < <277 then

IBWU.r)| < |BU,27")| = 027" 0-D@=D) = (1= r—5))

On the other hand, by definition of 5, we know that 2~"(1=9)®1=8/2),(21(1=8)) does not tend
to 0, so there is exists a subsequence which is bounded away from O and we infer similarly
that for some r,, — 0, it holds

|B(U, &,)| = o(r{179@=%)),
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This shows that almost surely, for Lebesgue almost every u € [0, 1], we have both

timsup 2% and timing 20D
T i —ha— =

0.

We conclude from density theorems that dimy 2 (X®*) > y — § and dim, £ (X**) > — 4,
see, for example, [57], Theorem 6.9 and 6.11. Again, this is adapted to the maps by simply
replacing the estimate from Proposition 4.1 by that from Proposition 4.2. [J

REMARK 5.7. Notice that the upper bounds on the Hausdorff dimensions only rely on
the Holder continuity results and extend as far as the latter do. Therefore if the canonical
projection on the looptree (resp. on the map) was Holder continuous with exponent a > 1/5
(resp. a > 1/(2n)), then we would upper bound the dimension by 1/a < p (resp. 1/a < 2y),
and this would contradict the lower bounds. In other words, if the bound (5.1) held with
a > 1/, then by taking § > 0 small enough, this would contradict the liminf in the last
display of the previous proof. Therefore the exponents in Proposition 5.1 and Proposition 5.6
are optimal.

6. Approximations in the continuum world. In this section we ask ourselves the fol-
lowing question. Suppose that for all A > 0 we are given a Lévy process X *) with no negative
jump and infinite variation paths, with exponent ¥*), and another one X with exponent 1.
Suppose that X*) and X satisfy the integrability condition (1.3), so they all have continuous
transition densities ptm (x) and p;(x) respectively, and we can define bridges and excursions
as before. If these transition densities converge, then it is well known that the Lévy processes
converge in law; but do the corresponding looptrees, Gaussian labels, and continuum maps
converge as well? We prove the convergence of labelled looptrees in Section 6.1 and that of
maps (along a subsequence) in Section 6.2.

One could for instance consider the case where X *) is an a-stable spectrally positive Lévy
process with drift #, as mentioned in Section 3, with o € (1, 2) and ¥ € R that may both vary.
We will study this in a companion paper.

Let us say a few words on the techniques used to derive these results. If the limit X has no
Gaussian part, then it has the pure jump property from [56] and Section 4 there answers pos-
itively our question, see alternatively [42], Theorem 3 (iii), for the convergence of looptrees
in the pure jump case. However, here we consider the general setting and we need additional
arguments. First, tightness of the looptree distances is easy but that of the labels is not: we
argue by adapting the proof of the usual Kolmogorov criterion and using some general con-
centration bounds for Gaussian processes. We then turn to the finite-dimensional marginals,
that is, the pairwise distances and joint labels of finitely many points in the looptree. The
contribution of the large cycles can easily be controlled, and the contribution of the micro-
scopic parts is proved by a sort of weak law of large numbers in the spirit of [22]. Indeed,
informally, the Lévy excursion codes the length of paths in the looptree when one always
follows the cycles on their right, whereas the true distance minimises left and right lengths.
We show that for microscopic cycles, this basically divides their lengths by two. We actually
argue on the unconditioned process first and then use a local absolute continuity argument
for the excursion; the convergence of the densities is used for this transfer. Once the conver-
gence of labelled looptrees is proved, the convergence of maps along a subsequence, and the
identification of the Brownian sphere and tree in the extreme regimes, is routine as the usual
arguments to control discrete maps can be adapted.

Let us start as a warmup with an easy lemma.
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LEMMA 6.1. Suppose that for every t > 0, the transition density p,(}‘) converges uniformly
to p; as . — o0o. Then XM — X in distribution for the Skorokhod J| topology under the
unconditional law as well as under P(- | X %k) =) for any ¥ € R, and finally under the
excursion law.

PROOF. The convergence of the densities implies the convergence in distribution X t()”) —
X, for any ¢t > 0 fixed under the unconditional law. Since they are Lévy processes, this im-
plies the convergence in distribution for the Skorokhod J; topology, see, for example, [38],
Chapter VII, for details. Next, fix ¥ € R, then for every ¢ € (0, 1), recall that the bridges
satisfy the absolute continuity relation

A A
pP @ —xW, ]
A
P )

for any continuous and bounded function F. We infer from the convergence in distribution
of the unconditioned processes and the uniform convergence pgk) — pe that the right-hand
side converges to the same quantity for X, hence the bridges converge on any interval [0, 1 —
e]. Notice then that the bridges are invariant under space- and time-reversal (since Lévy
processes are), so the part on the interval [1 — &, 1] converges as well, and in particular it is
tight and so the entire bridge on [0, 1] is tight. The convergence on any interval [0, 1 — €]
then characterises uniquely the subsequential limits. Finally, the convergence of bridges for

v = 0 is transferred to the excursions by the Vervaat transform. [J

E[F(xM;re[0,1—¢]) | XM =0]= E[F(X}”; tel0,1—¢])-

In practice, the uniform convergence of transition densities can often be checked by using
the inverse Fourier transform. Precisely, we may write:

Wy Lo Bl XM _ preinX:
sup|p,”(x) = pi ()] = 3 [E[e™X"] — E[e"X1]| du.
xeR T J-
The right-hand side tends to O provided the integrand does and one can, for example, apply
the dominated convergence theorem. This will be the case in our application in Section 3.
We assume for the rest of this section that the assumption of Lemma 6.1 is in force.

6.1. Convergence of looptrees and labels. Let us first study the convergence of the loop-
trees and Gaussian labels associated with X and X. Recall from (2.6) and (2.8) respectively
that they are defined using a parameter that acts as a multiplicative constant on the continuous
part. In the next theorem, we fix the value of this constant: 1/2 for looptrees and 1/3 for the
labels. We discuss this restriction after the statement.

THEOREM 6.2. Suppose that for every t > 0, the transition density p,()”) converges uni-
formly as .. — oo to p;. Under the unconditional law or the bridge or excursion law, we have
jointly with the convergence in distribution X*) — X

LV (x®) Xﬂ LX) and z™V L 713

—00 A—00

for the Gromov—Hausdorff—Prokhorov topology and for the uniform topology respectively.

As was previously mentioned, in the particular case where X has no Gaussian part, then
it has the pure jump property and the convergence of looptrees follows from [56], Section 4,
or alternatively [42], Theorem 1.4. In the general case, Theorem 1.6 in [42] proves the con-
vergence of a “shuffled” version of the looptrees, provided that the excursions converge and
under some technical assumption on this shuffling. This technical assumption is proved to
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hold for stable looptrees, and also that their shuffled version has the same law as the original
looptree [42], Theorem 6.6. A possible alternative proof of the convergence in distribution of
looptrees in Theorem 6.2 could thus be to extend this approach to Lévy looptrees, as noted
in [42], Remark 6.8. This approach, however, does not seem to directly give joint convergence
of the looptrees and the Lévy processes.

Let us discuss the choice of constants in this theorem. First notice that in absence of jumps
in the limit, namely if X is a scaled Brownian path, then for any ¢ > 0, the looptree .Z“(X) =
¢ £V (X) is a scaled Brownian tree and Z¢ = J/c Z is a scaled Brownian snake so the choice
of ¢ amounts to fix a normalisation. In the opposite case, if this continuous part in the limit
vanishes, then the choice of this constant is irrelevant. Similarly, if the continuous part in
X®) vanishes, then this constant is irrelevant in the sequence. The reason for this restriction
is the following. The continuous part for X appears as the limit of the continuous part of X *)
together with sum of quantities of the form R! as defined in (2.3), corresponding to small
jumps of X*). Now typically, the contribution to the looptree distances of these small jumps
will be half of the sum of these R’s by symmetry, since the latter code the right-length of the
cycles. Hence in order to control the looptrees with a different multiplicative constant than
1/2, we must understand the precise contribution of the continuous part of X*) and its small
jumps to the continuous part of X, whereas with the constant 1/2, in the looptree, they both
contribute equally. The same applies for the constant 1/3 for the Gaussian labels.

Let us first provide a tightness argument. We note that the latter does not require to restrict
to the parameters 1/2 and 1/3.

PROOF OF TIGHTNESS. Thanks to the upper bound (2.7) on looptree distances, the con-
vergence of the excursions implies tightness of the associated looptrees. Indeed, for any
s,s’,t,t" €[0, 1] we have by the triangle inequality

1/2 1/2 1/2 1/2
Y2 0, (5.1 = Y20 (5o )] < A (508") + A2 (021

< dx(;\) (S, S/) + dx(x) (l, l/).

The last line converges in distribution to dx (s, s’) + dx (¢, ) under the unconditional law
or the bridge or excursion law by Lemma 6.1. This limit in turn is arbitrarily small when
the pairs (s, ) and (s’,¢") are arbitrarily close to each other (for the Euclidean distance).
Tightness of the looptree distances then follows easily from this control on the modulus of

continuity.
difixon

d;(zx) in distribution, which we shall prove below. Our aim is again to control the modulus
of continuity. Precisely, let us fix €, & > 0 and let us prove that there exists § > 0 such that for
every A large enough, we have

P(A(s, 1) €[0,1%: |t —s| <8 and [Z*1D — 23| S 9) < 10e.

Let C, be the random variable as in (5.1) for the limit process X, for some fixed admissible
a > 0. Since C,; < oo almost surely then there exists a deterministic constant M € (0, co)
such that C, < M with probability at least 1 — ¢. Let C > 0 which will be chosen large
enough, depending only on 6 and M (and thus ¢), and let us set ¥ = (6/C)? and then N =
[(M/i)V/4 = [(MC?/6%)!/%]; we shall take § = 1/N. Consider the good event

G(N, k. %) ={V(s.1) € [0, 1] such that | — 5| < /N it holds d}g{(zxm)(s, 1<k},

and let us write G (N, k) for the same event for the process X. It follows from the convergence
of looptree distances, the bound (5.1), and our choice of constants that

P(G(N,k,%) — P(G(N,k))>1—c¢.

A—00

Tightness of the label process is less immediate. Let us prove it provided that —
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We shall work on the event G (N, «, 1) and upper bound
P(G(N,k,x) N {3(s,1) € [0, 11%: |t —s| < 1/N and [ 231D — 23| > k).
By the triangle inequality and a union bound, this probability is less than or equal to

N max P(G(N.k, )N {3s € [0, 1/N]: |20 — 253D > Cie/4)).
0<i<N ’

Recall that conditional on X*), the label process Z*+1/3) is a centred Gaussian process with
a so-called canonical or intrinsic pseudo-distance given by

A, 1/3 A, 1/3)\2 1/2
pP(s.0) = VE[(z11) — 2R | x0] < a2 5.0,

where the upper bound follows by replacing the product of left and right length along cycles
by the minimum. Let then N M (r, N, i) denote the number of p(*)—balls of radius r needed to
cover the interval [i /N, (i + 1) /N]. Then on the event G(N, x, A) we have NP N, =1
for r > \/k and N®(r, N,i) < [/k/r] for r < /k. Then Dudley’s entropy bound [17],
Corollary 13.2, shows that there exists a universal constant K such that

1, 1/3) (}» 1/3
E[ sup | z/8 = ZEn | X(”] LG k)
sel0,1/N]

o0
5[{/ \/logN(M(r, N, i) dr LG )
0

=29 Y JlogTi/rldr < K /& | " Jiogr1/x1 dr,

and the integral is some universal constant as well. Let us write L/k this upper bound. Recall
the exponent a < 1/5 which we have fixed. If we were able to take a > 1/2 then we could
conclude by the Markov inequality. However in the case y =2, in particular in the Brownian
case, we need a slightly better bound. A very strong bound [17], Theorem 5.8, which follows
from standard Gaussian concentration results is the following: for every u > 0, we have

()» ) (k ) A
(G(N K, 1) ﬂ{ sup |Zs+z/N z/N3 | > u +E[ sup |Zs+z/N z/Nz | |X( )]]>
s€[0, 4] sel0, 4]
w2
< E[I{G(N P x)}GXP(— )}
S *,1/3) (*.1/3)
2Supse[o,l/N] E[(Zs+i//N Zz/N/ )]

=ew(-5,)
<expl——).
2K

Now recall that the expectation in the first line is bounded above by L./k where L is a
universal constant, hence

2
(2,1/3) (2,1/3) u
P(G(N,k, 1) N sup |28 — Z; >u+ Lk §exp<——),
( {se[O,l/N]| s+i/N i/N ‘ ]) 2
for every u > 0. Combining all the previous displays, we infer with u = (C/4 — L)/« that
for every A large enough, it holds

( —L)2>.

1 ) !
P(3s, 1) € [0, 11%: |t—s|<Nand |Zs 73— 72,7 | >0 ) <2+ Nexp| — 5
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Recall that 6 = C\/k and N = [(M/i)"/4 = [(MC?/0?)!/*] where M was chosen only in
terms of € in order to get the upper bound 2¢. Since L is a universal constant, then we can
choose C depending only on & and M (and thus &) such that the right-hand side above is
less than 3e. This fixes the value of N in terms of 6 and & only and the proof of tightness is
complete. [

To complete the proof of Theorem 6.2, it remains to characterise the subsequential limits.
We first consider the convergence under the unconditional law of Lévy processes.

PROOF OF CONVERGENCE FOR UNCONDITIONED PROCESSES. Let us first consider the
unconditioned Lévy processes and let us prove that for any ¢ > 0 fixed, the looptree distance
from O to  for X» converges in distribution to that for X. Then we discuss the convergence
of the distance between any s and ¢ fixed, the argument for more general finite dimensional
distributions is the same. We then briefly mention the modifications to control the labels.

STEP 1: DISTANCE FROM O TO ¢. The distance from O to ¢ in the looptree coded by X
equals

1 .
SCi+ > min(R, AX; — RY).

§<t

Let us denote by C,(M and Rs(k)’t respectively the continuous part and jump part that appear
similarly in the looptree distance associated with X*). We shall argue that, when § > 0 is
small, the following terms:

1
: A), A A), A),
> min(R{M AXP — RPL o), and §§ RTL o g
s<t

s<t

are close to each other, and that the second one will contribute, together with %C t(k), to the
continuous part %Ct in the limit as A — oo and § — 0. We shall implicitly restrict ourselves
to values of § which are not atoms of the Lévy measure 7. This set of atoms is at most
countable, so we can indeed find a sequence outside of it that tends to 0. Henceforth, we thus
assume that X has no jump of size exactly §.

Recall that C, = X,— — ¥, _, R!, and the same holds for X, Standard properties of the
Skorokhod J; topology imply that, since X converges in distribution to X, then X t(f) —
X;_ and, jointly, the (finitely many) jumps larger than § of X all arise as limits of jumps
larger than § of X*) (without boundary effect since X has no jump of size exactly 8), and
the times at which they take place converge, and so do the associated quantities Rw’t. Asa
consequence,

) M)t _ ) (M)t
G+ Z R; I{Axﬁ“ga} = X7 - ZRS 1{AX§“>5}
s<t S§<t
(d)
=2 X — Z Rilax -5y =Ci + Z Ri1iax, <5},
s<t s<t

and the limit further converges in probability to C; as § — 0. Hence, to conclude about
the convergence of the looptree distance from O to ¢, it remains to compare this dis-
tance true distance, in X, with the quantity we obtain when we replace the term

. ).t A )t 1 A),t
Zs<tm1n(Rs( ) , AX§ ) _ R§ ) )I{AX§A)§8} by EZs<t R§ ) I{Axg)g(S}‘
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Precisely, let us fix a bounded Lipschitz function F, with sup, |F(x)] < K and
sup,y [F(x) = F(y)|/(Ix — y|) < L for some positive constants K and L, and define

Dr(X,9)

1
) 2 : A, § : : r), A A,
B ’F<§(Ct LR )tl{Axﬁ”ss}> + 2 min(RP, AXP — Ry )Z)I{Ax§*)>a}>

s<t s<t

1
- F<§C,(“ + > min(RM, AXP) — RS(W))'.

s<t

Let us prove that E[Dr (X, §)] — O as first . — oo and then 6 — 0, then our claim follows
from the Portmanteau theorem.
Let us adapt the argument in the proof of Theorem 1.2 in [22]. Precisely, we can write

Rs()”)’t = AXQ) X ug, where in the unconditioned process, the random variables (ug; s <t)are
i.i.d. with the uniform law on [0, 1] and are independent from (A X ‘9); s < t). Consequently,

A
E[Zs<z AXS( )I{Axgl)gg}”fv
Yo AXM1

1
AXS(M; s < l] = —
) 2
{AX <8}
and
A
1203, AXM1

< (SA
12y, Ax™M1

)
Var(ZM AXS px <5y

). —
Yo AXP1 AT t> -

2
{axM<s) (Ax® <s))

’

{ax? <s)

after bounding the sum of the squares by the sum without square times the largest element.
The same holds if we replace u’, by min(u, 1 — u’), except that the expectation is now 1/4
and the variance is 1/48.

Fix 1,8 > 0 and € € (0, 1/4) and consider the following two events. First

A
AX,B,E = {Z AX§ )I{AX§A)§5} < 8}
s<t
controls the denominator above, so on the complement event, the variances are bounded
above by 6/(12¢) and 5/(48¢) respectively. Second,
. A, A A),
ZS<I mln(R§ ) ta AX§ ) - Ré( ) I)I{Axy)gtg} _ l' < 3e }

(A),t -1
> Ry 1{AX§)‘)§8} 2 1-—2¢

Bk,s,e = H

controls the ratios. It is straightforward to check thatif |a — 1/4| < e and |b — 1/2| < ¢, then
la/b—1/2| <max{(1/4+¢)/(1/2—¢)—1/2,1/2—-(1/4—¢)/(1/2+ )} =3¢/(1 —2¢). A
union bound and the Chebychev inequality then easily show that, for some universal constant
V (e.g., 5/24) coming from the variances, it holds

sV

]P)(Ai,é,e N B)?,S,s) = 8_3

Let us introduce a third and last event:

Coe= {Z RAE)L)’II{AXWSS} = 8_1/2}’

§<t
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whose probability tends to 1 as first A — oo, then § — 0, and finally ¢ — 0 since this sum is
upper bounded by X ,()L) which converges in distribution to X,_ which is finite.

Recall the quantity Dg (A, §) and that we aim at showing that its expectation converges
to 0 as first A — oo, then § — 0. We shall partition the space into the four events: Aj 5., U
{Ai,M NBrseNCis etV {Ai’&s N Bi,a,e NCyset Y {Ai,a,e N Ci,&,e}' Indeed, first, since
F is L-Lipschitz, then

1
: A, A A), A)s
> min(RM AXP — R o) — 3 > RML oyl
s<t

s<t

Dp(2,8) <L

Using the triangle inequality, this is bounded above by 3Le/2 on the event A, s .. If instead
we factorise by the sum of the R’s, then on the event B; s ., we have

3Le
().
Dp(x.0) = 1— e Y RS L ax® sy
s<t

which is now bounded above by 3L./¢/(1 — 2¢) on the event C; s . For the last two cases,
we simply use that F is bounded by K, so D (A, §) < 2K is uniformly bounded. Therefore,
we have

3Le 3L.\/¢
E[{Dr(1,8)| < —
[DF(x,8)] < >t 15
We know that the first probability on the right is bounded above by some universal constant
times 8/ and that the second probability converges to 0 as first A — oo, then § — 0, and

finally ¢ — 0. The same is then true for E[Dr (A, §)] and the proof is complete.

+ 2K ]P)( K,S,s N B)CL,B,E) + 2K P(Ci,é,e)'

STEP 2: DISTANCE FROM AN ANCESTOR TO ¢. So far, we have proved the convergence
of the looptree distance from O to any given ¢ > 0. Let s € (0, t) and suppose first that s < ¢
in the looptree coded by X, namely that X;_ < X, for all r € [s, t]. There are two cases
according as whether or not X jumps at time s.

If AX; > 0, then recall from the proof of Lemma 4.3 that X cannot make a local minimum
at the height X_. In particular, either X; > X;_ ort =inf{r > s: X, = X_}. In the second
case, this means that we can find ¢’ < ¢ arbitrarily close to z, with X,;» > X, = X;_ and X,
is arbitrarily close to X;; this implies that the looptree distance between ¢ and ¢’ is arbitrarily
small and ¢’ falls into the first case. Therefore we may assume when AX; > 0 that X, > X_
and actually X, > X_ for all r € [s, t]. In this case, as in the previous step, there are times
s® < t@ gquch that X jumps at time s® and such that s, £, AX s and Ré are the limits
of the analogous quantities in X*) and the previous argument extends readily to prove the
convergence of the looptree distance from s to r™ for X to that from s to ¢ for X.

Suppose next that AX; = 0. We aim at finding similarly times s} <t that converge
to s and ¢ to which we can apply the previous argument. Again there are two cases. In the
case where X, > X, for all r € (s, t], there exists £ > 0 small such that X, > X + 2¢ for
r € (s + 2¢,t]. The Skorokhod convergence implies that for all A sufficiently large, there
exists r™ e (s — ¢, s + ¢) such that Xﬁk) > X%)) + ¢ for all r € (r™ + 4e¢, t]. This further
implies this existence of some time s*) € (r™, r® +4¢) C (s — ¢, s + 5¢) with s*) <t and
we conclude in this case. A last case is when both AX; =0 and X, = X for some r € (s, t).
Then necessarily this time r is a time of local minimum and since the latter are unique, then
s is not a time of local minimum so we can find s’ < s arbitrarily close to s which falls into
the previous case.

STEP 3: PAIRWISE DISTANCES. Assume now that s 4 ¢ in the looptree coded by X. Then
we can cut at their last common ancestor s A ¢ and apply the same reasoning as above: if
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this last common ancestor is a jump time, then the quantities of interest associated with this
macroscopic loop are limits of those for X*) and the two branches from s A ¢ to s on the
one hand and from s A ¢ to ¢ on the other hand converge by the previous paragraph. The case
when s A ¢ is not a jump time is controlled similarly. The same argument extends to control
the pairwise distances between any finite collection of times, cutting at the corresponding
branch-points. Details are left to the reader.

STEP 4: LABELS. Let us end with a few words on the Gaussian labels on the looptree.
Recall that the conditional covariance function given the Lévy process is very close to be
the looptree distance: one just replaces the infimum between the left and right length of
the loops by their product. Thus the only modification in Step 2 is that one should replace
min(R™", AX — RMy by RPT(AXP — RM) If U has the uniform law on [0, 1], we
used previously that E[min(U, 1 — U)] = 1/4, then this value is now replaced by E[U (1 —
U)] =1/6. Once divided by E[U] = 1/2, we obtain the constant 1/3, which explains why
we consider Z!/3 where we considered .#’'/2(X). Steps 2 and 3 are easily adapted. [

We finally turn to conditioned processes.

PROOF OF CONVERGENCE FOR BRIDGES AND EXCURSIONS. We know from the two
previous proofs that the looptree distances and labels associated with the bridges are tight and
those associated with the unconditioned processes converge. Fix ¢ € (0, 1) and notice that the
looptree distance between all pairs s, ¢ € [0, 1 — €] is a measurable function of the trajectory
of the process restricted to the time interval [0, 1 — ¢]. The same holds for the covariance
function of the labels on the time interval [0, 1 — ¢]. Then the convergence of these looptree
distances and labels for the bridge follows from the absolute continuity relation as in the proof
of Lemma 6.1. This characterises the subsequential limits and we conclude from tightness.

We next turn to the excursion versions. Recall that we recover the bridge X' by cyclicly
shifting the excursion X* at an independent uniform random time U. Notice that the looptree
distance in the excursion between any two times s,¢ € [0, U] is the same as the looptree
distance in the bridge between their images 1 — U + s and 1 — U + ¢ after the cyclic shift.
However they differ if one or both times lie after U. Using the same time U to relate the
excursion and bridge versions of each X*), we infer from the case of bridges that the looptree
distances restricted to [0, U] in the excursions converge in distribution to those in XX,

Assume next that s < U < ¢ and consider ¢ = inf{r > U: XX <inf}, j X**} the first an-
cestor of ¢ that lies after U and p =sup{r < U: X* < ng_} the last ancestor of ¢ before U.
Then the looptree distance between ¢ and g in the excursion is the same as that of their images
t — U and g — U in the bridge, and all the other contributions to the distance between s and
t depend only on the trajectory up to time U as well as the value X7 — X 2{. Finally if both
s,t > U, then it may be that their last common ancestor also satisfies s At > U, in which case
the looptree distance in the excursion is that of their images in the bridge. If s At > U, then
we easily adapt the previous reasoning. In any case we infer the convergence in distribution
of the looptree distances in the excursion from the joint convergence of the bridges and the
associated looptree distances.

The same reasoning shows the convergence of the covariance function of the label pro-
cesses, which combined with the tightness argument implies the convergence in distribution.

]

6.2. Convergence of maps. Let us suppose that for every A > 0, the pair (X», Z*1/3))
arises as the scaling limit of discrete paths (W*™ Z*") in the sense of Theorem 2.1. Sup-
pose that these paths encode a bipartite planar map M*" = (M*" g*-m  p*m)) Then
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Theorem 2.3 implies the convergence of the rescaled map along a subsequence to a limit
space M* = (M® d® p*)) Now assume that for every # > 0, the transition density p,(k)
converges uniformly as A — oo to p;, so both Lemma 6.1 and Theorem 6.2 are satisfied, and

let us study the convergence of M™* as A — oo, again along a subsequence.

THEOREM 6.3. Suppose that the previous assumptions are satisfied. Then from every
sequence of integers tending to infinity, one can extract a subsequence along which the con-
vergence in distribution

a®» 2 p

A—00

holds for the uniform topology on [0, 112, jointly with Theorem 6.2. The limit D is a random
continuous pseudo-distance which satisfies the identity in law:

) .
(D(U, t))te[O,l] = (thax — min Zex)te[O,l]’

where U is sampled uniformly at random on [0, 1] and independently of the rest. It also
satisfies almost surely the property that for every s, t € [0, 1],

ifdex)(s,t) =0, then D(s,t)=0.
Furthermore, along any such convergent subsequence, we have

M» D
n—>od

M =10, 11/{D =0)

in the Gromov—Hausdorff-Prokhorov topology. Finally, if the excursion of X reduces to a
scaled Brownian excursion or stable excursion, then the maps converge in distribution with-
out extraction to a multiple of the Brownian sphere or a stable map respectively.

PROOF. The argument is very close to that of Theorem 2.3. Indeed, from this theorem, for
every A, we have the identity in law d) (U, -) = Z*1/3 — min Z*+1/3) where U is sampled
uniformly at random on [0, 1] and independently of the rest. Since Z*'!/3 converges in
distribution to Z!/3 by Theorem 6.2, then tightness of d follows just as in the discrete
setting, and so does the identity in law D(U,-) = Z'/3 — min Z!/3 for any subsequential
limit D. Lemma 4.8 shows that for every A, the pseudo-distance d* can be seen as a pseudo-
distance on the looptree .Z (X (1)), in the sense that d p(x0y = 0 implies d () = (. The same

argument used to prove this lemma, using the approximation X*) — X instead of discrete
paths, shows further that this passes to any subsequential limit, namely that d ¢ (x) = 0 implies
D = 0. Then the convergence in the Brownian or stable case follows just as for discrete maps
in Theorem 2.3. [
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