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Preface

These notes attempt to provide an elementary introduction to the one-dimen-
sional discrete-time branching random walk, and to exploit its spinal structure.

They begin with the case of the Galton—Watson tree for which the spinal struc-
ture, formulated in the form of the size-biased tree, is simple and intuitive.

Chapter [ is devoted to a few fundamental martingales associated with the
branching random walk.

The spinal decomposition is introduced in Chapter [, first in its more general
form, followed by two important examples. This chapter gives the most important
mathematical tool of the notes.

Chapter B forms, together with Chapter [l the main part of the text. Exploit-
ing the spinal decomposition theorem, we study various asymptotic properties of
the extremal positions in the branching random walk and of the fundamental mar-
tingales.

The last part of the notes presents a brief account of results for a few related

and more complicated models.
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The lecture notes by J. Berestycki [43] and O. Zeitouni [235] give a general
and excellent account of, respectively, branching Brownian motion, and branching
random walks with applications to Gaussian free fields.
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Chapter 1

Introduction

We introduce branching Brownian motion as well as the branching random walk,
and present the elementary but very useful tool of the many-to-one formula. As a
first application of the many-to-one formula, we deduce the asymptotic velocity of
the leftmost position in the branching random walk. The chapter ends with some

examples of branching random walks and more general hierarchical fields.

1.1. Branching Brownian motion

Branching Brownian motion is a simple continuous-time spatial branching process
defined as follows. At time ¢t = 0, a single particle starts at the origin, and moves
as a standard one-dimensional Brownian motion, whose lifetime, random, has the
exponential distribution of parameter 1. When the particle dies, it produces two
new particles (in other words, the original particle splits into two), moving as
independent Brownian motions, each having a mean 1 exponential random lifetime.
The particles are subject to the same splitting rule. And the system goes on
indefinitely. See Figure [I] below.

Let Xi(t), Xs(t), ..., X (t) denote the positions of the particles in the system
at time t. Let

We consider
N(t)

u(t, x) == E( H f(x+XZ(t))>

i=1

1
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Figure 1: Branching Brownian motion
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By conditioning on the lifetime of the initial ancestor, it is seen that

t

u(t, ) = e 'E[f(z+ B(t))] —i—/o e *E[u*(t — s, x + B(s))] ds

= e 'E[f(z+ B(t))] +e”" /Ot e"E[u’(r, x + B(t —r))]dr, (ri=t—s)

where (B(s), s > 0) denotes standard Brownian motion. We then arrive at the
so-called F-KPP equation (Fisher [113] who was interested in the evolution of a
biological population, Kolmogorov, Petrovskii and Piskunov [158])
ou 10%u
1.1 — =+ u’—u.
(1) ot o2 T
This equation holds for a large class of measurable functions f. The special form
of f we take here is of particular interest, since in this case,
ult, z) = P( min  X,(t) > —:c) - P( max  Xi(t) < x)
1<i<N(t) 1<i<N(t)
which is the distribution function of the maximal position of branching Brownian
motion at time ?.
The F-KPP equation is known for its travelling wave solutions: let m(t) denote
the median of u, i.e., u(t, m(t)) = 3, then

lim u(t, x +m(t)) = w(z),

t—o0
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uniformly in z € R, and w is a wave solution of the F-KPP equation (I.1]) at speed
2172 'meaning that w(z — 2'/2t) solves (), or, equivalently,

%w'/+21/2w'+w2—w:0.
It is proved by Kolmogorov, Petrovskii and Piskunov [I58] that lim;_, @ =22
and by Bramson ([67] and [69]) that

3
(1.2) m(t):21/2t—mlnt+0—l—o(1), t— o0,

for some constant C.
There is a probabilistic interpretation of the travelling wave solution w: by

Lalley and Sellke [164], w can be written as
_a1/2,
(13) UJ(I') = E(e_cl Do e 21/2 ) ’

where C; > 0 is a constant, and D, > 0 is a random variable whose distribution
depends on the branching mechanism (in our description, it is binary branching).
The idea of this interpretation is also present in the work of McKean [180)].

The connection, observed by McKean [180], between the branching system and
the F-KPP differential equation makes the study of branching Brownian motion
particularly appeahng As such, branching Brownian motion can be used to
obtain — or explain — results for the F-KPP equation. For purely probabilistic
approaches to the study of travelling wave solutions to the F-KPP equation, see
Neveu [204], Harris [124], Kyprianou [162]. More recently, physicists have been
much interested in the effect of noise on wave propagation; see discussions in
Section

We study branching Brownian motion as a purely probabilistic object. More-
over, the Gaussian displacement of particles in the system does not play any es-
sential role, which leads us to study the more general model of branching random

walks.

! Another historical reference is a series of papers by Ikeda, Nagasawa and Watanabe ([141],
[142), [143]), who are interested in a general theory connecting probability with differential equa-
tions.
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1.2. Branching random walks

These notes are devoted to the (discrete-time, one-dimensional) branching random
walk, which is a natural extension of the Galton—Watson process in the spatial
sense. The distribution of the branching random walk is governed by a random
N-tuple = := (&;, 1 <1i < N) of real numbers, where N is also random and can be
0; alternatively, = can be viewed as a finite point process on R.

An initial ancestor is located at the origin. Its children, who form the first
generation, are scattered in R according to the distribution of the point process
=. Each of the particles (also called individuals) in the first generation produces
its own children who are thus in the second generation and are positioned (with
respect to their parent) according to the same distribution of =Z. The system goes
on indefinitely, but can possibly die if there is no particle at a generation. As usual,
we assume that each individual in the n-th generation reproduces independently of
each other and of everything else until the n-th generation. The resulting system

is called a branching random walk. See Figure 2] below.

Vi

Figure 2: A branching random walk and its first four generations

We mention that several particles can share a same position.

It is clear that if we only count the number of individuals in each generation,
we get a Galton—Watson process, with N := #Z= governing its reproduction distri-
bution.

Throughout, |z| denotes the generation of the particle z, and z; (for 0 <i < |z|)

denotes the ancestor of z in the i-th generation (in particular, zo := @, x|y := ).
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Let (V(z), |z| = n) denote the positions of the individuals in the n-th generation.
We are interested in the asymptotic behaviour of inf,. -, V (2).

Let us introduce the (log-)Laplace transform of the point processH

(1.4) b(t) = 1nE< 3 e_tv(x)> € (00, 0|, teR

z: |z|=1

We always assume that ¢(0) > 0, and that ¢ (t) < oo for some ¢ > 0.

The assumption ¥(0) > 0, i.e., E(#Z) > 1, means that the associated Galton—
Watson tree is supercritical, so by Theorem 2.1lin Section 2.1l the system survives
with positive probability. However, 1(0) is not necessarily finite.

The assumption infy~ 1 (t) < oo ensures that the leftmost particle has a linear

asymptotic velocity, as we will see in Theorem [[.3] in Section L4l

1.3. The many-to-one formula

Throughout this section, we fix £ > 0 such that ¥ (t) < co.

Let Sy := 0 and let (S,,—S,_1, n > 1) be a sequence of independent and identi-
cally distributed (i.i.d.) real-valued random variables such that for any measurable
function h : R — [0, 00),

B, @hV ()]

E[h(S1)] = ;
E[> eV @]
ie., E[R(S))] = E%[%m if you prefer a formulation in terms of the point

process =.

Theorem 1.1. (The many-to-one formula) Assume that t > 0 is such that

¥(t) < o0o. For anyn > 1 and any measurable function g : R™ — [0, c0), we have

E[ S (V). ... V(xn))} - E[etS”Jr"w(t)g(Sl,..., sl

|z|=n

*For notational simplification, we often write from now on inf |, (- - - ) or > jzj=1( "), instead
of infy. jyj=n(-++) or 30, ;=1 (), with infg(--+) == 0o and 3 ,(---) == 0.
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Proof. We prove it by induction in n. For n = 1, this is the definition of the
distribution of S;. Assume the identity proved for n. Then, for n+ 1, we condition
on the branching random walk in the first generation; by the branching property,
this yields

E[ Y gV(@)..., Vizn)

|z|=n+1

= ®BaB)[Y Y sV, V) + V)., V) + VE)]

ly|=1|z]=n

where E is expectation with respect to the branching random walk (V/(3)) which

is independent of (V' (y), |y| = 1). By induction hypothesis, for any u € R,

E( Z g(u+ 17(51), o, u+ \7(571))) = E(et§"+"w(t)g(u, u + §1, o ut §n)>,
I51=n

with the random walk (§j, j > 1) independent of (V(y), |y| = 1), and distributed
as (Sj, 7 > 1) under P. Since

E[ Z h(V(y))] = E[etslw(t)h(sl) ;

ly|=1

it remains to note that (E ® E)[ ES1+ES (1) (1) g(S1, S1 + Si, o S+ §n)] is
nothing else but E[e!S~+1+(n+Dv®g(S, Sy . S,.1)]. This implies the desired
identity for all n > 1. O

Remark 1.2. Behind the innocent-looking new random walk (.S,,) is a change-of-

probabilities setting, which we will study in depth in Chapter 4] O

1.4. Application: Velocity of the leftmost position

Now that we are equipped with the many-to-one formula, let us see how useful it
can be via a simple application. As we will prove deeper results in the forthcoming
chapters, our concern here is not to provide arguments in their full generality.
Rather, we focus, at this stage, on understanding of how the many-to-one formula

can help us in the study of the branching random walk.
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Among the most immediate questions about the branching random walk, is
whether there is an asymptotic velocity of the extreme positions. The answer is

as follows.

Theorem 1.3. Assume 1(0) > 0. If1(t) < oo for some t > 0, then almost surely

on the set of non-extinction,

1
(1.5) lim — inf V(z) =1,
where
e Y()
(1.6) v = —;1;1% — eR.

Remark 1.4. If instead we want to know the velocity of sup,_, V(z), we only

need to replace the point process = by —=. [l
Before proving Theorem [[L3] we need a simple lemma, stated as follows.

Lemma 1.5. For any k> 1 and t > 0, we have

> 40

1 i
FB[ nf V()

Proof. We have

1 1 -
%E _ I;jl:fk tV(LL’)] < E nE |:e_ inf|z = tV(w)] (Jensen’s inequality)

IA

1
E InE |: Z e_tv(x)} . (bounding max by sum)
lz|=k

It remains to note that E[>_,,_, e V(@] = " by the many-to-one lemma or by

a direct computation. O
It is now time to prove Theorem [L.3]

Proof of Theorem[L.3l. We prove the theorem under the additional condition that
#= > 1 as. (i.e., the system survives with probability one) and that ¥(0) < oo.
Let X, := inf|,;—, V(). It is easily seen that for any pair of positive integers
n and k, we have
Xpir < X + Xi,
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where X}, is a random variable having the distribution of X}, independent of X,.
This property does not allow us to use Kingman’s subadditive ergodic theorem.
However, we can use an improved version (Liggett [166]) to deduce that X2 — «
a.s. and in L', with o := inf,,>, E(X”).

So we need to check that a = . By Lemmal[l.5 we have o > ~; so it remains to
check that a < ~y. Let € > 0. It suffices to prove that for some integer L = L(g) > 1

and with positive probability,

1 P(s)
limsup — inf V nf— +e
lﬁol.}ijlxll =jL (v) < TS0 s
Let t > 0 be such that
Yit) . P(s)
v > == e

[Let s* := inf{s > 0: w(ss) = inf,~o #} > 0. If 0 < s* < 00, then we only need
to take t € (0, s*); if s* = 0o, which means that inf,- @ is not reached but is
the limit when s — oo, then any ¢ € (0, oo) will do.]

v) 2 We construct a new Galton Watson tree T which

Write a := infysq =
is a subtree of the orlglnal Galton—Watson tree T: the first generation of the new
Galton-Watson tree T consists of all the vertices z in the L-th generation of T
such that V(z) < —alL; more generally, for any integer n > 1, if z is a vertex in
the n-th generation of 'ﬁ, its offpring in the (n + 1)-th generation of T consists of
all the vertices y in the (n + 1)L-th generation of T which are descendants of z in
T such that V(y) — V(z) < —al.

By construction, the new Galton-Watson tree T has mean offspring mz =

E[Zm:L 14y (2)<—az}]- By the many-to-one formula,
m==E [etSLJer(t) 1{SL§—aL}]-
Recall that ¢/(t) < w(t , so let us choose and fix b € (¢'(¢), M) to see that
mz > VO P(_pL < 5 < —al).

Since E(S;) = —¢/(t) by our choice of ¢ (which lies in (0, s*)), we have —b <
E(S;) < —a by definition, so that P(—bL < S < —al) — 1, L — oo, whereas

V=L 5 oo [ — 0o. Therefore, we can choose and fix L such that mz > 1.
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The new Galton-Watson tree T being supercritical, it has positive probability
to survive (by Theorem 2] in Section 2.1IJ). Upon the set of non-extinction, we
have inf|,—;;, V(z) < —ajL = (—infyg @ +¢)jL, Y5 > 1. This completes the
proof of Theorem [L.3 O

We close this section with a question. Theorem [I.3]tells us that the asymptotic
velocity of infj;—, V(x) is determined by the Laplace transform 1. However, the
Laplace transform of a point process does not describe completely the law of the
point process. For example, it provides no information of the dependence structure
between the components. If 1(0) < oo, then there exists a real-valued random
variable £ such that

Y(t) —¥(0) = InE[e™*], t>0.

Let us consider the following model: The reproduction law of its associated Galton—
Watson process is the law of #=; given the Galton—Watson tree, we assign, on
each of the vertices, i.i.d. random variables distributed as £. We call the resulting
branching random walk (V¢(x)). According to Theorem [[.3] if 0 < ¢(0) < oo and
if 1(t) < oo for some ¢t > 0, then < inf,—, V(z) and £ inf|, —, Ve(z) have the same

almost sure limit.

Question 1.6. Give an explanation for this identity without using Theorem [L.3]

1.5. Examples

We give here some examples of branching random walks, and more general hier-
archical fields. In the literature, the branching random walk bears various names,

all leading to equivalent or similar structure. Let us make a short list.

Example 1.7. (Mandelbrot’s multiplicative cascades) Mandelbrot’s multi-
plicative cascades are introduced by Mandelbrot [193], and studied by Kahane [150]
and Peyriere [210], in an attempt at understanding the intermittency phenomenon
in Kolmogorov’s turbulence theory. It can be formulated, for example, in terms
of a stochastically self-similar measure on a compact interval. In fact, the stan-

dard Cantor set consists in dividing, at each step, a compact interval into three
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identical sub-intervals and removing the middle one. Instead of splitting an in-
terval into three identical sub-intervals, we can use a possibly random number of
sub-intervals according to a certain finite-dimensional distribution (which is not
necessarily supported in a simplex, while the dimension can be random), and the
resulting lengths of sub-intervals form an example of Mandelbrot’s multiplicative
cascade. If we look at the logarithm of the lengths, we have a branching random
walk.

Mandelbrot’s multiplicative cascades also bear other names, such as random
recursive constructions (Mauldin and Williams [194]). A key ingredient is to study
fixed points of the so-called smoothing transforms (Durrett and Liggett [103],
Alsmeyer [20], Alsmeyer, Biggins and Meiners [21]). For surveys on these topics,
see Liu [168], Biggins and Kyprianou [5§]. O

Example 1.8. (Gaussian free fields and log-correlated Gaussian fields)
The two-dimensional discrete Gaussian free field possesses a complicated struc-
ture of extreme values, but it turns out to be possible to compare it with that
of the branching random walk. By comparison to analoguous results for branch-
ing random walks, many deep results have been recently established for Gaussian
free fields and more general logarithmically correlated Gaussian fields (Bolthausen,
Deuschel and Giacomin [61], Madaule [183], Biskup and Louidor [60], Ding, Roy
and Zeitouni [96]). In parallel, in the continuous-time setting, following Kahane’s
pioneer work in [I51], the study of Gaussian multiplicative chaos has witnessed
importance recent progress (Duplantier, Rhodes, Sheffield and Vargas [101], Gar-
ban, Rhodes and Vargas [116], Rhodes and Vargas [217]).

Via Dynkin’s isomorphism theorem, local times of Markov processes are closely
connected to (the square of) some Gaussian processes. As such, new lights have
been recently shed on the cover time of the two-dimensional torus by simple
random walk (Ding [95], Belius and Kistler [36]). O

Example 1.9. (Spatial branching models in physics) In [94], Derrida and
Spohn introduced directed polymers on trees, as a hierarchical extension of
Derrida’s Random Energy Model (REM) for spin glasses. In this setting, the

energy of a polymer, being the sum of i.i.d. random variables assigned on each
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edge of the tree, is exactly a branching random walk with i.i.d. displacements.
The continuous-time setting has also been studied in the literature (Bovier and
Kurkova [66]).

Directed polymers on trees also provide an interesting example of random envi-
ronment for random walks. The tree-valued random walk in random environment
is an extension of Lyons’s biased random walk on trees ([I71], [172]), in the sense
that the random walk is randomly biased. Chapter [{]will be devoted to this model.

The F-KPP equation has always enjoyed much popularity in the physics lit-
erature. For example, in particle physics, high energy evolution of the quantum
chromodynamics (QCD) amplitudes is known to obey the F-KPP equation (Mu-
nier and Peschanski [201]). In Section [6.2, we are going to discuss on branching
random walks with selection, in connection with the slowdown phenomenon in the
wave propagation of the F-KPP equation studied by physicists. For a substantial

review on the physics literature of the F-KPP equation, see van Saarloos [22§]. O

1.6. Notes

As mentioned in the preface, the lecture notes of J. Berestycki [43] and Zeitouni [235]
give a general and excellent account of, respectively, branching Brownian motion,
and branching random walks with applications to Gaussian free fields.

The many-to-one formula presented in Section [I.3] can be very conveniently
used in computing the first moment. There is a corresponding formula, called the
many-to-few formula, suitable for computing higher-order moments; see Harris and
Roberts [127].

Theorem [[.3 in Section [1.4]is proved by Hammersley [120] in the context of
the first-birth problem in the Bellman-Harris process, by Kingman [156] for the
positive branching random walk, and by Biggins [49] for the branching random
walk.

We assume throughout that ¢(t) < oo for some ¢ > 0. Without this assump-
tion, the behaviour of the minimal position in the branching random walk has a
different nature. See for example the discussions in Gantert [114].

The list of examples in Section should be very, very long (I am trying
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to say that the present list is very, very incomplete); see Biggins [54] for a list of
references dealing with the branching random walk under other names. Let me
add a couple of recent and promising examples: Arguin [26] delivers a series of
lectures on work in progress on characteristic polynomials of unitary matrices, and
on the Riemann zeta function on the critical line, whereas Aidékon [11] successfully

applies branching random walk techniques to Conformal Loop Ensembles (CLE).
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Galton—Watson trees

We recall a few elementary properties of supercritical Galton—Watson trees, and
introduce the notion of size-biased trees. As an application, we give in Section 2.3
the beautiful conceptual proof by Lyons, Pemantle and Peres [175] of the Kesten—
Stigum theorem for the branching process.

The goal of this brief chapter is to give an avant-gott of the spinal decomposi-
tion theorem, in the simple setting of the Galton—Watson tree. If you are already
familiar with any form of the spinal decomposition theorem, this chapter can be

skipped.

2.1. The extinction probability

Consider a Galton—Watson process, also referred to as a Bienaymé—Galton—Watson
process, with each particle (or: individual) having i children with probability p;
(for i > 0; Z]O'io p; = 1), starting with one initial ancestor. To avoid trivial
discussions, we assume throughout that py + p; < 1.

Let Z, denote the number of particles in the n-th generation. By definition, if

Zy, = 0 for a certain n, then Z; = 0 for all j > n. We write

q = P{Z, =0 eventually}, (extinction probability)
0o

m = E(Zl) = E p; € (O, OO] (mean number of offspring of each individual)
1=0

13
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Theorem 2.1. (i) The extinction probability q is the smallest root of the equation
f(s)=s fors €0, 1], where f(s) == ooy s'pi, 00 :=1.

(i) In particular, g =1 ifm <1, and ¢ <1 if 1 <m < 0.
Proof. By definition, f(s) = E(s%'), and E(s?" | Z,_1) = f(s)?~'. So E(s%") =
E(f(s)?"-1), which leads to E(s?") = f,(s) for any n > 1, where f, denotes the
n-th fold composition of f. In particular, P(Z, = 0) = f,(0).

Since {Z,, =0} C {Z, = 0} for all n < ¢, we have

1= (U7 =01) = i P =)= i 01

The function f : [0, 1] — R is increasing and strictly convex, with f(0) = py > 0
and f(1) = 1. It has at most two fixed points. Note that m = f'(1—). See Figure
Bl

f(s) f(s)

1

Case m <1

0 g¢g<l1 1 0 g=1

Figure 3: Generating function of the reproduction law

If m <1, then py > 0, and f(s) > s for all s € [0, 1). So f,(0) — 1. In other
words, ¢ = 1 is the unique root of f(s) = s.
If m € (1, oo], then f,(0) converges increasingly to the unique root of f(s) = s,

s € [0, 1). In particular, ¢ < 1. O

It follows that in the subcritical case (i.e., m < 1) and in the critical case
(m = 1), there is extinction with probability 1, whereas in the supercritical case
(m > 1), the system survives with positive probability.

If m < oo, we can define
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Since (M,) is a non-negative martingale with respect to the natural filtration of
(Z,), we have M, — M, a.s., where M, is a non-negative random variable. By
Fatou’s lemma, E(M) < liminf, ,, E(M,) = 1. It is, however, possible that
M., = 0. So it is important to know whether P(M., > 0) is positive.

If there is extinction, then trivially M, = 0. In particular, by Theorem [2.1],
we have M, = 0 a.s. if m < 1. What happens if m > 17

Lemma 2.2. Assume m < co. Then P(My = 0) is either g or 1.

Proof. We already know that M, = 0 a.s. if m < 1. So let us assume 1 < m < co.

By definition, Z,,; = ZZZ:ll A (notation: > _ := 0), where Z,(f), i > 1,
are copies of Z,,, independent of each other and of Z;. Dividing both sides by
m™ and letting n — oo, it follows that mM,, has the law of ZZZ:ll Mé?, where
Méé), 1 > 1, are copies of M., independent of each other and of Z;. Hence
P(M, = 0) = E[P(M, = 0)%] = f(P(M, = 0)), i.e., P(M, = 0) is a root of
f(s)=s,s0 P(M,, =0)=gqor 1. O

Theorem 2.3. (Kesten and Stigum [155]) Assume 1 < m < co. Then
E(My) =1 < P(My > 0|non-extinction) =1 < E(Z;1In, 7)) < oo,
where Iny x := Inmax{x, 1}.

Theorem 2.3 says that E(My) =1 P(Myx=0)=q¢ < > 2 piilni < co.
The proof of Theorem [2.3] is postponed to Section 2.3 We will see that the

condition E(Z; Iny Z;) < oo, apparently technical, is quite natural.

2.2. Size-biased Galton—Watson trees

In order to introduce size-biased Galton—Watson trees, let us view the tree as a
random element in a probability space (€2, %, P), using the standard formalism.
Let % = {@} Upe (N*)*, where N* := {1, 2,...}. For elements u and v of
% , let uv be the concatenated element, with u@ = Gu = u.
A tree w is a subset of % satisfying the following properties: (i) @ € w; (ii)
if uj € w for some j € N* then u € w; (iii) if v € w, then uj € w if and only if
1 < j < N,(w) for some non-negative integer N, (w).



16 [Chapter 2. Galton—Watson trees

In words, N,(w) is the number of children of the vertex u. Vertices of w are
labeled by their line of descent: the vertex u =iy ...1, € % stands for the i,-th
child of the ,,_1-th child of ... of the i;-th child of the initial ancestor &. See
Figure [l

12 21
11 13 22

121 122 211 212 213 214

Figure 4: Vertices of a tree as elements of %

Let € be the space of all trees, endowed with a o-field .%# defined as follows.
For u € %, let Q, == {w € Q: u € w} be the subspace of {2 consisting of all the
trees containing u as a vertex. [In particular, Qy = Q.] Let % 1= o{Q,, u € % }.

Let T : Q — Q be the identity application.

Let (pg, k > 0) be a probability, i.e., p > 0 for all £ > 0, and > ;- pr = 1.
There exists a probability P on (2, .#) (Neveu [203]) such that the law of T under
P is the law of the Galton—Watson tree with reproduction distribution (pg).

Let .Z, = o{Qu, u € %, |u] < n}, where |u| is the length of u (or the
generation of the vertex u in the language of trees). Note that % is the smallest
o-field containing all the .%,,.

For any tree w € 2, let Z,,(w) be the number of individuals in the n-th gener-
ation, i.e., Z,(w) := #{u € Z : u € w, |u| =n}. It is easily checked that for any
n, Z, is a random variable taking values in N := {0, 1, 2,...}.

Assume now m < oco. Since (M,) is a non-negative martingale, we can define
Q to be the probability on (2, .%) such that for any n,

Q\gcn =M, e P\gcnv

where P|, and Q| are the restrictions of P and Q on .%,, respectively.
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For any n, Q(Z, > 0) = E[1{z,-00M,] = E[M,] = 1, which yields Q(Z, >
0, ¥n) = 1: there is almost sure non-extinction of the Galton—Watson tree T under
the new probability Q. The Galton—Watson tree T under Q is called a size-biased
Galton—Watson tree. We intend to give a description of its paths.

We start with a lemma. Let N := Ng. If N > 1, we write Ty, To, ..., Ty for

the N subtrees rooted at each of the NV individuals in the first generation.

Lemma 2.4. Let k > 1. If Ay, A, ..., A, are elements of %, then

Q(N:k‘, TleAl,...,TkeAk)

W

(2.1) = =2

k
1
z > P(A) - P(A)Q(A)P(Aiy) -+ P(Ay).

i=1
Proof. By the monotone class theorem, we may assume, without loss of generality,
that Ay, A,,..., Ay are elements of .%,, for some n. Write Qgg for Q(N =
]{Z, T, € Al,. RN T, € Ak) Then

Zn 1
Qm = E(mn—j_l 1{N=k7 Ti1€A,..., TkEAk})’

On {N = k}, we can write Zn41 = S0, Z where Z{ is the number of
individuals in the n-th generation of the subtree rooted at the i-th individual in

the first generation. Hence

k
1 .
Qen = mn+1P(N = k) ZE{ZS) Liriea,. Tieay)

1=1

N:k}

We have P(N = k) = p, and

J#i
which is m" Q(4;) [[,.; P(4;). The lemma is proved. O

It follows from Lemma [2.4] that the root @ of the size-biased Galton—Watson

kps .

tree has the biased distribution, i.e., having £ children with probability =E£; among

the individuals in the first generation, one of them is chosen randomly according to
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the uniform distribution: the subtree rooted at this vertex is a size-biased Galton—
Watson tree, whereas the subtrees rooted at all other vertices in the first generation
are usual Galton—Watson trees, and all these subtrees are independent.

We iterated the procedure, and obtain a decomposition of the size-biased
Galton—Watson tree into an (infinite) spine and i.i.d. copies of the usual Galton—
Watson tree: The root @ =: wqy has the biased distribution, i.e., having k& children
with probability ]%’“. Among the children of the root, one of them is chosen ran-
domly according to the uniform distribution, as the element of the spine in the
first generation; let us denote this element by w;. We attach subtrees rooted at
all other children; they are independent copies of the usual Galton—Watson tree.
The vertex w; has the biased distribution. Among the children of w;, we choose
at random one of them as the element of the spine in the second generation, de-
noted by w,. Independent copies of the usual Galton—Watson tree are attached as
subtrees rooted at all other children of w;, whereas wy has the biased distribution.

The system goes on indefinitely. See Figure

Wy = J

Figure 5: A size-biased Galton—Watson tree

Having the application of the next section in mind, let us connect the size-
biased Galton—Watson tree to the branching process with immigration. The latter
starts with no individual (say), and is governed by a reproduction law and an
immigration law. At generation n (for n > 1), Y,, new individuals are added into
the system, while all individuals regenerate independently and following the same

reproduction law; we assume that (Y,, n > 1) is a collection of i.i.d. random
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variables following the same immigration law, and independent of everything else
up to that generation.

The size-biased Galton—Watson tree tells us that (Z, — 1, n > 0) under Q is a
branching process with immigration, whose immigration law is that of N-— 1, with
P(N = k) =2 for k> 1.

2.3. Application: The Kesten—Stigum theorem

We start with a dichotomy theorem for branching processes with immigration.

Theorem 2.5. (Seneta [219]) Let Z,, be the number of individuals in the n-th
generation of a branching process with immigration (Y,,). Assume that 1 < m < oo,
where m denotes the expectation of the reproduction law.

(i) If E(Iny Y]) < oo, then lim,

(ii) If E(Iny Y}) = oo, then limsup, . 22 = oo, a.s.

mn

Zn exists and is finite almost surely.

mn

Proof. (ii) Assume E(In; Y;) = co. By the Borel-Cantelli lemma (Durrett [102],

InY,
n

Theorem 2.5.9), limsup,,_, ., = oo a.s. Since Z,, > Y, it follows that for any

c>1, limsup,,_, . % = 00, a.s.

(i) Assume now E(Iny Y]) < co. By the law of large numbers, lim,,_, % =0
a.s., so for any ¢ > 0, 3°, X < 0o ass.
Let # be the o-field generated by (Y;,). Clearly,
E(Zn+1 ‘ gna @) = mZn + Yn—l—l > mva
thus (£2) is a submartingale (conditionally on %), and E(Z |#%) = Y7 _ Xk

Zn

mn

In particular, on the set {d ;° & < oo}, we have sup, E(

%) < o0, SO

lim,, o 22 exists and is finite. Since P(3 57, 2k < 0o) = 1, the result follows. [

We recall an elementary result (Durrett [102], Theorem 5.3.3). Let (.%,) be a
filtration, and let %, be the smallest o-field containing all .%,,. Let P and Q be
probabilities on (€2, .#). Assume that for any n, Q, <P, . Let &, :=
and let £ := limsup,,_,. &, which is P-a.s. finite. Then

Q(A) = E(€14) + Q(AN{{ =o0}), VA€ T
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It follows easily that

(2.2) Q<P & (<0, Qas & E)
2.3 QLP & ¢=o0, Qas & E()

Y

1
0.

Proof of Theorem 23l If Y .° piilni < oo, then E(In; N) < 00. By Theorem
2.5 lim, o M, exists Q-a.s. and is finite Q-a.s. In view of (22)), this means
E(My) = 1; in particular, P(My = 0) < 1, thus P(M« = 0) = ¢ (Lemma 2.2)).
If Y00 piilni = oo, then E(In; N) = 00. By Theorem 2.5 lim,,_,., M,, exists
Q-a.s. and is infinite Q-a.s. Hence E(M) =0 (by (2.3))), i.e., P(M, =0) =1.0

2.4. Notes

The material of this chapter is borrowed from Lyons, Pemantle and Peres [175],
and the presentation adapted from Chapter 1 of my lecture notes [221].

Section [2.1] collects a few elementary properties of Galton—Watson processes.
For more detailed discussions, we refer to the books by Asmussen and Hering [31],
Athreya and Ney [32], Harris [12§].

The formalism described in Section is due to Neveu [203]; the idea of
viewing Galton—Watson trees as tree-valued random variables finds its root in
Harris [128].

The technique of size-biased Galton—Watson trees, which goes back at least to
Kahane and Peyriere [152], has been used by several authors in various contexts. Its
presentation in Section [2.2], as well as its use to prove the Kesten—Stigum theorem,
comes from Lyons, Pemantle and Peres [I75]. Size-biased Galton-Watson trees
can actually be exploited to prove the corresponding results of the Kesten—Stigum
theorem in the critical and subcritical cases. See [175] for more details.

Seneta’s dichotomy theorem for branching processes with immigration (Theo-
rem [25)) was discovered by Seneta [219]; its short proof presented in Section 2.3
is borrowed from Asmussen and Hering [31], pp. 50-51.



Chapter 3

Branching random walks and
martingales

The Galton—Watson branching process counts the number of particles in each
generation of a branching process. In this chapter, we produce an extension, in
the spatial sense, by associating each individual of the branching process with a
random variable. This results in a branching random walk. We present several
martingales that are naturally related to the branching random walk, and study

some elementary properties.

3.1. Branching random walks: basic notation

Let us briefly recall the definition of the branching random walk, introduced in
Chapter[I: At time n = 0, one particle is at position 0. At time n = 1, the particle
dies, giving birth to a certain number of children distributed according to a given
point process =. At time n = 2, all these particles die, each producing children
positioned (with respect to their birth places) according to the same point process
=, independently of each other and of everything up to then. The system goes on
indefinitely as long as there are particles alive.

Let T denote the genealogical tree of the system, and (V(x), x € T) the posi-
tions of the individuals in the system. As before, |z| stands for the generation of
x, and z; (for 0 < i < |z|) for the ancestor of x in the i-th generation. We write

[@, x] == {xo := @, 21, ..., Tz} to denote the set of vertices (including @ and x)

21
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in the unique shortest path connecting the root @ to x.

For two vertices x and y of T, we write x <y (or y > z) if y is a descendant of
x,and z <y (or y > x) if either z < y or x = y.

For any 2 € T\{@}, we denote by 7 its parent, and by brot(z) the set of the
brothers of x, which can be possibly empty; so y € brot(z) indicates y is different
from x but having the same parent as x.

As before, the (log-)Laplace transform of the point process = plays an important

role:

b(B) = lnE( 3 e—BVW)) _ 1nE<Ze—5“) € (—00, 0], BER,

z€T: |z|=1 ue=

where |z| = 1 indicates that x is in the first generation of the branching random
walk. We regularly write >, _(---) instead of 3° g 1=y (-+ ).

We always assume that ¢)(0) > 0. The genealogical tree T is a Galton—Watson
process (often referred to as the associated or underlying Galton—Watson process),
which is supercritical under the assumption ¢(0) > 0. In particular, according to
Theorem 2.1] in Section 2.1l our system survives with positive probability.

Quite frequently, we are led to work on the set of non-extinction, so it is con-

venient to introduce the new probability
P*(-) := P(-| non-extinction).
We close this section with the following result.

Lemma 3.1. Assume that ¢(0) > 0. If ¢ (t) <0 for somet >0, the

lim inf V(z) = oo, P*-a.s.

n—o0 ‘;p‘:n
Proof. Let t > 0 be such that 1(t) < 0. Without loss of generality, we assume
t =1 (otherwise, we consider ¢tV (z) in place of V(z)). Let

Wn = Z e—m,l)(l)—V(m)’ n > O’

|z|=n

f P{> ;)1 1{v(z)>0p > 0} > 0, then the condition that ¢(¢) < 0 for some ¢ > 0 is also
necessary to have inf|;—,, V() — oo, P*-a.s. See Biggins [52].
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which is a non-negative martingale, so it converges, when n — 0o, to a non-negative
random variable, say W.,. We have E[W] <1 by Fatou’s lemma.

Let Y := limsup,,_, e~ ®ei=nV@  Since e~ Mfizi=n V(@) < > lzl=n e V@ < W,
(recalling that ¢ (1) < 0 by assumption), we have E(Y) < E[W,] < 1.

It remains to check that Y = 0 a.s. (which is equivalent to saying that Y = 0
P*-a.s.), or equivalently, liminf,_, infj;j—, V(z) = oo a.s.

Looking at the subtrees rooted at each of the vertices in the first generation,

we immediately get
Y = sup [e”V@Y (2)],

|z|=1
where (Y (x)) are independent copies of Y, and independent of (V(z), |x| = 1)
given (z, || = 1). In particular, E(Y) = E[sup),_, e V?Y (z)].
The system is supercritical by assumption, so with positive probability, the
maximum expression supj,_; e V@Y (2) involves at least two terms. Thus, if
E(Y) > 0, then we would have

E| sup e_V(m)Y(m)] < E[ 3 e—V<w>Y(x)} - E[ 3 e—V<w>] E(Y) = "OE(®Y),
z|=1 |z|=1 |z|=1

which would lead to a contradiction because ¥ (1) < 0 by assumption. Therefore,
Y =0 as. U

3.2. The additive martingale

Assume (1) < co. Let
Wn = Z e—nw(l)—V(m)’ n Z 0.
|z|=n

Clearly, (W,,, n > 0) is a martingale with respect to the natural filtration of the
branching random walk, and is called an additive martingale (Neveu [204]).

Since W, is a non-negative martingale, we have
W, — W, a.s.,

for some non-negative random variable W,. Fatou’s lemma says that E(W,) < 1.

An important question is whether the limit W, is degenerate. By an argument
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as in the proof of Lemma of Section 2] we can check (Biggins and Grey [55])
that P{W,, = 0} is either ¢ or 1. Therefore, P{W,, > 0} > 0 is equivalent to
saying that Wy, > 0, P*-a.s., and also means P{W,, = 0} = P{extinction}.

Here is Biggins’s martingale convergence theorem, which is a spatial extension

of the Kesten—Stigum theorem. We write

[ZV D-V@)]

|z|=1

whenever E[} 7, |V (z)]e=V®] < 0o, and we simply say “if ¢/(1) € R”. A similar
remark applies to the forthcoming “¢'(5) € R”.

Theorem 3.2. (Biggins martingale convergence theorem) Assume 1 (0) >
0. If (1) < 0o and Y'(1) € R, then

EW,) =1 & W,>0, P*as.
& EWilng W) < oo and (1) > ¢'(1).

Proof. Postponed to Section (4.8 O

For any 5 € R with ¥(8) < oo, by considering SV instead of V', the Biggins
theorem has the following general form: Let § € R be such that 1(5) < oo, and
let W7 = D uj=n® e ™A=V (@) which is a non-negative martingale and which

converges a.s. to, say, w.

Theorem 3.3. (Biggins [50]) Assume (0 ) > 0 Let B € R be such that (5) <
oo and that ¢'(B) == —E{>_ -, V(z)e —VB)-AV@)) e R, then

EWP =1 « PW¥W=0) <1
& EW7 I W] < oo and BY'(8) < ¥(B).

Theorem 3.3 reduces to the Kesten—Stigum theorem (Theorem 23] in Section
2.1) when 8 = 0, and is equivalent to Theorem B.2lif 5 # 0.
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3.3. The multiplicative martingale

Let (V(zx)) be a branching random walk such that ¢(0) > 0. The basic assumption
in this section is: (1) =0, ¢/(1) <0

Assume that ®(s) := E(e™*¢"), s > 0, for some non-negative random variable
¢* with P(£* > 0) > 0 (so ®(s) < 1 for any s > 0), such tha

(3.1) O(s) = E[ I1 @(se—w)}, Vs > 0.

|z|=1

[Notation: [], := 1.] For the existence@ of such a function ® under our assumption
((0) > 0, ¢(1) = 0 and ¢'(1) < 0), see Liu [167].
[An equivalent way to state (3.1]) is as follows: £* has the same distribution as
Zm:l £e™V@  where (&) are independent copies of ¢*, independent of (V/(x)).]
For any ¢t > 0, let

MO =T ®te™"™),  n>o0,

|z|=n

which is a martingale, called multiplicative martingale (Neveu [204]). Since My(f),
taking values in [0, 1], is bounded, there exists a random variable MY e [0, 1]
such that

MO — MY, a.s.,

and in L? for any 1 < p < oco. In particular, E[MO(Q] = ®(1).

Let us collect a few elementary properties of the limiting random variable MY,

Proposition 3.4. Assume 1(0) > 0, ¥(1) =0 and ¢'(1) < 0. Let ® be a Laplace
transform satisfying (3.10). Then

(i) MY = M), vt > 0.

(i) MY >0 as.

2Tt is always possible, by means of a simple translation, to make a branching random walk
satisfy (1) = 0 as long as ¥(1) < oo. The condition ¢’(1) < 0 is more technical: It is to
guarantee the existence of the forthcoming function ®; see the paragraph below.

3In Proposition B.4] and Lemma below, we simply say that ® is a Laplace transform
satisfying (B.1)).

4In fact, it is also unique, up to a multiplicative constant in the argument. See Biggins and
Kyprianou [56].
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(iii) MY < 1, P*as.

(iv) In (1) has Laplace transform ®.

The proof of Proposition B.4 relies on the following result. A function L is said

to be slowly varying at 0 if for any a > 0, lim,_, L(( )) =1.

Lemma 3.5. Assume ¢¥(0) > 0, ¥(1) = 0 and ¢'(1) < 0. Let ® be a Laplace

transform satisfying B1)). Then the function

1—®(s)
s

L(s) := > 0, s> 0,

18 slowly varying at 0.

Proof of Lemma B.5. Assume L is not slowly varying at 0. So there would be

Sk[l

0 < a < 1 and a sequence (s;) with s; | 0 such that Z — b # 1. By integration
by parts, L is also the Laplace transform of a measure on [0, c0); so the function

s+ L(s) is non-increasing. In particular, b > 1, and for any o’ € (0, al,

L(d'sg)

. S .
lllzggg}f L(se) = b>1
On the other hand, writing ™, 2® ... 2% for the vertices in the n-th

generation, then for any s > 0,

L(s) = E—s_1<1 — H @(se_v(m)))] (by @)
) |z|=n
_ 1—d x(a) Jj—1
_ E Z H@ eV ] (I = 1)
S j=1 i=1
(32) - E Ze—V(gg(J)) L(Se—V(x(l)))Hq)(se—\/(x(z)))]’ (%MZL(T))
S j=1 i=1
ie.,
Zn — (7) j_l
; L(se Vi )) )
1:E[ V) A5 T (se v >].
;e () H (se )

For s = s, by Fatou’s lemma,

1 >E[ZZ “VE) i inf —L(S’“e_mm))ﬁcb(s e V)]
“ T4 koo L(sy) L F '
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Since ¢ is continuous with ®(0) = 1, this yields

—V(z())
= E[Ze ( (b Levietnggy T 1{a<e*‘f<f<”>s1})]
— E[ Z e V(@) (b l{efv(x)ga} + 1{a<er(r)§1}>]

= b — 1 |: Z e 1{e V(x)<a}] ‘l— E[ Z e 1{e V(x)<1}]

|z|=n |z[=n

Since E[Y7,,_, ¢7] = ¢¥) = 1, this means:

|: Z e—V( l{e v(x)>1}:| Z b — ]. [ Z e 1{e V(x)<a}]

|z|=n |z[=n

Applying the many-to-one formula (Theorem [[T] in Section [[.3) to ¢ = 1 gives
P{e % > 1} > (b— 1)P{e " < a}, i,

P{S, <0} > (b—1)P{S, > —Ina}.

If¢'(1) < 0, then E(S;) = —¢/(1) > 0 whereas 0 < a < 1, we have % =0,

n — 0o. Thus b < 1, which contradicts the assumption b > 1. As a consequence,
L is slowly varying at 0 in case ¢'(1) < 0.

It remains to treat the case ¢'(1) = 0. Consider the sequence of functions
(fx, k> 1) on [0, c0) defined by fi(y) := exp(— L(sky)) y > 0. Since each fj, takes

L(sk)
values in [0, 1] and is non-decreasing, Helly’s selection principle (Kolmogorov and

Fomin [157], p. 372, Theorem 5 H says that there exists a subsequence of (sy), still

denoted by (si) by an abuse of notation, such that for all y > 0, exp(— L(fskkz’)))

converges to a limit, say e 9W).
By (82) (and Fatou’s lemma as before), for any y > 0,

Zn

V(@@ V() V@ . V(
g(y)ZE[Ze VED) g (ye " ))] :E[Ze Vi) g (oY ))]’

j=1 |z|=1

°In [157], Helly’s selection principle is stated for functions on a compact interval. We apply it
to each of the intervals [0, n], and then conclude by a diagonal argument (i.e., taking the diagonal
elements in a double array).
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which is E[g(ye )] by the many-to-one formula (Theorem [Tl in Section [L3).
This implies that (g(ye=®"), n > 0) is a non-negative supermartingale, which con-

_S":OO

verges a.s. to, say G,. Since E(S;) = —¢'(1) = 0, we have limsup,,_, e
a.s., and liminf, ., e~ = 0 a.s. So by monotonicity of g, g(<) = G, = g(0+):

g is a constant. Since g(a) =b > 1 = g(1), this leads to a contradiction. O

Proof of Proposition 3.4l (i) We claim that

3.3 d(te™V @) = 1] — In MY, P*a.s.
(3.3) > o

|z|=n

Indeed, since u — 1 > Inwu for any u € (0, 1], we have, P*-almost surely,

Z [ (te™" Z In (¢t =In MY — In MY,

|z|=n |z|=n

giving the lower bound in ([B.3). For the upper bound, let ¢ > 0. By Lemma [B.1]
(Section B.I)), infj,—, V(z) — oo P*-a.s., so for P*-almost surely all sufficiently
large n, ®(te™"@) —1 < (1 — &) In®(te”V @), for all z with |z| = n, which leads

to:

Y@tV —1]< (1-2) > Ind(te”" )

|z|=n |z|=n

and the latter converges to (1 — £)In MY, P*-a.s. This justifies (3:3).
Recall that ®(s) — 1 = s L(s). Thus, on the set of non-extinction,

1 Z\x\:n[q)(te—v(x)) —1] B De )) 1 Lte™V @) -
t D ajen @V @) — 1] b= Z Zly\ Ple=VW) —1 ( L(e=V@) 1)‘

We now look at the expressions on the left- and right-hand sides: Since L is
slowly varying at 0 (Lemma [3.5)), whereas inf|;—, V(z) — oo P*-a.s. (Lemma [3.1]

of Section B]), thus the expression on the right-hand side tends to 0 P*-almost
1ln M( )
t1n M(l)

surely; the expression on the left-hand side converges P*-almost surely to
(see [B3). Therefore, P*-a.s.,

11n MY
t1n Méi) B
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ie., MY = [Mg)]t, P*-a.s. Since M) =1 (for all ¢) on the set of extinction, we
have MY = [MO]",

(iv) By (i), we have E[Méé)] = E{[Méé)]t} On the other hand, we have already
seen that E[Mé?] = ®(t). Thus O(t) = E{[Méé)]t}, Vt > 0; thus @ is the Laplace
transform of — In M.

(ii) By assumption, ® is the Laplace transform of a non-degenerate random
variable, so (ii) follows from (iv).

(iii) By definition ([B.1]) of ®, we have ®(c0) = lims_,ooE[H|m|:1@(se_v(m))],
which, by dominated convergence, is E[®(c0)"], where N := Z|x|:1 1. Therefore,
®(00) satisfies P(0c0) = f(P(00)), with f denoting the generating function of N.
By Theorem 2.11in Section 2] ®(c0) is either P{extinction}, or 1.

By definition, ® is the Laplace transform of £* with P{{* > 0} > 0; so ®(00) <
1, which means that ®(co) = P{extinction}. On the other hand, (iv) tells us that
P{Mg) =1} = ®(o0). So P{Mg) = 1} = P{extinction}. Since {Mg) =1}

contains the set of extinction, the two sets coincide almost surely. U

3.4. The derivative martingale
Assuming (1) = 0 and ¢'(1) = 0, we see that

D, = Z V(x)e V@), n >0,

|z|=n

is a martingale, called the derivative martingale.

The derivative martingale is probably the most important martingale associated
with branching random walks. We postpone our study of (D,,) to Chapter B In
particular, we are going to see, in Theorem (Section [.2]), that under some
general assumptions upon the law of the branching random walk, D,, converges a.s.
to a non-negative limit. Furthermore, this non-negative limit is shown, in Theorem
(Section [5.0]), to be closely related to the limit of the additive martingale, after
a suitable normalisation.

Section [5.4] will reveal a crucial role played by the derivative martingale in the

study of extreme values in branching random walks.
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3.5. Notes

Most of the material in this chapter can be found in Biggins and Kyprianou [5§].
Lemma [B.1]in Section [B.1]is due to Liu [167] and Biggins [52]. The main idea

of our proof is borrowed from Biggins [52].

The Biggins martingale convergence theorem (Theorem in Section [3.2)) is
originally proved by Biggins [50] under a slightly stronger condition. The theorem

under the current condition can be found in Lyons [I73].

In the case where the limit W, in the Biggins martingale convergence theorem
is non-degenerate, it is interesting to study its law. See, for example, Biggins and
Grey [55] and Liu [169] for absolute continuity, and Liu [168] and Buraczewski [80]
for precise tail estimates.

If the almost sure convergence of the non-negative martingale ( P )) is obvious
for any given 8 € R (such that ¥(5) < c0), it is far less obvious whether or not
the convergence holds uniformly in 5. This problem is dealt with by Biggins [51].
The rate of convergence for the additive martingale is studied by several authors;

see for example lksanov and Meiners [145], Tksanov and Kabluchko [144].

The importance of multiplicative martingales studied in Section [3.3lis stressed
by Neveu [204]. These martingales are defined in terms of solution of the equa-
tion (B). The study of existence and uniqueness of (3.I]) has a long history,
going back at least to Kesten and Stigum [I55], and has since been a constant
research topic in various contexts (fixed points of smoothing transforms, stochas-
tically self-similar fractals, multiplicative cascades, etc). Early contributions are
from Doney [98], Mandelbrot [193], Kahane and Peyriere [152], Biggins [50], Hol-
ley and Liggett [130], Durrett and Liggett [103], Mauldin and Williams [194],
Falconer [106], Guivarc’h [I19], to name but a few. The 1990-2000 decade saw
results established in the generality we are interested in, almost simultaneously by
Liu [167], Biggins and Kyprianou [56], Lyons [173], Kyprianou [160]. We refer to
[58] for a detailed survey, as well as to Alsmeyer, Damek and Mentemeier [22] and
Buraczewski et al. [81] together with the references therein for recent extensions

in various directions.

Multiplicative martingales are also particularly useful in the study of branching
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Brownian motion and the F-KPP equation; see the lecture notes of Berestycki [43].

The proof of Lemma [3.5 in case ¢'(1) < 0 is borrowed from [56], and in case
Y'(1) =0 from [160].

Derivative martingales, introduced in Section [3.4] are studied for branching
Brownian motion by Lalley and Sellke [164], Neveu [204], Kyprianou [162], and for
the branching random walk by Liu [168], Kyprianou [160], Biggins and Kypria-
nou [57], Aidékon [8]. Although not mentioned here, it is closely related to mul-
tiplicative martingales; see Liu [168], and Harris [124] in the setting of branching
Brownian motion.

Joffe [149] studies another interesting martingale naturally associated with the
branching random walk in the case of i.i.d. random variables attached to edges of
a Galton—Watson tree.

The martingales considered in this chapter are sums, or products, over particles
in a same generation. Just as important as considering stopping times in martin-
gale theory, it is often interesting to consider sums over particles belonging to some
special random collections, called stopping lines. The basic framework is set up in
Jagers [148] and Chauvin [84]; for a sample of interesting applications, see Biggins
and Kyprianou [56], [57], [58], Kyprianou [161], Maillard [I86], Olofsson [205].
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Chapter 4

The spinal decomposition
theorem

This chapter is devoted to an important tool in the study of branching random
walks: the spinal decomposition. In particular, it gives a probabilistic explana-
tion for the presence of the one-dimensional random walk (.5,) appearing in the
many-to-one formula (Theorem [[.T]in Section [[.3]). We establish a general spinal
decomposition theorem for branching random walks. In order to do so, we need to
introduce the notions of spines and changes of probabilities, which are the main
topics of the first two sections. Two special cases of the spinal decomposition
theorem are particularly useful; they are presented, respectively, in Example
(Section [L.0]) for the size-biased branching random walk, and in Example .6 (Sec-
tion [4.7]) where the branching random walk is above a given level along the spine.
The power of the spinal decomposition theorem will be seen via a few case studies
in the following chapters. Here, we prove in Section [A.8] as a first application, the
Biggins martingale convergence theorem for the branching random walk, already
stated in Section 3.2l as Theorem B.2]

4.1. Attaching a spine to the branching random
walk

The spinal decomposition theorem describes the distribution of the paths of the

branching random walk. This description is formulated by means of a particular

33



34 [Chapter 4. The spinal decomposition theorem

infinite ray (see below for details) — called spine — on the associated Galton—
Watson tree, and of a new probability. For the sake of clarity, we present spinal
decompositions via three steps. In the first step, the notion of spine is introduced.
In the second step, we construct a new probability. In the third and last step, the
spinal decomposition theorem is presented.

The branching random walk V' := (V(z), x € T) can be considered as a random
variable taking values in the space of marked trees, while the associated supercrit-
ical Galton-Watson tree T is a random variable taking values in the space of
rooted trees. We now attach to (V(x), x € T) an additional random infinite ray
w = (wy, n > 0), called spine. By an infinite ray (sometimes also referred to as
an infinite path), we mean wy := @ and Wy, = Wy (recalling that 7 is the parent
of ) for any n > 1, i.e., each w, is a child of w,,_;. In particular, |w,| = n, ¥n > 0.

In the rest of the chapter, for n > 0, we write
Fn =0{V(z), v €T, |z| <n},

which is the o-field generated by the branching random walk in the first n gener-
ations. Let

Foo i =0{V(x), z € T},
which contains all the information given by the branching random walk. In general,

the spine w is not .#,.-measurable: There is extra randomness in w.

4.2. Harmonic functions and Doob’s h-transform

Let (V(z)) be a branching random walk such that E[}-_, e™V@] = 1. Let
(Sp — Sn—1, n > 1) be a sequence of i.i.d. real-valued random variables; the law of
S1 — Sy is as follows: for any Borel function ¢g : R — [0, o0),
(4.1) Elg($ — So)] = E[ Y g(V(a))e™"].

|z|=1

For a € R, let P, denote the probability such that P,(Sy = a) = 1 and that
P.(V(2) =a) =1, and E, the expectation with respect to Pa We often refer to

If a = 0, we write P and E in place of Py and Eg, respectively. A similar remark applies to
the forthcoming probabilities Qflh) and Q.
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(S,) as an associated random walk.
Let D C R be a Borel set of R, such thatH

(4.2) P.(S, €D) > 0, Va € D.
Let h: D — (0, 00) be a positive harmonic function associated with (S,,), i.e.,
(4.3) h(a) = Eo[h(S1) 1{s,eny],  Va €D.

We now define the random walk (S,,) (under P,) conditioned to stay in D, in
the sense of Doob’s h-transform: it is a Markov chain with transition probabilities

given by

(4.4) p(h)(u, dv) = 1gpeny M P,(5; € dv), u € D.

(u)
4.3. Change of probabilities

Assume (1) = 0, ie, E[}] e™V@] = 1. Let (S,) be an associated random
walk in the sense of (4.1]).

Let D C R be a Borel set satisfying (4.2]), and let a € D. Let h: D — (0, co) be
a positive harmonic function in the sense of (A3]). Define
(4.5) MM =" h(V(2)eV ) Ly en weporany, 120,

|z|=n

where [@, z] denotes, as before, the set of vertices in the unique shortest path
connecting the root @ to z. We mention that M has nothing to do with the

multiplicative martingale studied in Section [3.3]

Lemma 4.1. Let a € D. The process (Mr(Lh), n > 0) is a martingale with respect to
the expectation E, and to the filtration (%,).

Proof. By definition,
MY, = > > wV(@)e ™ Lven, velo. a1y

lzl=n 4. |z|=n+1, T=z

- Z Liv(en, vyelo, =1} Z h(V(l‘))e_v(I) 1iv(z)en}-

|z|=n z: |z|=n+1, T=2

ZVery often, we take D := R, in which case (2] is automatically satisfied.
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Therefore,

h —V(x
E, (M) | Z0) = > Lvgen, Vyéﬂ@,z]]}EV(z)( > e VOn(V(z) 1{V(x)en})-

|z|=n |z|=1

By the many-to-one formula (Theorem [[.T]in Section [[J), for any b € D,

Eb( Z h(V 1y )en}) = e’ Eb<h(Sl) 1{51@})

|z|=1

= e " h(b). (by @3))

As a consequence, Ea(M,(ffl | Z,) = M. O

Since (Mr(Lh), n > 0) is a non-negative martingale with Ea(M,(Lh)) = h(a)e™*, for
all n, it follows from Kolmogorov’s extension theorem that there exists a unique

probability measure Qgh) on %, such that

" VAR
. - a a G\TL >_ .

In words, h%'(f?a is the Radoanlkodym derivative with respect to the restriction
of P, on .%,,, of the restriction of Qa n .%,.

We end this section with the followmg simple result which is not needed in
establishing the spinal decomposition theorem in the next sections, but which is
sometimes useful in the applications of the theorem.

Note that M > 0, Q -a.s. Note that the P,-martingale (Mnh), n > 0) being
non-negative, there exists M > 0 such that MM - Még), P,-a.s.

Lemma 4.2. Assume 1)(1) = 0. Let a € D. If there exists a o-field ¢ C F such
that

4.7 lim inf Q™ (MM | 4) < oo, gh)—a.s.,
( a n
n—oo

the P,-martingale (Mr(zh), n > 0) is uniformly integrable. In particular, Ea(Mgf)) =
h(a)e™®.
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Proof. We claim that (h) is a Qa —supermartmgale (warning: it is a common
mistake to claim that (,L) is a Qa —martlngale see discussions in Harris and
Roberts [126]): Let n > j ‘and A € F #;; we have
Q) (=g 1a) = P{MM >0, 4} < P{M >0, A} = QP ( $14),
M ’ m"
which implies Qgh) [Ml( | ] < ( , and proves the claimed supermartingale prop-

n J
n M;

erty.

Since this supermartingale is non—negative there exists a (finite) random vari-
able L( > 0 such that (h) — LS.Z , Qa -a.s.

If (A7) is satisfied, then by the conditional Fatou’s lemma,

1
Qgh) (W |g> < 00, gh)-a.s.

In particular, L(lh) < 00, Q,(Ih)—a.s., SO SUp,,>q M,(Lh) < 00, gh)—a.s.

For u > 0,

BV 1y00.y) = QUMD > 0} < QU {sup M0 > ),

n>0

which tends to 0 as u — oo, uniformly in n. So (M M n > 0) is uniformly

integrable under P,. U

4.4. The spinal decomposition theorem

We assume that (1) = 0, i.e., E[Z|x|:1e_v(m)] = 1. Let D C R be a Borel set
satisfying (£.2), and let a € D. Let A : D — (0, 00) be a positive harmonic function

in the sense of (4.3).
For any b € D, let égh) = (é, 1 <1< ]V) be such that for any sequence

(vs, © > 1) of real numbers,
P(@gvi, v1§zgﬁ)

Z (53 + b) 1{5] +beD}
h(b)e_b '

(4.8) =E [1{§i+b§vi7 VI<i<N}
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It is immediately seen that N > 1 almost surely.
We introduce the following new systemH which is a branching random walk
with a spine w® = (wflh), n>0):

— Initially, there is one particle w}"” := & at position V(w{") = a.

— At time 1, the particle wéh) dies, giving birth to new particles

h)

distributed as " . the particle w§ is chosen among the children y

V(wy")
of w(()h) with probab(i)lity proportional to h(V (y))e™V® 1 (y) ey, While
all other particles (if any) are normal particles.
— More generally, at each time n > 1, all particles die, while giving
birth independently to sets of new particles. The children of normal
particles z are distributed as Zy(;). The children of the particle wgl_)l are

distributed as Eg‘() ") ); the particle w is chosen among the children y
Wi

of w,(f_)l with probability proportional to h(V (y))e™V® Lin(v(y)eny; all
other particles (if any) in the n-th generation are normal.

— The system goes on indefinitely.

See Figure

Figure 6: The new system with the spine w(") = (w,(lh)) boldfaced

We note that while it is possible for a normal particle to produce no child if

P(N = 0) > 0, the particles in the spine w are ensured to have at least one child

3Notation: the law of =, is defined as the law of (& +r, 1<i<N).
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because N > 1, a.s. Moreover, by the definition of gl()h), for any n, there exists at
least a child y of wgl_)l such that h(V (y))e V™ 1y )epp > 0, so there is almost
surely no extinction of the new system.

Let us denote by B the law of the new system. It is a probability measure
on the product space between the space of all marked trees (where the branching
random walk lives), and the space of all infinite rays (where the spine w® lives),
though we do not need to know anything particular about this product space. By
an abuse of notation, the projection of B™ on the space of marked trees is still
denoted by BM. The following theorem tells us that B describes precisely the
law of the branching random walk (V (z)) under the probability Q.

Theorem 4.3. (The spinal decomposition theorem) Assume 1)(1) = 0. Let
D C R be a Borel set satisfying (£2). For any a € D, and any positive harmonic
function h on D, the law of the branching random walk (V(x)) under Qgh) is B((lh),
where Qgh) is the probability defined in (4.0]).

Along the spine w® = (wﬁlh)), the probabilistic behaviour of the branching
random walk under the new probability Q[(lh) is particularly simple, as seen in the

following theorem. Let, as before, (.5,,) be an associated random walk in the sense

of (4.1).

Theorem 4.4. (Along the spine) Assume ¢(1) = 0. Let D C R be a Borel set
satisfying [A.2). Let a € D, and let h be a positive harmonic function on D. Let
M be the probability defined in ().

(i) For any n > 0 and any vertex x € T with |z| = n,

h(V (2))e™" ™ 1y e, welo, 1}
M

where My := 32, BV (2))e™ @) Livgyen, wyeo, -y as in @I).
(ii) The process (V(wi"), n > 0) under Q" is distributed as the random walk
(Sn, n > 0) under P, conditioned to stay in D (in the sense of (£4)).

(4.9) QW (wh =z | ZF,) =

Y

We mention that since Q((Ih)(Mr(Lh) > 0) = 1, the ratio on the right-hand side of
(49) is Q.-almost surely well-defined.
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Theorem [.4] (ii) has the following equivalent statement: For any n > 1 and
any measurable function g : R" — [0, c0),
(4.10)

Boplo(V (@), 0.1 < )] = By[g(s, 0.0 < m) Hr)

h(a)

Theorems and [4.4] are proved in the next section.

) 1

{S €D, Vi€|0, n}nz}]

4.5. Proof of the spinal decomposition theorem

This section is devoted to the proof of Theorems A3l and [£.4l

Proof of Theorem 3. We assume (1) = 0 and fix D, a and h as stated in the
theorem.

Following Neveu [203], we encode our genealogical tree T with % = {@} U
Uo— (N*)™. Let (¢, © € %) be a family of non-negative Borel functions. If E

stands for expectation with respect to B,(Ih), we need to show that for any integer

EBéh){ H QS:C(V(ZL'))} Q(h){ H ¢x }

|z|<n lz|<n

n,

or, equivalently (by definition of Qgh)),

(4.11) By { [] ¢.(V(@)} = E{% [T ¢.(ve)}

|z[<n |z[<n
For brevity, let us write

h(V (z))e” "

hp(x) := T h)e v y)en, vyelo, 21} L{zeT}-

If we are able to prove that for any z € % with |z| = n,
(4.12) By { L) ||H 6:(V(2)} = Ea{hol2) ||H 6n(V (@)},
z|<n z|<n

then this will obviously yield (£.11) by summing over |z| = n.
So it remains to check (£I2)). For z € %, let T, be the subtree rooted at z,
and brot(z) the set of the brothers of z. A vertex y of T, corresponds to the
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vertex zy of T where xy is the element of % obtained by concatenation of x and
y. By the construction of B[(lh), a branching random walk emanating from a vertex
y ¢ (wn , n > 0) has the same law as the original branching random walk under P.
By decomposing the product inside EBéh){' -+ } along the path [@, z], we observe
that

B {10 [T 0V}

|z|<n

:EBgm{l{wglh):Z}U@k(v(zk)) H @x(V(x))},

xEbrot(z)

where zj, is the ancestor of z at generation k (with z, = z), and for any t € R and
€U, 0u(t) = E{[ [ er, buy(t+V(¥))1(y/<n—epy}- [The function @, has nothing
to do with the function ® in Section B3l] Similarly,

B{1o() [ 0:Vie)} = B [[oa V) T o.van}

|z|<n k=0 x€Ebrot(zk)

Therefore, the proof of (AI2]) is reduced to showing the following: For any n and

|z| = n, and any non-negative Borel functions (¢.,, ®. )

EBg;L){l{wglh):Z} quzk(V(Zk)) H CI)x(V(St))}

xEbrot(zy)

@13 = BfwE[[e0e) 1 v}

z€brot(zy)

We prove (4I3]) by induction. For n = 0, ([4I3) is trivially true. Assume that

the equality holds for n — 1 and let us prove it for n. By the definition of B((Ih),

given that wgl_)l = 2,_1, the probability to choose wh = 2 among the children of

wéh_)l is proportional to hp(z). Therefore, if we write

V(z) = 6.(V(z) ] @V

xEbrot(z)

9" = olw™, V™), brot(w™), (V(y)) oy, 1<k <n—1},

yEbrot(w,,
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then

EB((lh){]_{w’EZh):Z} \I/(Z) ‘ %@1}
hp(2)
-1 E {
fn (h) 1= B((lh) hD(Z) + erbrot(z) hD(x)

ho(2)
= 1 h E_ o
{wi =2n 1} B‘g){hn( )+Zx€brot hD( )

By assumption, the point process generated by wflh_)

hD(z)+Zberot(z) hp (:B)

1 = Zn—1 has Radon—-Nikodym

derivative with respect to the point process generated by z,_;

ho(zn—1)
under P,. Thus, on {w Y= Zn-1},
ho(2) (h) (n)
Bep {75 VO 0 V)
hD(Z)
Ea{m U(z) V(Zn—l)}
(414) = RHSgm.

This implies
EBéh){l{wgh):z} \I’(Z) ‘%@1} = {w! (h) — RHS(m).
Let LHS@13) denote the expression on the left-hand side of (4.13]). Then

LHSgm) = EB((JL){ (= H¢zk (2x)) H @m(V(SL’))}

z€brot(zy)

= EB((L;L){:[{ (h)l o RHS@)H¢% Zk)) H @x(V(:L'))},

=0 xEbrot(z)
which, by the induction hypothesis, is

= Bz ) RESqm [[ 02 V() [ .0V}

k=0 xEbrot(zk)

Bt [[6(V(a) T (v},

xEbrot(z)
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where the last equality follows from the fact that RHSgzg) is also the conditional
hp (z Cbz( ( )) erbrot(z) @x(V(ZIT)) given V(Zk)’ bI'Ot(Zk) and
(V(z), z € brot(z)), 0 § k <n —1. This yields (I3), and completes the proof
of Theorem [£.3] O

E -expectation of

Proof of Theorem [£4l. We assume (1) = 0 and fix D, a and h as stated in the
theorem.

Let (¢pp,x € %) be a family of Borel functions and z € % a vertex with

: : )
|z| = n. Write again hp(x) := % Liv(y)en, wyelo,»]}- By (@12) (identifying

EB(@ with EQgh) by Theorem [£.3)),

B {10y [T 0:V@)} = Bofta(e) [ 0x(V())},

lz[<n lz|<n

which, by the definition of Qgh), is

=E gh){h _ahD H¢w }

lz|<n
where M\" is the martingale defined in (£X). This shows that

h(a)e™® hp(z)

M) (M) — 5| Z ) —
(4.15) Q. (w)Y = 2| %) = V0

Y

proving part (i) of the theorem.
To prove part (ii), we take n > 1 and a measurable function g : R™™ — [0, o).

Write Eqyn[g] for Eqon[g(V(w(™), 0 <i <n)]. Then

Eqo o] = Eqn (D 9(V(@), 0<i<n) 100 ,).

|z|=n

By ([@I3), we get

Eqmly] = EQgh)< Y 9(V(z), 0<i<n)
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the last identity being a consequence of the definition of Q[(lh). Plugging in the
definition of Ay yields

, h(V (z))e™V®
Eqmla] = Ea( > 9(V(a), 0<i<n) % Lvwen, vyeumﬂ})

|z|=n
: h(Sh
= E, (9(51', 0<i<n) % 1¢s;ep, vielo, n}ﬂZ})v (many-to-one)
yielding part (ii) of Theorem .4l O

4.6. Example: Size-biased branching random walks

We present an important example of the spinal decomposition for branching ran-

dom walks.

Example 4.5. (Size-biased branching random walks) Assume (1) = 0. We
take D = R, so that (4.2) is automatically satisfied. Let h(u) := 1, u € R, which
is trivially harmonic. The martingale M defined in (3 is nothing else but the

additive martingal
My =W,=> e '@

|z|=n
The change of probabilities in (4.0 becomes: for a € R,
Wy
QG(A) = — dPa, VA € yn, vn > 0.
A€
The new point process =, (for b € R) in (8] becomes: For any sequence (v;, i > 1)

of real numbers,

N
P<£i s vlsis N) a E[l{fiﬂ)Sm,VlSiSN} Ze_&].

Jj=1

The spinal decomposition theorem tells us that for any a € R, under Q,, the

branching random walk can be provided with a spine (w,,) such that:

4Since the harmonic function is a constant in Example L5, we drop the superscript h in M,(lh)7

Q((zh), égh), w | ete.



§4.7 Example: Above a given value along the spine] 45

— Each spine particle w,, gives birth to a set of new particles accord-
ing to the distribution of év(wn); we choose the particle w,,; among
the children y of w, with probability proportional to e~V ®): all other
particles are normal particles.

— Children of a normal particle z are normal, and are distributed

as EV(z)-

The law of the branching random walk under Q, is often referred to as the
law of the size-biased branching random walk. It is clear that if V(z) = 0
for all x, then the description of the law of the size-biased branching random walk
coincides with the description of the law of the size-biased Galton—Watson tree in
Section

By Theorem [4.4] in Section [4.4]

(4.16) Qa(wn = x| F0) =

for any n and any vertex x such that |z| = n, and under Q,, (V (w,)—V (w,_1), n >
1) is a sequence of i.i.d. random variables whose common distribution is that of S
under Pj. O

4.7. Example: Above a given value along the spine

We now give another important example of the spinal decomposition theorem.

Example 4.6. (Branching random walk above a given value along the
spine) Assume (1) = 0. Fix a > 0.

Let (S,) be an associated random walk in the sense of (4.1]). Let R be the
renewal function associated with (S,,), as in Appendix [A.Il Define the function

h: [—a, 00) — (0, c0) by
(4.17) h(u) := R(u + «), u € [—a, 00).

Lemma 7 below says that h is a positive harmonic function on D := [—a, 00) in

the sense of (3], so the spine decomposition theorem applies in this situation.
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Along the spine, the process (V(wﬁlh)), n > 0) under Q[(lh) is distributed as the
random walk (.S, n > 0) under P, conditioned to be > —a (in the sense of (4.4])).

We mention that even though the branching random walk stays above —« along
the spine, it can certainly hit (—oco, —«) off the spine.

Let us complete the presentation of Example with the following lemma.

Lemma 4.7. Let a > 0 and let h be as in (EIT). Then

h(a) = E.[h(S1) 1{s,>—a}); Va > —a.
Proof. Tt boils down to checking that
(4.18) R(b) = E[R(S) + D) 115>}, Vb > 0.

Let 7t := inf{k > 1 : S, > 0}, which is well-defined almost surely, since
E(S;) = 0. If S; is a random variable independent of (S;, i > 1), then

-1

E[R(S1 + ) 1{512—1)}] = E[ Z 1{sj2—§1—b, §1z—b}}

=0

- E[Z Lirtsjy 1{51‘2—51—5’7 512_6}] ’

=0
On the event {77 > j}N{S; > —S; —b}, we automatically have S; > —b (because
S; > —§1 — b while §; < 0). Therefore,

E[R(Sl + b) 1{S12—b}] = E[Z 1{sjz—§1—b, 5;<0, Vi<j}

7=0
= Y P{S;>-5-b, S <0, Vi<j}
=0
For any j, P{S; > =S, —b, S; <0, Vi < j} = P{S;4y1 > —b, S; <0, Vi < j}.
By splitting {S;41 > —b} as {Sj41 > 0} U{—b < S;41 < 0}, this leads to:
E[R(S1 +b) 1(s,>-1)]

= ) P{Sj1120, 8 <0,Vi<j}+ > P{-b< 81 <0, S <0, Vi< j}.

J=0 J=0
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The first sum on the right-hand side is equal to 1: it suffices to note that {S;41 >
0, S; <0, Vi <j}={r"=j+1} and that 3 7= P{7" = j + 1} = 1. Therefore,

(419)  E[R(S1 +b) Lig,sp) =1+ Y P{-b< S <0, S <0, Vi < j}.

=0

On the other hand, by definition,

R(b) =E [ h Ve sjz—b}] :
=0
which yields that

Rb)=1+> P{rt>j 8>} =1+> P{r">j+1, S > -b}.
j=1 Jj=0
Since {7t > j+ 1, Sj31 > —b} = {-b < S5;41 <0, S; <0, Vi < j}, this yields
R(b) =1+ 72 P{-b<Sj11 <0, S; <0, Vi <j}, which, in view of ([LI9), is
equal to E[R(S; + b) 1;5,>_p]. This proves (£I8). O

4.8. Application: The Biggins martingale conver-
gence theorem

We apply the spinal decomposition theorem to prove the Biggins martingale con-
vergence theorem (Theorem B.2]in Section B.2)), of which we recall the statement:
Assume ¢(0) > 0, 9(1) < oo and ¢/(1) € R. Let Wy, := 37, _ e ™M=V and
let W4, be the a.s. limit of W,,. Then

EWy) =1 & W,>0, P*as.
(4.20) & E(Wilng W) <oo and ¥(1) > ¢'(1).

Proof of the Biggins martingale convergence theorem. Let Q be the probability on
F oo such that Q. =W, P forall n > 0.

(i) Assume that the last condition in (4.20) fails.

We claim that in this case, lim sup,,_, ., W,, = oo Q-a.s.; thus by (Z3]) of Section
23 E(W,) =0.
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To prove our claim, let us distinguish two possibilities.
First possibility: ¢(1) < ¢/(1). Under Q, (V(w,) — V(wn—1), n > 1) are i.i.d.
(see Example in Section [L.6]), so by the law of large numbers, when n — oo,

V(wn)

— Eq[V E) V(z)e V@] = —y/(1), Qs

|z|=1
In other words, M —¢P'(1) —9¥(1), Q-a.s.

If ¥'(1) > (1), this yields =V (w,,) —n(1) — oo, Q-a.s. If /(1) = ¢(1), the
associated random walk (—V (w,,) —nt (1), n > 1) being oscillating (under Q), we
have limsup,,_, . [—V (w,) —ny(1)] = 0o, Q-a.s.

So as long as ¥(1) < ¢'(1), we have limsup,,_,..[—V (w,) —ny(1)] = oo, Q-a.s.
Since W,, > e~V (wn)=m¥() "we get limsup,, .. W, = 0o Q-a.s., as claimed.

Second possibility: E(W;In, W;) = co. In this case, we argue that (recalling
that Z is the parent of y)

Woi1 = Ze—V(w)—(nH)w(l) Z o~ V@)~V ()]

|z|=n ly|=n+1: y=x

> e Vet 3T VeV,
Write
(4.21) W(w,,) = Z o~ V@)=V (wn)]

lyl=n+1: y=wn

Since W(wy,), n > 0, are i.i.d. under Q, with Eq[ln; W (wo)] = E[W;In, W;] =

it is a simple consequence of the Borel-Cantelli lemma that

lim sup M = 00, Q-a.s.
n—s00 n
On the other hand, @ — —¢/'(1), Q-a.s. (law of large numbers), this yields
again limsup,,_,., W, = oo Q-a.s., as claimed.
(ii)) We now assume that the condition on the right-hand side of (Z20) is
satisfied, i.e., ¥'(1) < ¢ (1) and E[W; Iny W;] < co. Let ¢4 be the o-field generated
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by w,, and V(w,) as well as the offspring of w,, for all n > 0. Then Eq(W,, |¥) is

n—1
— e V(wn)=my(1) Z e~V (wi)—n(1) Z e~ V(@) =V(wg)] oln—(k+1)]y(1)
k=0 |z|=k+1: g—wk x;ﬁwk+1
n—1
— e—V(wk)—(k-l-l)ilJ(l) Z e—[V(w —V (wy,)] Z e—V w;) zw(l
k=0 |z|=k+1: T =wy

With our notation in (4.21]), this reads as:

—_

oW, |9) = Ze_v(wk “ADPD P (1) =Y eV ) =kp (1)
1
Since W(wy,), n > 0, are i.i.d. under Q with Eq[ln. W (w)] = E(W;Iny W) < oo

it follows from the strong law of large numbers that

n—1

1 1

In+ Wiwa) Z In, Wi(w;) — - Zln+ W(w;) — 0, Q-a.s.
i=1

On the other hand, e™V(wk)=(k+1v() and e=V(we)=k¥(1) decay exponentially fast
(because % — (1) < ¥(1), Q-a.s., as k — 00). It follows that Eq[W,, | ¥]
converges Q-a.s. (to a finite limit). By Lemma (Section [4.3)), this yields
E(W,) = 1, which obviously implies P(W, = 0) < 1. Since we already know
that P(W. = 0) is either 1 or ¢, this implies that P(W, = 0) = ¢: the Biggins

martingale convergence theorem is proved. U

3

B
Il

4.9. Notes

The change of probabilities technique used in the spinal decomposition theorem
(Sections [4.3] and [4.4)) has a long history, and has been employed by many people
in various contexts. It goes back at least to Kahane and Peyriere [152].

A version of the spinal decomposition theorem associated with a function h
which is not necessary harmonic can be found in Aidékon, Hu and Zindy [14]. It is
also possible to allow the harmonic function h to change from a certain generation
on; see Addario-Berry, Devroye and Janson [2] for such an example for the Galton—

Watson process.
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The law of the size-biased branching random walk described in Example
(Section [4.6) is due to Lyons [I73]. See also Waymire and Williams [232] for a
formulation in a different language. The analogue for branching Brownian motion
can be found in Chauvin and Rouault [85]; for more general diffusions, see Liu,
Ren and Song [170].

The spinal decomposition for the branching random walk above a given level
along the spine in Example (Section [4.7]) is borrowed from Biggins and Kypri-
anou [57]. Its analogue for branching Brownian motion is in Kyprianou [162]. The
proof of Lemma [4.7]is due to Tanaka [226].

An extension of the spinal decomposition theorem for multiple spines, often con-
venient to compute higher-order moments, is proved by Harris and Roberts [127].

The short proof of the Biggins martingale convergence theorem in Section [4.8]

via size-biased branching random walks, follows from Lyons [173].



Chapter 5

Applications of the spinal
decomposition theorem

Armed with the spinal decomposition theorem, we are now able to establish, in
this chapter, some deep results for extreme values in the branching random walk.
Among these results, a particularly spectacular one is the Aidékon theorem for
the limit distribution of the leftmost position (Section [5.4]). We give a complete
proof of the Aidékon theorem by means of the peeling lemma (Theorem [5.14] in
Section [5.3) for the spine, a very useful tool which is exploited in a few other
situations in this chapter. Most of the applications of the spinal decomposition
theorem presented here have been obtained in recent years, highlighting the state

of the art of the study of branching random walks.

5.1. Assumption (H)

Let (V(z), z € T) be a branching random walk whose law is governed by a point
process = := (&1,..., £n), where the random variable N can be 0. Let ¢ be the
log-Laplace transform defined by
W(t) = lnE< Z e_tv(m)> € (—o0, 0], teR.
|z|=1
Throughout this chapter, we assume 1(0) > 0 and ¥ (1) = 0 = ¢'(1).
While ¢(0) > 0 clearly indicates that we work on the supercritical regime,
let us say a few words about the assumption (1) = 0 = ¢’(1). Assume for the

o1
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moment that there exists t > 0 such that ¢(t) < co. Let ¢ :=sup{s > 0: ¥(s) <
oo} € (0, oo]. If we can find t* € (0, ¢) satisfying

(5.1) (t") =t (),

then the log-Laplace transform of the branching random walk V(m) =t*V(x) +
Y(t*) |z|, x € T, satisfies (1) = 0 = ¢'(1).

So as long as (5.1]) has a solution, there is no loss of generality to assume that
¥(1) =0 =¢'(1). It is, however, possible that no t* > 0 satisfies (5.1]), in which
case, the results in this chapter do not apply. Loosely speaking, the existence of t*
fails if and only if the law of inf; & is bounded from below and E(}, 1(¢,—supp,...}) =
1, with supp,,;, denoting the minimum of the support of the law of inf; §; (i.e., the
essential infimum of inf; ;). In particular, for a branching random walk with
Gaussian displacements, t* exists. For an elementary but complete discussion on
the existence of solutions to (5.1I) under the assumption 1(0) < oo, see the arXiv
version of Jaffuel [146], or Bérard and Gouéré [41] assuming that #= is bounded.

If t > 01is such that ¢(t) = 0, the value of ¢ is often referred to as a “Malthusian
parameter” in various contexts (Jagers [147], Nerman [202], Bertoin [47], etc.),
because it governs the growth rate (in the exponential scale) of the system. Under
our assumption, 1 is the unique Malthusian parameter.

The assumption (1) = 0 = ¢’(1) is fundamental for various universality be-
haviours of the branching random walk we are going to study in this chapter.

Recall that the one-dimensional random walk associated with (V(z), x € T),

denoted by (S, n > 0), is such that for any Borel function g : R — [0, c0),

Elg(S0)] = B[ Y g(V(@))e ).

|z|=1

For the majority of the results in the chapter, we also assume

(5.2) E[ Z V(:E)2e_v(””)] < 0.

|z|=1

Condition (5.2)) simply says that E[S?] < co. Moreover, the assumption ¢’(1) =0
means that E[S;] = 0.
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Finally, we often also assume that
(5.3) E[XIn? X] <00, E[XIn, X] < oo,
where In, y := max{0, Iny} and ln%r y := (In, y)? for any y > 0, andH

(5.4) Y=Y e"@ =Y V() eV,

|z|=1 |z|=1

Assumption (5.3)), despite its somehow exotic looking, is believed to be optimal for
most of the results in this chapter (for example, for the derivative martingale to
have a positive limit; see Conjecture in Section for more details).

Summarizing, here is the fundamental assumption of the chapter:

Assumption (H). ¢(0) > 0, ¥(1) = 0= ¢'(1), (5.2)) and (G.3).

The following elementary lemma tells us that under assumption (5.3), we have
(5.5) E[XIn? X] <oo, E[XIn; X] < cc.

Lemma 5.1. Let & and n be an arbitrary pair of non-negative random variables
such that E[§1n% €] < oo and that E[nlny n] < co. Then

E[¢In? 7] < oo, E[nln, &) < oo.

Proof. The second inequality follows from the simple observation that nln, & <
max{{In; &, nln, n}, whereas the first from the existence of a constant ¢; > 0

such that for all sufficiently large a and b,
aln®b < ¢; (aln?a + bInb),

which is easily seen to hold by discussing on whether b < a? or b > a?. O

5.2. Convergence of the derivative martingale

In this section, we study the derivative martingale defined by

ZV V(:” n > 0.

|z|=n

!Notation: uy := max{u, 0} for any u € R.



54 [Chapter 5. Applications of the spinal decomposition theorem

If (1) = 0 = ¢/(1), then (D,) is indeed a martingale. Recall that P*(-) :=

P( - | non-extinction).

Theorem 5.2. (i) If ¥(0) > 0, ¥(1) = 0 = ¢'(1 andl E[} 0, V(2)2e V0] <
oo, then (D,, n > 0) converges a.s. to a non-negatwe limit, denoted by Dy
(ii) Under Assumption (H), we have Do, > 0, P*-a.s.

Discussion 5.3. Even though the martingale D,, can be negative, we trivially see
that its almost sure limit D, is necessarily non-negative: indeed, since ¥ (1) = 0,
Lemma B of Section Bl tells us that infj,—, V(z) — oo, P*-a.s., hence D,, >
0 P*-almost surely for all sufficiently large index n (how large depends on the

underlying w). So Theorem (i) reveals the almost sure convergence of (D,,).]

Discussion 5.4. Let us now turn to Theorem (ii). Assume for the moment
that ¢(0) > 0, (1) =0 =¢'(1) and E[3_,_, V(z)?e V@] < 0o. The first part
of the theorem ensures the almost sure existence of D,,. For any z € T, we write
Dy = Y ymniyzaV (Y) — V(z))e~V®=V@I: then

(5.6) D= lim D, ,

n—o0

exists a.s. as well, and is a.s. non-negative. For any « € T with |z| = 1, we have

D > Z V —V(y —e —V(z) D —|—V( ) V() Z e—[V(y)—V(w)].

lyl=n,y>= lyl=n,y>=

We let n — oo. Since ¥(1) = 0 = ¢/(1), it follows from the Biggins martingale
convergence theorem (Theorem B:2in Section32) that 5, - e” V@V — 0
a.s., so that

Do > eV Dy,

Since both D, and D , are non-negative, this implies that { Dy, = 0} C {Doo, =
0}. In the literature, a property is called inherited (Peres [208] Chapter 3, Lyons
and Peres [I78] Chapter 5), if it is satisfied by all finite trees and is such that
whenever a tree has this property, so do all the subtrees rooted at the children of

the root. It is easily checked that any inherited property has probability either 0

“Notation: u_ := max{—u, 0} for any u € R.
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or 1 given non-extinction. In particular, P{D., = 0| non-extinction} is either 0 or
1.

Theorem (ii) says that P{D = 0|non-extinction} = 0 under the addi-
tional assumption (5.3]). O

The rest of the section is devoted to the proof of Theorem Let us fix
a > 0. The idea is to use the spinal decomposition theorem in Example of
Section [A.7], associated with the positive harmonic function h on [—«, 00). So it
may be convenient to recall some basic ingredients in Example 6 (S,,) is the

associated one-dimensional random walk, thus

E[F(S; — S)] = B| 3 F(V())e "),
|z|=1
for any measurable function F' : R — R, , whereas R is the renewal function asso-
ciated with (S,,) as in (A2)) of Appendix [AJ] and the positive harmonic function
h is defined as
h(u) := R(u+ «), u € [—a, 00).

Let b € [—a, 00). The new probability Ql(,a) (denoted by Ql(,h) in Example of
Section 7)) on .Z is such that

. Dy
A

where

DR =3 h(V(2)e " Lygza welp,agy, 720,

|z|=n
is a martingale under P,.
Recall that lim,,_, @ = Cren € (0, 00) (see ([A.4]) of Appendix [A.T]), so there

exist constants ¢y > 0 and c3 > 0 such that
(5.7) co(l+u+a)<h(u) <c(l4+u+a), Yu > —a.

This inequality will be in use several times in the proof of Theorem
Since (Dﬁf‘), n > 0) is a non-negative martingale under P = Py, it admits a
finite P-almost sure limit, denoted by DC(S), when n — oco. Let us first prove the

following result.
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Lemma 5.5. Let o > 0. Under Assumption (H), D — D in L' (P).

Proof of Lemma [B.5. The main idea is already used in the proof of the Biggins
martingale convergence theorem in Section[4.8] though the situation is a little more
complicated here.

Let 4% be the o-field generated by wi® and V(wﬁf‘)) as well as the offspring
of wi™, for all n > 0. By Lemma of Section [4.3] it suffices to show that

lim inf Bqw) DY 9] <00, Q®-as.

Using the martingale property of DI for the subtrees rooted at the brothers

of the spine, we arrive at (recalling that brot(w](-a)) is the set of brothers of wj(»a)):

Eq[DY | 9)]

(e)
= MV (w))e V) + WV (@))e™ Ly (a,)2-a,vi<hy -

k=1 yebrot (wj(.a) )

We let n — o0o. The term h(V (w'™))e~V @) is casily treated: Since (V(w(™), n >
0) under Q@ is a centred random walk conditioned to stay non-negative, we have
Vw®) = oo, Q@-as., therefore h(V(w(™))e™ Vi) 0, Q@-as. On the
other hand, we simply use (5.7) to say that h(V(x)) 1{v(s;)>—a,vj<k} is bounded
by ¢3[1 + (o + V(x))4]. Therefore,

lim inf Eq[DIV |4 ez Y (L4 (a+ V(g)sle 0.

k=1 ycbrot (w;a))

It remains to show that the right-hand side is Q®-a.s. finite. Using the trivial
inequality 1+ (a+ V()4 < [1+a+V(w™)]+[V(z) = V(w'™))],, we only need
to check that Q(®-almost surely,

(58) D [L+a+V( (w®,)]e~V @i Yoo el Vel o oo,
k=1

xebrot(w(a))

69) Ve T V) - Ve VOVED < o

:(:Ebrot(w;a))
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Recall the definitions: X = Z|x|:1e_v(m) and X = D paj=1 V(2)+ e V@ (see
(5.4)). Recall from (5.7) that h(u) 1iy>—a)y < cs[1+ (u+a)y]. Let b > —a. Since
I+ (u+a)y <[14+b+a]+ (u—>b);, we have

DY = > n(v( Dy @) a)
|z|=1
< gy eV fl4+b+a]+ V() - b}
|z|=1

Therefore, for any z € R and b > —a,

Qg(,a){ Z e V@)= S z}

|z|=1
— W b 1 {Z‘ |=1 e*[V(m)fb]>z}

: (Vy) - 1)
b V +
< SB[ e+ T s, i
ly|=1

Cq
5.10 = EX1 . -
( ) c E| {X>}]+1+b+a

with ¢4 := 2—2 For later use, we note that the same argument gives that for z € R

and b > —a,

E[jz 1{X>z}]>

@) e 2

|z|=1

(5.11) < E[X1 “

S wy s

We take z := e in (BI0), where A € (0, 1) is a fixed real number. Writing
fi(z) = E[X 1ix>.y] and fo(2) = E[X 1¢x>2y] for all z € R, it follows from the
Markov property (applied at time k — 1) that

Q(a){ Y ey V)l < e,\V(w,(f)l)}

:(:Ebrot(w( ))

E[X 1{)?>z}]-

f2( )\V(w,(ca)l)) i|

(@)
< ctEq [fl (ew(wk*)) +
Q 1+V( )+a

We now estimate the expectation term on the right-hand side. Recall from the

spinal decomposition theorem that under Q) (V(wi(a)), i > 0) is a random walk
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conditioned to stay in [—a, co) in the sense of Doob’s h-transform (see (4.4]) of

Section [£.2]), so

fa(XV i) ]

fa(erk-1)
m) h(Sk_l) 1{min0§i§k—1 SiZ—a}:|

B [0 0) +
1
- Bl (A

1 Xl{skqéllnX}
= h(()) E[(X 1{Sk71§%1nX} + 1+ Sk_l/\_‘_ ” ) h(Sk—l) 1{min0§i§k—1 SiZ—a}]>

where the random walk (S;, i > 0) is taken to be independent of the pair (X, X).
Applying again (5.7) yields that

Fo@V ) }

(a)
E () [fl (e)\V(wkﬂ)) +
° 14+ V(w'®) +a

C3 In X
< El(0 5 o
+X 1{Sk71S% lnX}) 1{minogi§k—1 SiZ—a}] :

Recall from Lemma [AF] (Appendix [A2) that >°,2, P{S, < y — 2z, ming<;<, S; >
—z2} <5 (14+y)(1 4+ min{y, z}) for some constant c5 > 0 and all y > 0 and z > 0.
This implies

N @ AV(w
Z EQ(Q) |:f1 (eAV(wl(ch)) + f2( ) ]
= L+ v(wk—l) + «

< %E[X(l +1Iny X)?+ X (14 1ny X)),

which is finite under assumption (5.3) (using also the second part of its consequence
(B.5)). We have thus proved that

ZQ@{ Y e e Vi)l S eAV(w;ﬁﬂ)} < oo.

k=1 xz€brot(w (Q))

By the Borel-Cantelli lemma, for any A € (0, 1), Q®-almost surely for all suffi-
ciently large k,
Yo e e V)] < AV,

rEbrot (w,ga))
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Since V(w™)) > (k—1)3/2¢ for any £ > 0 and Q@-almost surely all sufficiently
large k (this is a known property of conditioned random walks; see Biggins [53]),
we obtain (5.8).

The proof of (5.9) is along the same lines, except that we use (5.11]) instead of
(G10), and E[X (1 +1In, X)2+ X (141In; X)] < oo instead of B[X (1 +1In, X)%+

X (1 +1In; X)] < oo. This completes the proof of Lemma O
We have now all the necessary ingredients to prove Theorem [(.21

Proof of Theorem B2 (i) Assume t(0) > 0, ¥(1) = 0 = ¢/(1). Assume also
ED> - V(2)2e V@] < 0o. We only need to prove the almost sure convergence
of D,, (see Discussion [.3]).

Fix ¢ > 0. Recall that P*(-) := P(-|non-extinction). Since ¥(1) =
follows from Lemma [3.1] of Section [3.1] that
(5.12) inf V(z) — oo, inf V(x) > —o0, P*-as.

|z|=n z€eT

We can thus fix @ = a(e) > 0 such that P{inf,er V(z) > —a} > 1—c.

Consider DY := > lel=n h(V(2))e™V® 11y (> —a, vye[o, ]}, Which is a non-ne-
gative martingale. On the one hand, it converges a.s. to Dég); on the other hand,
on the set {infyer V(z) > —a}, DY coincides with > ajen RV (2))e™V") which,
P*-a.s., is equivalent to ¢, (D, + aWV,,) (when n — oo) under the assumption
E> = V(z)2 eV@] < oo (see (AF) in Appendix [AT]). Since W, — 0 a.s., we
obtain that with probability at least 1 — e, D,, converges to a finite limit. This
yields the almost sure convergence of D,,.

(ii) Let us now work under Assumption (H). According to Discussion [5.4] we
only need to check that P{D., > 0} > 0.

Let o = 0 and consider DY := > fzl=n h(V (2))e™V® 1y ()50 welo,ap}- BY
Lemma 55, DY — DY in L, so E(Dc(g)) = 1. In particular, P{Dc(g) >0} > 0.

On the other hand, h(u) < ¢3 (1+u) for u > 0 (see (5.7)); recalling that o = 0),
so D) < ¢y (W, + > lel=n V(z)1e V@), which converges a.s. to c3 (0 + Dy) =
c3 Do, we obtain DY < ¢3 Do hence P{D,, > 0} > 0. O

One may wonder whether or not the assumptions in Theorem are optimal,

respectively, for the a.s. convergence of D,,, and for the positivity of the limit. No
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definitive answer is, alas, available so far. Concerning the a.s. convergence of D,,,

we ask:

Question 5.6. Assume ¥(0) > 0 and (1) =0 =1'(1). Does D,, converge almost

surely?

The answer to Question should be negative. A correct formulation of the
question is: how to weaken the conditions in Theorem to ensure almost sure
convergence of D,,?

For the a.s. positivity of D, it looks natural to wonder whether the assumption
E[}, - V(2)?e V] < 0o could be weakened to B[, V()2 e”V®] < oo in
Lemma [5.5 which leads to the following question:

Question 5.7. Does TheoremB.2 (ii) hold if we assume B[}, V(z)2 e V@] <
oo instead of B[}, _, V(z)?e V@] < 00?

I feel that the answer to Question [5.7] should be negative as well.
If B[} -, V(2)? e ")] < oo, assumption (B.3) is likely to be also necessary

to ensure the positivity of D.,. Let us recall the following

Theorem 5.8. (Biggins and Kyprianou [57]) Assume (0) > 0, ¥(1) =
2
0 = ¢'(1) and B[, V(z)?e V™| < co. If either E X g X

B / InyIngy Inp X
X Ing X
E L+ 2 | = = *_ .S.
=] =00, then Do =0, P*-a.s
+Inylny

] = o0 or

The presence of InyIny In, terms in Theorem B.8 originating in [57] from
the oscillations of the branching random walk along the spine (which is a one-
dimensional centred random walk conditioned to stay non-negative), is expected

to be superfluous. This leads to the following

Conjecture 5.9. Assume ¢(0) > 0, (1) = 0= ¢'(1), E[Y,_, V(2)’e "] <
oco. Then (B.3) is a necessary and sufficient condition for P{D., > 0} > 0.

According to Discussion [5.3] P*{D., > 0} is either 0 or 1, so P{D,, > 0} >0
means D, > 0, P*-a.s.
We mention that a necessary and sufficient condition for the positivity of D is

obtained by Biggins and Kyprianou [58] in terms of the asymptotic behaviour near
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the origin of the Laplace transform of the fixed point of the associated smoothing
transform (defined in (B.]) of Section B.3]). The analogue of Conjecture for
branching Brownian motion is proved by Ren and Yang [213].

[N.B.: Since the preparation of the first draft of these notes, Conjecture
has been solved, in the affirmative, by Chen [88].]

We close this section with a couple of remarks.

Remark 5.10. Under Assumption (H), the derivative martingale has a P*-a.s.
positive limit, whereas the additive martingale tends P*-a.s. to 0, so the advan-
tage of using the derivative martingale@ while applying the spinal decomposition
theorem is clear: It allows us to have a probability measure which is absolutely

continuous with respect to P. 0

Remark 5.11. Assume ¢(0) > 0 and ¢ (1) = 0 = ¢'(1). Theorem (i) tells us
that if B[Y",,_, V(z)? e™V)] < oo, then D,, = D, a.s. The derivative martingale
D,, sums over all the particles in the n-th generation. Sometimes, however, it
is useful to know whether the convergence still holds if we sum over particles
belonging to some special random collections. This problem is studied in Biggins
and Kyprianou [57]. Their result applies when these special random collections are

thiH so-called stopping lines. Let us record here a particularly useful consequence:
Le

(5.13) Z[A] = {x eT: V() > A, max V(z;) < A}

0<i<|z|
then under the assumptions of Theorem (i), i.e., if (0) > 0, (1) =0 =¢'(1)
and E[>-,_, V()2 e V@] < o0, then as A — oo,

Z Viz)eV® — D, a.s.
e Z[A]

Moreover, 3 c »(4 e”V@ -0 as. O

3Strictly speaking, we use its approximation D,(la) in order to get a positive measure.
4In Biggins and Kyprianou [57], the set 2°[A] is called a “very simple optional line”.
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5.3. Leftmost position: Weak convergence

We work under Assumption (H) (see Section [B.1]).

One of the main concerns of this chapter is to prove Theorem in Section
(.4l saying that if the law of the underlying point process = is non-lattice, then
on the set of non-extinction, infj,—, V(x) — % Inn converges weakly to a non-
degenerate limiting distribution. As a warm up to the highly technical proof of
this deep result, we devote this section to explaining why %lnn should be the

correct centering term. Recall that P*(-) := P(- | non-extinction).

Theorem 5.12. Under Assumption (H),

ot v -

, wn probability, under P*.
Inn |z|=n

N W

The proof of the theorem relies on the following preliminary lemma, which is
stated uniformly in z € [0, 3 Inn] for an application in Subsection For the
proof of Theorem [5.12], only the case z = 0 is needed.

Let C' > 0 be the constant in Lemma (Appendix [A.2]).

Lemma 5.13. Under Assumption (H),

liminf  inf eZP{EIx eT: |z| =n,

n—oo  zg|0, % Inn]

. 3 3
min V(z) >0, Slin—2 < V(z) < Shin—z+C} >0,

We first admit Lemma [5.13] and proceed to the proof of the theorem.

Proof of Theorem[B.12l. The proof is carried out in two steps.
First step. For any € > 0,

(5.14) P inf V(o) 2 (g —ln} =1 nooo

To prove (5.14]), we fix a constant a > 0, and use the many-to-one formula
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(Theorem [Tl in Section [[.3)) to see that

E( > Liv@)<(z-o)nn, V(z)2—a, v1g§n}>

|z|=n

= E [es" Lisi<(3—c)mn, 8;>—a, v1§¢gn}]
3
< n%_€P<Si§(§—e)lnn, S; > —a, V1§i§n>.

As long as n is sufficiently large such that (% —¢&)lnn > 1, we have P{S5; <

(3 —e)lnn, S; > —a, VI <i<n}<¢ (1:;37%2 with ¢; = ¢7(a, €) (by Lemma [AT]
of Appendix [A2]). Tt follows that

,}E{}OE< > Lv@<@-amn vins—o, VlSZ’SM) = 0.

|z|=n
Since infyer V(z) > —o0 as. (see (B.12)), (6.14) follows. It is worth noting that
(5.I14) holds without assumption (5.3)).
Second step. For any ¢ > 0,
3
(5.15) P*{ IiFf Vi(z) < (5 +¢) lnn} — 1, n — oo.
By Lemma [5.13] there exists > 0 such that for all sufficiently large n, say
n > No,
P{ inf V(z) < glnn—l—C’} > 4.

|z|=n
Let € > 0. Let £ > 1 be an integer such that (1 — §)* < e. The system surviving
P*-a.s., there exist A > 0 and an integer n; > 1 such that P*(Z\x\:m Livey<ay =
¢) > 1 —e. By considering all the subtrees rooted at the vertices x of generation
ny with V(z) < A, we see that for all n > no,
3
P*{ inf V() < §lnn+C+A} >1-(1-0)f—e>1— 2,
r|=n-+n1

which yields (B.15]). O
We now turn to the proof of Lemma[5.13, by applying the spinal decomposition

theorem to the size-biased branching random walk as seen in Example [Z.5]of Section
4.6t Let W, = Z|m|:n e~V be the additive martingale, and let Q be such that

Q(A) = / W,dP, VA€ %, Vn>0.
A
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Under Q, (V(w,)) is a centred random walk.
Let L>0and 0< K <z < %lnn—L. Let

2+ K it 0<i<|[2],

(n) (n)
5.16 o =a; (2, L, K):=
(5.16) i @ (2 ) {%lnn—z—L if |5]<i<n.

We conside
FPE = {:c Cl=n, V(e >d™, V0<i<n,
(5.17) V(z) §§lnn—z+0}.

In Z>L'K we add an absorbing barrier, killing all vertices until generation
n whose spatial value is below —z + K as well as all vertices between generation
and generation n whose spatial value is below %lnn — 2z — L. See Figure [7 below

for an example of vertex z € Z*0K.

%Mn—z+0

3
§lnn—z—L

777

(ISP

. (PP
A

(- K) PP AP
TS

Figure 7: Absorbing barrier in 27K
Let #275K denote the cardinality of 27*5K. By definition,

BE(#271K) = Eq [#Q‘Z’LL’K} _ EQ[ Z 1{IE§ZLK}]’

|z|=n

Since Q{w,, = z|.%,} = Cfv‘;:f) for any z € T with |z| = n, we have

E(#Qpnz’L’K) = EQ[ Z l{xegﬁ,L,K} eV(:c) 1{wn:w}} = EQ [ev(w") l{wnegﬁ,L,K}].

|z|=n

5We prepare for a general result, see the so-called peeling lemma for the spine, stated as
Theorem [5.14] below, which will be applied to various situations. For the proof of Lemma [5.13]
we simply take L = 0 and later K = z; for the proof of Theorem [5.12] we moreover take z = 0.
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By definition, %lnn —z—L<V(w,) < %lnn — 2+ C on {w, € Z=LK} 5o
n3/2 e—z—L Q(wn c Qpnz,L,K) < E(#ffnZ’L’K) < n3/2 e—z—i—C’ Q(wn c ‘QPHZ’L’K)'

The spinal decomposition theorem stating that the process (V' (w,)),>o under Q
has the law of (S,),>0 under P, we obtain, by Lemma [A.10] (Appendix [A.2)) for
the lower bound and by Lemma [A4] (Appendix [A.2) for the upper bound, that for

n2n07

Q(wneﬁ’f’L’K) = P{SiZagn), V0 <7 <mn, Sngglnn—z—i-C}

[ 1+2z— K 1+2z— K
Cs

(518) € 32 , Cg 372 ,

with cg = ¢g(L) > 0 and ¢g = co(L) > 0. In particular,
E#Z75) > g (1+2—- K)e =L

Unfortunately, the second moment of #.2*1X turns out to be large. As before,
the idea is to restrict ourselves to a suitably chosen subset of 27> Let, forn > 2,
L>0and 0< K <z<32lnn-1L,

L/ if 0<i<|2]
5.19 QI =t= 13k
(5.19) b {(n—i)l/7 if 5] <i<n.

[The power 1/7 is chosen arbitrarily; anything lying in (0, §) will do the job; it
originates from Lemma [A.6] of Appendix [A.2]] Consider
%z,L,K - {|$| —n: Z [1 + (V(y) - agn))-i-] e—(V(y)—aEn)) < Qe—ﬁﬁm’

yEbrot(xit+1)

(5.20) vogign—l}

with brot(z;;1) denoting, as before, the set of brothers of x;,1, which is possibly
empty.

The following peeling lemma for the spine allows to throw away negligible events
and to control the second moment in various settings. The constant C' > 0, in the
definition of Z»1K (see (5.1T)), was chosen at the beginning of the section to be
the one in Lemma [A.10 (Appendix [A.2)) in order to guarantee the lower bound in
(518). The peeling lemma for the spine, stated below, provides an upper bound

for Q(w,, € Z>1K\% =LK "and does not have any special requirement for C' > 0.
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Theorem 5.14. (The peeling lemma) Let L > 0 and C' > 0. For any ¢ > 0,
we can choose the constant o > 0 in (5.20)) to be sufficiently large, such that for all
sufficiently large n, and all 0 < K < z < %lnn — L,

l1+2z2— K

L, K L, K
Qon & 2o 300) < LK

where 220K and 71K are defined in (5.1T) and (5.20), respectively.

The proof of the peeling lemma is postponed until Section 5.8l

We are now able to prove Lemma [5.13]

Proof of Lemma 513, Let C' > 0 be the constant in Lemma [A. 10l of Appendix
A2l Let ng satisfy (5I8). Let n > mng and let 0 < K < 2 < %lnn. Let 279K be
as in (BI7) with L = 0, and Z,>%K as in (5.20) with L = 0.

By (BIX), cs 1:;/_21( < Qw, € Z7%E) < ¢ 12\2/—2K. On the other hand, by
the peeling lemma (Theorem [5.14]), it is possible to choose the constant ¢ > 0 in
the event #70% defined in (£20) such that Q(w, € Z;7%K\Z0K) < & L2k

2

uniformly in z € [0, 2Inn]. As such,

g l+z—K
9 n3/2

1+z— K

(5.21) R

< Q(w, € ZPENFFOE) <
from which it follows that
E[¢.(2)] > cio 1 +2—K)e %,

where

Cu(2) = #( LM N GEOE).

[The constant ¢;9 depends on the fixed parameter C']
We now estimate the second moment of (,(z). Using again the probability Q,

we have,

1 2,0, K z,0,K
E . 2 = E |: QﬁZ,QK N @z,O,K {ze % N }:|
[Cn(2)7] Q|#(Z, S -

|z|=n

= Fa [#(gnz R g R0t el o) 1{wne:%f'°’Kﬂ%f'°’K}} '
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Accordingly,

E[Cn(z)2] n3/2 e—z+C EQ [#(%z,O,K N %Z,O7K) 1{wn€ffi’o’Kﬁgﬁzyo’K}]

IN

3/2 ,—2z+C 0,K
< nPPem EQ[(#%Z )1{wne,@f’,f’°'Kmezf,f'°’K}}

Decomposing #.2>%% along the spine yields that

#LOE = Lemomy 3 3, #(E W),
1=1 yebrot(w;)
where brot(w;) is, as before, the set of brothers of w;, and Z>%K(y) := {z €
Z#0E x>y} the set of descendants x of y at generation n such that z € 270K,
By the spinal decomposition theorem, conditioning on ¥, the o-field generated by

w; and V (w;) as well as the offspring of w;, for all j > 0, we have, for y € brot(w;),

Eq |[#25(1)|%x) = ¢in(V (1)),

where, for r € R,

Pin(r) = E[ E: 1{7’+V(xj)2a§.7fr)i,VOSan—i,r+V(x)§%lnn—z+C’}i|
|z|=n—1i

_ Snfi
= B [e 1{r+sjza§-?i, VO<j<n—i, r+Sn—i<§ Inn—z+C J

< n3/2 eC—z—T’P<T 4 Sj > ayj—)i’ V0 < j <n-— i,
3
(5.22) T+S"—i§§ln”_z+c>’

and (S5;) is the associated random walk, the last identity being a consequence of
the many-to-one formula (Theorem [[1]in Section [[.3]). Therefore, using (B.18),

E[¢.(2))] <co(1+2— K)e *tC

+n?? e TN " g [l{wne,@",f’o'Kﬂ%f'o’K} > wi’"(v(y))]'
i=1 yebrot (w;)

Assume that we are able to show that for some c¢;; > 0 and all sufficiently large n,

n 1+2z— K
(5.23) > Eq [1{wnefi’°“m%’°“} > 90@7"(‘/@))] Seu T s
=1

yEbrot(w;)
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Then E[(,(2)?] < (co+c11) (1+2— K)e“~ for all large n. We already know that
E[(.(z)] > c19e7?, which implies P((,(z) > 0) > % >cpp(l+z2—K)e?,
for some constant c¢1o > 0. Since {(,(z) > 0} C {Fz : |z| = n, mini<;<, V(z;) >
—2+ K, %lnn—z <V(x) < %lnn—z+C}, this will complete the proof of Lemma
by simply taking K = z.

It remains to check (5.:23). We bound ¢; ,(r) differently depending on whether
i < |3+ 1ori>[§]+ 1. In the rest of the proof, we treat  as an integer.

First case: i <5 + 1. The j = 0 term gives ©;,(r) = 0 for r < —z + K. For
r > —z+ K, we use (5.22)) and Lemma [A.4] of Appendix[A.2] (the probability term

in Lemma [A4] being non-decreasing in ), the lemma applies even if 7 is close to
ny.
3):

r+z—K+1

(5.24)  @inlr) < n®%e“ gy 37

=g (r+2— K +1).
ertlng EQ [n’ Z] = EQ[l{wnti’o'Kﬂ@i’o'K} Zyebrot(wi) %,n(v(y))] and C14 = eccl?”

EQ[n, Z] <cuuEq |:1{wn€ff7f'0’Kﬁ@nZ’0'K}

X Z 1{V(y)2_z+K}e_V(y)_Z(V(y) + 2z — K —+ 1) .
yEbrot (w;)
Obviously, 1y y>—4x}(V(y) +2 - K +1) < (V(y) + 2 — K); + 1, so we have
Zyebrot(wi) 1{V(y)Z—Z+K}e_V(y)_Z(V(y> +z-K+ 1) < Zyebrot(wi) e—V(y)—z[(V(y) +
z—K), +1], which, on {w, € Z#"K 0% 0K} is hounded by e X pe= (=17 (by
definition of #/*%X in (5.20)). This yields that

Eq[n,i] < cuoe 00 Qw, € 220K 0 g0K)

014Q09(1 +z— K) —K—(i—1)1/7
(S
n3/2 ’

<

by (B21). As a consequence (and using —K < 0)

1+2z—K
(5.25) > EQ[l{wneﬂ”i’o’Kﬂ%z’o’K} Y. V)| <as PETCR

1§i§%+l yEbrot (w;)

Second (and last) case: § +1 < <n. This time, we bound ¢; ,(r) slightly

n)

differently. Let us go back to (5.22)). Since i > 5 + 1, we have agﬂ- =3lnn-=z
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for all 0 < j < n — 1 (recalling that L = 0), thus ¢;,(r) = 0 for r < %lnn — 2,
whereas for r > 2Inn — z, we have, by Lemma [A1] of Appendix [A:2]

C16

) 3/2 ,—z+C—r
Pinlr) < nTe (n—i+1)32

3
(r—§lnn—|—z—|—1).

This is the analogue of (5.24). From here, we can proceed as in the first case:
Writing again Eq[n, 1] := Eq[1,, ¢ ys0.5 0500 22 chron(wy) Pin(V (y))] for brevity,
we have

C ,3/2
CigE™ N
>~ —(n T 1)3/2 EQ |:1{wn6£‘}f’o’Kﬂ??/i’o’K}

x Y O - S at ), + 1]

yEbrot(w;)
3/2 (n—i+1)1/7

EQ[TL, Z]

01660 n oe
(n—it1)p2 3P
Ci7 (1 +z- K) e—(n—i+1)1/7
(n—i+ 1)*2n3/ ’

Q w,, € sz,O,K N @z,O,K
n n

where the last inequality comes from (5.21]). Consequently,

1+2z—-K
Y. Eaq [1{%6%»0’%%»0’“} >, wilV)| <o ——m—
5+1<i<n yEbrot(w;)
Together with (B.20]), this yields (5.23). Lemma [5.13]is proved. O

5.4. Leftmost position: Limiting law

Let (V(z)) be a branching random walk. We write

M, = inf V(z), n > 0.

|z|=n

The main result of this section is Theorem below, saying that under suitable
general assumptions, M, centred by a deterministic term, converges weakly to a
non-degenerate law.

Recall that (V(x), |x| = 1) is distributed according to a point process denoted
by =. We say that the law of = is non-lattice if there exist no a > 0 and b € R
such that a.s., {V(x), |z| =1} C aZ + b.
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Theorem 5.15. (Aidékon [8]) Under Assumption (H), if the distribution of =

is non-lattice, then there exists a constant C™® € (0, oo) such that for any u € R,

lim P(Mn — glnn > u) = E[e """ D),

n—oo

where Do, is the almost sure limit of the derivative martingale (D,,).

We recall from Theorem (Section [(.2)) that under the assumptions of The-
orem .15l Dy, > 0 a.s. on the set of non-extinction. In words, Theorem tells
us that —M,, + %lnn converges weakly to a Gumbel random variabld] with an
independent random shift of size In(C™" D).

While the assumption that the law of = is non-lattice might look somehow pe-

culiar in Theorem [5.17], it is in fact necessary. Without this condition, it is possible
to construct an example of branching random walk such that for any deterministic
sequence (a,), M, — a, does not converge in distribution; see Lifshits [165].

The rest of the section is devoted to the proof of this deep result. Since the

proof is rather technical, we split it into several steps.

5.4.1. Step 1. The derivative martingale is useful

The presence of D, in Theorem 5.5 indicates that the derivative martingale plays
a crucial role in the asymptotic behaviour of M,,. The first step in the proof of
Theorem is to see how the derivative martingale comes into our picture. More
concretely, this step says that in the proof of Theorem [5.15 we only need to study
the tail probability of M, — %lnn instead of its weak convergence; our main tool
here is the derivative martingale, summing over some conveniently chosen stopping
lines.

The basis in the first step in the proof of Theorem is the following tail

estimate.

Proposition 5.16. (Key estimate: Tail estimate for minimum) Under As-

sumption (H), if the distribution of = is non-lattice, we have, for some constant

6A (standard) Gumbel random variable ¢ has distribution function P{¢ < u} = exp(—e™%),
u € R.
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Ctail € (Oa OO);
3 —z
(5.26) P{Mn ~3 Inn < —z} ~ Cia 2€ 7, n — 00, z — 00,
the exact meaning of (5.20) being that

1 3
(5.27) lim lim sup —P{Mn —3 Inn < —Z} — Cant| = 0.

—Z
2700 nsoo | 2€

Let us see why Proposition 516 implies Theorem .13l Let, as in (5.13)),

Z[A] = {x eT: V(x) > A, max V(x;) < A}.

0<i<|z|

For any u € R, we have

(5.28) P(Mn - ;mn > u) “ =7 E{ [T 01— @pn(Vie) - u)]},
ve Z[A]

where
Oy (r) == P{Mn_k<glnn—r}, n>1,1<k<n,reR.
By B26), Prn(2) “ &7 cran 2e77, so that

P(Mn - glnn > u) “r? E{ H 1 — cran (V () — u)eu_v(x)]}.
veZ[A]
On the right-hand side, the parameter n disappears, only A stays. We now let
A — oo.

By Remark B.111 (Section B5.2), T, ¢ g4 [1 — crait (V(2) —u)et V@] - g Caie” Do
a.s., so by the dominated convergence theorem, we have E{[ [, ¢ y4)[1 —ctan (V(2)—
u)e""V@]} — E[e ¢ P<] A -5 0o. This will yield Theorem B.15

The argument presented is only heuristic for the moment. For example, in
(528), we will run into trouble if |z| > n for some x € Z[A]. Now let us write a

rigorous proof.

Proof of Theorem B8l Fix u € R and € > 0. By the key estimate (Proposition
[B.16]), we can choose and fix a sufficiently large A such that

e—P{Mn < §lnn — z} — Ctail
z 2

(5.29) lim sup

n—o0

< Vz>A—u.

g
27
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We also fix Ay = Ag(A4, ) > A sufficiently large such that P(#4 4,) > 1 —¢, where

@A,Ao = { sup |,’L" < A07 sup V(I’) < AO}
zeZ[A] zeZ[A]
Instead of having an identity in (5.28]), we use an upper bound and a lower
bound, both of which are rigorous: writing F,(u) := P(M,, — 3Inn > u), then for
all n > Ay,

Faw) < B{1y,,, [] 1= @ua(Ve) —w]}+e,

€ Z[A]

Fn(u) > E{lf@/A,AO H [1—(1)‘96‘,”(‘/(:6)—11)]}.

e Z[A]

By (5:29), there exists a sufficiently large integer ng > 1 such that

C Bpn(z) —cmn| <60 Ynng, 0< k< Ag, 2 € [A—u, Ay — 1.
V4
Therefore,
Fo(u) < E{1%7A0 T [ - (cs — )V () —u)e—[Vm—uﬂ]} te
€ Z[A]
< E{ H Ctall )(V(SL’) - u)e_[v(m)_“)]]} + &,
e Z[A]
and, similarly,
Fo(u) > E{l;, I = (ctan + &) (V(x) - u>e—W<w>—uﬂ]} —c
e Z[A]
> B T [ (cun + V() —uje VOIL oz
zeZ[A]

where, in the last inequality, we use the fact that P(#} 4,) > 1—e¢. Letting n — oo
gives that

limsup F,(u) < E{ H (ctant — €)(V () — u)e—[V(z)—u)]]} +e,
noee zeZ[A]
timint () > B{ T (1 (cw + ) (V@) — w)e V@] 2.

n—00
zeZ[A]
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On the right-hand sides, we let A — oo. We have already noted that E{]],c o 41—
c(V(z) —u)e"V@)} — E[e~" P=] for any given constant ¢ > 0, hence

lim sup Fn (u) S E[e—(ctail—a) e Doo] + €,
n—oo

lim inf Fn(u) > E[e—(cml-i-a) et Doo] — 9.
n—oo

As € > 0 can be arbitrarily small, the proof of Theorem [B.15 will be complete once
Proposition [5.16] is established. U

Remark 5.17. In this step, we did not use the assumption of non-lattice of the dis-
tribution of = (which was, however, necessary for the validity of the key estimate).
O

5.4.2. Step 2. Proof of the key estimate

Our aim is now to prove the key estimate (Proposition [5.16), of which we recall

the statement: for some 0 < ¢y < 00,
3
(5:26l) P{Mn ~3 Inn < —z} ~ Cia 2€ 7, n — 0o, z — 00.

We prove this with the aid of several technical estimates, whose proofs (and some-
times, statements) are postponed to the forthcoming subsections for the sake of
the clarity. Let L > 0and 0 < K <z < %lnn — L. Recall (a§">, 0 <i<n) from
(B.16):

-2+ K if 0<i<[%],

San—z—L if [2] <i<n.

2

" =a"(z, L, K) = {
Consider, for all x € T with |z| = n,
(5.30) E,(z) := {V(l’z) >d™ Vo<i<n, V(z) < glnn — z}

In order not to burden our notation, we do not write explicitly the dependence in
(z, K, L) of the event E,.

Let m(™ be a vertex chosen uniformly in the set {z € T : |z| =n, V(z) = M,},
which is the set of particles achieving the minimum M,,. So m™ is well-defined as
long as the system survives until generation n.

Our first preliminary result is as follows.
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Lemma 5.18. For any € > 0, there exist Ly > 0 and ng > 2 such that for all
L > Ly, n>ng and allOSKSzS%lnn—L, we have

(5.31) P(Mn . glnn <2, En(m(”))c> <ef = pe(l42— K)o,

and moreover,

3 n
P(Mn ——Inn < —%z, min V(mg )) > —z+ K, En(m(”))c>
2 0<i<
(5.32) <e(l+z—-K)e 2,

(n)

where m;" is the ancestor of m™ in the i-th generation.

Since both e®~% and (1+2— K)e™* can be much smaller than ze™* (for n — oo
and then z — oo, as long as K is a fixed constant, and € > 0 very small), Lemma
B.I8) tells us that in the study of P(M, — 3Inn < —z), we can limit ourselves to
the event E,(m™).

Lemma is proved in Subsection

We start with our proof of the key estimate, Proposition Let ¢ > 0. By
inequality (5.31]) in Lemma [5.18|

(5.33) ‘P<M" B ;lnn < _Z) - CDE"(Z)’ <ef Tt tre(l+2—-K)e?,
where
25 (2) = P(By(m™)) = P(M, — S in < —, By(m™)),

the second identity being a consequence of the obvious fact that E,(z) C {M,, —
2Inn < —z} for any € T with |z| = n. For further use, we note that if instead
of (53], we use inequality (5.32)) in Lemma (.18 then we also have

3
’P(Mn ~ 3 Inn < —z, min V(mE")) > —z+ K) - cbfn(z)

0<i<?

(5.34) <e(l+z—K)e ™.

We now study ®F»(z). Since m(™ is uniformly chosen among vertices in gen-

eration n realizing the minimum, we have

z€T: |z|=n

[erm el=n LV (@) =M.} 1En(x>}

(5.35) = E
> jol=n MV @)=M.}
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We now use the spinal decomposition theorem as in Example of Section
16 Q.(A) = EQ[ZK—’; 14 for Ae .7, and n > 1; Qu(w, = x| .%,) = C;;(x) for any

n

n and any vertex x € T such that |z| = n; (V(w,) — V(w,-1), n > 1), is, under
Q., a sequence of i.i.d. random variables whose common distribution is that of S,

under Py. Accordingly, working under Q = Q,,

1
D veT: fzj=n T H{V(@)=M.} 1En(m>}
(def. of Q)

En(z) = Eq|
er']l': |z|=n 1{V(1’):Mn}

V(@)

_ EQ [ZxET: |z|=n

Lw,=a} Ly (2)=M.} 1En<x>]
Zme’ﬂ‘: |z|=n 1{V(x):Mn} ’

where the second equality follows from Q(w, = z|.%,) = Cfm\;iz) (see (£I6])). This

leads to:

V) 1y )=,

" (2) = Eq[ 1En<wn>} :

D aeT: jaf=n LV (@)=My)

At this stage, it is convenient to introduce another event &,, = &,,(z), and
claim that in the Q-expectation expression, we can integrate only on the &, ;: let
b > 1 be an integer, and let

n—>b
. 3

(5.36) Enp = ﬂ { min  V(z)>-Ilnn—2z, Vy € brot(wi)},

z€T: |z|=n, x>y 2
where brot(w;) denotes as before the set of brothers of w;. Since &, involves wy,,
it is well-defined only under Q. Another simple observation is that on &, ,N{M,, <
% Inn — z}, any particle at the leftmost position at generation n must be separated
from the spine after generation n — b.

Here is our second preliminary result.

Lemma 5.19. For anyn > 0 and L > 0, there exist Koy > 0, by > 1 and ng > 2
such that for allm > ng, bp < b<n and Ko < K < 2 < %lnn—L,

Q(En(wn)\@@n,b) < %

Lemma [5.19 is proved in Subsection [(5.4.4]
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We continue with our proof of the key estimate (Proposition [5.16]). Write

V) 1y ()=,

Zme’ﬂ‘: |z|=n 1{V(I)ZMH}

E7l7éan
q)n ! (Z) = EQ [ 1En(wn)néan,b:| .
It is the same Q-integration as for ®Zn(z) except that we integrate also on &, .|

By definition,
0 S @Eu(z) o @fljmgn,b (Z) S EQ [ev(wn) 1En(wn)\éan7bi| S e% Inn—z Q(En(wn)\éamb) .

By Lemma [5.19] there exist Ky > 0, by > 1 and ng > 2 such that for b > by, n > ng
and z > K > K,

(5.37) 0< P (2) — onm () <n(1+2— K)e ™.

Let us look at @f"’@“”(z). On the event E,(w,), we have M, < 3Inn — z, so
on the event E,(w,) N &,, any particle at the leftmost position at generation n
must be a descendant of w,_,. Hence, on L, (wy,) N &p, Do cr. el Liv ()=, =

D weT: ja|=n, w>w,_, LV (@)=nr,} (this is why &, was introduced). As such,

V) 1y ()=,

E7L7é‘ifl
P, (2) IEq[ L5, (wa)nés |-

D oreT: faoln, wwn,_y, HV(@)=Ma}
We use the spinal decomposition theorem in Example of Section by ap-
plying the branching property at the vertex w,_,, we have, for n > 2b (so that
5 <n-—b),

Enyéan, . -
d,, b(z) = EQ [FLJ,(V(UJ”_{,)) 1{V(wi)20«£n)7 VO<i<n—b} 1gn7b} ,

")b ::%lnn—z—L,

n—

where, for u > a

") 1y ()=,

DT jaj=b LV @)=M3}

{ming<;<p V(w;)>al,, V(wp)—3 1nnS—Z}} )

n—

ﬁL,b(u) = EQu |:

We do not need the event &, ; any more (which served only to take out the de-

nOminator >t yi—p zsuw, _, 1V (x)=M,}), S0 let us get rid of it by introducing

~

@fn(z) =Eq [FL,b(V(wn—b)) 1{V(wi)2a£”),vogz‘§n—b}] ,
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which is the same Q-expectation as for @f"’@“”(z), but without the factor 1s, ,.
We have

=z En, &, ol
(I)En (z) — &, b(z) = Eq [1{V(wi)2a5—n), Y0<i<n—b} lgﬁ,b FLJ,(V(U)TL_(,))] .

By definition, fL,b(u) is bounded by e3nn—= Q. (ming<j<p V(w;) > 3Inn — 2z —
L, V(wy) — 2Inn < —2), so that

RFEn En,&np 3nn—z
®,"(2) — @y (2) <e2 Eq |:1{V(wi)2a§"),vogi§n—b} 163?,17 X

3 3
xQV(wwb)( min V(w;) > 5 Inn—z—L, V(wy) — 3 Inn < —z)},

0<5<b

which, by the branching property at the vertex w,_, again, yields
B (2) = 00 (z) < ed 0 QB (wa)\ G ).

By Lemma [B.T9] this yields (for b > by, n > ng and Ky < K < z < %lnn — L)

(5.38) 0< En(z) —dhm () <n(l+z2—K)e ™.
We now study <T>El(z) It is more convenient to make a transformation of the

function F, b by setting, for v > 0,

~ 3
Frp(w) = n 32 L (v + 3 Inn—2z—1L)

R S

Z:{:ET: |z|=b 1{V(1’):Mb}

Lming< <, V (w;)>0, V(wb)SL}} :

Eq, [
Then

. L 3
(I)En(z) — n3/2 e L EQ [FLJ,(V(wn_b) — 5 Inn+z+ L) l{V(wi)Zal(-n)7 VOgign—b}] .

By the spinal decomposition theorem, (V' (w;)) under Q is a centred random walk.
We apply Proposition [5.22] (see Subsection [B.4.5 below) to the function Fy,, (which
is easily checked to satisfy the assumptions in Proposition[5.22) and in its notation:

lim &5 (2) = CLye R(z — K),

n—oo
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where Cpy, == e * CLC_(55)"? [ Fry(w)R_(u) du € (0, 00). Combining this

with (5.33), (B5.37) and (5.38)) gives that, for L > Ly, b > by and Ky < K < 2z <

%lnn—L,

lim sup ‘P(Mn - glnn < —z) _ Crye R(z — K)

n—oo

< e Fre(l+z—Ke +2p(1+2—K)e .

Recall that lim, ., 225 = ¢, € (0, 00) (see (A) and (AF) in Appendix [AT).
This yields that for L > Lo and b > by = by(n, L),

P(M, —3Inn < —z)

lim sup lim sup — CrLpCren| < €+ 2.

—Zz

In particular,

: . P(M, —3Inn < —z)
(5.39) lim sup lim sup

—Zz

< oQ.

It remains to prove that lim_,. lim, . Cpp exists, and lies in (0, co). Consider

Enyéan b Envéan b
n ’ -3 . . ¢TL ’
dy , := lim inf lim inf ( ), drp = limsup lim sup (2)

Z—00  M—00 ze % 20500 n—00 ze %
We have proved that for L > Lo, n > 0 and all b > by(n, L),
CrpCren—1n<dp, < dry < CrLpCren-
We let b — oco. Since @f""%(z) is non-decreasing in b, we can define

C_ZL = lim C_lL b dL = lim dLJ,,
b—o0 ’ b—oo

to see that _
dr

d
limsup Cp, < —L <

b—o0 ren Cren

This implies that for L > Ly,

S lim inf CL,b-
b—o0

. d dy
lim CL,b ==L — .
b—oo Cren Cren
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Since @E"’g"'b(z) is also non-decreasing in L, the limit lim;_,, d; exists as well,
which yields the existence of the limit

aail = lim lim CL,b-
L—o0 b—oo

Moreover, (B.39) implies Gy < 00.
It is also easy to see that ¢y > 0. Indeed, by (5.34), and taking K = z, we
get for L > Ly and b > by = bo(n, L),

P(M, — %lnn < —z, minogigg V(mgn)) > 0)

lim sup lim sup —CLpCren| < €+21.

—Zz
Z—00 n—o0 €

#  instead of ze™*.] And we know

[Note that the normalising function becomes e~
that Cian = limp_yoo limp oo Crp exists. By Lemma [5.13] there exists c19 > 0,

independent of L and b, such that

‘ ' P(M, —3Inn < —z, ming<n V(mgn)) > 0)
lim sup lim sup —=2 > C1o,
2—00 n—00 e~
which yields ¢y > C%i > 0.
Proposition [5.16] is proved with ciaq := Ciail Cren € (0, 00). O

5.4.3. Step 3a. Proof of Lemma [5.18

Before proceeding to the proof of Lemma [5. 18] let us prove a preliminary estimate.

Lemma 5.20. There exist constants cog > 0 and co; > 0 such that for all suffi-
ciently large n, all L >0, u >0 and z > 0,

3
Pu<5|x €T: |zl =n, min V(z;) >0, V() ~ -Ilnn — z,

1<i<n 2

(540 min V() Shnn =2~ L) < e (1+ w0
5<j<n

where a ~ b is short for |a — b| < 1.

Proof of Lemma [B.20. There is nothing to prove if %lnn —z—L < —1; so we

assume %lnn— z—L>-—1.
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For brevity, we write pgzg for the probability expression on the left-hand side
of (540), and o = a(n, z, L) :== 2Inn—z—L > —1. Let £ € [3n, n) be an integer.
We observe that

{3z €T: |z| =n, nriun V(zj) >~ a}
2

3<j<n

{3z € T: |z| =n, V(z;) @a}U U {3z eT: |z| =j, V(z;) ~a}.

j=t+1

N
-

Il
B

J

[Note that in the last event, |z| becomes j, not n any more: this trick goes back at
least to Kesten [I54].] By the many-to-one formula (Theorem [Tl in Section [[3)),

and in its notation,

¢
Sp—
PEzm < ZEu<e ul{minlgigg Sizo,Snzglnn—z,Sj:a,min%s,csnskza—l}) +
i=3
+ Z Eu <e J ul{m1n132§1215>0 Sj~a, mlnn<k<J Sp>a— 1})
j=0+1
V4 n
5 -
< eilnn—z+l—uZPu(E§n)) _I_ea—}—l—u Z Pu(E](n))’
where
3
B . { min S; >0, min S, >a—-1, S; ~a, Snz—lnn—z},
J 1<i<? n<k<n 2
E](-") = { min S; >0, min S; > a — 1, Sj:a}.
1<i<n 1 <k<y

Let j € [§, n). By the Markov property at time j,

P(E) < BE") x P( min S > 2, |5, - 3lnn—z—a)|§2).

1<i<n—j (2

[Recall that o = % In n—z— L by our notation, so % Inn—z—a is simply L, whereas

el = p3/2 g=#=L+1=u ] The last probability expression P(---) on the right-hand
side is, according to Lemma [A.2] (see Appendix [A.2)), bounded by ¢ (nfj% So
¢
e L+5 n _ (n)
v < e D T PUE) et ) RE ).

i=% Jj=l+1
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We still need to study P, ( ) for j € [§, n). In order to cover also the case
—1 < a <1, we first write the tr1v1al inequality

PU(E](H)) < P( min S; > —u—2, min Sy >a—u—1,S5 :a—u).
1<i<? n<k<j

[It is an inequality because, instead of min1<i<n S; > —u, we write min1<,-<n S; >
—u—2.] We use two different strategies depending on the value of j: if j € [ n, nj,
then we are entltledH to use Lemma [A.4] of Appendix [A.2] to see that Pu(EJ( )) <
Cou “;72’, which is bounded by ¢y %53 because j > %; if j € [, 2n), we simply say
that (recalling that o > —1) PU(EJ(")) < P(minj<,<;5; > —u —2, S; ~ a —u),
which, by Lemma again, is bounded by co; %. Consequently,

3n—1
E L+5 (u+3)(a+4)
3/2 —z—u
PEam) < csnive [( Z (n— j)32 €25 372 T
i=%
l n
L+5 u +3 L u+3
Z 3/2 47372 ) +e Z C24 n3/2 }
:g j=t+1

< oatos 9 “[<L+5><“n$f ) retoa]

Recall that o« = %lnn —z—-L < %lnn; so «+4 < 9lnn. Recall also that

L < %lnn + 1 by assumption. Since the inequality we have just proved holds

uniformly in ¢ € [3

sufficiently small constants, to conclude. O

n, n), we choose £ := n — |cyr e L] where cy; and cog are

Remark 5.21. Applying Lemma 520 to z + k£ (with & > 0) instead of z, and
summing over integer values of k and L gives that for some constant cy9 > 0, all

sufficiently large n, and all v > 0 and z > 0,

. 3
P, (Elx ol = n. min V(x) 20, V(e) < Slnn - z)
(5.41) < o (1 +u)e 7.

"This is why we assume j > %n; otherwise, we would not be able to apply this lemma when
J is close to 3.
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On the other hand, for any r > 0,

P( inf V(y> < _T) < Z E|: Z 1{V(y)S—T7 min;: << V(yi)>—7‘}:| :

y€eT - .
J=1 ly|=j

By the many-to-one formula (Theorem [[LT]in Section [[J), the right-hand side is

o o
- ZE[esjl{SjS—r, ming << Si>—r}] <e™ ZP{SJ < -, lm.in.Si > _T} =e "
j=1 Jj=1

<i<y
Hence, for r € R,

(5.42) P( inf V(y) < —r) <e .

yeT

[The inequality holds trivially if » < 0.] Taking r := z, we see that
3 _ 3 .
P(Mng—lnn—z> < e Z+P<Mn§—lnn—z, 1an(y)>—z>
2 2 yeT
3
= o7 <2 i :
e +PZ<Mn < S, inf V(y) > o)

The last probability expression on the right-hand side is bounded by cq9 (1 + z)e™?
(see (5.41])). Consequently, there exists a constant c3g > 0 such that for all suffi-
ciently large n and all z € R (the case z < 0 being trivial),

(5.43) P(Mn < g Inn — z) <o (l+24)e7,
which is in agreement with (5.39). O
We now have all the ingredients for the proof of Lemma [G.18|
Proof of Lemma[BI8. For the first inequality (B.31]), it suffices to prove that
P(Elx eT: |z|=n, V(z)— glnn <2, En(:c)c> <K pe(l42— K)o,

for n > ng, L
{minogign V(I‘Z)

defined in (5.30).

Lypand 0 < K < 2 < %lnn — L. Recall that E,(z) =

—2z+ K, minzc;<, V(z;) > 3Inn — 2z — L}, for |z] = n, as

>
= 23
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Taking r := z — K in (5.42)), we see that the proof of Lemma [5.18 is reduced

to showing the following:

(5,44) D) < 6(1 + 2z — K)e_z,
where
PEmm = P<E|a: eT: |z|=n, lrg1<nn V(z) > -2+ K,

V(z) — glnn < —z, min V(z;) < glnn— z— L).

n<j<n

Also, we realize that the second inequality (5.32) in the lemma is a consequence
of (5.44). So the rest of the proof of the lemma is devoted to verifying (5.44).
We have

PeIm = PZ_K<EI:1: €T: |z| =n, min V(z;) >0,

1<i<n

3 3
V(:L')——lnn< —K, min V(z;) < §1nn—L—K>

5<j<n
Z Z P._x <E|x eT: |z| =n, II11<1’1 V(z;) >0,
{=K k=max{L+K, ¢} sisn

V(z) ~ 3lnn—f min V(z;) =~ 21nn—k>,

2 7<]<n

IA

where, as before, a ~ b is short for |a — b| < 1. By Lemma [5.20, this yields

PEm < Z Z e (14+2—K)e™ (k=0)—(z—K)—¢
=K k=max{L+K,{}

Without loss of generality, we can assume cy; < 1; otherwise, we replace it by
min{ ey, %} This gives, with a change of indices ¢/ := ¢ — K and k' := k — K, that

P < cpo(l+2—K —Ziz —co1 (K —)—t

—L o=
But, 3%, S8 emen (W)=t < 500 gmen k! §700 o—(l-e)l which we write
as C31 Y pp € 0 F with ez 1= > 0 e (17! < 0o, Since S v, e can be
made as small as possible for all L > Ly as long as Lg is chosen to be sufficiently

large, this completes the proof of Lemma [5.18] O
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5.4.4. Step 3b. Proof of Lemma [5.19

Let 21K and #>1K be as in (5.I7) and (520), respectively. Fix n > 0 and
L > 0. By the peeling lemma (Theorem (.14 in Section [.3]), for all sufficiently
large n, and all 0 < K < 2 < %lnn—L,

2 LK\ gy 2L K n(l+z—-K)
Q(wn € Z, \%;; ) < 2 13/2

Since B, (w,) C {w, € Z>EK} (the two sets are almost identical, the only differ-
ence being that on E,,(w,), we have V (w,) < 2Inn—z, whereas on {w,, € 2>},

we have V(w,) < 2Inn — z 4+ C), it remains to prove that

n(l+z—-K)
2n3/2

(5.45) Q(En(wn), Sy Wy € @,vavK) <

n

We make the following simple observation: On the event {w, € #>"K} (for
the definition of Z>LK  see (5.20)), for any k < n and y € brot(wy), we have
V) < et < g, 50

(5.46) Viy) > ak —Inop.

Let ¢, := o{w;, V(w;), brot(w;), (V(¥))yebrot(w): 1 < i < n} be the o-field
generated by the spine and its children in the first n generations. Clearly, F, (w,)
and {w, € 4K} are both 4,-measurable. We have

(5.47) Q(é M)—l—H | R ()]

k=1 yebrot (wy)

where ;
Upno(r) == P<Mn_k < 3 Inn — 2z — r).

We first look at the situation & <  (so a,(f") = —z+ K). Since Inn < In(n —
k) +1n2, it follows from (5.43]) that

n — r—a(n)
\I/km,Z(’r’) S C39 (1 + (’l“ + Z)+) e "F S C33 Ke_K [1 + (’l“ — a,g ))+] € ( k )

Let y € brot(wg). We have noted in (5.46) that on {w, € Z>2K} V(y) —

a,g") > —1Inp, so it is possible to choose and fix K; sufficiently large such that
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for K > Ky, css Ke ™5 [1+ (V(y) — a,(ﬁn))Jr] e V-4 < 1. By the clementary

inequality 1 —u > e~ " for some ¢34 > 0 and all u € [0, l], we see that for £ < 7,

[T - en-(V(y)

yEbrot(wy,)
— n _ _a(")
> I O -enKe ™1+ (V) - )yl VO,
yEbrot (wy,)
— n _ _a(”)
> o0 (—euen ke Y 1+ V() o) eV O),

yEbrot (wy,)

On {w, € Z>LE} we have, for k < z,

n —_ _al™ _pn) _
S [ (V) )] O < e = pe
yEbrot(wy,)
which yields (writing cs5 := c34¢330), on {w, € LK}

H H 1= Vpn-(V(y)] > exp < — g5 Ke ™K ie—k1/7>

k=1 yebrot (wy) k=1
> exp < — C36 Ke_K>
(5.48) > 1y,

for all sufficiently large K (n € (0, 1) being fixed), where cs6 := ¢35 > 5oy o7

We still need to take care of the product HZ;%H. Recall that Uy, .(r) =
P(M, < 3lnn—z—-7). Let 2 <k <n—b(soa =2nn—z— L), and
let y € brot(wy). On {w, € #>1K} we have observed in (5.46) that V(y) >
a]g") —Ing=2lnn—-2—-L—Inp, ie, 2Inn—2—V(y) < L+ Inp which is a
given constant (recalling that L > 0 is fixed). Since n — k > b, this yields that
Uy n-(V(y)) can be as small as possible (on {w, € #>5X}) if b is chosen to be

large; in particular, U, .(V(y)) < 1, so again

H H 1 — \Ijknz V(y))] > exp ( — C34 Z Z \Dknz(v( )))

k=%+1 yebrot(wy) k=%+1 ycbrot(wy)

By [E.42),
Wino(r) < P( inf V() <

zeT

[\R NN

3
Inn—2z— 7’) < gzlnn—zor
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Consequently, on {w, € #>4K} for 5 <k<n-—0b,

Z \I]knz ) < Z eglnn V)

yEbrot (wy,) yEbrot(wy,)

=t Y eVw- o)

yEbrot (wy,)

—(n=k)Y/7
eLge (n—k) ’

IN

which yields that, on {w, € =K}

n—b
T I 0 SV 2 e (o S e 0m0),
k=10 +1 yEbrot (wyg) k:%+1

which is greater than (1 —n)'/? if b is sufficiently large (recalling that L > 0 and
n € (0, 1) are fixed). Together with (5.48), we see that for K and b sufficiently

large,

k=1 yEbrot wk)

Going back to (5.47) yields that for K and b sufficiently large,

Q(Bu(wn), &5y wa € Z2HF) <nQ(Bu(wn), w, € %K) < Q(Eufwn)).

Since Q(E,(w,)) = P(ming<;<, S; > —2+ K, minz <<, S; > %lnn —z2—0L, S, <
2Inn — z), which is bounded by cgs (L + 1)? 2225 by Lemma [A4] of Appendix
[A.2] (where cgg is the constant in Lemma [A.4]). Consequently,
14+2-K
Q(Bulwn), &5y wn € FEF) <neos (D412
for fixed 0 < < 1, L > 0 and all sufficiently large n, b < n and K (satisfying
K<z< %lnn — L). Since 7 can be arbitrarily small, we should have worked with

e (777 10 place of 77 to obtain (545). Lemma 519 is proved. O

5.4.5. Step 4. The role of the non-lattice assumption

We have already stated that Theorem [5.15 fails without the assumption that the
law of = is non-lattice. Concretely, this assumption is needed in Proposition [(5.22]
below, which is the last technical estimate in our proof of Theorem [5.17]
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Loosely speaking, the branching random walk with absorption along the path
[@, m™], behaves like a centred random walk conditioned to stay above 0 during
the first § steps and above %lnn + O(1) during the last § steps. Proposition
below describes the distribution of such a random walk. Throughout this
subsection, let (S;) denote a centred random walk with ¢? := E(S}) € (0, o0).

Let R be the renewal function defined in the sense of (A.Il) (see Appendix [A.T]).
Let R_ be the renewal function associated with the random walk (—S,). Write

S, = min 5;, n > 0.
0<i<n

Proposition 5.22. (Random walk above a barrier) Let (r,) be a sequence
of positive real numbers such that 55 — 0, n — oo. Let (\,) be such that 0 <
liminf,, . A, < limsup,, , . A, < 1. Let a > 0. Let F: Ry — R, be a Riemann-
integrable function such that there exists a non-increasing function Fy : [0, co) — R
satisfying |F| < Fy and [ u Fy(u)du < oo. If the distribution of Sy is non-lattice,
then

nh_)nolo n3/2 E [F(Sn - y) 1{§n2—a} 1{min/\nn§i§n SiZy}:|

)R [ R () du,

0

(549) - C+C_(2O'2

uniformly in y € [0, r,], where Cy and C_ are the constants in (A7) of Appendix
A2

Proof. By considering the positive and negative parts, we clearly can assume that
F > 0. Since the limit on the right-hand side of (5.49]) does not depend on (\,,),
we can also assume without loss of generality (using monotonicity) that A\, = A
for all n and some A € (0, 1).

We now argue that only functions F' with compact support need to be taken
care of. Let € > 0. Let M > 1 be an integer. By assumption, F' < F} and F} is

non-increasing; so (notation: w ~ v is again short for |u —v| <1)

E [F (Sn =) Lis,—y>ny 1is, >—a) 1{miHAn§i§nSi2y}]

n<i<n

< iFl(k—l)P<Sn:y+k, S, > —a, min Sizy),
k=M
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which is bounded by > 7\, Fi(k—1) cs7 % (Lemma [A.4] of Appendix [A.2]).
By assumption, fR+ zFi(z)de < 00,80 Y o (k+2)Fi(k—1) = 0if M — oo; in
particular, for any € > 0, we can choose the integer M > 1 sufficiently large such
that n’/? E[F(Sn - Z/) 1{5n—y>M} 1{572—&} 1{min/\n§i§n SiZy}] <Eé&.

So we only need to treat function F' with compact support. By assumption, F'
is Riemann-integrable, so by approximating I’ with step functions, we only need
to prove the proposition for F(u) := 1j9 ,j(u) (where x > 0 is a fixed constant).
For such F, denoting by Egzg) the expectation on the left-hand side of (5.49),

Egm = P(S, > —a, min 5>y, S, <y+x).

An<i<n
Applying the Markov property at time An gives
Egm = B [fgm (i) 1is,,2-a1
where, for u > 0,
(5.50)  fezm(v) = fezm(u, .y, x) =P, <§(1—)\)n >y, Sa-an <Y+ X)-

For notational simplification, we write n; := (1 — A\)n. Since (S,, — Sy, i, 0 <7 <
ny) is distributed as (S;, 0 <4 < ny), we have fgzg(u) = P{S,, > (=5,) + (y —
u) > —x}, where S} := ming<;<;(—5;).

Let 7,, == min{j : 0 <5 <mny, =5; =S5, }. In words, 7,, is the first time

(—9;) hits its minimum during [0, n,]. We have
ny
f(IEEIII)(U) - ZP<Tn1 =J ﬁf_zl > (=) +(y—u) > _X>-
5=0
Applying the Markov property at time j yields that

(551) f(m (U) = Z E [QW)(U - Y, ﬁj_ + X, N1 — j) 1{—Sj:§;2—x}i| )

=0

where, for z > 0, v > 0 and ¢ > 0,

(5.52) 96z (2, v, ) = P<z —v<=5<z 8, > O).
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Write ¢(u) := ue /2 1(,50. Recall our notation o2 := E(S?). By Theorem 1
of Caravenna [82] (this is where the non-lattice assumption is needed; the lattice

case is also studied in [82], see Theorem 2 there), for ¢ — oo,

v z
oll/? 1/}(061/2

uniformly in z > 0 and in v in any compact subset of [0, co). Multiplying both
sides by P(S, > 0), which is equivalent to fl—/} (see (A7) in Appendix [A.2]), we
get, for / — oo,

) + o

P(z—vS—Sggz 61/2)’

S;20) =

(% z

(5.53) gz (= v, 0) = O 2 () +ol3),

g

uniformly in z > 0 and in v € [0, x]. In particular, since v is bounded, there exists

a constant csg = c3g(x) > 0 such that for all z >0, ¢ > 0 and v € [0, x],

C38
(+1

9632 (2, v, {) <

We now return to (5.51]) and continue our study of fEzm (u). We split the sum
iLo into g”:O + >0, 1, where ji, == [n'/2]. Since ny := (1—A)n by definition,
we have j, < n; for all sufficiently large n. As such,

ez () = fimm (1) + fm (1),

where
W In
f(m (u) := Z E [gm(u — Y, 8 + X, — J) 1{—sj:§;2—x}} ’
=0
2 - — .
fom @) = > E[Qm(u =Y, 55 + X = J) 1{—Sj:§;z—x}]'
j:j7l+1

We let n — oo. Note that 1 is uniformly continuous and bounded on [0, c0). By
(5.53), as long as y = o(n'/?),

PR () = S (14 0(1) (—2) SB[(8 401 s ]

on
! ony =0
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Since Z;‘;OE[(ﬁj_ + x) 1{—Sj:§;2—x} fo _(t)dt and Z] oP(=5; = 57 >
—x) = R_(x), this yields, for y = o(n'/?),
(1) C_ u X 1
5.54 — R_(t)dt — ).
(5.54) () == mez)/o () dt +o(2)
To treat f(l%ﬂl)( ), we simply use the inequality ggzz (2, v, £) < 725 (for 2 > 0,

¢>0and v € [0, x]), to see that
ni 1
(2) _
fm(u) < C3s Z mp(ﬁj > =X, =5 < 0>,
J=in+1
which, by Lemma [Al of Appendix [A.2] is bounded by ez 7L m,
which is o(2). Together with (5.54), we get, as n — oo,

C_ U X 1
fezm(u) = = n w<a[(1 — A)n]m)/o R_(t) dt—i—o(E),

uniformly in u > 0 and y € [0, r,]. Since Egam = E[fEzm (Siw) 1(s,,>—a}], and
P(S, > —a) ~ 41/2 , £ — oo (see (A7) in Appendix [A2), this yields

Egm = ﬁ /OX R_(t) dt(&%;ff?Ea [¢(W) S 2 0]
+0<n3/2>

Under the conditional probability P,(-|S,, > 0), zl —=L= converges weakly (as { —
o0) to the Rayleigh distribution, whose density is ¢ (see [83]). Hence

. S)\n > )\1/2
lim E, w(m ‘Sm > Z/ @D(Wt)w(t) dt,
which is equal to AY2(1 — \)(3)/2. Since [FR_(t)dt = [;° R_(t)F(t)dt with
F := 1y, this yields Proposition O

5.5. Leftmost position: Fluctuations

Consider a branching random walk under Assumption (H). Theorem [5.12]in Section
says that under P*(-) := P( - | non-extinction),

1
v ;Tlf V(z) — g, in probability.
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[Of course, Theorem in Section [5.4] tells us that a lot more is true if the law
of the underlying point process is non-lattice.] It is nice that the minimal position
has such a strong universality. The aim of this section, however, is to show that
we cannot go further. In fact, we are going to see that P*-almost surely, for an

€ > 0, there exists an exceptional subsequence along which inf|;—, V' (z) goes below
(3 +¢)lnn.

Theorem 5.23. Under Assumption (H), we have, under P*,

: 1 . 3 : .
(5.55) nh_)IIolo o ‘ﬁl:fn Viz) = 5 in probability,
5.56 li L tVv 5
(5.56) msup ‘i‘n:n () = 3 a.s.
o . 1
(5.57) liminf — inf V(z) = 3 a.s.

n—oo NN |z|=n

Of course, in Theorem [5.23] the convergence in probability, (.55, is just a
restatement of Theorem [5.12] made for the sake of completeness. Only (5.56]) and

(5.57) are new.

The lower bound in (5.57) can be strengthened as follows.

Theorem 5.24. Under Assumption (H), we have

lim inf ( inf V(z)— 1 lnn) = —00, P*a.s.

The proof of Theorem [5.24] relies on the following estimate. Let C' > 0 be the
constant in Lemma [A.10] (Appendix [A.2).

Lemma 5.25. Under Assumption (H),

lim inf P{Hm: n < |z| < 2n, %lnn <V(z) < %lnn—l—C’} > 0.

n—oo

Proof of Lemma[B.25. The proof is similar to the proof of Lemma [5.13] presented
in Section (in the special case z = 0, which simplifies the writing), by a second
moment method and using the peeling lemma (Theorem .14l in Section (.3), but

this time we count all the generations k between n et 2n (instead of just generation

8 Actually, it also holds if e = 0. See Theorem [5.24] below.
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k = nin Lemmal5.13). This explains the factor § instead of 3, because Zi’ln # ~
—75, where — comes from the probability estimate in (5.I8) or (521I). We feel

free to omit the details, and refer the interested reader to [17]. O

Proof of Theorem[5.24l. Let x > 0. The system being supercritical, the assumption
Y'(1) = 0 ensures P{inf|;—; V(z) < 0} > 0. Therefore, there exists an integer
L = L(x) > 1 such that

Ca0 = P{ inf V(z) < —x} > 0.

|z|=L

Let ng := (L +2)*, k > 1, so that ng,, > 2n + L, Vk. For any k, let

1
Ty = inf{i >ny o inf V(z) < §lnnk —i—C’},

|z|=i

where C' > 0 is the constant in Lemma B.25 If T, < oo, let x; be such thatH
|zx| = T}, and that V(z) < 1lnng + C. Let

= (T < 2m} 01 { Vi) = Vi) < —x},

1n
y>ap: ly|=|og]+L

where y > xp means, as before, that y is a descendant of z;. For any pair of

positive integers j < /£,

(5.58) P{ O%}:P{G%}+P{ﬁ%€m%}.

On {T;, < oo}, we have
Pl | Fr,} = 1iz,<ony P{ |ifl_fLV(~”C) < —X} = cn L, <on,)-

Since ﬂf;;;%c is Zr,-measurable, we obtain:

-1 -1
P{m%cﬂ%} = c41P{ﬂ%cﬂ{Tg§2ng}}

k=j k=j

-1
> e P{Ty <2n,} —cp P{ U «%}
g

9If the choice of zj is not unique, we can choose for example the one with the smallest
Harris—Ulam index.
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Recall that P{T; < 2n,} > ¢4 (Lemma 525 for large ¢, say ¢ > jo). Combining
this with (5.58)) yields that

P{Oﬁfk} > (1—041)P{£O1%}+C42C417 Jo<j<Ut
k=j k=j

Iterating the inequality leads to:

—j—1 —j—1

¢
P{ U %} > (1—cy)? P{;} + caacn Z (1 —cpn)" > capen Z (1—cpn)".
k=j

=0 i=0
This yields P{U,Z; %} > ca2, Vj > jo. Consequently, P(limsupj,_, ., &%) > cao.
On the event limsup,_,., <%, there are infinitely many vertices x such that
V(z) < ilnljz|+ C — x. Therefore,
1
P{ lim inf <|i|nf V(z) — §lnn> <C- X} > 4.
n—o0 xrl=n
The constant x > 0 being arbitrary, we obtain:
1
P{ liminf( inf V(z)— §lnn> = —oo} > 4.

n—00 |z|=n

Let 0 < e < 1. Let J; > 1 be an integer such that (1 — cg)?' < e. Under P*,
the system survives almost surely; so there exists a positive integer J, sufficiently
large such that P*{ZIxI=Jz 1> J1} > 1—¢. By applying what we have just proved
to the subtrees of the vertices at generation .J, we obtain:

1
P*{ liminf(inf V(z) — §lnn> = —oo} >1—(1—cp) —e>1—2e.
n—oo xl=n

Sending ¢ to 0 completes the proof of Theorem [(5.24] O
Proof of Theorem [5.23] We first check (5.57)). Its upper bound being a straight-

forward consequence of Theorem [(£.24] we only need to check the lower bound,
namely, liminf,, . ﬁ inf =, V(z) > %, P*-a.s.
Fixany £ > 0 and a < % By the many-to-one formula (Theorem [[T]in Section

[L.3),

E( Z 1{K(w)>—k} ]—{V(m)galnn}) = E<esn1{§n>—k} 1{Sn§alnn})

|z|=n

IN

n“P(ﬁn > —k, S, < alnn),
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which, by Lemma [A.1l of Appendix [A.2] is bounded by a constant multiple of

1 2 . . . .
a (:373 , and which is summable in n if a < % Therefore, as long as a < %, we

have
Z Z Ly @)>—k) Lv(@)<alnn} < 00, P-a.s.

n>1 |z|=n
By Lemma B.1] of Section B.1], inf|,—, V(z) — oo P*-a.s.; thus inf ;> V(z) > —o0
P*-a.s. Consequently, liminf, . ﬁ infz—, V(z) > a, P*as., for any a < %
This yields the desired lower bound in (B.57).

It remains to prove (5.50]). Its lower bound follows immediately from Theorem
(convergence in probability implying almost sure consequence along a subse-
quence), so we only need to show the upper bound: limsup,,_, . = infj;—, V(z) <
%, P*-a.s. This, however, is not the best known result. A much more precise result

can be stated, see Theorem below under a slightly stronger condition. U
Theorem 5.26. (Hu [132]) Under Assumption (H), ifE[Zm:l(V(x)+)3e_v(:”)] <
oo ] then

3
limsup ——— (" inf V(z) —Sln) =1  Pas
linfoljp Inlnlnn \i?:nv(z) g s

Theorem [(.23] says that lim inf, . [infj,—, V() — %ln n] = —oo, P*-a.s., but
its proof fails to give information about how this “lim inf” expression goes to —oo.

Here is a natural question.

Question 5.27. Is there a deterministic sequence (a,) with lim,_,. a, = 0o such
that . .
—o00 < liminf —< inf V(x)— 5 1nn> <0, P*-a.s.?

n—0oo Ay \ |z|=n
I suspect that the answer to Question [5.27lis “no”. If so, it would be interesting

to answer the following question.

Question 5.28. Let (a,) be a non-decreasing sequence such that lim,, .. a, = 0.
Give an integral criterion on (a,) to determine whether

... 1 ) 1

liminf — < min V(z) — = In n)

n—oo Ay, \|z|=n 2

15 0 or —oo, P*-a.s.

ORecall that a, := max{a, 0}.
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[N.B.: Since the preparation of the first draft of these notes, Questions[5.27 and
5.28 have been completely solved under Assumption (H) by Hu [131] in terms of
an integral test for miny,—, V' (2); in particular, iminf, o i (minj =, V() —

ilnn) = -1, P*as)]

5.6. Convergence of the additive martingale

Assume ¥(0) > 0 and (1) = 0 = ¢’(1). The Biggins martingale convergence
theorem (Theorem in Section B.2)) tells us that W,, — 0, P*-a.s. It is natural
(see Biggins and Kyprianou [58]) to ask at which rate W,, goes to 0. This is usually
called the Seneta—Heyde norming problem, referring to the Seneta—Heyde theorem
for Galton-Watson processes (Seneta [218], Heyde [129]).

Our answer is as follows.

Theorem 5.29. Under Assumption (H), we have, under P*,

lim n/*W, =(—) D, in probability,
n—o0 xe

where Dy, > 0, P*-a.s., is the random variable in Theorem 5.2, and
o? = E[ Z V(z)? e_V(x)] € (0, o).
|z|=1

One may wonder whether it is possible to strengthen convergence in probability

in Theorem [5.29 into almost sure convergence. The answer is no.

Proposition 5.30. Under Assumption (H), we have

lim sup n'/?2 W,, = oo, P*-a.s.
n—oo

Proof. By definition, W,, > exp[— inf|;=, V' (z)]. So the proposition follows imme-
diately from (B.57) in Theorem [5.23] (Section [5.5). O

Proposition [£.30] leads naturally to the following question.

Question 5.31. What is the rate at which the upper limits of n'/> W, go to infinity

P*-almost surely?
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Questions .27 and (.31] are clearly related via W, > exp|—inf -, V(z)]. It
is, however, not clear whether answering one of the questions will necessarily lead

to answering the other.

Conjecture 5.32. Under Assumption (H), we have

2 \1/2
lim inf n'/2 W, = (—) Dy, P*-a.s.,

n— 00 7'('0'2

where 0 == B[, _, V(z)%e” V)],

[N.B.: Again, since the preparation of the first draft of these notes, things have
progressed: Question[(.3T]and Conjecture have been settled by Hu [131]. More
precisely, Question [5.31]is completely solved in terms of an integral test, whereas
the answer to Conjecture is in the affirmative under an integrability condition
which is slightly stronger than Assumption (H).]

5.7. The genealogy of the leftmost position

We now look at the sample path of the branch in the branching random walk
leading to the minimal positio at time n. Intuitively, it should behave like a

Brownian motion on [0, n], starting at 0 and ending around 2Inn, and staying

3
Elnn

above the line ¢ — 1 for 0 < i < n. If we normalise this sample path with the

same scaling as Brownian motion, then we would expect it to behave asymptotically
like a normalised Brownian excursion. This is rigorously proved by Chen [87].

More precisely, let |[m(™| = n be such that V(m(™) = miny-,V(z), and
for 0 < i < n, let mgn) be the ancestor of m(™ in the i-th generation. Let
0 = E(Y 1, V(x)’e V(")) as before.

Recall that a normalised Brownian excursion can be formally defined as a stan-
dard Brownian bridge conditioned to be non-negative; rigorously, if (B(t), t > 0) is
a standard Brownian motion, writing g := sup{t < 1: B(t) = 0} and 0 := inf{t >

1: B(t) = 0}, then (W, t € [0, 1]) is a normalised Brownian excursion.

HTf there are several minima, one can, as before, choose any one at random according to the
uniform distribution.
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Theorem 5.33. (Chen [87]) Under Assumption (H),

<v<mizij>

(02n)1/2’

t €0, 1])

converges weakly to the normalised Brownian excursion, in D([0, 1], R), the space

of all cadlag functions on [0, 1] endowed with the Skorokhod topology.

For any vertex x with |z| > 1, let us write

(5.59) V(z) :== max V(z;),

1<i<|z]

which stands for the maximum value of the branching random walk along the path
connecting the root and z. How small can V(x) be when || — 0o? If we take x
to be a vertex on which the branching random walk reaches the minimum value at
generation n, then we have seen in the previous paragraph that V(z) is of order
of magnitude n'/2. Can we do better?

The answer is yes. Recall that ¢(¢) :==InE(>_,_, e V@) ¢ e R.

Theorem 5.34. (Fang and Zeitouni [107], Faraud et al. [111]) Under As-
sumption (H),

1 . 2 .2 1/3
lim —~ min V (z) = (37r 7 ) : P*a.s.,

n—00 n1/3 |z|=n 2
where P*( ) := P(-| non-extinction) as before.

Theorem [5.34], which will be useful in Section [7.3] can be proved by means of a
second-moment argument using the spinal decomposition theorem, using Mogul-
skii [T98]’s small deviation estimates for sums of independent random variables.
The theorem was originally proved in [I07] and [111] under stronger moment as-
sumptions. For a proof under Assumption (H), see Mallein [190], who actually
does not need the finiteness assumption of E[X In, X] in (5.3).

5.8. Proof of the peeling lemma

This section is devoted to the proof of the peeling lemma (Theorem [5.14lin Section
£3). Fix L > 0 and € > 0. LetOSnggglnn—L.
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Let ¢75 = ¢75(¢) > 0 be the constant in Lemma [A.6] of Appendix [A.2l Recall
the definition from (m QFZLK {lzl =n: V(z) > a§">, 0<i<n, V(iz)<
2Inn — z 4 C}, where a is defined in (5.16]). Let ﬁ be as in (5.19). By the
many—to—one formula (Theorem [[.Tlin Section [L.3]),

Q(wn € 27K 35 <n—1, V(w) < aﬂl + 25 41— C75>
= (S>a 0<z<nS<31nn—z+C’;
3] S n — 1, Sj S ayfgl + 26](7_:_)1 — C75>,

which is bounded by (L + 1)%¢ 1+'§ 5, for all sufficiently large n (Lemma [A.6] of
Appendix [A2)). Since (L + 1)?¢ can be as small as possible (L being fixed), it

remains to show the existence of p such that

Q(wn € ZFHR, V(wy) > alfy + 2810 — e, 0 j <=1

Fk<n, D 1+ V() - )] e Vte” 5 Qe_ﬁ’(“n)>

yEbrot(wy)
1+2—-K
<€ 32

On the event {V (wy_1) > a,(gn) + 25,(6") — ¢75}, we have

(5.60) e > gers/2 oIV (wn1)=a”)/2.
and also
(5.61) V(wp_y) > al™,

if moreover w,, € 2> (which guarantees V (wy_1) > afj_’l, and a]g"_)l differs from
a,(cn_)l only if £ = %, in which case 26,& —crs = 2(5 W7 — ¢z >0 for n > ng). On
the other hand, by the elementary inequality 1 + (r +s);+ < (1 +r4)(1 + s4) for

all r, s € R, we have

S L+ (V(y) —af?)] eV W

yEbrot(wy)

n “V(w_ a(n)
<14 (V(wpr) — af”) ] eV 0+al A (wy),

(n)
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where, for all x € T with |z| > 1,

AMa)= ) L+ (AV(y))s]e 2V,

yEbrot(x)

and AV (y) := V(y) — V(y) (recalling that y is the parent of y). Therefore,

> 0e WY N {V(wy) >

(n)

on the event {Zyebmt wk)[l + (V(y) - a,i")) | e~V Wty
akJr1 + Qﬁkﬂ — ¢75}, we have

— ﬁlg")
o€ (by E.50))
(n

n w —a )
< [+ (V(wg_) — af”) ] e V00T A (),

0ecT /2 e_[V(wk,l)_a;")] /2

which implies that (writing cu3 := pe™°7/2)

oV (wi_1)—a”]/2

n)
Awy) > ¢y - > cyycqz el Wk 1)-ay" I3
L+ (V(wi—y) — a4
Where cyy = inf,>g 11/6 > 0. The inequality can be rewritten as V(wg_1) <
) 4 3n w’“ , where 01 = cycys = cyue /2o, Since V(wy_) > a,(c") (see

(Im])), we also have A(wg) > o1.
The proof of the lemma is reduced to showing the following: there exists o > 0

such that with g; 1= cqy e /2 p,

= 1+2—-K
z, LK.
(5.62) Z Q(wn € Z ; Ak,n) <e YR
k=1
where A
Agn = {V(wk 1) < ak ) 4+3In (;Uk), Awg) > Ql}.
1
3, .
We decompose >, _, into the sum of Y, and Zk:%nﬂ, and prove that both

are bounded by e 125/_21{ (so at the end, we should replace € by §).

First situation: 1 <k < %n. We have

Qlun € 2705 Axn) = Bo [Unn(V@0i) Ly, viusaf, OSiSk}}’

where
3
Upna(r) = Qr< (w3)>ak+,0<j<n—k; V(wy,_g) < 2lnn—z+C’>
- (S>a,§’2j,ogj§n—k;Sn_kgglnn—z+c),
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where the last identity follows from the many-to-one formula (Theorem [I1] in
Section [L.3)).
. 1 r—a(") . .
Since k < 3n, yp,(r) < c45+(7/§)+ with ¢;5 = c45(L, C) (by applying
Lemma [AT of Appendix [A2if 2 < k < 3n, and Lemma [A4]if k£ < 2; noting
that the probability expression in Lemma M is non-decreasing in A, so the lemma

applies even if £ < 7 is close to ). Hence

3
in

Q(w, € Z705; Ay,
k=1

()
= ns/z ZEQ[1+ W) = @ )+ L v wza™, osich) |

Note that 1 4 (V(wg) — al™) < [1 4 (V(wp—1) — al™)4] + (AV (wy,))4, where
3n
AV (y) := V(y) — V(y) as before. The proof of Sl QAgy) < e 55K will be

complete once we establish the following estimates: there exists ¢ > 0 such that

with 01 := cau e /2 p,

(5.63) > gz (k) + Dgam (k)] < e (1+2 - K),
k=1
where
Igzm (k) = Bq|[1+ (V(wn1) = o)1 1,y ocicty)
Uz (k) = Eq|(AV(W)): L yusa®, oz

Recall that Ag,, := {V(wg_1) < a(n +31n A(w" , A(wg) > o01}. By the spinal
decomposition theorem, (V(w;), 0 <i < k) is mdependent of (A( k), AV (wg)).

We first study I@gg (k). On Ay, we have V(wg_1) — ak < 3In Wk)' We
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condition on A(wy), and observe that uniformly in r > g,

ZQ( Wk—1) <a(" +31n— V(wi)Zagn), ng'gk;)

01

[

Q(V(wk 1) < —z+K+31n— V(w)) > —2z+ K, ng'gk:)

01

k=1

IA
WE
N

k(S <sml; 820, 0<i<k-1),
01

B
Il
—

which is bounded by c46 (1+2—K)(1+1In .-) according to Lemma[A.5 of Appendix
[A2l On the other hand, for r > p; and % < k < 3n,

Q(V(wk 1)<ak —|—3an— V(wi)zagn), 0<i<k
1

= Z_K<Sk_1 < glnn—K—L—l—?)lnL

£ S, >0,0<i<2,
01 2

3
S;>°In-K-1L, - <j§k>,
2 2
which, by the Markov property at time %, is
E. k [1{51-20, o<i<n} fezm (Sn )] ;
where, for u > 0,

3
fezm () = Pu(Si1og < Snn— K - L+31na

3
. >2Inn— K — <k-2).
(5.64) Sz Smn—K—L0<(<k 2)

By Lemma [AF] of Appendix [A2] for u > 2Inn — K — L and r > g1,

42 fezm (u) < C47(1+31HL)[1—|— (u— glnn+K+L)],

k=2+1 o
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Consequently, for z < %lnn — L,

3
Zn

3 Q(V(wk_l) <l +3In—; V(w) >d™, 0<i< k;)
k=241 o1

r 3
S Cy7 (1 —|— 31n Q_) Ez—K |:1{Si207 OSiS%} []_ —|— (S% — 5 lnn —|— K —|— L)+]i|
1

,
<cyr (143 Q_) E|:1{Si2—Z+K, o<i<zy [+ (S%>+]i|7
1

which is bounded by ¢45 (143 1In -)(1+2—K) according to Lemmal[A.3 of Appendix
A2

Summarizing, we have

Awy)

3n

> lem (k) < co(l+z-K)Eq [(1 +In )’ 1{A<wk>zgl}]
k=1

< (142 = K)Eq (1 + Iy Awn)) Lingunzen]

if oy > 1. Since A(wy) is distributed as A(w;) (under Q), which is bounded by
X + X with the notation of (54 at the beginning of the chapter, we have

N Igm(k) < c(l+2— K)Eq [(1 oy (X + X))? 1{X+5<'zgl}]
k=1
= 049(1+Z—K)E[X(1+ln+(X+)?))2 1{X+;(291}}
(5.65) < c(1+2-K),

if we choose 01 1= ¢4y €7/ g sufficiently large (because E[X (1 +In, (X + X))?] <
oo; see (B.3) and (5.3)), i.e., if we choose g sufficiently large.

We now turn to I/ ggg) (k), and use the same argument, except that we condition
on the pair (AV (wg), A(wy)), to see that

> g (k) < cso(1+ 2 — K) Eq | (A(wg))1 (1+ Iny Awy)) 1{A(wk)zgl}]-
/=1

The random vector (A(wg), A(wy)) under Q is distributed as (A(wy), A(wy)). We
have noted that A(w;) < X+X; on the other hand, A(w;) = V(w;). Since Q(w;, =
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x| F) = ei‘;{(z) for any x € T with |z| = 1, where .%; is the o-field generated by

the first generation of the branching random walk, we have Eq(V (wi)4 | .#1) =

= D lel=1 V(z)4e V' = X hence

Eq [(A(wy)s (1+1ne Awi) 1awzo

< B V(1) (1410 (X + X)) Ly, g0

X N
= Eq| T (1+I4(X + X)) Lixgay

= E[)} (1+In (X + )’Z)) 1{X+X291}:|7

which is smaller than = if o1 := cu e°15/2 g is sufficiently large, since E[X (1 +
In, (X + X))] < oo (again by (5.3) and (5.5)). As a consequence, if the constant

o0 is chosen sufficiently large, then

3n
which, combined with (5.68), yields > /7, Q(w, € 2,755 Ay,) < e H555.

Second (and last) situation: %n < k < n. For notational simplification, we

write
Vi = V(wy),
Ui = V(w,) —V(wn—j) =V, — Vi,
Aj = A(U)j), 0 Sj S n.

By the spinal decomposition theorem, (U;, 1 < j <n—k) and Ay are independent

(under Q), and so are (U;, 1 < j<n—k; Uy_p+1; Ag) and (V;, 0<i <k —1).

We use some elementary argument. Let %n < k < n. By definition, a,(c") =

al" = 2Inn—z— L, so on the event {w, € 2"} we have V;_; — al™ = (V, —

Un—k+1)—a;gn) > (a” —Un—k+1)—a;(€n) = —Up_j11, which yields Ay > oy e”Un—k41/3,
Also, on the event {w, € Z7»5}, for 0 < j < 2 (so that a;"_)j =3lnn—z— L),
U=Vo=V,; <(Elnn—-2+C) - ai"_)j = L + C. Moreover, since V(w,) =

Vi—1+ U,_k41, the condition % Inn—z—-L<V(w,) < % Inn — z-+ C on the event
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{w, € Z>K} reads %lnn —z—L—U, 31 <Vp1 < %lnn — 24 C —Up_ps1.
As such, we have
(wn € 22555 Ay,) € AN AD),

where
AN = (Viza”, 0<i<k -1
glnn —2—L—-U, 41 <Vp1 < glnn —24+C—Uypt1},
AR, = {2 o (@ PV U S LG 0S5 < o)

[We have already noted that the inequality Ax > p; holds trivially on Ay ,.] Since
3n <k <n,wehave 2 >n—k+1,s0 A,(le - A,(jZL, where

AP = {0 > o1 (T V1) Uy < L4+ CL0< j <n—k+ 1}

Let %, :=0(U;, 1 <j<n—k; U,kr1; Ay). We have already observed that
(Vi, 0 <i<k—1)is independent of ¥ ,. Since A,(S’ZL € 9 n, this yields

Q(wn c (@PnZ,L,K; Ak,n | gk,n) < 1A](€32L Q(Al(cl,ZL ‘ %m) = 1A;€32’L fk,n(Un—k+1)7
where, for r < L + C,
finlr) = Q(Viza 0<i<k-1;
3 3
§lnn_Z—L—7’§Vk—1 < §1HH—Z+C—7’>.

By the spinal decomposition theorem, (V;, 0 <i < k—1) under Q is distributed as
(Si, 0<i<k—1)under P, so we are entitled to apply Lemma [A.4] of Appendix
[A2] to see that for r < L + C,

(L+C+1)(z—=K+L+C+1)2L+2C —r+1)

fren(r) < e

(k—1)3/2
z—K+1)(L+C—r+1)
with 52 = ¢59(L, C'). Consequently,
z—K+1

Q(wn c ﬁilz’L’K; Ak,”) S C52 n3/2 EQ [(L -+ C — Un_k+1 + 1) 1A](32L1| .
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On the event A,(jzw we have Ay > gy e Un—s1/3 = g, e=Unst256)/3 where A, =
Awg) = V(wg) — V(wg_1); s0 =Up_i < Ay + BIH% < (Ap)+ +3In %, whereas

—Up—k+1 <31n %. Therefore,
Ay
EQ[(L+C—Un—k+1+1) 1A](€3)1| < EQ[(L+C+3an— —|_1) X
s 1

1 Ap> 1 Ag 1 U;<L+C,0<j<n—
—Up—1 P —k C,0<5< k :
{ k,Ql} { n <(A ) +31n } { i J }

On the right-hand side, (U;, 0 < j < n — k) is independent of (Ag, Ay) by the
spinal decomposition. By Lemma [A.5 of Appendix [A.2] (applied to (—S;), which

is also a centred random walk),

S Q(-Uir<a ~Uj>—(L+C),0<j<n—k) <ess(w+1),
k=3n+41
for some constant cs3 = ¢s53(L, C') > 0, all x > 0 and n > 1. Consequently,

n

Z EQ [(L +C — Up_ki1+ 1) lA](st]

_3
k_zn+1

A A
gcwEQkL+C+3mEf+D«A@++3mgf+wlmgm4

< e B[ (14 Iny M) ((B0)+ + Iy Ax+ 1) Liagzgn .

for some c5y = c54(L, C) if o > 1. We have already seen that it is possible to
choose p; sufficiently large such that the term Eq|- - -], which does not depend on

k, is bounded by —=—. As a consequence,
C54C52

& ; z—K+1
Z Q(wn - %,LK; Ak,n) S 5T7

_3
k_zn+1

as desired. This completes the proof of the peeling lemma. [l

5.9. Notes

The existence of t* > 0 satisfying (5. in Section [5.1] is a basic assumption

in obtaining the universality results presented in this chapter. In the literature,
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discussions on (5.1]) are spread in a few places; see Comets [89] (quoted in Morters
and Ortgiese [190]), the appendices in Jaffuel [I46] (in the ArXiv version, but not
in the published version) and Bérard and Gouéré [41]. When (5.]) has no solution,
the asymptotic behaviour of the branching random walk depends strongly on the
distribution of the governing point process Z; for study of the leftmost position,
see Bramson [68], Dekking and Host [90], Amini, Devroye, Griffiths and Olver [23].

Theorem [5.2] (i) in Section is due to Biggins and Kyprianou [57]. Theorem
(ii) and Lemma [5.5] first proved by Biggins and Kyprianou [57] under slightly
stronger assumptions, are borrowed from Aidékon [§]. The idea used in the proof
of Lemma goes back to Lyons [I73] in his elegant proof (Section 8] of the

Biggins martingale convergence theorem.

Theorem in Section [5.3is proved independently by Hu and Shi [I37] and
by Addario-Berry and Reed [4], both under stronger conditions, while a shorter
proof is presented in [16]. Addario-Berry and Reed [4] also prove an analogous
result for the mean of the minimal position, and obtain, moreover, an exponential
tail estimate for the difference between the minimal position and its mean. Precise
moderate deviation probabilities are obtained by Hu [132]. Previous important
work includes the slow Inn rate appearing in McDiarmid [179] who, under addi-
tional assumptions, obtains the upper bound in Theorem without getting the
optimal value 3/2, and tightness in Bramson and Zeitouni [71]; also, convergence
in a special case (including the example of Gaussian displacements), centered at

the mean, is proved by Bachmann [33].

The proof of Theorem in Section [5.4] is adapted from Aidékon [8], with
some simplification which I have learned from Chen [87]; in particular, by placing
the absorbing barrier starting at level —z 4+ K instead of at the origin, we do not
need to study the number of negative excursions. This simplification is also found
in the recent work of Bramson, Ding and Zeitouni [70], where a more compact proof
is presented, with a particularly interesting new ingredient: instead of counting the
number of certain vertices at generation n as we do in (5.35]), the authors count at
generation n — ¢, with ¢ independent of n but going to infinity after the passage
n — oo. This allows for a nice-looking law of large numbers instead of the fraction

in (5.35). Also, discussions are provided on the lattice case.
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After the publication of [§], a new version has been added by the author on
ArXiv with some simple modifications so that Theorem remains valid even
when #Z is possibly infinite.

Weak convergence for the minimum of general log-correlated Gaussian fields (in
any dimension), centered at the mean, is established by Ding, Roy and Zeitouni [96].

The idea of the first step (Subsection [5.4.7]) in the proof of Theorem [5.15]
expressing that it suffices to study tail behaviour instead of weak convergence, is
already used in the study of branching Brownian motion by Bramson [67] and
[69]. This idea can be exploited in other problems (see for example an important
application in the recent work of Arguin, Bovier and Kistler [27] in the proof of
weak convergence of positions in a branching random walk viewed from the leftmost
particle, and the lecture notes of Berestycki [43] for several other applications).
When (B5.0)) fails (so that Theorem does not apply), the limiting law of the
leftmost position is studied by Barral, Hu and Madaule [34].

The analogue of Theorem for branching Brownian motion was previously
known to Lalley and Sellke [164] (and is recalled in (I.3]) of Section [IT]), while the
convergence in distribution of M,, — (31Inn)/2, for branching Brownian motion, to
a travelling-wave solution of the KPP equation, is proved in the celebrated work
of Bramson [69] (a fact which is also recalled in Section [LT]).

The original proof of Theorem (Section [B.5]) in [I37] requires some
stronger integrability conditions. The liminf part, (5.57), as well as Theorem
.24 are from [I7]. For the analogous results for branching Brownian motion, see
Roberts [215].

Theorem (Section [5.6)) can be found in [I7]; it improves a previous result
of [137]. For the particular model of i.i.d. Gaussian random variables on the edges of
rooted regular trees, this is also known to Webb [233]. Convergence of the additive
martingale in the near-critical regime is studied by Alberts and Ortgiese [18] and
Madaule [182].

The statement of the peeling lemma, slightly more general than in Aidékon [§]
(where only the case K = 0 is studied because the absorbing barrier is placed in
a different place), is borrowed from Chen [87]. Our proof, presented in Section

[5.8] follows closely the arguments in [§], except that no family of Palm measures
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is used.

There is a big number of recent results on the extremal process in the branching
random walks: it converges weakly to a limiting process which is a decorated
Poisson point processes. See Arguin, Bovier and Kistler [27], [28], [29] and [30],
Aidékon et al. [I2], Maillard [184] for branching Brownian motion; Madaule [181]
for branching random walks. See also Gouéré [I17] for an analysis based on [27],
[28], [29] and [12], and Subag and Zeitouni [225] for a general view of decorated
Poisson point processes. Several predictions by Brunet and Derrida [75] and [76]
concerning the limiting decorated Poisson point process (notably about spacings
and distribution at infinity) for the branching Brownian motion still need to be
proved rigorously. For a “spatial” version of convergence of the extremal process,
see Bovier and Hartung [65]. For the study of extremes in models with a time-
inhomogeneous branching mechanism, see Fang and Zeitouni [108]-[109], Maillard
and Zeitouni [I87], Mallein [I88]-[189], Bovier and Hartung [63]-[64].



Chapter 6

Branching random walks with
selection

We have studied so far various asymptotic properties of the branching random walk
by means of the spinal decomposition theorem. We are now facing at two very
short chapters where the branching random walk intervenes in more complicated
models; these topics are close to my current research work. No proof is given,
though most of the ingredients needed in the proofs have already been seen by us
in the previous chapters.

The present chapter is devoted to a few models of branching random walks in

presence of certain selection criteria.

6.1. Branching random walks with absorption

Branching processes were introduced by Galton and Watson in the study of survival
probability for families in Great Britain. In the supercritical case of the Galton—
Watson branching process, when the system survives, the number of individuals in
the population grows exponentially fast, a phenomenon that is not quite realistic
in biology. From this point of view, it sounds natural to impose a criterion of
selection, according to which only some individuals in the population are allowed
to survive, while others (as well as their descendants) are eliminated from the
system.

In this section, we consider branching random walks in the presence of an

109
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absorbing barrier: any individual lying above the barrier gets erased (= absorbed).

Let (V(z)) denote a supercritical branching random walk, i.e., ¢(0) > 0, where
Y(t) =B}, -, e V@) ¢t € R. The governing point process is still denoted
by =. We think of V() as representing the weakness of the individual z: when-
ever the value of V(z) goes above a certain slope, the individual z is removed
from the system. Throughout the section, we assume (1) = 0 = ¢'(1), i.e.,
E(> 0= eV)) =1 and E(> 0= V(z)e ) = 0.

Let ¢ € R denote the slope of the absorbing barrier. So the individual z
gets removed whenever V(z) > e|z| (or whenever one of its ancestors has been
removed). Recall that an infinite ray (x;) is a sequence of vertices such that
To =D < 1w < x9 < ... with |z;| =14, 7 > 0. Let psuv(€) denote the survival
probability, i.e., the probability that there exists an infinite ray (x;) such that
V(z;) < eiforall i > 0.

Theorem 6.1. (Biggins, Lubachevsky, Shwartz and Weiss [59]) Under As-
sumption (H), psuv(€) > 0 if € > 0, and psuv(e) =0 if e < 0.

Proof. The case € > 0 follows from Lemma of Section [5.3] whereas the case
e <0 from Remark B.2] of Subsection [5.4.3 O

Since Assumption (H) implies that £ minj,—, V(z) — 0 almost surely on the
set of non-extinction, the statement of Theorem is of no surprise.
It is not hard to see pguv(€) — 0 when e tends to 0, so it looks natural to ask

its rate of decay. This is a question raised by Pemantle [207].

Theorem 6.2. (Gantert et al. [115]) Assume 1(0) > 0 and ¥(1) =0 ='(1).
If (1 +6) < 00, P(=d) < oo and E[(#=Z)11] < oo for some § > 0, then

(6.1) Pours (€) = exp ( 1+ dl))ﬁ) )

where 0 1= E(},_, V(z)2e V@),

The proof of Theorem [6.2 relies on a second-moment argument by applying the
spinal decomposition theorem; see [I15]. The assumption of finiteness of ¥ (1 + d),

Y(=9) and E[(#Z)'*°] for some § > 0 is not necessary; in fact, the truncating
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procedure in the second-moment argument used in [I15] is not optimal. It is,
however, not clear whether Assumption (H) suffices for the validity of Theorem
6.2l The same remark applies to most of the theorems in this chapter.

Theorem also plays a crucial role in the study of branching random walks
with competition, briefly described in the next section.

We now turn to the case ¢ = 0. Theorem tells us that in this case, there
is extinction of the system; only finitely many individuals appear in the system.
What can be said of the total number of individuals in the system? This question
was originally raised by Aldous [19)].

More precisely, let
Z={zeT: V(y) <0, Vy € [2, =]},

where, as before, [, ] is the shortest path on the tree connecting z to the root
.

It is conjectured by Aldous [19] that under suitable integrability assumptions,
one would have E(#2) < oo but E[(#2) In% (#2)] = <.

The conjecture is proved by Addario-Berry and Broutin [1], while Aidékon, Hu
and Zindy in [I4], improving a previous result of Aidékon [7], give the precise tail
probability of #%. Under the assumption (1) = 0, we can define the associated
one-dimensional random walk (S,,) as in (A1) of Section 4.2 let R be the renewal
function of (S,), as in (A.2) of Appendix [A.Il Recall that = is the point process
governing the law of the branching random walk, and that under P, (for u € R),

the branching random walk starts with a particle at position .

Theorem 6.3. (Aidékon, Hu and Zindy [14]) Assume (0) > 1 and (1) =
0 = /(1). If for some 6 > 0, (1 +6) < 00, ¥(—6) < 0o and E[(#Z)?*] < oo,
then there ezists a constant ¢ € (0, 00) such that for any u > 0,

R
Pu(#g>n)~cﬁ, n — 0o.

Let us have another look at Theorem [6.1] which tells us that the slope ¢ = 0
is critical in some sense. Is it possible to refine the theorem by studying a barrier

that is not a straight line?
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The question is studied by Jaffuel [146]. Let (a;, ¢ > 0) be a sequence of real
numbers. We are interested in the probability that there exists an infinite ray (z;)
with V(z;) < a; for all ¢ > 0, which we call again the survival probability. What
is the “critical barrier” for the survival probability to be positive?

In view of Theorem [5.34]in Section 5.7, one is tempted to think that the “critical
barrier” should more or less look like a; “~” a, i'/? for large 4, with a, := (@)1/3.
It turns out that 7'/3 is indeed the correct order of magnitude for the critical barrier,

but the constant a, is incorrect.

Theorem 6.4. (Jaffuel [146]) Assume ¥(0) > 1 and (1) = 0 = ¢'(1). If
Y(1+9) < oo and E[(#Z)11] < oo for some § > 0, then the probability

P (3 infinite ray (x;) : V(x;) < ai'/?, Vi > 0)
is positive if a > a. and vanishes if a < a., where a. := 2(3r%c?)"/3.

We observe that a, > a,. So for all a € (a, a.), by Theorem [5.34]in Section [5.7]
almost surely on the set of non-extinction, for all large n, there exist (x;, 0 < i < n)
with @ = 29 < 21 < ... < 7, and |2;] = i, 0 < i < n, such that V(z;) < ail/?,
0 <i < n, but no infinite ray satisfying the condition exists.

Theorem does not tell us what happens if a = a.

Conjecture 6.5. Assume 1(0) > 1 and (1) = 0 = ¢'(1). Under suitable inte-

grability assumptions, we have
P (3 infinite ray (z;) : V(z;) < a.i'/?, Vi > 0) > 0,

where a, == 3(37%0?)/3.

6.2. The N-BRW

Starting from the 1990s, physicists have been interested in the slowdown phe-

nomenon in the wave propagation of the F-KPP differential equation (Breuer,
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Huber and Petruccione [72]). Instead of the standard F-KPP equatio

with initial condition u(0, ) = 1<}, Brunet and Derrida [73] and Kessler, Ner
and Sander [I53] introduced the cut-off version of the F-KPP equation:
ou  10%u

and discovered that the solution to the equation with cut-off has a wave speed
that is slower than the standard speed by a difference of order (In N)=2 when N
is large.

Later on, Brunet and Derrida [74] introduced a related F-KPP equation with

white noise:
ou 1 0%u

u(l —u)\1/2
5 202 7) W,

+u(1—u)+( N

where W is the standard space-time white noise. [There is a duality between the
noisy F-KPP equation and an appropriate reaction-diffusion system, see Doering,
Mueller and Smereka [97].] Once again, Brunet and Derrida found that the solution
to the noisy F-KPP equation has a wave speed that is delayed, compared to the
standard speed, by a quantity of order (In N)~2 when N is large. This has been
mathematically proved by Mueller, Mytnik and Quastel [199] and [200].

On the other hand, the following so-called N-BRW was introduced by Brunet,
Derrida, Mueller and Munier ([77], [78] and [79]): in the branching random walk
(V(z)), at each generation, only the N individuals having the smallest spatial val-
ues survive. The positions of the individuals in the resulting N-BRW are denoted
by (V¥(x)). See Figure B for an example with N = 3.

In order to avoid trivial discussions, we assume that there are no leaves in the

branching random walks, i.e., #= > 1 with probability one. Since N is fixed, it is

'We have replaced u by 1—wu (thus considering the tail distribution, instead of the distribution
function, of the maximum of branching Brownian motion) in the F-KPP equation (I.I]) of Section
L1

2The notation is unfortunate, because N in this chapter has nothing to do with the random
variable #Z.
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VN

Figure 8: An N-BRW with N = 3: first four generations

not hard to check that

.1 : :
vy = lim —max V¥ (z) = lim — min V" (),
n—oo M ‘;p‘:n n—oo M |m|:n

exists a.s., and is deterministic. Several predictions are made by these authors (see

[78] in particular), for example, concerning the velocity vy:

N — o0,

7o’ (6+0(1))Inln N
(62) N = 2(In N)? (1 a In N ) ’

where, as before, 0® := B(} -, V(2)?e™V®). [Of course, what is of particular

(6+0(1)) Inln N
In N

term.] All these predictions remain open, including a very interesting one con-

interest in the conjectured precision is the universality of the main
cerning the genealogy of the particles in a suitable scale that would converge to
the Bolthausen—Sznitman coalescent, though there is strong evidence that they are
true in view of the recent progress made by Berestycki, Berestycki and Schweins-
berg [45].

However, the following result is remarkably proved by Bérard and Gouéré [40]
by means of a rigorous argument. Recall that = := (&,..., {x=) is the point

process governing the law of the branching random walk.

Theorem 6.6. (Bérard and Gouéré [40]) Assume that #= = 2 and that & are
& are id.d. If (1) =0 =¢/'(1), and if (14 6) < oo and P(—06) < oo for some

0 >0, then

nlo?

=(1 1) =———= N — o0
o = (14 o(U) g ~
The proof of Theorem is technical, requiring several delicate couplings be-

tween the N-BRW and the usual branching random walk at an appropriate scale.
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We describe below a heuristic argument to see why v" should behave asymptoti-

w202

2(In N)2 -
The basic idea is that the following two properties are “alike”:

cally like

(a) A branching random walk, with an absorbing barrier of slope € > 0 and

starting with IV particles at the origin, survives;
(b) An N-BRW moves at speed < e.

In (a), the survival probability is 1 — (1 — peuy(€))Y, where pguv () is as in
Theorem (Section [6.1]). This suggests that vy would behave like € = £(N)

where ¢ is defined by
( E) € » 1
Psurv ~ N .

Solving the equation by means of Theorem [6.2] (Section [6.]), we obtain:

o2

£~ ———

2(In N2~

which gives Theorem [6.6]

Bérard and Gouéré in [40] succeed in making the heuristic argument rigorous.
Unfortunately, the heuristic argument probably fails to lead to what is conjectured
in (6.2). In other words, a deeper understanding of the N-BRW will be required

for a proof of (6.2).

6.3. The L-BRW

Let L > 0. The following so-called L-BRW was introduced by Brunet, Derrida,
Mueller and Munier [78]: in the branching random walk (V' (z)), at each generation,
only the individuals whose spatial positions are within distance L to the minimal

position are kept, while all others are removed from the system. We denote by
(V) (x)) the positions of the individuals in the L-BRW. Consider

1 1
v(L) == lim —max V¥ (z) = lim — min V) (x),
n—oo N |z|=n n—oo N |z|=n

whenever it exists. It would be interesting to know how v(L) behaves as L — oc.

To the best of my knowledge, no non-trivial result is known in the literature.
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Question 6.7. Study v(L) as L — oo.

We can define the corresponding model for branching Brownian motion, called
the L-BBM, and define the velocity of the system, vggy(L). In [78], the authors
argue that vpgym(L) should behave more or less like the velocity of the N-BBM
(i.e., the analogue of the N-BRW for branching Brownian motion) if we take L to

be of order In N. The following result is rigorously proved.

Theorem 6.8. (Pain [206]) For the L-BBM, vgpm(L) exists for all L > 0, and
2

s
VYR L — oo.

vgem(L) = =22 + (1 + 0(1))

The main term, —2'/2, is simply the velocity of the minimal position in branch-
ing Brownian motion (see Section [[I]). So Theorem is in agreement with
Theorem [6.6] via the heuristics of [78§].

6.4. Notes

Although the study of branching diffusions with absorption goes back to Sev-
ast’yanov [220] and Watanabe [231], it is the work of Kesten [154] on branching
Brownian motion with an absorbing barrier that is the most relevant to the topic
in Section [6.7]

Theorem is proved by Biggins et al. [59] under stronger assumptions, ex-
cluding the case £ = 0.

Theorem[6.2]is proved in [115]; see also [41] for a different proof, which moreover
gives some additional precision on the o(1) expression in (€. For branching
Brownian motion, (much) more is known, see Aidékon and Harris [13], Berestycki,
Berestycki and Schweinsberg [44] and [45], Harris, Hesse and Kyprianou [125].

A related problem of survival probability for the branching random walk with
absorption concerns the critical slope ¢ = 0 and the situation that the system
survives in the first n steps. This is studied in depth in Aidékon and Jaffuel [15].
The corresponding problem for branching Brownian motion with absorption is
investigated in the pioneering work of Kesten [154], and improved by Harris and
Harris [122]. For links with the one-sided F-KPP equation, see Harris, Harris and
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Kyprianou [123]. For physics literature, see Derrida and Simon [93], [222], where
many interesting predictions are made.

The analogue of Theorem for branching Brownian motion is proved by
Maillard [185], who is moreover able to obtain an accurate evaluation for the
density of #2 at infinity.

The analogue of Theorem for branching Brownian motion is proved by
Roberts [216], with remarkable precision. In particular, the analogue of Conjecture
for branching Brownian motion is proved in [216].

In addition of Theorem (Section [6.2]) proved by Bérard and Gouéré [40],
other rigorous results concerning the N-BRW (or the analogue for branching Brow-
nian motion) are obtained by Durrett and Remenik [104], Maillard [186], Bérard
and Maillard [42], Mallein [191]-[192], and by Berestycki and Zhao [46] in higher
dimensions. In particular, the weak convergence of the empirical measure of the
N-BBM (the analogue of the N-BRW for branching Brownian motion) is proved
in [104].

For both N-BBM and L-BBM, deviation properties are studied in [92].
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Chapter 7

Biased random walks on
Galton—Watson trees

This chapter is a brief presentation of the randomly biased random walk on trees
in its slow regime. The model has been introduced by Lyons and Pemantle [174],
as an extension of Lyons’s deterministically biased random walk on trees ([I71],
[172]).

7.1. A simple example
Before introducing the general model, let us start with a simple example.

Example 7.1. Consider a rooted regular binary tree, and add a parent iz to the
root @ The resulting tree is a planted tree (in the sense of [I00]). We give a
random colour to each of the vertices of the tree; a vertex is coloured red with
probability p.eq, and blue with probability ppiue, With preg > 0 and ppe > 0 such
that pred + Polue = 1.

A random walker performs a discrete-time random walk on the tree, starting
from the root @. At each step, the walk stays at a vertex for a unit of time, then
moves to one of the neighbours (either the parent, or one of the two children). The
transition probabilities are a! ; (moving to the parent), a% and aﬁé (moving to

either of the children) if the site where the walker stays currently is red, or a&ue,

-
IThe root @ is a vertex of the tree, but @ is not considered as a vertex of the tree.

119
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1 2 1
al(oh)le and ablue if the site is blue. We assume that ared, aie()i, aiezl, a&ue, al(oh)le and

al(oh)le are positive numbers such that

d + a’(lr)i + aEe?ﬁl 1= a’lleuo + al(jt)m + a’l(321310 .

«— «—
The parent @ of the root is reflecting: Each time the walk is at @, it automat-
ically comes back to @ in the next step. 0

The usual questions arise naturally: Is the random walk recurrent or tran-
sient?” What can be said about its position after n steps? What is the maximal

displacement in the first n steps?

7.2. The slow movement

Let T be a supercritical Galton—Watson tree; we add a parent iz to the root @. For
any v € T, let 7 denote the parent of x (recalling that E is not considered as a ver-
tex of T), and ), ..., 2N@) the children of z. Let w := (w(x), € T) be a family
of i.i.d. random vectors, with w(z) = (w(z, ), y € {z} U {z®, ..., 2@EDY) We
assume that Wlth probablhty one, w(@, y) > 0 for y € {5} u{eW, . .., W@
and that w(g, @) + Zi:l w(g, 29) = 1. In Example [l w(2) (or any w(x),
for x € T) is a three-dimensional random vector and takes two possible values
(al ., afi()i, aiié) and (a] ., a]glh)m, a](jue) with probability preq and ppiue, respectively.

For each given w (which, in Example [T means that all the colours are known),

let (X,,, n > 0) be a Markov chain with X, = @ and with transition probabilities

Pw(Xn+1:<a_:|Xn:x) = w(z, x),
Po(Xp1 =29 X, =2) = w(z, z9), 1<i<N(x),

and Py(Xpi1 =y | X, =2)=0ify ¢ {2} U {z®, ... 0@},

We use P to denote the probability with respect to the environment, and
P := P ® P, the annealed probability, i.e., P(-):= [ P,(

A convenient way to study the effect of w on the behav1our of (Xn) is via the
following process (V(z), « € T) defined by V(@) := 0 and

|z|—1

Zln wlze 2i1) e e, (= 9)

Iza xz—i—l)’
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where x; denotes, as before, the ancestor of = in the i-th generation (for 0 < i <
|z|). It is immediately seen that (V(x), z € T) is a branching random walk studied
in the previous chapters! Let = := (&, -+, {y) be the point process governing

the law of the branching random walk, i.e., (V(x), |z| = 1) is distributed as Z.
Example 7.2. If = = (&,...,&y) = (InA,..., In\), where A > 0 is a fixed

parameter, the resulting process (X, n > 0) is Lyons’s A-biased random walk on
Galton-Watson trees ([I71], [172]). O

Let, as before, ¢(t) :=InE(}_,_, e”V@) t € R. Throughout the chapter, we
assume ¥ (0) > 0, and ¥ (1) = 0 = ¢'(1).

Theorem 7.3. (Lyons and Pemantle [174]) Assume (0) > 0, and ¢ (1) =
0 =1'(1). The biased random walk (X,, n > 0) is P-almost surely recurrent.

Proof. There is nothing to prove if the Galton—Watson tree T is finite. So let us
work on the set of non-extinction of T. Write T, := inf{i > 0: X; =z}, the first
hitting time of vertex x, and Ty := inf{i > 1: X; = @}, the first return time to
the root, with inf @ := cc.

Let x € T with |z| =n > 1. For any 0 < k < n, write ay := P {1, < Ty | Xo =
xr}. Then ag =0, a, = 1, and for 1 < k < n,

w($k, 56k+1) W(xk, 56’k-1)

Qp = Ap41 +
W(Tk, Tpa1) + w(Th, Tp-1) ! W(Tk, Tpa1) + W (T, Tp1

Qp_1.
)

Solving the system of linear equations leads to

ev(xl)

PAT, < Ty | Xo=21} =a1 = S Vi)
=1

In particularH

(_
w(g, 9)
Pw{Tm < Tg} = w(@, Il)Pw{Tm < T@|X0 = Il} = W
Let 7, ;== inf{i > 0: |X;| = n}. Then for n > 1,

1
(7.1) Pra<Ti}< Y PAL <TH <w(z,2) Y ST
=1

z€T: |x|=n z€T: |z|=n

2This simple formula tells us that V plays the role of potential: The higher the potential
value is on the path {z1,..., x,}, the harder it is for the biased random walk to reach z.
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which yields P, {7, < T4} <

(as n — oo) almost surely on the set of non-extinction (by the Biggins martin-

we: faj=n © 7). Consequently, P{7, < T5} — 0
gale convergence theorem, Theorem in Section B.2). The recurrence follows

immediately. 0

If ¢(0) > 0 and ¢(1) = 0 = ¢'(1), the biased random walk is null recurrent
(Faraud [110]; under some additional integrability conditions). Theorem [Z.4] below
tells us that the biased random walk is very slow.

Let (m(s), s € [0, 1]) be a standard Brownian meander under P, and let m(s) :=
SUp,c(p, 5 M(u). Recall that the standard Brownian meander can be realized as
m(s) := W, s € [0, 1], where (B(t), t € [0, 1]) is a standard Brownian
motion, with g := sup{t < 1: B(t) = 0}.

Theorem 7.4. ([I139]) Assume 1(0) >0 and (1) =0 =1¢'(1). If(146) < oo,
P(—0) < oo and E[(#Z)1°] < oo for some § > 0, then for all u > 0,

, 0% | X, | o v 1
n]gg(}l?( (I n)? <u ‘ non—extmctwn) = /0 W P(U < m) dr,

where 02 1= EQX = V(z)%e V@) € (0, 00) as before, and 1 = SUDseo, 1] M(8) —
m(s)].

We mention that fOOOWP(n < —5)dr = 1 because E(%) = (2)Y/2, see
[140]. Very recently, Pitman [212] obtains an analytical expression for the distri-
bution function of 7, by means of a result of Biane and Yor [48]; it is proved that

7 has the Kolmogorov-Smirnov distribution: for z > 0,

oo

2.2 ™ 12 & ‘ 277'2
Pn<uz)= Z (—1)ke—2K" — (2:3 Zexp(— (2j -5;12) )

k=—o00 7=0

Since the biased random walk on trees can be viewed as a random walk in
random environment on trees, Theorem [.4]is the analogue on trees of Sinai [223]’s
result for one-dimensional random walk in random environment. We mention that
like in Sinai’s case, there is a localization result for the biased random walk on
trees; see [139).
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7.3. The maximal displacement

Assume that ¥(0) > 1, (1) = 0 = ¢/(1), and that #= > 1 a.s. Let as before
=inf{i > 0: |X;| =n}. By (TI),

PAra<Tgr< ) eV

z€T: |z|=n
with V(z) := maxj<i<|s| V(2;). By Theorem [5.34in Section 5.7 (under its assump-
tions), we have, with a, := (@)1/3 and o2 := EQX V(z)2e V@),

hgri)g)lf n1/3 In P {r, < TS} > —a., P-as.

Let L, := Zle 1;x,—2), which stands for the number of visits at the root @ in
the first £ steps. Then for any 7 > 1 and all € > 0,

. 217 .
Pw{LTn Z j} = [Pw{Tn > Tg}]j S 1-— e_(1+€)a*n1/3:| S exp ( _je—(l-i-e)a*nl/‘i)’

P-almost surely for all sufficiently large n (say n > ng(w); no(w) does not depend

on j). Taking j := Le(1+25)“*"1/3j, we see that

ZP {L,, > [e0F2an 1} o o P-a.s.

This implies, by the Borel-Cantelli lemma, that

lim sup n1/3 < ay, P-a.s.
n—oo
It is known, and not hard, to check that
In Lk
g =1 Pes
which yields that
I Inm _ P
117rln_>sip 5 S O -a.s.
Note that for all n and j, {7, < k} = {max;<;<x |X;| > n}. This implies that
1 2

1
liminf —— max | X P-a.s.

n—oo (Inn)3 1<i<n il 2 a3 3m20?
It turns out that (Inn)? is the correct order of magnitude for max;<;<, | X;|,

but the constant W%‘z is not optimal. Let = denote again a point process having
the law of (V(x), || = 1).
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Theorem 7.5. (Faraud et al. [111]) Assume 1(0) > 0 and (1) =0 = ¢'(1).
If (14 0) < 00, (—06) < oo and E[(#Z)+°] < oo for some § > 0, then P-almost

surely on the set of non-extinction,

8

3n202

lim 1 max |X;|
n—oo (Inn)3 1<i<n
Theorems[7. 4l and [0 together reveal a multifractal structure in the sample path
of the biased random walk. Loosely speaking, the biased random walk typically
stays at a distance of order (Inn)? to the root after n steps, but at some exceptional
times during the first n steps, the biased random walk makes a displacement of
order (Inn)? to the root. It would be interesting to quantify this phenomenon and
to connect, in some sense, the two theorems.

Let &, :=sup{i < n: X; = I}, the last passage time at the root before n.

Conjecture 7.6. Assume 1(0) > 0 and (1) = 0 = ¢'(1). Under suitable inte-

grability assumptions, P-almost surely on the set of non-extinction,

li X; .
lflnfoljp (Inn)3 @ing%}s(n| il >0

7.4. Favourite sites

For any vertex x € T, let

Ln(SL’) = Z 1{X¢=x}7 n > 1,
i=1

which is the site local time at position = of the biased random walk. Consider, for
any n > 1, the set of the favourite sites (or: most visited sites) at time n:

oy = {:c eT: L,(x)= maan(y)}.

yeT

The study of favourite sites was initiated by Erdds and Révész [105] for the
symmetric simple random walk on Z (see a list of ten open problems presented in
Chapter 11 of Révész [214]) who conjectured for the latter process that the family
of favourite sites is tight, and that #.o7, < 2 almost surely for all sufficiently large
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n. The second conjecture received a partial answer from Té6th [227], and is believed
to be true. The first conjecture was disproved by Bass and Griffin [35], who proved
that inf{|z|, z € @,} — oo almost surely for the symmetric simple random walk
on Z; later, it was proved to be also the case ([134]) for Sinai’s one-dimensional

random walk in random environment.

Theorem 7.7. ([138]) Assume 1(0) >0 and (1) =0 =1¢'(1). If(146) < oo,
P(=0) < oo and E[(#Z)'°] < oo for some § > 0, then there exists a finite
non-empty set % , depending only on the environment, such that

lim P(4, C % | non-extinction) = 1.

n—oo

In particular, the family of most visited sites is tight under P.

Theorem [T.7] tells us that as far as the tightness question for favourite sites
is concerned, the biased random walk on trees behaves very differently from the
recurrent nearest-neighbour random walk on Z (whether the environment is ran-
dom or deterministic). Il also gives a non-trivial example of null recurrent Markov
chain whose favourite sites are tight.

We close this brief chapter with a question.

Question 7.8. Assume 1(0) > 0 and (1) = 0 = ¢/(1). Under suitable integra-

bility assumptions, is it true that imsup,,_, . sup,c,, |v| < oo P-almost surely?

7.5. Notes

This chapter has shown only a tiny branch (on which I sit) of a big tree in the
forest of probability on trees. For a better picture of the forest, the book [178] and
the lectures notes [208] are ideal references.

Theorem in Section is a special case of a general result of Lyons and
Pemantle [I74], who give a recurrence/transience criterion for random walks on
general trees (not only Galton—Watson trees). For a proof using Mandelbrot’s
multiplicative cascades, see Menshikov and Petritis [195].

The biased random walk on trees is often viewed as a random walk in random

environment on trees. The elementary proof of Theorem [7.3] presented here is
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indeed essentially borrowed from Solomon [224] for one-dimensional random walks
in random environment. For more elaborated techniques and a general account of
random walks in random environment, see the lecture notes of Zeitouni [234].

Related to discussions in Section [7.4] local time of generations (instead of site
local times as in Section [T.4)) for the randomly biased random walk is investigated
by Andreoletti and Debs in [24] and [25], and site local time in the sub-diffusive
regime by Hu [133].

There is huge literature on random walks on trees. Let me attempt to make a
rather incomplete list of works: they are here either because they are connected
to the material presented in this chapter, or because they concern velocity and
related questions.

I only include results for biased random walks on supercritical Galton—Watson
trees, referred to simply as “biased random walks” below.

It is already pointed out that a general recurrence/transience criterion is avail-
able from Lyons and Pemantle [174].

(a) In the transient case, a general result of Gross [118] shows the existence of
the velocity. A natural question to answer is what can be said about the velocity,
and whether or not the velocity is positive.

(al) For the A-biased random walk (on trees), transience means A\ < E(#Z),
the answer of positivity of the velocity depends on whether or not there are leaves
on trees.

When #Z > 1 P-a.s., the tree is leafless, the velocity of the biased random walk
is positive (Lyons, Pemantle and Peres [177]). For simple random walk (i.e., A = 1),
the value of the velocity is explicitly known (Lyons, Pemantle and Peres [I76]). For
other values of A, there is a simple and nice upper bound (Chen [86], Virag [230]).
More recently, Aidékon [9] deduces an analytical expression for the velocity. A
famous conjecture (Lyons, Pemantle and Peres [I77]) is that the velocity is non-
increasing in A € [0, E(#E)). This monotonicity is established by Ben Arous,
Hu, Olla and Zeitouni [39] for A in the neighbourhood of E(#Z), by Ben Arous,
Fribergh and Sidoravicius [38] for A in the neighbourhood of 0, and by Aidékon [10]
for A € [0, 1] using his analytical expression obtained in [9]. Another interesting

' 2
question concerns the smoothness of the velocity as a function of \: the function
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is proved in [I77] to be continuous on [0, 1), but it is not known if it is continuous
on [1, E(#Z)). In the sub-ballistic case (i.e., with zero velocity), a quenched
invariance principle is proved by Peres and Zeitouni [209].

When P(#Z = 0) > 0, the tree has leaves. It is proved in [I77] that the velocity
is positive if and only if A > f’(¢q), where f is the moment generating function of
the reproduction law of the Galton—Watson tree as in Section 2.1l and ¢ is the
extinction probability. In the sub-ballistic case, the escape rate is studied by Ben
Arous, Fribergh, Gantert and Hammond [37], who also prove a cyclic phenomenon
(tightness but no weak convergence).

Regardless of existence of leaves, an annealed invariance principle is proved by
Piau [211].

(a2) We now turn to the randomly biased random walk.

When #= > 1 P-a.s., Aidékon gives in [5] a criterion for the positivity of the
velocity, and in [6] a simple upper bound for the velocity in case it is positive, which
coincides with the aforementioned upper bound of Chen [86] and Virag [230] when
there is no randomness in the bias. In the sub-ballistic case, the escape rate is also
studied in [5]. Deviation properties are studied in [6].

Assume now P(#Z = 0) > 0. In the sub-ballistic case, weak convergence is
proved by Hammond [121] (contrasting with the A-biased random walk).

(b) For recurrent randomly biased random walk, the maximal displacement is
studied in [I35] (the sub-diffusive regime) and in [I36] (the slow regime studied in
this chapter). Faraud [110] establishes a quenched invariance principle, extending
the aforementioned result of Peres and Zeitouni [209] for the A-biased random walk
in the very delicate null recurrent case.

Deviations properties, in both quenched and annealed settings, are studied by
Dembo, Gantert, Peres and Zeitouni [91] for the A-biased random walk (leafless,
recurrent or transient), and by Aidékon [6] for the randomly biased random walk
(leafless, transient).

For a general account of the biased random walk on trees, see (again) [I7§].
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Appendix A

Sums of 1.1.d. random variables

Let (S, — S,—1, n > 1) be a sequence of independent and identically real-valued
random variables such that E(S; — So) = 0 and that P(S; — Sy # 0) > 0. We

assume Sy = 0, P-a.s.

A.1. The renewal function

The material in this paragraph is well-known; see, for example, Feller [112].
Define the function R : [0, o) — (0, o) by R(0) := 1 and

Tt—1

(A.1) R(u) = E{ Z 1{5j2_u}}, u >0,

where 77 = inf{k > 1 : Sy > 0} (which is well-defined almost surely, since
E(S) =0).
The function R is the renewal function associated with (.S, ), because it can

be written as
(A2) R =Y P{H; 2—u} =Y P{IH|<u}, w20,
k=0 k=0

where Hy > H{ > H, > ... are the strictly descending ladder heights of (S,,),

le.,
(A.3) Hy =5, k>0,

129
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with 6, = 0 and 6, :=inf{i > 6, ; : 5; < ming; - S;} for k > 1. By the

renewal theorem,

(A.4) # — Cren € [0, 00), u — 00,

where ¢en 1= m Morever (Doney [99]), if E{[(S1)_]*} < oo (where u_ :=
1

max{—u, 0} for u € R), then

(A.5) 0 < Croy < 00.

A.2. Random walks to stay above a barrier

Throughout this part, we assume, moreover, that E(S?) € (0, co).

We list a few elementary probability estimates for (S,,) to stay above a barrier;
these estimates are useful in various places of the notes. They are collected or
adapted from the appendices of [§], [16] and [I7], but many of them can probably
be found elsewhere in the literature in one form or another. For a survey on general
ballot-type theorems, see Addario-Berry and Reed [3].

Sometimes we work under P, (for v € R), meaning that P,(Sy = v) = 1 (so
Py = P); the corresponding expectation is denoted by E,.

Let us write

S, = min 5;, n > 0.
0<i<n

By Stone’s local limit theorem, there exist constants cs5 > 0 and c56 > 0 such that

(A.6) supP{r < S, <r+h} <cs;

reR

W, Vn > 1, Vh > Csg.

It is known (Kozlov [159]) that there exist positive constants C'; and C_ such that

for a > 0 and n — oo,

. C_|_ R(CL) C_R_ (CL)
A7) P{min s> —af~ =5 Pl S < —af ~
where R_ is the renewal function associated with (—S,). Furthermore, it is possible

to have a bound in (A7) which is valid uniformly in a (Kozlov [159]):

(A.8) lim sup n/2 sup

n—00 a>0 a

! 1P{§n2 —a} < 00.
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With the notation z A y := min{z, y}, we claim that there exists c5; > 0 such
that fora >0, b > —a and n > 1,

(a+1)An?][(b+a+1) An'/?
372 >

(A.9) P{b <S5, <b+esg, S, > —a} < 057[

where c56 > 0 is the constant in (A.6). We only need to prove it for all sufficiently

large n; for notational simplification, we treat 2 as an integer. By the Markov

n

property at time %,
P{b < Sn < b+c567 §n > —CL}

< P{ﬁg z—a} sup P{b—xSS%n <b—1x+ cs, §%n z—a—x}.

r>—a

By (A8), P{Ss > —a} < 058('”711)1#. It remains to check that

(b+a+1) Anl/?
- :

sup P{b—xSS%n <b—2x+cs6, San 2—@—x}§c62

r>—a 3

Let §j = S%_j—S%. Then P{b — z < S%n < b—1x+ cs, §%n > —a—xa} <
P{—-b+ 2z —c5 < §% < —b+x, minj g m S; > —a —b— css}. By the Markov
property, this leads to: for x > —a,

P{b—xSS%n <b—z+ cs, §%n z—a—x}

< P{ min :9;-2—a—b—c56}supP{—b+:c—c56—y§§g S—b+x—y}.
1<i<y yeR s

The first probability expression on the right-hand side is bounded by cg m“:}#

(by (A.8)), whereas the second by < (by (A.6)). So (A.9) is proved.

Lemma A.1. There exists cgo > 0 such that fora >0, b> —a andn > 1,

[((a+1)An'2][(b+a+1)%An]
n3/2 :

P{ﬁn Z —a, STL S b} S Cp2
Proof. Tt is a straightforward consequence of ([A.9). O

Lemma A.2. There exists cg3 > 0 such that foru >0, a>0,b>0 andn > 1,

(u+1)(a+1)(b+u+1)
n3/2

P{ﬁnz—a, b—aSSngb—a—l—u}Sc(;g
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Proof. The inequality follows immediately from Lemma [A.T]if u = ¢, and thus
holds also for u < c¢s6, whereas the case u > ¢z boils down to the case u = cxq
by splitting [b — a, b — a + u] into intervals of lengths < cs6, the number of these
intervals being less than (;= +1).

[When a = 0, both Lemmas [A.1] and [A.2] boil down to a special case of Lemma
20 of Vatutin and Wachtel [229].] O

Lemma A.3. There exists cg4 > 0 such that for a > 0,

SliIfE [|5n| 1{§nz—a}] < cea (a+1).
Proof. We need to check that for some cgs > 0, E[S, 1(s > 3] < cg5(a + 1),
Va >0, Vn > 1.

Let 7, = inf{i > 1 : S; < —a}. Then E[S, 15 >-a}] = —E[S,1-.,,],
which, by the optional sampling theorem, is equal to E[(=S -) {ngn}]. As a
consequence, we have sup,,~; B[S, 1(s > o] = E[(=S,-)].

It remains to check that E[(—S, -)—a] < cg (a+1) for some cgs > 0 and all a >
0. [In fact, assuming E(]S1[?) < oo, it is even true that sup,-, E[(=S5,-) —a] < oo;
see Mogulskii [197].] By a well-known trick (Lai [163]) using the sequence of strictly
descending ladder heights, it boils down to proving that E[(—gﬁ;) —a] < cgr (a+1)

for some cg; > 0 and all @ > 0, where §1, Sy — 51, S3 — Sy, ... are i.i.d. negative
random variables with E(S;) > —oco, and 7, := inf{i > 1: S; < —a}. This,
however, is a special case of (2.6) of Borovkov and Foss [62]. O

Lemma A.4. Let 0 < A < 1. There exists cgs > 0 such that for a > 0, b > 0,
0<u<vandn>1,

P{ﬁnz—a, min S; >b—a, S, € [b—a+u,b—a+v]}
An<i<n
v+ D(v—u+1)(a+1)

(AlO) < Cgs n3/2 .

Proof. We treat An as an integer. Let Pgm denote the probability expression
on the left-hand side of (A.I0). Applying the Markov property at time An, we
see that Pgm) = Ellfs, >—a, 5y,56-a}f (San)], where f(r) :=P{S, _, > b—a—
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r, Spean € [b—a—1+ub—a—r+wv]} (for r > b—a). By Lemma [A.2]

f(r) <cg (UH)(U_“:;/)Z(GM_HI) (for r > b — a). Therefore,

063(U + 1)(’11 — U+ 1)
n3/2

P < E[(Sw+a—b+1)1(s, >—a 8,>b-a}]-

The expectation E[- - -] on the right-hand side is bounded by E[|S\,| 1(s, >-a}] +
a + 1, so it suffices to apply Lemma [A.3] d

Lemma A.5. There exists a constant cgg > 0 such that for any y > 0 and z > 0,
ZP{Sk <y—2z S5, > —z} < g9 (y + 1)(min{y, z} +1).
k=0

Proof. The proof requires to apply Lemma [A 1] with some care. We distinguish
two possible situations.
First situation: y < z. Let 7,7 :=inf{i > 0: S; <y}. Then

Y P{Si<y-—=z 8,>-2} = E. [Z 1{Sk§y,§k20}]
k=0

k=0
- EZ |: Z 1{SkS97 ﬁkEO}] .

k=1,

Applying the strong Markov property at time 7,° gives

Y P{Si<y—z 8, > -z} < E[Z Lisi<, ﬁiz—y}]
=0

k=0

= ZP(Sz‘ <y, §z > —y)-
i=0

For i < |y?], we simply argue that the probability on the righ-hand side is bounded

by one. Fori > |y?|+1, we apply Lemmal[A Tlto see that the probability is bounded

by ¢7o (%:/12)3‘ Consequently,

o = (y+1)°
DPSi<y-—z S 2 (WP D+ Y ensgn

k=0 i=[y2]+1

which is bounded by c71 (y + 1), as desired.
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Second and last situation: y > 2. For k < [y?|, we simply say P{S; <

y—=z, S, > —z} < P{S, > —z}, which is bounded by c¢75 (ki% For k > |y?]+1,

)
we apply Lemma [AT] and obtain: P{Sy <y — 2z, S, > —2} < cg (y+1k);/(;+1)' As

such,

[y

o0 cra (14 2) ces (y +1)%(z+1)
ZP{SL:SZ/—Z’ Sy > Z}<Z (k+1) 1/2 Z k3/2 ’
k=0 k=|y2|+1

which is bounded by ¢73 (y + 1)(z + 1). O

Lemma A.6. Let € > 0 and cy4 > 0. There exist constants c75 > 0 and crg > 0
such that for allu >0, v > 0, a > 0 and integers n > 1,

PU{HOS’iSnZSiSkJi—C75, OmmS >0, min S; >a, S, <a—|—u}

7<g<n

+ Crg

(n*7 + a)? >’

< (14w (1+v)( . 2=(1/7)

3/2
where k; == c74 1" for 0 < i < [2], and ki :== a+ ¢z (n — i)/7 for 2] <i<n.

Proof. Again, we treat § as an integer. We start with the trivial observation that
{S; <7 —¢r5} € {S; <Y}, regardless of the forthcoming constant cys.
Let, for 0 < i <n,

E;: {S<k,, m1nS>O m1nS>aS<a—|—u}

<j<n

[We note that the first condition in E; is S; < k;, and not S; < k; — ¢75 as in the
statement of the lemma.] We distinguish two possible situations.

First situation: i < %, in which case k; = c7s4"/7. We estimate P(E;) for

1 <4 < §. Applying the Markov property at time i, and using Lemma [A.4]

(there is no problem in applying Lemma [A.4] even when i is close to %, because

the probability expression in Lemma [A.4] is non-decreasing in \), we get

(u+ 1)

P(EZ) S Cr7 W Ev (Sz + 1) 1{SiSC74i1/77§i20}j|’

which, by Lemma [A ] is bounded by crg (j;}f (imt;}z(vﬂ). Consequently, there

exists a constant 7y sufficiently large, which does not depend on the forthcoming
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constant c¢r5, such that

(u+1)%(v+1)
(A11) Z P(E R R
i=ig
with ZZ >, = 0if § <idg.

Second and last situation: ¢ > 2, in which case k; = a + cza (n — 9)"/7 by
definition. We still apply the Markov property at time i: using Lemma [A] it is
seen that

cr9 (u+1)3
P(EZ) = m E, |:(SZ —a+ 1) 1{Si§a+C74 (n—9)1/7, S,>0, ming <;<; SjZd}]
Cg0 (u + 1)2

. _oA\LT
(n— i+ 1)3/2-0/7) P’f(SZ <aten(n—i)7 520,

min S; > a)
5<j<i

(n—i4+1)3/1)=(3/2)

When i > 2 this yields P(E;) < ¢ (u+1)%(v + 1) 72 by Lemma

[A.4l Therefore, choosing i; sufficiently large (not depending on the forthcoming

constant c¢z5), we have

n—ii

(A.12) > P(E) <

e(u+1)*(v+1)
213/2 )

When 3 <1 < %", we simply use

Cg0 (U+1)2
P(E;) <
(B) < =i s nom-

and the probability expression on the right-hand side is bounded by [1 4 ¢74 (n —

DY Py(a < S; < a+cpu(n—i)/7, S; > 0). Using Lemma gives then
P(EZ) S C82 (u+1)2(v+1) 77/'1/7 (n1/7+a)2

n3

(1/7)P<“<S <a+teu(n—i)", 8,>0 )

; as such,

n_
1)2 1 1/7 2
Z P(E <083(u+ Y(v+1)(n""+a) '

2—(1/7)
i=5+1
Combining this with inequalities in (A1]]) and (A12]), we obtain:
wu e(u+1)2w+1) (u+1)2(v+1) (nY7 + a)?
372 n2—(/7)

i=ig
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We choose c75 > c74 (max{ig, i1})"/7 so that for i < iy or for n —i; < i < n, the
event {a < S; < k; — ¢75} is empty. The lemma is proved.

We note that the choice of % in the lemma is arbitrary; any value in (0, %) is
fine. O

Lemma A.7. There exists a constant Cy > 0 such that for any 0 < a1 < as < 00,

lminf 2 it Plu<S, <u+tCo )gn >0} >0,

n—r00 u€la; nt/2 agnl/?]

Proof. The lemma follows immediately from a conditional local limit theorem
(Caravenna [82]): if the distribution of S; is non-lattice (i.e., not supported in any
aZ + b, with @ > 0 and b € R), then for any h > 0, P{r < S, <r+h|S, >

0} = #;2) exp(—ﬁ?sf)) +0(=47), n — 0o, uniformly in 7 € R (notation recalled:

ry := max{r, 0}); if the distribution of S; is lattice, and is supported in a + bZ
with b > 0 being the largest such value (called the “span” in the literature), then
an an 2 :
P{S,=an+bl|S, >0} = % exp(—gnEJr(bS?)) + 0(#), n — oo, uniformly
in ¢ e€Z. O

Lemma A.8. Let Cy > 0 be the constant in LemmalA7. For all0 < a; < ag < 00,

liminf n inf P{ﬁnZO, u§5n<u+00} > 0.
]

n—oo u€lay nl/2 apnl/2
Proof. This is a consequence of Lemma and (A.7). O

Lemma A.9. Let Cy > 0 be the constant in LemmalA7. For all0 < a; < ag < 00
and az > 0,

n

liminf  inf inf P{ﬁn >—v, u<S,<u+ C'o} > 0.
]

n—00 uel0,aznl/? UV + 1 u€lar nt/2 axnl/?

Proof. Since {S, > —v} D {S, > 0} for v > 0, and in view of Lemma [A.§ we
only need to treat the case v € [vg, azn'/?] for any given vy > 0. Let (H, , k > 0)
(resp. (0, , k > 0)) be the strictly descending ladder heights (resp. ladder epochs)
of (S,), as in ([A.3). We have

P{S, > —v, u<S, <u+Cy}

ZZP{H,; < g, HS >—v, 0 ,>n,S,>-v, u<S, <u+C}.
k=1
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For any k, applying the strong Markov property at time ¢, and Lemma [A.8 we
see that for some cgy > 0 and ng > 0 (depending on (a1, as, az) but not on vy) and

all n > ngp, the probability expression on the right-hand side is
__n _ Cs4
> P{o; < 9 H > —v} X ?§

hence

P{S, > v, u<S,<u+C} > %ZP{H; < g Hy > —v}
k=1

Cs4 _ n _
> Fko P{9k0 < bX Hy > —v},

for any ko > 1. Since @ — L € (0, 00) a.s. (for k — oo; see (Ad]) and (A.H)),

Cren

and 6, is the first time the random walk (S;) hits (—oo, H, ], it follows from

Donsker’s theorem that we can choose v sufficiently large and § > 0 sufficiently

small, such that with the choice of ko := |dv], we have, for all v € [vy, agn'/?]
and all sufficiently large n, P{H,;) > —v} > % and P{Ok_0 < 3} > %, so that
P{H,;O <3, H, > —v} > % + % —1= % The lemma follows. O

Lemma A.10. There exists a constant C > 0 such that for all a; > 0, as > 0
and 0 < X\ < 1, there exist an integer ng > 1 and a constant cgs > 0 such that the
following inequality holds:

v+1
n3/2’

(A.13) P{§LMJ > v, min S;>u, Sy <u-+ C} > g5

[An]<j<n
for alln > ng, all u € [0, ayn*/?] and all v € [0, agn'/?].

Proof. We treat An and n'/? as integers. Let Cy > 0 be the constant in Lemma
A7, and we take C := 2C;. Let Pgg denote the probability on the left-hand
side of (AI3). Writing oy, := 2a; n'/? 4+ kCj for k > 0, we have

nl/2

Pam) > ;P{ﬁm > =0, ap < Sxp < Qpyt, Agijl%n(sj — Sn) = u— ay,

Sn - S)\n <u+ 26’0 - ak+1}

n

= ZP{§An Z -V, Qg S S)\n < O‘k-l—l}

k=0

XP{§(1_)\)n > u—ag, Sz <u+Ch— ak}-
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[In the last identity, we have used the fact that u+2Cy — a1 = u+ Co— ay.] We
need to treat the two probability expressions on the right-hand side. The first is
easy: by Lemma [A.9] there exists a constant cgg > 0 such that for all sufficiently

large n,
v+1

min P{ﬁm > —v, o < Sy, < ak+1} > Cg6
0<k<nl/2

To treat the second probability expression on the right-hand side, we write §j =

Sa-\n—j — Sa-xn, to see that

P{ﬁ(l_x)n > U — g, Sa-xn < u+ Co— ak}

> P{ min §j >0, —u—Cy+a, < §(1_,\)n < —u +ak},
1<5<(1-M\)n

which, by Lemma[A.§ is greater than =7 for some cg; > 0 and all sufficiently large

1/2

n, uniformly in 0 < k < n'/*. Consequently, for all sufficiently large n,

nl/2
v+1 Cg7
Parm) > ZCSG o

n
k=0

which is greater than cgg Zgi/é for some constant cgg > 0. O
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