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Overview

The eight lecture chapters and the seven exercise sheets correspond as shown in the
table below.

Topic Lecture notes Exercises

Weak convergence Chapter 1, p. 6 Sheet 1, p. 97

Modes of convergence Chapter 2, p. 14 Sheet 2, p. 110

Measures on a metric space Chapter 3, p. 18 Sheet 3, p. 124

Continuous functions Chapter 4, p. 35 Sheet 4, p. 156

Donsker and Brownian bridge Chapter 5, p. 55

Chapter 6, p. 62

Sheet 5, p. 179

Càdlàg paths (Skorokhod) Chapter 7, p. 68 Sheet 6, p. 198

Poisson random measures Chapter 8, p. 81 Sheet 7, p. 206
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Part I

Lecture notes

Notation

• (E,d): metric space.

• BE or B: Borel sigma-algebra (the smallest sigma-algebra containing the open
sets).

• M1(E): probability measures on E.

• If f : E→ R is nonnegative measurable or µ-integrable, we write

µ(f) = ⟨µ, f⟩ =
∫
E
fdµ.

• Cb(E): bounded continuous functions E→ R.

• Cc(E): compactly supported continuous functions E→ R.

• C(I,E) (also denoted by C(I,E)): continuous functions from I to E.

• D(I,E): càdlàg functions from I to E; the domain is omitted when fixed.

• Xn
d−→ X or Xn ⇒ X: convergence in distribution. For measures, µn ⇒ µ denotes

weak convergence.

References

• P. Billingsley, Convergence of Probability Measures (2nd ed.).

• O. Kallenberg, Foundations of Modern Probability (2nd ed.).

• A. Klenke, Probability Theory: A Comprehensive Course.

• J. Kingman, Poisson Processes.

• G. Last, M. Penrose, Lectures on the Poisson Process.

• P.-L. Méliot, Convergence of Measures, Poisson Processes and Lévy Processes
(lecture notes; title translated)

• G. Miermont, Limit Theorems and Poisson Processes (lecture notes; title translated)

• T. Lévy, Convergence of Measures, Large Deviations, Percolation. (lecture notes;
title translated)
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1 Weak convergence in Rk

Related exercises: Sheet 1, p. 97.

In this chapter
1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2 Restricting the class of test functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3 Distribution functions (k = 1) and tightness . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Characteristic functions and Lévy’s theorem . . . . . . . . . . . . . . . . . . . . . . 11

1.1 Definition

Definition 1.1. Let (E,d) be a metric space and µn,µ ∈ M1(E). We say that (µn)
converges weakly to µ if

∀f ∈ Cb(E), µn(f) −→ µ(f).

We then write µn ⇒ µ.

Example 1.2. • If xn → x ∈ Rk, then δxn ⇒ δx.

• µn =
1

n+ 1

n∑
i=0

δi/n ⇒ Leb[0,1].

Probabilistic formulation. If Xn,X are random variables with respective distributions

µn,µ, we say that Xn
d−→ X if µn ⇒ µ, that is,

∀f ∈ Cb(E), E[f(Xn)] −→ E[f(X)].

Proposition 1.3. Let (E,d) be a metric space and µn,µ,ν ∈ M1(E). If µn ⇒ µ and
µn ⇒ ν, then µ = ν.

Proof. Then µ(f) = ν(f) for every f ∈ Cb(E). Let F be closed and K > 0. Set

gF,K(x) = max
(
1 −Kd(x, F), 0

)
.

The function equals 1 on F, then decreases linearly as a function of the distance to
F until it vanishes at distance 1/K. Since gF,K converges pointwise to 1F as K → ∞,
dominated convergence gives µ(F) = ν(F), and hence µ = ν by the monotone class
theorem.

In the rest of this chapter, we restrict ourselves to Rk, equipped with the Euclidean
metric.
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1.2 Restricting the class of test functions

Theorem 1.4 (A basic portmanteau theorem). Let µn,µ ∈ M1(R
k). Then µn ⇒ µ if

and only if, for every bounded measurable function f : Rk → R+ that is continuous
µ-almost everywhere (that is, µ({x ∈ Rk : f is continuous at x}) = 1), we have
µn(f) → µ(f).

See the portmanteau theorem 3.2 for a proof in a more general setting.

Proposition 1.5. Let µn,µ ∈ M1(R
k). Let H be a set of bounded measurable func-

tions Rk → R such that Cc(Rk) ⊂ H, where the closure is taken in the uniform norm.
Then [

∀f ∈ H, µn(f) −→ µ(f)
]

=⇒ µn ⇒ µ.

Proof. Step 1. We show that µn(f) → µ(f) for every f ∈ Cc(R
k) implies µn ⇒ µ. The

idea is a truncation argument. Let χr : Rk → [0, 1] be continuous, with χr(x) = 1 for
∥x∥ ⩽ r and χr(x) = 0 for ∥x∥ ⩾ r+ 1. Let f ∈ Cb(R

k). Then

|µn(f) − µ(f)| ⩽ |µn(f) − µn(fχr)|+ |µn(fχr) − µ(fχr)|+ |µ(fχr) − µ(f)|.

As n→ ∞, the limit superior of the first term is bounded above by ∥f∥∞(1 − µ(χr)),
that of the second term is zero, and the third term is bounded above by ∥f∥∞(1−µ(χr)).
Thus

lim sup
n→∞ |µn(f) − µ(f)| ⩽ 2∥f∥∞(1 − µ(χr)).

Since µ(χr) → 1 as r→ ∞ by dominated convergence, this completes step 1.
Step 2. Let f ∈ Cc(R

k). Let g ∈ H satisfy ∥f− g∥∞ ⩽ ε. Then

|µn(f) − µ(f)| ⩽ |µn(f) − µn(g)|︸ ︷︷ ︸
⩽ε

+ |µn(g) − µ(g)|︸ ︷︷ ︸
−→0 since g∈H

+ |µ(g) − µ(f)|︸ ︷︷ ︸
⩽ε

.

Therefore µn(f) → µ(f). Step 1 completes the proof.

Application. Let µ ∈ M1(R) and let (Xn)n⩾1 be i.i.d. random variables with distri-
bution µ. Let µn = 1

n

∑n
i=1 δXi . Then, almost surely, µn ⇒ µ. In particular, every

probability measure in M1(R) is a weak limit of atomic measures.

Proof. Let (fk)k⩾1 be a sequence in Cc(R) that is dense in Cc(R): for example, take
polynomials with rational coefficients multiplied by cutoff functions TK,r, with K, r ∈
N∗, equal to 1 on [−K,K], zero outside [−K − 1/r,K + 1/r], and affine on the two
intervening intervals. Set H = {fk : k ⩾ 1}. Since

µn(fk) =
1
n

n∑
i=1

fk(Xi)
a.s.−−−→
n→∞ E[fk(X1)] = µ(fk)

by the law of large numbers, almost surely µn(f) → µ(f) for every f ∈ H, so the result

7



Limit theorems and applications Lecture notes 1. Weak convergence

follows from the proposition.

1.3 Distribution functions (k = 1) and tightness

Definition 1.6. For µ ∈ M1(R), we denote its distribution function by Fµ(x) = µ(] −∞, x]), for x ∈ R.

Remark 1.7. • lim+∞ Fµ = 1, lim−∞ Fµ = 0, and Fµ is nondecreasing and càdlàg
(right-continuous with left limits at every point).

• Conversely, if F : R → [0, 1] is nondecreasing, right-continuous, and satisfies
lim−∞ F = 0, lim+∞ F = 1, then there exists µ ∈ M1(R) such that F = Fµ. Indeed,
we can take µ to be the pushforward of Lebesgue measure on ]0, 1[ under

x 7−→ inf{y ∈ R : F(y) ⩾ x}.

This is the Lebesgue–Stieltjes measure associated with F; see the exercises.

• µ has an atom at x if and only if ∆Fµ(x) = Fµ(x) − Fµ(x−) = µ({x}) > 0.

• µ has at most countably many atoms, since

∀k ⩾ 1, #{x ∈ R : µ({x}) ⩾ 1/k} ⩽ k.

• µ has no atoms if and only if Fµ is continuous.

• If µ has a density g with respect to Lebesgue measure, then Fµ is differentiable
almost everywhere, with derivative g, and Fµ(x) =

∫x
−∞ g(t)dt.

Caution: Fµ is always differentiable almost everywhere, but is not always the integral
of its derivative (in fact, this holds if and only if µ≪ Leb). Consider the devil’s staircase,
or Cantor function, whose derivative is zero almost everywhere: it is a continuous
nondecreasing function with plateaus at every scale.

Proposition 1.8. Let µn,µ ∈ M1(R). Then µn ⇒ µ if and only if

Fµn(x) −→ Fµ(x) for every x ∈ R such that ∆Fµ(x) = 0.

Proof. If µn ⇒ µ and ∆Fµ(x) = 0, then f(z) = 1{z⩽x} is continuous µ-almost every-
where, so the basic portmanteau theorem gives µn(f) → µ(f).

Conversely, we then have µn(g) → µ(g) for every function g of the form

g =

r∑
i=1

αi1]xi,yi],

where xi and yi are not atoms of µ. Every function in Cc(R) is a uniform limit of such
functions. The proposition in subsection 2 completes the proof.
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Definition 1.9. A family (µi)i∈I of measures in M1(R) is said to be tight if

∀ε > 0, ∃A > 0, sup
i∈I

µi(R \ [−A,A]) ⩽ ε.

Remark 1.10. A sequence (µn)n⩾1 in M1(R) is tight if and only if

∀ε > 0, ∃A > 0, lim sup
n→∞ µn(R \ [−A,A]) ⩽ ε.

This follows from the fact that a measure µ ∈ M1(R) is tight, since limA→∞ µ(R \

[−A,A]) = 0.

The following result is a compactness result and is a special case of Prokhorov’s
theorem 3.24, presented in Chapter 3.

Theorem 1.11. Let (µn)n⩾1 be a sequence in M1(R). Then (µn)n⩾1 is tight if and
only if, for every subsequence map φ, there exists a subsequence map ψ such that
(µφ◦ψ(n))n⩾1 converges weakly.

By a subsequence map, we mean a map selecting a subsequence or, more formally, an
increasing injection N∗ → N∗.

Proof. Reverse implication. Arguing by contradiction, suppose that there exists ε > 0
such that, for every n ⩾ 1,

µφ(n)(R \ [−n,n]) > ε.

We can choose φ increasing since, for fixed i ⩾ 1, limn→∞ µi(R \ [−n,n]) = 0. By
assumption, let ψ be a subsequence map such that (µφ◦ψ(n))n⩾1 converges weakly
to µ ∈ M1(R). Then, for every x > 0 such that µ({x}) = µ({−x}) = 0, we have
[−x, x] ⊂ [−ψ(n),ψ(n)] for all sufficiently large n. Hence

µ([−x, x]) = lim
n→∞µφ◦ψ(n)([−x, x])

⩽ lim inf
n→∞ µφ◦ψ(n)([−ψ(n),ψ(n)]) ⩽ 1 − ε.

Letting x→ ∞ gives µ(R) < 1, a contradiction.
Forward implication. Working with µφ(n) if necessary, we may assume φ = id.
Step 1: identifying a candidate limit. Set Fn = Fµn . For every q ∈ Q, the sequence

(Fn(q))n⩾1 is bounded. By a diagonal argument, there exists a subsequence map ψ
such that, for every q ∈ Q, (Fψ(n)(q))n⩾1 converges to a limit denoted by F∞(q). We
then set

F(x) = inf{F∞(q) : q > x, q ∈ Q}.

One checks that F is nondecreasing and right-continuous. Let ε > 0 and let A > 0
satisfy

sup
n⩾1

µn(R \ [−A,A]) ⩽ ε.
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Let q ∈ Q, q > A. Then Fn(q) ⩾ 1 − ε. Letting n → ∞ gives F∞(q) ⩾ 1 − ε, hence
F(A) ⩾ 1 − ε. Similarly, F(x) ⩽ ε for x < −A. Thus lim−∞ F = 0, lim+∞ F = 1. There
therefore exists µ ∈ M1(R) such that F = Fµ: this is the Lebesgue–Stieltjes measure
associated with F; see the preceding remark.

Step 2. We check that µψ(n) ⇒ µ. Let x ∈ R satisfy µ({x}) = 0. Then

F(x) = sup{F∞(q) : q < x, q ∈ Q} = inf{F∞(q) : q > x, q ∈ Q}.

For the first equality, we can use F(x) = limu↑x F(u). Thus, if q < x < q ′ with
q,q ′ ∈ Q,

F∞(q) = lim
n→∞ Fψ(n)(q) ⩽ lim inf

n→∞ Fψ(n)(x)

⩽ lim sup
n→∞ Fψ(n)(x) ⩽ lim sup

n→∞ Fψ(n)(q
′) = F∞(q ′).

Letting q ↑ x, q ′ ↓ x, we conclude that Fψ(n)(x) → F(x).

Remark 1.12. • It is tempting to reformulate this by saying that {µn : n ⩾ 1} has
compact closure in M1(R) equipped with a metric that metrizes weak convergence.
This point will be made precise in Section 3.5.

• The extension to Rk is similar (see Proposition 5.21 in Kallenberg).

Definition 1.13. A family (Xi)i∈I of real-valued random variables is said to be tight
if the family of their distributions is tight.

Example 1.14. If (Xi)i∈I is bounded in L1, that is, if there exists C > 0 such that
supi∈I E[|Xi|] ⩽ C, then (Xi)i∈I is tight. Indeed,

P(|Xi| ⩾ A) ⩽
E[|Xi|]

A
⩽
C

A
.

Lemma 1.15 (Subsequences of subsequences for measures). Let µn,µ ∈ M1(R). Then
µn ⇒ µ if and only if, for every subsequence map φ, there exists a subsequence map
ψ such that µφ◦ψ(n) ⇒ µ.

Proof. The forward implication is immediate. For the converse, arguing by contradic-
tion, let ε > 0, f ∈ Cb(R), and a subsequence map φ satisfy |µφ(n)(f) − µ(f)| ⩾ ε for
every n. By assumption, there exists a subsequence map ψ such that µφ◦ψ(n) ⇒ µ.
Then µφ◦ψ(n)(f) → µ(f), a contradiction.

Corollary 1.16. Let (µn)n⩾1 be a sequence in M1(R) and µ ∈ M1(R). Then µn ⇒ µ

if and only if

• (µn)n⩾1 is tight;
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• if µφ(n) ⇒ ν for a subsequence map φ and ν ∈ M1(R), then µ = ν.

Proof. The forward implication is clear. For the converse, we argue by contradiction.
By the preceding lemma, there exists a subsequence map φ such that, for every
subsequence map ψ, µφ◦ψ(n) ̸⇒ µ. But (µφ(n)) is tight, so there exist a subsequence
map ψ and ν ∈ M1(R) such that µφ◦ψ(n) ⇒ ν. Thus ν = µ by assumption, a
contradiction.

In practice, the preceding corollary is very useful for proving that µn ⇒ µ, as follows:

(i) Show that (µn) is tight: tightness.

(ii) Take a subsequence map φ and ν such that µφ(n) ⇒ ν. Show that ν = µ using a
property that characterizes a measure: uniqueness of the limit.

1.4 Characteristic functions and Lévy’s theorem

Definition 1.17. For µ ∈ M1(R
k), we write

ϕµ(u) =

∫
Rk
ei⟨u,x⟩ µ(dx), u ∈ Rk,

for the characteristic function of µ; ⟨u, x⟩ denotes the inner product.

Clearly, µn ⇒ µ impliesϕµn → ϕµ pointwise. For the converse, we have the following
more precise result.

Theorem 1.18 (Lévy). Let µn ∈ M1(R
k) satisfy

(i) for every u ∈ Rk, ϕµn(u) converges to a limit denoted by ϕ(u);

(ii) u 7→ ϕ(u) is continuous at 0.

Then there exists µ ∈ M1(R
k) such that ϕ = ϕµ and µn ⇒ µ.

For simplicity, we restrict the proof to k = 1.

Lemma 1.19 (Injectivity of the characteristic function). Let µ,ν ∈ M1(R) satisfy
ϕµ = ϕν. Then µ = ν.

Proof idea. We convolve with a Gaussian. Let

gε(x) =
1√
2πε

e−x
2/(2ε), (µ ∗ gε)(y) =

∫
µ(dx)gε(x− y).

This is a C∞ probability density; one checks that (µ ∗ gε)(y)dy⇒ µ as ε→ 0. Now

ϕgε(z) = e
−εz2/2 = g1/ε(z)

√
2π
ε

, gε(z) =
1√
2πε

ϕg1/ε(z).

11
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Thus,

(µ ∗ gε)(y) =
∫
µ(dx)

1√
2πε

ϕg1/ε(x− y)

=
1√
2πε

∫
µ(dx)

∫
dz eiz(x−y)g1/ε(z)

Fubini
=

1√
2πε

∫
dz g1/ε(z)e

−izyϕµ(z).

Thus µ ∗ gε can be expressed in terms of ϕµ and ε. Letting ε → 0 completes the
proof.

Lemma 1.20 (Relation between tails and characteristic functions). There exists c > 0
such that, for every µ ∈ M1(R) and every K > 0,

µ(R \ [−K,K]) ⩽ cK
∫1/K

−1/K
(1 − Reϕµ(u))du.

Proof. We have

K

∫1/K

−1/K
(1 − Reϕµ(u))du = K

∫1/K

−1/K

(
1 −

∫
R

cos(ux)µ(dx)
)

du

Fubini
=

∫
R

µ(dx)K
∫1/K

−1/K
(1 − cos(ux))du

= 2
∫

R

µ(dx)
(

1 −
sin(x/K)
x/K

)
⩾ 2

∫
R\[−K,K]

µ(dx)
(

1 −
sin(x/K)
x/K

)
⩾ 2(1 − sin(1))µ(R \ [−K,K]),

since sin(y)/y ⩽ sin(1) for |y| ⩾ 1.

Proof of Lévy’s theorem. Step 1: tightness. We have

µn(R \ [−A,A]) ⩽ cA
∫1/A

−1/A
(1 − Reϕµn(u))du −→ cA

∫1/A

−1/A
(1 − Reϕ(u))du.

The last quantity tends to 0 as A → ∞, since ϕ is continuous at 0 and ϕ(0) = 1. It
follows that

lim
A→∞ lim sup

n→∞ µn(R \ [−A,A]) = 0.

Thus (µn)n⩾1 is tight. In particular, there exist a subsequence map φ0 and µ ∈ M1(R)

such that µφ0(n) ⇒ µ. Then ϕµφ0(n)
→ ϕµ pointwise. Hence ϕ = ϕµ, which already

shows that ϕ is the characteristic function of a probability measure.

12
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Step 2: uniqueness of the limit. Let φ be a subsequence map and ν ∈ M1(R) satisfy
µφ(n) ⇒ ν. Then ϕµφ(n)

→ ϕν pointwise. But ϕµn → ϕ = ϕµ pointwise. Thus
ϕµ = ϕν, and µ = ν by injectivity of the characteristic function.

We again encounter a two-step argument, which is the guiding principle of this course.
There are essentially three ingredients:

(i) Tightness.
(ii) A certain property P passes to the weak limit (for Lévy’s theorem, µn ⇒ µ implies

ϕµn → ϕµ pointwise).
(iii) This property P characterizes probability measures.

Points 2 and 3 are often called “identification of the limit” or “uniqueness of the limit”.
For these reasons, in general spaces it is often important to have a “good” charac-

terization of compact sets (for tightness) and a “good” characterization of probability
measures (for uniqueness of the limit).

Interlude: separability

Throughout this course, the notion of separability is crucial. A metric space E (or, more
generally, a topological space) is said to be separable if it has a countable dense sequence.

For example, (Cc(R), ∥ · ∥∞) and every compact metric space are separable (use the
finite subcover property), whereas (Cb(R), ∥ · ∥∞) is not (exercise).

Separability is a very useful property when considering products of spaces. If E, F are
separable metric spaces,

B(E× F) = B(E)⊗B(F),

which is false in general. In particular, if X, Y are random variables with values in a
separable metric space (E,d), then d(X, Y) is measurable as the composition of

(Ω,F) −→ (E× E,B(E)⊗B(E)),

ω 7−→ (X(ω), Y(ω)),

and
(E× E,B(E× E)) −→ R,

(x,y) 7−→ d(x,y),

the second map being measurable because it is continuous, and the two intermediate
sigma-algebras being equal.

Separability is a topological property, in the sense that, if E and F are homeomorphic,
then E is separable if and only if F is. N.B.: completeness is not a topological property.

13
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2 Other modes of convergence

Related exercises: Sheet 2, p. 110.
In this chapter
2.1 Almost sure convergence and convergence in probability . . . . . . . . . . . . . . . 14
2.2 Uniform integrability and convergence in L1 . . . . . . . . . . . . . . . . . . . . . . 15

2.1 Almost sure convergence and convergence in probability

Let (Xn)n⩾1 and X be random variables defined on the same probability space, with
values in a separable metric space (E,d).

Definition 2.1. • We say that Xn converges almost surely (a.s.) to X, and write
Xn

a.s.−−→ X, if
P({ω ∈ Ω : Xn(ω) −→ X(ω)}) = 1.

• We say that Xn converges in probability to X, and write Xn
P−→ X, if

∀ε > 0, P(d(Xn,X) > ε) −→ 0.

Remark 2.2. • P(Xn → X) involves the joint distribution of (X,X1,X2,X3, . . .),
whereas P(d(Xn,X) > ε) involves only the joint distribution of (Xn,X).

• We will see later that almost sure convergence and convergence in probability
imply convergence in distribution, and that convergence in distribution to a
constant is equivalent to convergence in probability to that constant.

Proposition 2.3. We have Xn
P−→ X if and only if every subsequence (Xφ(n)) has

a further subsequence (Xφ◦ψ(n)) that converges almost surely to X. In particular,

Xn
a.s.−−→ X implies Xn

P−→ X.

Proof. First, let us check that

Xn
P−→ X ⇐⇒ E[d(Xn,X)∧ 1] −→ 0,

where ∧ denotes the minimum. For the reverse implication, for 0 < ε < 1 we have

P(d(Xn,X) > ε) ⩽
1
ε

E[d(Xn,X)∧ 1] −→ 0.

For the forward implication, for ε > 0 we write

E[d(Xn,X)∧ 1] = E[(d(Xn,X)∧ 1)1{d(Xn,X)⩽ε}]

+ E[(d(Xn,X)∧ 1)1{d(Xn,X)>ε}]

⩽ ε+ P(d(Xn,X) > ε).

Thus lim supn→∞ E[d(Xn,X)∧ 1] = 0. Let us return to the proof of the proposition.

14
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Forward implication. Let φ be a subsequence map. There then exists a subsequence
map ψ such that, for every n ⩾ 1,

E[d(Xφ◦ψ(n),X)∧ 1] ⩽ 2−n.

We have

E

[ ∞∑
n=1

d(Xφ◦ψ(n),X)∧ 1

]
=

∞∑
n=1

E[d(Xφ◦ψ(n),X)∧ 1] <∞.

Thus, almost surely,
∑∞
n=1 d(Xφ◦ψ(n),X)∧ 1 <∞, and hence Xφ◦ψ(n)

a.s.−−→ X.

Reverse implication. Arguing by contradiction, if Xn ̸ P−→ X, we find ε > 0 and
a subsequence map φ such that, for every n, E[d(Xφ(n),X) ∧ 1] ⩾ ε. Let ψ be a
subsequence map such that Xφ◦ψ(n)

a.s.−−→ X. By dominated convergence,

E[d(Xφ◦ψ(n),X)∧ 1] −→ 0,

which is a contradiction.

2.2 Uniform integrability and convergence in L1

In this section, (Xn)n⩾1 and X are integrable real-valued random variables defined on
the same probability space.

Definition 2.4. We say that (Xn) converges to X in L1, and write Xn
L1
−→ X, if E[|Xn −

X|] → 0.

The dominated convergence theorem allows us to deduce L1 convergence from almost
sure convergence under a domination assumption. Scheffé’s lemma (see Exercise Sheet
1) also states that

Xn ⩾ 0, X ⩾ 0, Xn
a.s.−−→ X, E[Xn] → E[X] =⇒ Xn

L1
−→ X.

The concept of uniform integrability links convergence in probability with L1 conver-
gence.

If X ∈ L1, then E[|X|1{|X|⩾x}] → 0 as x → ∞, by dominated convergence. Uniform
integrability extends this to a family of random variables.

Theorem 2.5. Let (Xi)i∈I be integrable real-valued random variables. The following
three conditions are equivalent:

(1) sup
i∈I

E[|Xi|1{|Xi|⩾x}] −→ 0 as x→ ∞.

(2) sup
i∈I

E[|Xi|] < ∞ and, for every ε > 0, there exists δ > 0 such that, for every

measurable set A,

P(A) ⩽ δ =⇒ sup
i∈I

E[|Xi|1A] ⩽ ε.

15
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(3) There exists a nondecreasing function φ : R+ → R+ such that

φ(x)

x
−→ +∞ (x→ ∞), sup

i∈I
E[φ(|Xi|)] <∞.

This is the de la Vallée Poussin criterion.

When these conditions hold, (Xi)i∈I is said to be uniformly integrable, or UI for short.

Before proving this, let us mention a useful corollary of (2).

Corollary 2.6. The sum of two UI families is UI.

Proof of the theorem. (1) ⇒ (2). For boundedness in L1, for sufficiently large x we write

E[|Xi|] ⩽ E[|Xi|1{|Xi|<x}] + E[|Xi|1{|Xi|⩾x}] ⩽ x+ sup
i∈I

E[|Xi|1{|Xi|⩾x}] <∞.

Next, fix ε > 0. By assumption, there exists xε > 0 such that supi∈I E[|Xi|1{|Xi|⩾xε}] ⩽ ε.
Then, if P(A) ⩽ ε/xε, for i ∈ Iwe have

E[|Xi|1A] = E[|Xi|1A1{|Xi|<xε}] + E[|Xi|1A1{|Xi|⩾xε}]

⩽ xεP(A) + ε ⩽ 2ε.

(2) ⇒ (1). By Markov’s inequality, if x−1 supi∈I E[|Xi|] ⩽ δ, then, for every i ∈ I,
P(|Xi| ⩾ x) ⩽ δ and hence E[|Xi|1{|Xi|⩾x}] ⩽ ε.

(3) ⇒ (1). Let ε > 0 and let xε > 0 satisfy x ⩽ εφ(x) for every x ⩾ xε. Then

sup
i∈I

E[|Xi|1{|Xi|⩾xε}] ⩽ ε sup
i∈I

E[φ(|Xi|)1{|Xi|⩾xε}] ⩽ ε sup
i∈I

E[φ(|Xi|)].

(1) ⇒ (3). Let (xn) be a strictly increasing sequence tending to +∞ such that

sup
i∈I

E[|Xi|1{|Xi|⩾xn}] ⩽ 2−n.

We then set φ(x) =
∑∞
n=1(x− xn)+, for x ⩾ 0, which is nondecreasing. Moreover,

φ(x)

x
=

∞∑
n=1

(
1 −

xn

x

)
+
−→ +∞

by monotone convergence, and

E[φ(|Xi|)] ⩽
∞∑
n=1

E[|Xi|1{|Xi|⩾xn}] ⩽ 1.

Criterion (3) is often applied with φ(x) = x2.
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Remark 2.7. We have seen (see Exercise Sheet 1) that (Xi)i∈I is tight if and only if there
exists φ : R+ → R+ such that lim+∞φ = +∞ and supi∈I E[φ(|Xi|)] <∞. Tightness is
therefore weaker than uniform integrability, and

UI =⇒ tightness.

Proposition 2.8. Let (Xn)n⩾1 be integrable real-valued random variables and let X

be a real-valued random variable. Then X ∈ L1 and Xn
L1
−→ X if and only if Xn

P−→ X

and (Xn)n⩾1 is UI.

Proof. Forward implication. Suppose that Xn
L1
−→ X. Then Xn

P−→ X by Markov’s
inequality. To show that (Xn)n⩾1 is UI, it suffices to show that (Xn −X)n⩾1 is UI, since
the sum of two UI families is UI by characterization (2). To this end, given ε > 0,
choose n0 such that n ⩾ n0 implies E[|Xn − X|] ⩽ ε. For these n, every truncated
expectation is therefore bounded above by ε. Next, choose x0 such that, for x ⩾ x0,

max
1⩽i<n0

E[|Xi −X|1{|Xi−X|⩾x}] ⩽ ε.

Then supi⩾1 E[|Xi −X|1{|Xi−X|⩾x}] ⩽ ε.
Reverse implication. First, let us check that X ∈ L1. Let φ be a subsequence map such

that Xφ(n)
a.s.−−→ X. Then, by Fatou’s lemma,

E[|X|] ⩽ lim inf
n→∞ E[|Xφ(n)|] <∞

by UI. Thus, as above, (Xn − X)n⩾1 is UI. Choosing δ as in characterization (2), if
P(|Xn −X| ⩾ ε) ⩽ δ, we deduce that

E[|Xn −X|] ⩽ E[|Xn −X|1{|Xn−X|⩾ε}] + E[|Xn −X|1{|Xn−X|<ε}] ⩽ 2ε.
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3 Probability measures on a metric space

Related exercises: Sheet 3, p. 124.

In this chapter
3.1 Regularity of measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 The portmanteau theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.3 Weak convergence in RN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Tightness and Prokhorov’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.5 Topological properties of M1(E) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.6 Further topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1 Regularity of measures

Theorem 3.1. Let (E,d) be a metric space and µ ∈ M1(E). For every A ∈ B(E),

µ(A) = inf{µ(O) : O open, A ⊂ O} = sup{µ(F) : F closed, F ⊂ A}. (1)

Proof. This is a measure-theoretic proof. Write

A = {A ∈ B(E) : A satisfies (1)}.

If O is open, then O ∈ A: the infimum is immediate; for the supremum, let Fn =

{x ∈ E : d(x,Oc) ⩾ 1/n}, which is closed. Since O =
⋃↑
n⩾1 Fn, we have µ(O) =

limn→∞ µ(Fn).
Let us show that A is a sigma-algebra. We have ∅ ∈ A; closure under complementa-

tion is immediate. Let (An)n⩾1 be a sequence in A, and let Fn be closed and On open
such that Fn ⊂ An ⊂ On and µ(On \ Fn) ⩽ ε/2n. Then O =

⋃
n⩾1On is an open set

containing
⋃
n⩾1An such that

µ

O \
⋃
n⩾1

An

 ⩽
∞∑
n=1

ε

2n
⩽ ε.

However, F ′ =
⋃
n⩾1 Fn need not be closed. To get around this, note that

⋃N
n=1 Fn ↑ F ′

as N→ ∞, so there exists N ⩾ 1 such that µ(F ′ \
⋃N
n=1 Fn) ⩽ ε. Set F =

⋃N
n=1 Fn. We

then have
µ(O \ F) ⩽ µ(O \ F ′) + µ(F ′ \ F) ⩽ 2ε.

In particular, a probability measure is characterized by its values on open sets (or
closed sets), which can also be seen directly from the monotone class lemma.

3.2 The portmanteau theorem

Here, (E,d) is a metric space.

18
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Theorem 3.2 (Portmanteau / Alexandrov). Let (µn)n⩾1 be a sequence in M1(E) and
µ ∈ M1(E). The following properties are equivalent:

(1) µn ⇒ µ.

(2) For every bounded Lipschitz function f : E→ R, µn(f) → µ(f).

(3) For every closed set F, lim supn→∞ µn(F) ⩽ µ(F).
(4) For every open set O, lim infn→∞ µn(O) ⩾ µ(O).
(5) For every A ∈ B(E) such that µ(∂A) = 0, we have limn→∞ µn(A) = µ(A).
(6) For every bounded measurable function f : E → R that is continuous at

µ-almost every point, we have µn(f) → µ(f).

The intuition behind (3) is that mass cannot escape from closed sets.

In probabilistic terms, if L(Xn) = µn and L(X) = µ,

Xn
d−→ X ⇐⇒ E[f(Xn)] → E[f(X)] for every bounded Lipschitz f : E→ R

⇐⇒ lim sup
n→∞ P(Xn ∈ F) ⩽ P(X ∈ F) for every closed set F,

and so on. Before the proof, let us look at a few applications.

Proposition 3.3. Let Xn,X be random variables with values in (E,d) such that

Xn
d−→ X. Let f : E → R be measurable and almost surely continuous at X. Then

f(Xn)
d−→ f(X).

Proof. Let g : R → R be bounded and continuous. Then g ◦ f : E → R is bounded
and measurable, and almost surely continuous at X. Thus, by (6) of the portmanteau

theorem, E[g ◦ f(Xn)] → E[g ◦ f(X)], which is precisely the definition of f(Xn)
d−→

f(X).

Application. Let (E,d) be a separable metric space, and let Xn, Yn be random variables

with values in E such that Xn ⇒ X and d(Xn, Yn)
P−→ 0. Then Yn ⇒ X.

Proof. We apply the portmanteau theorem. Let F be closed, and write Fε = {x ∈ E :

d(x, F) ⩽ ε}, which is closed. Then

P(Yn ∈ F) ⩽ P(Xn ∈ Fε) + P(d(Xn, Yn) ⩾ ε).

Hence
lim sup
n→∞ P(Yn ∈ F) ⩽ lim sup

n→∞ P(Xn ∈ Fε) ⩽ P(X ∈ Fε).

Since F is closed, P(X ∈ Fε) → P(X ∈ F) as ε→ 0, which completes the proof.
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Corollary 3.4 (Slutsky’s lemma). Let (E,dE) and (E ′,dE ′) be separable. If Xn ⇒ X in

E and X ′
n

P−→ x ′ in E ′, with fixed x ′ ∈ E ′, then

(Xn,X ′
n) ⇒ (X, x ′).

Proof. Equip E× E ′ with the metric

d((a,a ′), (b,b ′)) = dE(a,b) + dE ′(a ′,b ′).

Thus (Xn, x ′) ⇒ (X, x ′), by composing Xn
d−→ Xwith the continuous map x 7→ (x, x ′).

Moreover,
d((Xn, x ′), (Xn,X ′

n)) = dE ′(X ′
n, x ′) P−→ 0.

The result follows.

Application. In R, if Xn
d−→ X and Yn

P−→ 1, then Xn/Yn
d−→ X, defining the quotient

arbitrarily when Yn = 0. Indeed, (Xn, Yn)
d−→ (X, 1) by Slutsky’s lemma, and then

g(Xn, Yn)
d−→ g(X, 1) with

g(x,y) =

x/y if y ̸= 0,

0 otherwise,

which is almost surely continuous at (X, 1).

Proof of the portmanteau theorem. (1) ⇒ (2). Immediate.
(2) ⇒ (3). Let F be closed and K > 0. Set

gF,K(x) = max(1 −Kd(x, F), 0).

This function has a plateau at height 1 on F and vanishes at distance 1/K from F. Thus
gF,K is K-Lipschitz and satisfies 1F ⩽ gF,K ⩽ 1. Hence µn(F) ⩽ µn(gF,K), and

lim sup
n→∞ µn(F) ⩽ µ(gF,K).

By dominated convergence, µ(gF,K) → µ(F) as K→ ∞, giving the result.
(3) ⇒ (4). Immediate by taking complements.
(3) and (4) ⇒ (5). Let A ∈ B(E) satisfy µ(∂A) = 0, so that µ(A◦) = µ(A) = µ(A).

Then

µ(A) = µ(A◦) ⩽ lim inf
n→∞ µn(A

◦) ⩽ lim sup
n→∞ µn(A)

⩽ lim sup
n→∞ µn(A) ⩽ µ(A) = µ(A).

Also inserting lim infn µn(A) between the two bounds, we see that all the inequalities
are equalities, giving (5).
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(5) ⇒ (6). Let f be continuous µ-almost everywhere and bounded by M. Writing
f = f+ − f− if necessary, we may assume f ⩾ 0. Then, by Fubini’s theorem,

µn(f) =

∫
E
f(x)µn(dx) =

∫
E

∫∞
0
1{y⩽f(x)} dyµn(dx)

=

∫∞
0

dy
∫
E
1{y⩽f(x)}µn(dx) =

∫∞
0

dyµn({f ⩾ y}) =
∫M

0
µn(Ay)dy,

where Ay = {f ⩾ y}.
To apply (5), consider ∂Ay. Let D be the set of discontinuity points of f. Let us

check that
∂Ay ⊂ {x ∈ E : f(x) = y}∪D.

Example for E = R. In the handwritten figure, the graph of f is drawn in blue, together
with a horizontal line at height y. The set Ay = {x : f(x) ⩾ y} is marked in red on
the horizontal axis, and the points of ∂Ay in green. Its boundary points occur where
the graph crosses level y or at discontinuities; an isolated point of Ay can also be a
boundary point.

Indeed, let xn ∈ Ay satisfy xn → x ∈ ∂Ay. If x ∈ D, there is nothing to prove.
If x /∈ D, since f(xn) ⩾ y for every n, we have f(x) ⩾ y. Then either f(x) = y, or
f(x) > y, in which case x ∈ A◦

y, which is impossible.
There are at most countably many y such that µ({f = y}) > 0: for an integer r ⩾ 1,

there are at most r values of y such that µ({f = y}) ⩾ 1/r, since µ is a probability
measure. Thus, for Lebesgue-almost every y, µ(∂Ay) = 0 and µn(Ay) → µ(Ay). By
dominated convergence, we conclude that

µn(f) −→
∫M

0
µ(Ay)dy = µ(f).

(6) ⇒ (1). Immediate.

3.3 Weak convergence in RN

Write RN = {(x1, x2, . . .) : ∀i ⩾ 1, xi ∈ R} for the set of real sequences.

3.3.1 Sigma-algebra on RN

Definition 3.5. The product sigma-algebra on RN, denoted by B(R)⊗N, is the smallest
sigma-algebra on RN making the maps

πk : RN −→ (R,B(R)),

(xi)i⩾1 7−→ xk

measurable for every k ⩾ 1. It is sometimes called the cylinder sigma-algebra.

21



Limit theorems and applications Lecture notes 3. Metric spaces

Remark 3.6. One checks that:

• Sets of the form

{(xi)i⩾1 : xi1 ∈ A1, . . . , xik ∈ Ak} = π−1
i1
(A1)∩ · · · ∩ π−1

ik
(Ak),

for A1, . . . ,Ak ∈ B(R) and 1 ⩽ i1 < i2 < · · · < ik, called cylinder sets, form a
generating π-system for B(R)⊗N.

• A function (Ω,F) → (RN,B(R)⊗N), ω 7→ (xi(ω))i⩾1, is measurable if and only if,
for every k ⩾ 1,ω 7→ xk(ω) is measurable. In particular, (Xi)i⩾1 is an RN-valued
random variable if and only if each Xi is a random variable.

Definition 3.7. Let µ ∈ M1(R
N). For 1 ⩽ i1 < · · · < ik, write µi1,...,ik for the

pushforward of µ under the map

RN −→ Rk, (xi)i⩾1 7−→ (xi1 , . . . , xik).

If (Xi)i⩾1 has distribution µ, this is the distribution of (Xi1 , . . . ,Xik). The measures
{µi1,...,ik : 1 ⩽ i1 < · · · < ik} are called the k-dimensional marginals of µ. The family of
all k-dimensional marginals, k ⩾ 1, is called the family of finite-dimensional marginals
of µ (fidi for short).

Proposition 3.8. A measure µ ∈ M1(R
N) is characterized by its finite-dimensional

marginals. In particular, the distribution of a random variable (Xi)i⩾1 ∈ RN is
characterized by its finite-dimensional distributions.

Proof. This follows from the fact that cylinder sets form a generating π-system for
B(R)⊗N; two measures in M1(R

N) that agree on these sets are therefore equal by the
monotone class lemma.

In probabilistic terms,

(Xi)i⩾1
d
= (Yi)i⩾1 ⇐⇒ ∀k ⩾ 1, ∀1 ⩽ i1 < · · · < ik, (Xi1 , . . . ,Xik)

d
= (Yi1 , . . . ,Yik).

3.3.2 Metric on RN

To discuss weak convergence in RN, we define a metric on RN.

Definition 3.9. For (xi)i⩾1, (yi)i⩾1 ∈ RN, set

d((xi)i⩾1, (yi)i⩾1) =

∞∑
i=1

|xi − yi|

1 + |xi − yi|

1
2i

.

If (xi)i⩾1 and (yi)i⩾1 agree on their first K terms (that is, xi = yi for i ⩽ K), then

d((xi)i⩾1, (yi)i⩾1) ⩽
1

2K−1 .
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In particular, the eventually zero sequences of rational numbers are dense in RN, which
is therefore separable.

One also checks (exercise) that, if (xni )i⩾1 ∈ RN and (xi)i⩾1 ∈ RN,

d(xn, x) → 0 ⇐⇒ ∀i ⩾ 1, xni −→ xi.

Remark 3.10 (Optional). The metric dmetrizes the product topology on RN, in the sense
that the open sets defined by d coincide with the smallest topology (that is, collection of
open sets) for which all the projections πk are continuous.

Lemma 3.11. The Borel sigma-algebra B(RN) coincides with the product sigma-
algebra B(R)⊗N.

Proof. Continuity of the projections πk gives B(R)⊗N ⊂ B(RN). For the reverse
inclusion, fix z ∈ RN. The function

x 7−→ d(x, z) = lim
K→∞

K∑
i=1

2−i
|xi − zi|

1 + |xi − zi|

is measurable with respect to the product sigma-algebra, as a limit of measurable
functions. Every open ball B(z, r) therefore belongs to this sigma-algebra. Finally, RN

is separable: balls with centers in a countable dense subset and strictly positive rational
radii form a countable base of open sets. Every open set is therefore a countable union
of such balls, proving B(RN) ⊂ B(R)⊗N.

3.3.3 Weak convergence in RN

In RN, convergence in distribution is equivalent to convergence of finite-dimensional
marginals.

Theorem 3.12. Let (Xn)n⩾1 and X be RN-valued random variables. Then

Xn
d−→ X ⇐⇒ ∀k ⩾ 1, ∀1 ⩽ i1 < · · · < ik, (Xni1 , . . . ,Xnik)

d−→ (Xi1 , . . . ,Xik).

Proof. The forward implication is clear from the continuity of

πi1,...,ik : RN −→ Rk, (xi)i⩾1 7−→ (xi1 , . . . , xik).

For the converse, let f : RN → R be bounded and Lipschitz. Let ε > 0, and let δ > 0
be such that d(x,y) ⩽ δ implies |f(x) − f(y)| ⩽ ε, for x,y ∈ RN. Choose K such that
2−K < δ. Writing TKx = (x1, . . . , xK, 0, 0, . . .), we have

|E[f(Xn)] − E[f(X)]|

⩽ E[|f(Xn) − f(TKX
n)|]︸ ︷︷ ︸

⩽ε

+ |E[f(TKX
n)] − E[f(TKX)]|︸ ︷︷ ︸

−→0 by assumption

+E[|f(TKX) − f(X)|]︸ ︷︷ ︸
⩽ε

.

The portmanteau theorem completes the proof.
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3.4 Tightness and Prokhorov’s theorem

In the general metric setting, tightness involves the notion of compactness. We need a
few topological results.

Definition 3.13. Let (E,d) be a metric space and A ⊂ E. We say that A is relatively
compact if A is compact.

Remark 3.14. A is relatively compact if and only if every sequence inA has a convergent
subsequence. In particular, {xn : n ⩾ 1} is relatively compact if and only if, for every
subsequence mapφ, there exists a subsequence mapψ such that (xφ◦ψ(n))n⩾1 converges.

Definition 3.15. Let (E,d) be a metric space and A ⊂ E. We say that A is totally
bounded if, for every ε > 0, A can be covered by finitely many balls of radius ε.

Lemma 3.16. A is totally bounded if and only if A is totally bounded.

Proof. The reverse implication is clear. For the forward implication, if A ⊂⋃N
n=1 B(xn, ε), let us check that A ⊂

⋃N
n=1 B(xn, 2ε). Let y ∈ A and ym → y with

ym ∈ A. Let m0 satisfy d(y,ym0) < ε, and let n1 satisfy ym0 ∈ B(xn1 , ε). Then
y ∈ B(xn1 , 2ε) by the triangle inequality.

Along with separability, completeness plays an important role in Prokhorov’s theorem.
Unlike separability, completeness is not a topological property: (E,d1) and (E,d2) can
be homeomorphic, with (E,d1) complete and (E,d2) incomplete. For example, take
E = R, d1(x,y) = |x− y| and d2(x,y) = | arctan(x) − arctan(y)|.

In a complete space, total boundedness characterizes relatively compact subsets.

Example 3.17. A compact metric space is totally bounded and complete.

The following result will be very useful; see the exercise for the proof.

Proposition 3.18. Let (E,d) be complete and A ⊂ E. Then

A totally bounded ⇐⇒ A relatively compact.

Definition 3.19. Let (E,d) be a metric space.

• A measure µ ∈ M1(E) is said to be tight if, for every ε > 0, there exists a
compact set K such that µ(K) ⩾ 1 − ε.

• A family (µi)i∈I of measures is said to be tight if

∀ε > 0, ∃K compact, inf
i∈I
µi(K) ⩾ 1 − ε.

A family of random variables is tight if the family of their distributions is tight.
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Proposition 3.20. Let (µi)i∈I be a tight family on (E,d) and let f : (E,d) → (F,d ′) be
continuous. Then (f∗µi)i∈I is tight, where f∗µi is the pushforward of µi under f.

Proof. Let ε > 0 and a compact set K satisfy infi∈I µi(K) > 1 − ε. Since f is continuous,
f(K) is compact. Moreover, f−1(f(K)) ⊃ K, so

inf
i∈I
f∗µi(f(K)) = inf

i∈I
µi(f

−1(f(K))) ⩾ inf
i∈I
µi(K) > 1 − ε.

Definition 3.21 (Slightly simplified). We say that (E,d) is Polish if it is separable and
complete.

Remark 3.22. The “true” definition of a Polish space is a separable topological space
that is metrizable by a complete metric (see Part 4). For simplicity, however, in this
course Polish means metric, complete, and separable.

Proposition 3.23. Let (E,d) be Polish and µ ∈ M1(E). Then µ is tight.

Proof. Let (xk)k⩾1 be a dense sequence. Let ε > 0. For every n ⩾ 1, choose Nn such
that

µ

(
Nn⋃
k=1

B(xk, 1/n)

)
⩾ 1 −

ε

2n
.

Set K =
⋂
n⩾1

⋃Nn
k=1 B(xk, 1/n). Then K is closed and totally bounded, hence compact.

Moreover,

µ(Kc) ⩽
∞∑
n=1

(
1 − µ

(
Nn⋃
k=1

B(xk, 1/n)

))
⩽

∞∑
n=1

ε

2n
= ε.

Theorem 3.24 (Prokhorov). Let (E,d) be a metric space and let (µn)n⩾1 be a sequence
in M1(E).

(i) If (µn)n⩾1 is tight, then, for every subsequence map φ, there exists a subse-
quence map ψ such that (µφ◦ψ(n))n⩾1 converges weakly.

(ii) If (E,d) is Polish, the converse holds.

We begin with a lemma.

Proposition 3.25. Let (E,dE) be a separable metric space. Then E is homeomorphic
to a subset of (RN,d).
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Proof. Let (zi)i⩾1 be a dense sequence in E. Set

Φ : E −→ RN, x 7−→ (dE(x, zi))i⩾1.

• Φ is continuous because convergence in RN is coordinatewise convergence.

• Suppose that Φ(x) = Φ(y). If x ̸= y, choose zi such that dE(x, zi) < dE(x,y)/2.
By the triangle inequality, we cannot have dE(x, zi) = dE(y, zi).

• Suppose that Φ(xn) → Φ(x). Arguing by contradiction, suppose that xn ̸→ x.
There then exist ε > 0 and a subsequence map φ such that dE(xφ(n), x) ⩾ ε

for every n. Choose zi such that dE(zi, x) < ε/2. Then dE(xφ(n), zi) ⩾ ε/2. But
dE(x

φ(n), zi) → dE(x, zi), a contradiction.

Thus Φ is a homeomorphism onto its image.

Let us return to the proof of Prokhorov’s theorem.

Proof of the first assertion. This is the most useful direction, but also the most difficult.
The idea is to handle successively the cases Rd, RN, E ⊂ RN, and E.

• Case E = R. This was covered in Section 1.3; the case Rd is treated similarly (see
the exercise sheet or Kallenberg, second edition, Proposition 5.21).

• Case E = RN. Write

Π̂k : RN → Rk, (xi)i⩾1 7−→ (x1, . . . , xk),

which is continuous. Since the image of a compact set under a continuous
function is compact, for every k ⩾ 1, (Π̂kµn)n⩾1 is tight in Rk. By a diagonal
argument, for every subsequence map φ, there exists a subsequence map ψ
such that, writing σ = φ ◦ψ, for every k ⩾ 1, (Π̂kµσ(n))n⩾1 converges weakly
to a measure νk ∈ M1(R

k). Since (νk)k⩾1 is consistent (that is, Π̂kνk+1 = νk),
Kolmogorov’s extension theorem gives ν ∈ M1(R

N) such that Π̂kν = νk for

every k ⩾ 1. It follows that µσ(n)
weak−−−→ ν, since in RN weak convergence is

equivalent to weak convergence of finite-dimensional marginals.

• Case of σ-compact E (E is a countable union of compact sets). Since E is separable,
it is homeomorphic to a subset of RN that is σ-compact (the image of a compact
set under a continuous function is compact), and hence measurable in RN.

Since weak convergence and tightness are preserved under continuous maps,
we may assume that E ⊂ RN with Emeasurable. One checks that

B(E) = {A ∈ B(RN) : A ⊂ E} (exercise).

Extend µn to RN by setting µ̂n(A) = µn(A∩ E) for A ∈ B(RN); that is, µ̂n is the
pushforward of µn under the continuous inclusion map I : E→ RN, x 7→ x.
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a) Then (µ̂n)n⩾1 is tight as the image of (µn)n⩾1 under I. Let φ be a subse-
quence map. By the preceding step, there exists a subsequence map ψ such
that, writing σ = φ ◦ψ, (µ̂σ(n))n⩾1 converges weakly to µ̂ ∈ M1(R

N).

b) Let us check that µ̂(E) = 1. Let Ki be a compact subset of E such that
µσ(n)(Ki) ⩾ 1 − 1/i for every n ⩾ 1. Since Ki is closed in RN (exercise), the
portmanteau theorem gives

µ̂(E) ⩾ µ̂(Ki) ⩾ lim sup
n→∞ µ̂σ(n)(Ki) = lim sup

n→∞ µσ(n)(Ki) ⩾ 1 −
1
i

.

Letting i → ∞ gives µ̂(E) = 1. We then define µ on E by setting µ(A) =
µ̂(A) for A ∈ B(E).

c) Let us check that µσ(n)
weak−−−→ µ. We use the portmanteau theorem. Let O

be an open subset of E. Then O = E∩ Ô, where Ô is open in RN (exercise),
and

lim inf
n→∞ µσ(n)(O) = lim inf

n→∞ µ̂σ(n)(Ô) ⩾ µ̂(Ô) = µ̂(Ô∩ E) = µ(O),

since µ̂(E) = 1.

• General case. Let Ki be compact such that µn(Ki) ⩾ 1 − 1/i for every n ⩾ 1.
Set E0 =

⋃∞
i=1 Ki, so that µn(E0) = 1 for every n ⩾ 1. Apply the preceding

case to µ̃n, defined on E0 by µ̃n(A) = µn(A). In particular, since µn(E0) = 1,
µn(A) = µ̃n(A∩ E0) for A ∈ B(E). The family (µ̃n)n⩾1 is indeed tight since, for
every i,n ⩾ 1, µ̃n(Ki) ⩾ 1 − 1/i, with Ki compact.

Let φ be a subsequence map; there exists a subsequence map ψ such that,

writing σ = φ ◦ ψ, we have µ̃σ(n)
weak−−−→ µ̃ ∈ M1(E0). Define µ by µ(A) =

µ̃(A ∩ E0) for A ∈ B(E). We conclude that µσ(n)
weak−−−→ µ, since µσ(n) and µ are

the pushforwards of µ̃σ(n) and µ̃ under the continuous inclusion map I : E0 → E,
x 7→ x.

Proof of the second assertion. Suppose that (E,d) is Polish and that, for every subse-
quence map φ, there exists a subsequence map ψ such that µφ◦ψ(n) converges weakly.
Fix ε > 0 and a dense sequence (xi)i⩾1. First, let us check that

∀k ⩾ 1, ∃Nk ⩾ 1, ∀n ⩾ 1, µn

Nk⋃
i=1

B(xi, 1/k)

 ⩾ 1 −
ε

2k
.

Otherwise, there exists k ⩾ 1 for which this property fails. For every fixed measure
µj, the mass of

⋃N
i=1 B(xi, 1/k) tends to 1 as N→ ∞. Set φ(0) = 0. At step n, choose

N ⩾ n sufficiently large that all indices j ⩽ φ(n − 1) satisfy the bound with this
N. Since the property fails, some index φ(n) violates this bound at index N; it is
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necessarily strictly greater than φ(n− 1). By inclusion of the coverings, it also violates
the bound at index n. Thus, for every n,

µφ(n)

(
n⋃
i=1

B(xi, 1/k)

)
< 1 −

ε

2k
.

Let ψ be a subsequence map such that µφ◦ψ(n)
weak−−−→ µ. By the portmanteau theorem,

for everym ⩾ 1,

1 −
ε

2k
⩾ lim inf

n→∞ µφ◦ψ(n)

ψ(n)⋃
i=1

B(xi, 1/k)


⩾ lim inf

n→∞ µφ◦ψ(n)

(
m⋃
i=1

B(xi, 1/k)

)
⩾ µ

(
m⋃
i=1

B(xi, 1/k)

)
.

Thus, lettingm→ ∞, we obtain µ(E) ⩽ 1 − ε/2k, a contradiction. Set

K =
⋂
k⩾1

Nk⋃
i=1

B(xi, 1/k).

As in the earlier proof that a probability measure on a Polish space is tight, we see
that K is compact and µn(K) ⩾ 1 − ε for every n ⩾ 1.

Corollary 3.26. Let (E,d) be Polish, let (µn)n⩾1 be a sequence in M1(E), and let

µ ∈ M1(E). Then µn
weak−−−→ µ if and only if

• (µn)n⩾1 is tight;

• if φ is a subsequence map and ν ∈ M1(E) satisfies µφ(n)
weak−−−→ ν, then µ = ν.

The proof is the same as that of Corollary 1.16 for E = R.

Probabilistic reformulation. Let (Xn)n⩾1 and X be random variables with values in a

Polish space. Then Xn
d−→ X if and only if

• (Xn) is tight, that is, ∀ε > 0, ∃Kε compact, lim supn→∞ P(Xn /∈ Kε) ⩽ ε;

• if Xφ(n)
d−→ Y, then X d

= Y.

Application. Let (Xn)n⩾1 and (Yn)n⩾1 be random variables with values in Polish

spaces (E,d) and (E ′,d ′). Suppose that Xn
d−→ X, Yn

d−→ Y, and Xn ⊥⊥ Yn for every n.
Then

(Xn, Yn)
d−→ (X̃, Ỹ), X̃

d
= X, Ỹ

d
= Y, X̃ ⊥⊥ Ỹ.
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Proof. Step 1: ((Xn, Yn))n⩾1 is tight. Indeed, since Xn
d−→ X and Yn

d−→ Y, for ε > 0 there
exist compact subsets K,K ′ of E,E ′ such that P(Xn ∈ K) ⩾ 1 − ε and P(Yn ∈ K ′) ⩾

1 − ε. Then P((Xn, Yn) ∈ K×K ′) ⩾ 1 − 2ε, with K×K ′ compact in E× E ′.

Step 2: uniqueness of the limit. If (Xφ(n), Yφ(n))
d−→ (X̃, Ỹ), then, for every f ∈ Cb(E),

g ∈ Cb(E
′),

E[f(Xφ(n))g(Yφ(n))] = E[f(Xφ(n))]E[g(Yφ(n))].

Passing to the limit as n→ ∞, we obtain

E[f(X̃)g(Ỹ)] = E[f(X)]E[g(Y)].

As in the proof of the portmanteau theorem, approximate 1F×F ′ , with F, F ′ closed, and
conclude by the monotone class theorem.

3.5 Topological properties of M1(E)

Let (E,d) be a metric space.

Definition 3.27. For µ,ν ∈ M1(E), set

dLP(µ,ν) = inf {ε > 0 : ∀A ∈ BE, µ(A) ⩽ ν(Aε) + ε and ν(A) ⩽ µ(Aε) + ε} ,

where Aε = {x ∈ E : d(x,A) < ε} is the open ε-neighborhood of A. The metric dLP is
called the Lévy–Prokhorov metric on M1(E).

Proposition 3.28. dLP is a metric.

Proof. Symmetry is immediate. The triangle inequality follows from (Aε)η ⊂ Aε+η.
For separation, if dLP(µ,ν) = 0, then, for every closed set F,

µ(F) ⩽ ν(F1/n) +
1
n

, ν(F) ⩽ µ(F1/n) +
1
n

.

Since F =
⋂
n⩾1 F

1/n, letting n → ∞ gives µ(F) ⩽ ν(F) and ν(F) ⩽ µ(F). Thus µ = ν

on closed sets, hence µ = ν.

It can sometimes be useful to use an asymmetric definition of dLP.

Lemma 3.29. We have

dLP(µ,ν) = inf{ε > 0 : ∀A ∈ BE, µ(A) ⩽ ν(Aε) + ε}.

Proof. Let ε > 0 satisfy µ(A) ⩽ ν(Aε) + ε for every A ∈ BE. Let A ∈ BE. One checks
that ((Aε)c)ε ⊂ Ac, so that

ν(A) = 1 − ν(Ac) ⩽ 1 − ν(((Aε)c)ε) ⩽ 1 − µ((Aε)c) + ε = µ(Aε) + ε.
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Lemma 3.30. If E is separable, for every probability measure µ ∈ M1(E) and every
η > 0, there exist finitely many functions f1, . . . , fm ∈ Cb(E) such that, for every
ν ∈ M1(E),

max
1⩽j⩽m

|ν(fj) − µ(fj)| < η =⇒ dLP(µ,ν) ⩽ 3η.

Proof. Fix a dense sequence (xi)i⩾1 in E. Choose N such that

µ

(
N⋃
i=1

B(xi,η)

)
> 1 − η.

For nonempty I ⊂ {1, . . . ,N}, set

BI =
⋃
i∈I
B(xi,η), fI(x) = max

(
1 −

d(x,BI)
η

, 0
)

,

and set B∅ = ∅, f∅ = 0. These 2N functions are continuous and take values between 0
and 1. Suppose that |ν(fI) − µ(fI)| < η for every I. For a Borel set A, set

IA = {i ∈ {1, . . . ,N} : A∩B(xi,η) ̸= ∅}.

Then A \ BIA is contained in the complement of the covering and {fIA > 0} ⊂ A3η.
Consequently,

µ(A) ⩽ µ(BIA) + η ⩽ µ(fIA) + η < ν(fIA) + 2η ⩽ ν(A3η) + 2η.

The asymmetric definition of the Lévy–Prokhorov metric, established in the preceding
lemma, gives dLP(µ,ν) ⩽ 3η.

The Lévy–Prokhorov metric is related to weak convergence.

Proposition 3.31. Let (µn)n⩾1 be a sequence in M1(E) and µ ∈ M1(E).

(1) dLP(µn,µ) → 0 implies µn
weak−−−→ µ.

(2) If E is separable, µn
weak−−−→ µ implies dLP(µn,µ) → 0.

Thus, when E is separable, dLP metrizes weak convergence on M1(E).

Proof. (1) Suppose that dLP(µn,µ) → 0. Let F be closed and ε > 0. Let n0 be such that
n ⩾ n0 implies µn(F) ⩽ µ(Fε) + ε. Thus lim supn→∞ µn(F) ⩽ µ(Fε) + ε. Letting ε→ 0

gives lim supn→∞ µn(F) ⩽ µ(F). Hence, by the portmanteau theorem, µn
weak−−−→ µ.

(2) Let E be separable and µn
weak−−−→ µ. Fix η > 0 and choose the functions f1, . . . , fm

from Lemma 3.30. Since there are finitely many of them,

max
1⩽j⩽m

|µn(fj) − µ(fj)| −→ 0.
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For sufficiently large n, the lemma therefore gives dLP(µn,µ) ⩽ 3η. Since η > 0 is
arbitrary, dLP(µn,µ) → 0.

Corollary 3.32 (Consequence of Prokhorov’s theorem). If (E,d) is compact, then
(M1(E),dLP) is compact.

Proof. Let (µn)n⩾1 be a sequence in M1(E). It suffices to show that (µn)n⩾1 has a
subsequential limit. Since E is compact, (µn)n⩾1 is tight. There therefore exist a

subsequence map φ and µ ∈ M1(E) such that µφ(n)
weak−−−→ µ. Since E is separable,

µφ(n) → µ in (M1(E),dLP).

Remark 3.33. When (E,d) is Polish, Prokhorov’s theorem can be reformulated as follows:
if A ⊂ M1(E), the family {µ : µ ∈ A} is tight if and only if A is relatively compact in
(M1(E),dLP). Under the sole assumption of separability, tightness still implies relative
compactness.

Theorem 3.34. Let (E,d) be a metric space.

(1) If E is separable, then (M1(E),dLP) is separable.

(2) If E is complete and separable, then (M1(E),dLP) is complete and separable.

Proof. (1) Let (xi)i⩾1 be a dense sequence in E. We show that the set of measures of the
form ν =

∑
m∈M rmδxm , with finiteM ⊂ N∗, rm ∈ Q+, and

∑
m∈M rm = 1, is dense.

Let µ ∈ M1(E). Let ε > 0 and M ⊂ N∗, CardM <∞, satisfy µ(
⋃
m∈M B(xm, ε)) ⩾

1 − ε. Replacing the B(xm, ε) by disjoint subsets of these balls, write⋃
m∈M

B(xm, ε) =
⊔
m∈M

Bm, xm ∈ Bm ⊂ B(xm, ε).

Set ν =
∑
m∈M rmδxm , with the (rm) chosen so that

∑
m∈M |rm − µ(Bm)| ⩽ ε. For

A ∈ B(E), set
Ã =

⋃
m∈M

Bm∩A ̸=∅

Bm.

Then µ(A) ⩽ µ(Ã) + µ(A \ Ã) ⩽ µ(Ã) + ε. But |µ(Ã) − ν(Ã)| ⩽ ε and Ã ⊂ A2ε, so
µ(A) ⩽ ν(A2ε) + 2ε, hence dLP(µ,ν) ⩽ 2ε.

(2) Let (µn)n⩾1 be a Cauchy sequence for dLP. It suffices to show that (µn)n⩾1

is tight (it will then converge to a subsequential limit, by the properties of Cauchy
sequences). Let ε > 0 and a subsequence map φ satisfy

∀i ⩾ φ(n), dLP(µi,µφ(n)) <
ε

2n+1 .
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By tightness of µ1, . . . ,µφ(n), there exists a compact set Kn such that µi(Kn) ⩾ 1 −

ε/2n+1 for i = 1, . . . ,φ(n). Then, for i ⩾ φ(n),

µi(K
ε/2n+1

n ) ⩾ µφ(n)(Kn) −
ε

2n+1 ⩾ 1 −
ε

2n
.

This also holds for i = 1, 2, . . . ,φ(n). Setting

K =
⋂
n⩾1

K
ε/2n+1

n ,

one checks that K is compact (since it is totally bounded and closed) and has measure
⩾ 1 − ε. This completes the proof.

3.6 Further topology

A few reminders of topology (see, for example, Frédéric Paulin’s lecture notes Topology,
Analysis and Differential Calculus (title translated), available on his webpage).

• A topology on a set E is a collection O of subsets of E, called open sets, such that:

(i) every finite intersection of elements of O belongs to O;

(ii) every union of elements of O belongs to O.

A topological space is a set equipped with a topology.

• A base of open sets of a topological space (E,O) is a subset B of O such that every
open subset of E is a union of elements of B, that is,

∀U ∈ O, ∀x ∈ U, ∃V ∈ B, x ∈ V ⊂ U.

One can show that if (E,O) has a countable base of open sets, then E is separable.
The converse holds in a metric space, but is false in general (for example, take
E = R equipped with the cofinite topology, whose open sets are ∅ and sets of the
form R \ Fwith finite F ⊂ R).

• In general, a collection of subsets of a set is not automatically a base of open sets
for some topology. However, we have the following criterion: if B is a subset of
P(E) such that

⋃
B = E and

∀U,V ∈ B, ∀x ∈ U∩ V , ∃W ∈ B, x ∈W ⊂ U∩ V ,

then the collection O of unions of elements of B is the topology generated by B.
In particular, B is a base of open sets for the topology it generates (the smallest
topology containing B).

• If (E,O) is a topological space, a sequence (xn) of elements of E is said to converge
to x ∈ E if, for every U ∈ O such that x ∈ U, there exists N such that n ⩾ N ⇒
xn ∈ U.
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Caution: two different topologies can have the same convergent sequences (for
example, take N equipped with the discrete topology, which is metrizable, τ1, and

τ2 =

A ⊂ N : 1 /∈ A or
∑

n∈N\A

1
n
<∞

).

• If d is a metric on E, the collection O of subsets U of E such that ∀x ∈ U, ∃ε > 0,
B(x, ε) ⊂ U, is a topology on E, called the topology induced by d. A topological
space (E,O) is said to be metrizable if such a metric d exists.

• The notions of “having a countable base of open sets”, “separability”, “conver-
gence”, and “metrizability” are invariant under homeomorphisms.

It is sometimes more natural to define a topology directly without referring to a met-
ric, which may be unnatural, inconvenient to use, or rarely canonical. Moreover, a
topological space can be complete or incomplete under different metrics that metrize it.

This is why the “right” definition of a Polish space is: a separable topological space that
is metrizable by a complete metric. Let us apply the preceding ideas to a topology on the
space of probability measures.

Let E be a metrizable topological space. In view of the definition of weak convergence,
it is natural to consider the smallest topology on M1(E) for which the functions µ 7→ µ(f)

are continuous for f ∈ Cb(E) (that is, the initial topology on M1(E) defined by the maps
µ 7→ µ(f) for f ∈ Cb(E)), called the weak-star topology on M1(E) (also abbreviated as
weak-∗).

Lemma 3.35. The family of sets

B(µ,ε,f1,...,fn) = {ν ∈ M1(E) : |µ(fi) − ν(fi)| < ε for every 1 ⩽ i ⩽ n},

for ε > 0, f1, . . . , fn ∈ Cb(E), and µ ∈ M1(E), forms a base of open sets for the weak-∗
topology on M1(E).

Proof. These sets are indeed open in the weak-∗ topology. The topology generated by
this family makes the functions µ 7→ µ(f), for f ∈ Cb(E), continuous, so it contains the
weak-∗ topology.

Proposition 3.36. (1) Let µn,µ ∈ M1(E). Then µn
weak−−−→ µ if and only if µn → µ

in the weak-∗ topology.

(2) When E is separable, dLP metrizes the weak-∗ topology.

Proof. (1) Suppose that µn
weak−−−→ µ. Let U be a weak-∗ open set containing µ. There

then exists an open set of the form B(µ,ε,f1,...,fk) contained in U. Since µn
weak−−−→ µ,

max1⩽i⩽k |µn(fi) − µ(fi)| → 0, and hence µn ∈ B(µ,ε,f1,...,fk) for all sufficiently large n.
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Conversely, suppose that µn → µ in the weak-∗ topology. Then, for every f ∈ Cb(E)

and every ε > 0, µn ∈ B(µ,ε,f) for all sufficiently large n, that is, |µn(f) − µ(f)| < ε.
(2) Let U be a weak-∗ open set and µ ∈ U. Arguing by contradiction, suppose that,

for every ε > 0, BdLP(µ, ε) ̸⊂ U. There then exists a sequence µn ∈ M1(E) such that
µn → µ for dLP and µn /∈ U for every n ⩾ 0. But we have seen that µn → µ for dLP

implies µn
weak−−−→ µ, and by (1) this implies that µn → µ in the weak-∗ topology, a

contradiction.
Conversely, fix µ ∈ M1(E) and ε > 0. Choose 0 < η < ε/3 and the functions

f1, . . . , fm from Lemma 3.30. The set

V = {ν ∈ M1(E) : |ν(fj) − µ(fj)| < η for every 1 ⩽ j ⩽ m}

is a weak-∗ neighborhood of µ, and the lemma gives

V ⊂ {ν : dLP(µ,ν) ⩽ 3η} ⊂ BdLP(µ, ε).

Every ball centered at µ is therefore a weak-∗ neighborhood of µ. The two topologies
coincide.

When E is a metrizable topological space and M1(E) is equipped with the weak-∗
topology, one can show that

E compact ⇐⇒ M1(E) compact,

E separable ⇐⇒ M1(E) separable,

E Polish ⇐⇒ M1(E) Polish.
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4 The space of continuous functions on a compact set

Related exercises: Sheet 4, p. 156.
In this chapter
4.1 The Polish space property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
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Notation. If K,E are metric spaces with K compact, write C(K,E) for the set of continu-
ous functions from K to E, equipped with the metric d(f,g) = supx∈K dE(f(x),g(x)).

4.1 The Polish space property

Proposition 4.1. Let (K, ρ) be a compact metric space and (E,dE) a Polish space.
Then (C(K,E),d) is Polish.

Proof. Completeness. If (fn)n⩾1 is Cauchy in C(K,E), then, for every x ∈ K, (fn(x))n⩾1

is Cauchy in E, hence converges to a limit denoted by f(x). One then checks that
d(fn, f) → 0 and f ∈ C(K,E).

Separability. Form,n ⩾ 1, set

Cm,n = {f ∈ C(K,E) : ∀x,y ∈ K, ρ(x,y) < 1/m⇒ dE(f(x), f(y)) < 1/n}.

Since K is compact, for every m ⩾ 1 there exists a finite set Km such that K =⋃
x∈Km B(x, 1/(2m)). Write Km = {xm1 , . . . , xmkm}. Also, by separability of E, for every

n ⩾ 1 there exists a countable collection Un = {Un1 ,Un2 , . . .} of open sets covering E,
each of diameter < 1/n. For a km-tuple (i1, . . . , ikm) of integers ⩾ 1, write

Fm,n
(i1,...,ikm)

= {f ∈ Cm,n : f(xmj ) ∈ Unij for every 1 ⩽ j ⩽ km}.

Whenever Fm,n
(i1,...,ikm)

̸= ∅, choose a function fm,n
(i1,...,ikm)

∈ Fm,n
(i1,...,ikm)

. LetDm,n be the set
of these functions.

Let us check that, for every f ∈ Cm,n, there exists g ∈ Dm,n such that
dE(f(x

m
j ),g(x

m
j )) ⩽ 1/n for every 1 ⩽ j ⩽ km. Let f ∈ Cm,n. Observe that

Cm,n =
⋃

i1,...,ikm⩾1

Fm,n
(i1,...,ikm)

.

Choose i1, . . . , ikm such that f(xmj ) ∈ Unij for 1 ⩽ j ⩽ km. In particular, Fm,n
(i1,...,ikm)

̸=
∅. We can therefore take g = fm,n

(i1,...,ikm)
, which has the required property since

diam(Uni ) < 1/n for every i.
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Now letD =
⋃
m,nDm,n, which is countable. Let us check thatD is dense in C(K,E).

Let f ∈ C(K,E) and ε > 0. Fix n > 3/ε. Since f is uniformly continuous, there exists
m ⩾ 1 such that f ∈ Cm,n. Let g ∈ Dm,n satisfy dE(f(xmj ),g(x

m
j )) < 1/n for every

1 ⩽ j ⩽ km.
By the triangle inequality, for every x ∈ K, with xmj chosen so that x ∈ B(xmj , 1/(2m)),

we deduce

dE(f(x),g(x)) ⩽ dE(f(x), f(xmj )) + dE(f(x
m
j ),g(x

m
j )) + dE(g(x

m
j ),g(x)) ⩽

3
n

⩽ ε.

4.2 Finite-dimensional marginals

4.2.1 The space of functions

Let (E,d) be a Polish space and I an arbitrary set. The set EI of functions from I to E is
naturally equipped with the product sigma-algebra (as for RN in Section 3.3).

Definition 4.2. The product sigma-algebra on EI, denoted by B(E)⊗I, is the smallest
sigma-algebra on EI making the maps

πt : E
I −→ (E,B(E)), (xi)i∈I 7−→ xt,

measurable for every t ∈ I. It is sometimes called the cylinder sigma-algebra.

Remark 4.3. One checks that:

• sets of the form

{(xi)i∈I : xt1 ∈ A1, . . . , xtk ∈ Ak} = π−1
t1
(A1)∩ · · · ∩ π−1

tk
(Ak),

for A1, . . . ,Ak ∈ B(E) and t1, . . . , tk ∈ I, called cylinder sets, form a generating
π-system for B(E)⊗I;

• a function (Ω,A) → (EI,B(E)⊗I), ω 7→ (xi(ω))i∈I, is measurable if and only if,
for every i ∈ I, ω 7→ xi(ω) is measurable. In particular, (Xi)i∈I is an EI-valued
random variable if and only if Xi is a random variable for every i ∈ I.

Definition 4.4. Let µ ∈ M1(E
I). For i1, . . . , ik ∈ I, write µi1,...,ik for the pushforward

of µ onto (Ek,B(E)⊗k) under the map

EI −→ Ek, (xi)i∈I 7−→ (xi1 , . . . , xik).

If (Xi)i∈I has distribution µ, this is the distribution of (Xi1 , . . . ,Xik). The measures
{µi1,...,ik : i1, . . . , ik ∈ I} are called the k-dimensional marginals of µ. The family of all
k-dimensional marginals, k ⩾ 1, is called the family of finite-dimensional marginals of µ
(fidi for short).
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Proposition 4.5. A measure µ ∈ M1(E
I) is characterized by its finite-dimensional

marginals. In particular, the distribution of a random variable (Xi)i∈I ∈ EI is
characterized by its finite-dimensional distributions.

Proof. This follows from the fact that cylinder sets form a generating π-system for
B(E)⊗I, so two measures in M1(E

I) that agree on these sets are equal by the monotone
class lemma.

The advantage of this point of view is the existence of random variables.

Theorem 4.6 (Kolmogorov’s extension theorem). Let E be a Polish space and I an
arbitrary set. For each nonempty finite subset J ⊂ I, suppose that a probability
measure µJ on EJ is given. Assume that this family is consistent: for all nonempty
finite subsets J ⊂ K ⊂ I, the projection πK,J : E

K → EJ satisfies

(πK,J)∗µK = µJ.

Then there exists a unique probability measure µ on (EI,B(E)⊗I) whose projection
onto EJ is µJ for every nonempty finite subset J ⊂ I.

This allows us, for example, to define (pre-)Brownian motion as an RR+-valued
random variable.

Problem: in general, EI is not Polish. This setting is not well suited to weak conver-
gence!

4.2.2 The space of continuous functions

Here, write C = C(K,E), with K compact and (E,d) a Polish space, and let BC be the
Borel sigma-algebra on C. Write PC for the trace on C of the product sigma-algebra
B(E)⊗K, that is,

PC = {A∩C : A ∈ B(E)⊗K}.

Equivalently, it is the smallest sigma-algebra on Cmaking all the projections πt : C→ E,
f 7→ f(t), measurable (exercise).

Proposition 4.7. The sigma-algebras BC and PC coincide.

Proof. Since, for every x ∈ K, πx : C→ E is continuous, it is measurable with respect
to BC. Hence PC ⊂ BC.

There are two steps to proving BC ⊂ PC.
Step 1: open balls in C are measurable with respect to PC. To see this, fix f0 ∈ C and

consider F : C → R, f 7→ d(f, f0). Since K is compact, there exists a countable dense
subset D ⊂ K. By continuity,

d(f, f0) = sup
x∈D

d(f(x), f0(x)).
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Since, for every x ∈ D, the map (C,PC) → R, f 7→ d(f(x), f0(x)), is measurable (it is
the composition ϕ ◦ πx with ϕ : E → R, y 7→ d(y, f0(x)), which is continuous and
hence measurable), F : (C,PC) → R is measurable as the supremum of a countable
family of measurable maps. Thus, for every r > 0, F−1([0, r[) ∈ PC, that is, {f ∈ C :

d(f, f0) < r} ∈ PC.
Step 2. By separability of C, every open subset of C is a countable union of open

balls (exercise). This completes the proof.

By the preceding results, the finite-dimensional marginals {µt1,...,tk : t1, . . . , tk ∈ K} of
a measure µ ∈ M1(C) characterize it.

Caution: the set {f ∈ R[0,1] : f is continuous} is not measurable with respect to
B(R)⊗[0,1] (exercise).

4.3 Convergence in distribution in this space

Definition 4.8. Let µn,µ ∈ M1(C). We say that µn converges to µ in finite-dimensional

marginals if, for every t1, . . . , tk ∈ K, (µn)t1,...,tk
weak−−−→ µt1,...,tk . We write µn

f.d.−−→ µ.
Similarly, a sequence (Xn)n⩾1 of C-valued random variables converges to X in finite-
dimensional distributions if, for every t1, . . . , tk ∈ K,

(Xn(t1), . . . ,Xn(tk))
d−→ (X(t1), . . . ,X(tk)).

Caution! By continuity of the projections, weak convergence in C implies convergence
of finite-dimensional marginals. However, unlike in RN, the converse is false: let U be
uniform on [0, 1] and Xn(t) = max(0, 1 −n|U− t|) for 0 ⩽ t ⩽ 1.

t

Xn

U

1

1
n

Then Xn
f.d.−−→ 0, but Xn ̸ d−→ 0 in C. Indeed, if this were the case, since sup : C → R is

continuous, we would have 1 = supXn
d−→ 0, a contradiction.

However, we have the following result.

Theorem 4.9. Let µn,µ ∈ M1(C).

(1) µn
weak−−−→ µ if and only if µn

f.d.−−→ µ and (µn)n⩾1 is tight.

(2) If the finite-dimensional marginals of (µn) converge and (µn)n⩾1 is tight, then
it converges weakly.
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Proof. (1) The forward implication follows from continuity of the projections and
Prokhorov’s theorem. Conversely, by Prokhorov’s theorem, it suffices to show that if

µφ(n)
weak−−−→ ν, then µ = ν. But then µφ(n)

f.d.−−→ ν. Thus µ and ν have the same finite-
dimensional marginals, so they are equal. (2) By tightness, there exist a subsequence

mapφ and µ ∈ M1(C) such that µφ(n)
weak−−−→ µ. Then µφ(n)

f.d.−−→ µ, and hence µn
f.d.−−→ µ.

Thus µn
weak−−−→ µ by (1).

Thus, in C([0, 1],E), (Xn(t))0⩽t⩽1
d−→ (X(t))0⩽t⩽1 if and only if, for every 0 ⩽ t1 < · · · <

tk ⩽ 1, we have
(Xn(t1), . . . ,Xn(tk))

d−→ (X(t1), . . . ,X(tk)),

and (Xn)n⩾1 is tight.

Remark 4.10. Given a consistent family F of finite-dimensional marginals, Kol-
mogorov’s extension theorem gives µ ∈ M1(R

[0,1]) whose finite-dimensional marginals
are F. But nothing guarantees that such a µ ∈ M1(C) exists. By the preceding theorem,
this holds if the finite-dimensional marginals F are limits of the finite-dimensional
marginals of a tight family in M1(C).

To apply the preceding theorem, we now need to identify the compact subsets of C.

4.4 Compactness in C

The notion of equicontinuity is fundamental.

Definition 4.11. A family F ⊂ C(X, Y) is said to be equicontinuous if

∀ε > 0, ∃η > 0, ∀x,y ∈ X, ∀f ∈ F, dX(x,y) ⩽ η⇒ dY(f(x), f(y)) ⩽ ε.

Writing, for f ∈ F and η > 0,

ω(f,η) = sup{dY(f(x), f(y)) : x,y ∈ X, dX(x,y) ⩽ η},

for the modulus of continuity of f, this is equivalent to

∀ε > 0, ∃η > 0, sup
f∈F

ω(f,η) ⩽ ε.

Remark 4.12. For compact K:

• for f ∈ C(K,Y), limh→0ω(f,h) = 0, since f is uniformly continuous;

• for every h > 0, the map C(K, Y) → R+, f 7→ ω(f,h), is continuous.
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Theorem 4.13 (Arzelà–Ascoli). Let (K,dK) be compact and (E,dE) a complete metric
space. Let F ⊂ C(K,E). Then F is relatively compact in C(K,E) if and only if

• F is equicontinuous;

• there exists a countable dense subset D ⊂ K such that, for every x ∈ D,
F(x) = {f(x) : f ∈ F} is relatively compact in E.

Proof. ⇐ Let (fn)n⩾1 be a sequence in F. We find a uniformly convergent subsequence.
Write D = {an : n ⩾ 1}. Since (fn(ak))n⩾1 lies in F(ak), which is compact in E, a
diagonal argument gives a subsequence map φ such that (fφ(n)(ak))n⩾1 converges
for every k ⩾ 1. Set gn(x) = fφ(n)(x) to simplify the notation.

Let us check that, for every x ∈ K, (gn(x))n⩾1 converges. Since E is complete,
it suffices to show that it is Cauchy. To this end, fix ε > 0 and η > 0 such that
supf∈Fω(f,η) ⩽ ε. By compactness, there exists L ⩾ 1 such that K =

⋃L
i=1 B(ai,η).

For 1 ⩽ i ⩽ L, since (gn(ai))n⩾1 converges, it is Cauchy. There therefore exists N such
that

p,q ⩾ N, 1 ⩽ k ⩽ L ⇒ dE(gp(ak),gq(ak)) ⩽ ε.

Fix x ∈ K. Let 1 ⩽ k ⩽ L satisfy dK(x,ak) < η. Then, for p,q ⩾ N,

dE(gp(x),gq(x)) ⩽ dE(gp(x),gp(ak)) + dE(gp(ak),gq(ak))

+ dE(gq(ak),gq(x)) ⩽ 3ε.

Moreover, writing g(x) = limn→∞ gn(x) and passing to the limit q → ∞ in the
preceding inequality, we obtain

∀x ∈ K, ∀p ⩾ N, dE(gp(x),g(x)) ⩽ 3ε.

Thus convergence is uniform and g ∈ C(K,E).
⇒ Let x ∈ K. Let us show that F(x) is compact. The map πx : C(K,E) → E, f 7→ f(x),

is 1-Lipschitz and hence continuous. Thus πx(F) = F(x) is compact. But F ⊂ F, so
F(x) ⊂ F(x), hence F(x) ⊂ F(x). Thus F(x), being closed in a compact set, is compact.

Let ε > 0. By total boundedness of F, there exist f1, . . . , fN ∈ F such that F ⊂⋃N
k=1 B(fk, ε). By uniform continuity, we can find η > 0 such that

∀x,y ∈ K, ∀1 ⩽ k ⩽ N, dK(x,y) ⩽ η⇒ dE(fk(x), fk(y)) ⩽ ε.

Then, for every f ∈ F and every x,y ∈ K such that dK(x,y) < η, choose 1 ⩽ k ⩽ N

such that d(f, fk) < ε in C(K,E), and then

dE(f(x), f(y)) ⩽ dE(f(x), fk(x)) + dE(fk(x), fk(y)) + dE(fk(y), f(y)) ⩽ 3ε.

Thus F is equicontinuous.
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Remark 4.14. If closed balls in E are compact (as in Rk) and K is a compact convex
subset of a normed vector space, equipped with the metric induced by the norm, then F

is relatively compact if and only if it is equicontinuous and F(x0) is relatively compact
for some x0 ∈ K.

Indeed, choose η > 0 such that supf∈Fω(f,η) ⩽ 1. For every x ∈ K, divide the
segment [x0, x] into at most 1 + ⌈diam(K)/η⌉ pieces of length at most η. The triangle
inequality gives a uniform bound on dE(f(x), f(x0)), for f ∈ F and x ∈ K. The sets F(x)
are therefore bounded, hence relatively compact in E, and the Arzelà–Ascoli theorem
applies.

A typical application is in C([0, 1], Rk), taking x0 = 0.

4.5 Tightness

Let us now look at a probabilistic application.

Theorem 4.15. Let (Xn)n⩾1 be a sequence of random variables with values in
C([0, 1],E), where E is Polish. It is tight if and only if

(1) for every ε > 0, η > 0, there exists δ > 0 such that lim supn→∞ P(ω(Xn, δ) ⩾
η) ⩽ ε;

(2) for every t ∈ [0, 1]∩ Q, (Xn(t))n⩾1 is tight.

If closed bounded subsets of E are compact, we can replace (2) by (2’): (Xn(0))n⩾1 is
tight.

Remark 4.16. If (Xn)n⩾1 converges in finite-dimensional distributions, condition (2)
holds.
Example 4.17. If U is uniform on [0, 1] and Xn(t) = max(0, 1 −n|U− t|) for 0 ⩽ t ⩽ 1,
the sequence (Xn)n⩾1 is not tight.

Xn

U

1
n

1
n

Proof of the theorem. ⇒ Let ε > 0 and let K be a compact subset of C such that P(Xn /∈
K) ⩽ ε for every n ⩾ 1. Let η > 0.

(1) By Arzelà–Ascoli, we can find δ such that supf∈Kω(f, δ) < η. Then P(ω(Xn, δ) ⩾
η) ⩽ P(Xn /∈ K) ⩽ ε.

(2) Let t ∈ [0, 1]. There exists a compact subset A of E such that f(t) ∈ A for every
f ∈ K. Then P(Xn(t) /∈ A) ⩽ P(Xn /∈ K) ⩽ ε. Thus (Xn(t))n⩾1 is tight.

⇐ Fix ε > 0. Let (ti)i⩾1 be an enumeration of the rational numbers in [0, 1]. We can
find compact subsets Ai of E such that P(Xn(ti) /∈ Ai) ⩽ ε/2i+1 for every n ⩾ 1. For
each k ⩾ 1, condition (1), applied with η = 2−k and ε/2k+2, gives δ ′k > 0 and Nk such
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that
n ⩾ Nk =⇒ P(ω(Xn, δ ′k) > 2−k) ⩽

ε

2k+1 .

For each index n < Nk, continuity of the sample paths impliesω(Xn, δ) → 0 almost
surely as δ ↓ 0. By decreasing δ ′k, we therefore obtain δk > 0 such that

∀n ⩾ 1, P(ω(Xn, δk) > 2−k) ⩽
ε

2k+1 .

Setting
Kε = {f ∈ C : ∀i ⩾ 1, f(ti) ∈ Ai; ∀k ⩾ 1, ω(f, δk) ⩽ 2−k},

we see that P(Xn /∈ Kε) ⩽ ε, that Kε is closed (f 7→ ω(f, δk) is continuous), and that Kε
is compact by Arzelà–Ascoli.

If closed bounded subsets of E are compact and we assume only (2’), choose a
compact set A ⊂ E such that supn P(Xn(0) /∈ A) ⩽ ε/2. With the same δk, the set

K ′
ε = {f ∈ C : f(0) ∈ A; ∀k ⩾ 1, ω(f, δk) ⩽ 2−k}

is compact by the remark following Arzelà–Ascoli, and supn P(Xn /∈ K ′
ε) ⩽ ε. This

also proves the final assertion.

Remark 4.18. Condition (1) is equivalent to the following: for every sequence δk → 0

and every sequence (nk),ω(Xnk , δk)
P−→ 0 (exercise).

Corollary 4.19. Let (Xn)n⩾1 be C-valued random variables such that

(1) for every ε > 0, η > 0, there exists 0 < δ < 1 such that, for every t ∈ [0, 1],

lim sup
n→∞

1
δ

P

(
sup

t⩽s⩽(t+δ)∧1
d(Xns ,Xnt ) > η

)
⩽ ε;

(2) for every t ∈ [0, 1]∩ Q, (Xnt )n⩾1 is tight.

Then (Xn)n⩾1 is tight in C.

Proof. We check condition (1) of the theorem. To this end, divide [0, 1] into intervals of
length δ.

0 1⌊1/δ⌋δ

Let f ∈ C. Let us check that

{ω(f, δ) > 3η} ⊂
⌊1/δ⌋⋃
i=0

{
sup

iδ⩽s⩽((i+1)δ)∧1
d(f(s), f(iδ)) > η

}
.

Suppose that, for every 0 ⩽ i ⩽ ⌊1/δ⌋, supiδ⩽s⩽((i+1)δ)∧1 d(f(s), f(iδ)) ⩽ η. If |s− t| ⩽
δ, there are two cases.
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• Case 1: s, t lie in the same interval [iδ, ((i+ 1)δ)∧ 1]. Then

d(f(s), f(t)) ⩽ d(f(t), f(iδ)) + d(f(s), f(iδ)) ⩽ 2η.

• Case 2: s, t lie in two consecutive intervals, with s ∈ [iδ, (i+ 1)δ] and t ∈ [(i+

1)δ, ((i+ 2)δ)∧ 1]. Then

d(f(s), f(t)) ⩽ d(f(s), f(iδ)) + d(f((i+ 1)δ), f(iδ))

+ d(f(t), f((i+ 1)δ)) ⩽ 3η.

Thus,

P(ω(Xn, δ) > 3η) ⩽ (⌊1/δ⌋+ 1)

× max
t∈{0,δ,2δ,...,⌊1/δ⌋δ}

P

(
sup

t⩽s⩽(t+δ)∧1
d(Xns ,Xnt ) > η

)
.

The limit superior is ⩽ 2ε, since ⌊1/δ⌋+ 1 ⩽ 1/δ+ 1 < 2/δ.

4.6 Kolmogorov’s tightness criterion

The problem with the preceding characterizations of tightness is that they involve
random variables that are difficult to study. Effective tightness criteria can involve the
distribution of Xn in the simplest possible way, for example through finite-dimensional
marginals. Kolmogorov’s criterion involves only marginals of dimension 2 (!).

We first introduce some notation.

Notation.

• Let Dn = {i/2n : 0 ⩽ i ⩽ 2n} be the set of dyadic points of level n in [0, 1], and
D =

⋃
n⩾0Dn.

• For X = (Xt)0⩽t⩽1 ∈ E[0,1] and γ > 0, write

Mγ(X) = sup
s,t∈D
s̸=t

d(Xs,Xt)
|s− t|γ

.

Thus, if X is γ-Hölder continuous,Mγ(X) <∞.

Theorem 4.20 (Kolmogorov’s tightness criterion). (1) Let X = (Xt)0⩽t⩽1 be an
E[0,1]-valued random variable. Suppose that there exist α,β, c > 0 such that

∀s, t ∈ [0, 1], E[d(Xs,Xt)α] ⩽ c|s− t|1+β. (∗)

Then, for every 0 < γ < β/α, E[Mγ(X)
α] ⩽ C(α,β,γ, c).

(2) Let (Xn)n⩾1 be C-valued random variables. Suppose that
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a) for every t ∈ [0, 1], (Xnt )n⩾1 is tight;

b) there exist α,β, c > 0 such that, for every n ⩾ 1 and every s, t ∈ [0, 1],
E[d(Xns ,Xnt )

α] ⩽ c|s− t|1+β.

Then (Xn)n⩾1 is tight, and every subsequential limit is almost surely γ-Hölder
continuous for every 0 < γ < β/α.

The first part of the proof is deterministic. The idea is to control d(Xs,Xt) “uniformly”
in s, t ∈ D, using the triangle inequality along a path of “consecutive” dyadic points.

Write
∆k = max

0⩽i<2k
d(Xi2−k ,X(i+1)2−k), Kγ = sup

k⩾0
2kγ∆k.

Lemma 4.21. For every γ > 0,Mγ(X) ⩽
2γ+1

1 − 2−γ
Kγ.

Proof. We begin by grouping pairs of dyadic points according to their distance:

Mγ(X) ⩽ sup
m⩾0

2(m+1)γ sup
s,t∈D

|s−t|⩽2−m

d(Xs,Xt). (∗∗)

Dyadic chaining gives, for everym ⩾ 0,

sup
s,t∈D

|s−t|⩽2−m

d(Xs,Xt) ⩽ 2
∞∑
k=m

∆k. (∗ ∗ ∗)

Indeed, for s, t ∈ D, s ⩽ t and t− s ⩽ 2−m, set sk = 2−k⌊2ks⌋ and tk = 2−k⌊2kt⌋. The
points sm, tm are equal or adjacent in Dm. Two successive approximations of s are
equal or adjacent in Dk+1, and sk = s for all sufficiently large k. Thus d(Xsm ,Xs) ⩽∑
k>m∆k, and similarly for t. The triangle inequality proves (∗ ∗ ∗). If Kγ = ∞, the

result is immediate. Otherwise,

2
∞∑
k=m

∆k ⩽ 2Kγ
∞∑
k=m

2−kγ =
2Kγ

1 − 2−γ
2−mγ.

Substituting this bound into (∗∗) gives the result.

Proof of the theorem. (1) Assumption (∗) gives

E[∆αk ] ⩽
2k−1∑
i=0

E[d(Xi2−k ,X(i+1)2−k)
α] ⩽ 2kc 2−k(1+β) = c 2−kβ.

For every α > 0, we deduce

E[Kαγ] ⩽
∑
k⩾0

2kαγE[∆αk ] ⩽ c
∑
k⩾0

2−k(β−αγ) <∞,
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since γ < β/α. The preceding lemma then yields E[Mγ(X)
α] ⩽ C(α,β,γ, c).

(2) For tightness, it suffices to check that, for every ε > 0, η > 0, there exists δ > 0
such that P(ω(Xn, δ) ⩾ η) ⩽ ε.

By definition ofMγ(X
n), for every s, t ∈ Dwe have d(Xns ,Xnt ) ⩽Mγ(X

n)|s− t|γ. By
continuity, this also holds for every s, t ∈ [0, 1]. Thus, if |s− t| ⩽ δ, then d(Xns ,Xnt ) ⩽
Mγ(X

n)δγ, soω(Xn, δ) ⩽Mγ(X
n)δγ. By Markov’s inequality,

P(ω(Xn, δ) ⩾ η) ⩽ η−αδγαE[Mγ(X
n)α].

The result follows from (1).
Finally, suppose that Xφ(n) d−→ X in C. For s, t ∈ [0, 1] and R > 0, the map f 7→

min{d(f(s), f(t))α,R} is bounded and continuous. By convergence in distribution,

E[min{d(Xs,Xt)α,R}] = lim
n→∞ E[min{d(Xφ(n)s ,Xφ(n)t )α,R}]

⩽ c|s− t|1+β.

Letting R ↑ ∞, monotone convergence shows that X satisfies (∗). Assertion (1) and
continuity of X therefore give almost sure γ-Hölder continuity for each 0 < γ < β/α.
Taking a sequence of exponents increasing to β/α and a countable intersection, this
regularity holds simultaneously for all these exponents.

Remark 4.22. Assertion (1) also proves Kolmogorov’s continuity criterion: if (Xt)0⩽t⩽1 ∈
E[0,1] satisfies (∗), then, for every 0 < γ < β/α, there exists a γ-Hölder continuous process
(X̃t)0⩽t⩽1 such that, for every t ∈ [0, 1], P(Xt = X̃t) = 1.

Indeed, since E[Mγ(X)
α] <∞, there exists an event A of probability 1 such that, for

everyω ∈ A, X is γ-Hölder continuous on D. Forω ∈ A, we can therefore extend X to
a γ-Hölder continuous function, denoted by X̃. Forω /∈ A, set X̃ = 0 (or a fixed point of
E).

Let us check that, for t ∈ [0, 1], P(Xt = X̃t) = 1. By (∗) and Markov’s inequality, if

sn → t and sn ∈ D, then Xsn
P−→ Xt. On the other hand, by construction, Xsn

a.s.−−→ X̃t.

Hence Xsn
P−→ X̃t. Thus P(Xt = X̃t) = 1.

Application. Let (Xi)i⩾1 be i.i.d. real-valued random variables such that E[X1] = 0
and E[X4

1] <∞. Set S0 = 0, Sn = X1 + · · ·+Xn for n ⩾ 1 and

St = (1 − {t})S⌊t⌋ + {t}S⌊t⌋+1, t ⩾ 0.

Finally, define S(n)t = Snt/
√
n for 0 ⩽ t ⩽ 1, so that S(n) ∈ C = C([0, 1], R). Then

(S(n))n⩾1 is tight in C.
We will see later that this result remains true under the weaker assumption E[X2

1] <∞,
but the proof is more delicate.
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Proof. Set v = E[X2
1], m4 = E[X4

1], and C = 1 +m4 + 3v2. For 0 ⩽ s < t ⩽ 1 and
1 ⩽ i ⩽ n, write

ai = Leb([ns,nt]∩ [i− 1, i]).

By definition of the interpolation, Snt − Sns =
∑n
i=1 aiXi, with 0 ⩽ ai ⩽ 1 and∑

i ai = n(t− s). Independence and centering give

E[|Snt − Sns|
4] = m4

∑
i

a4
i + 6v2

∑
i<j

a2
ia

2
j

⩽ C

(∑
i

a2
i

)2

⩽ Cn2(t− s)2.

In particular, taking s = 0 and t = 1,

E[S4
n] ⩽ Cn

2. (†)

The same calculation gives, without restrictions on the endpoints s, t,

E[|Snt − Sns|
4] ⩽ Cn2|t− s|2. (††)

Dividing by n2, we obtain E[|S
(n)
t − S

(n)
s |4] ⩽ C|t− s|2. Finally, for s = 0, independence

and centering also give
E[|S

(n)
t |2] =

v

n

∑
i

a2
i ⩽ vt.

The marginals are therefore tight by Markov’s inequality. Kolmogorov’s criterion
applies with α = 4 and β = 1, and proves tightness of (S(n))n⩾1.

4.7 Continuous functions on R+

In practice, stochastic processes are often indexed by R+ rather than [0, 1]. Since the
uniform distance D∞(f,g) = supt⩾0 d(f(t),g(t)) on C(R+,E) can equal +∞, care is
needed. We will always equip C(R+,E) with a different topology, that of uniform
convergence on compact sets, induced by the metric

D(f,g) =
∞∑
n=1

(
sup0⩽t⩽n d(f(t),g(t))

)
∧ 1

2n
.

Remark 4.23 (Optional). In topological terms, this is the compact-open topology on
C(R+,E), a subbase for which is given by the sets

{f ∈ C(R+,E) : f(K) ⊂ O},

with K compact in R+ and O open in E.

One readily checks that:

• fn → f in C(R+,E) if and only if fn → f uniformly on compact sets;
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• C(R+,E) is Polish;

• finite-dimensional marginals characterize measures in M1(C(R+,E)), since the
Borel sigma-algebra on C(R+,E) again coincides with the trace on C(R+,E) of the
product sigma-algebra on ER+ .

An important advantage of this space is that relative compactness is a local property;
see the following proposition (proof left as an exercise).

Proposition 4.24. • A subset F of C(R+,E) is relatively compact if and only if,
for every N ⩾ 1, the sets FN = {f|[0,N] : f ∈ F} are relatively compact in
C([0,N],E), where f|[0,N] is the restriction of f to [0,N].

• A sequence (Xn)n⩾1 of C(R+,E)-valued random variables is tight if and only if,
for everyN ⩾ 1, the sequence of restrictions (Xn|[0,N])n⩾1 is tight in C([0,N],E).

Thus, convergence in distribution in C(R+,E) reduces, by restriction, to convergence
in distribution in the spaces C(I,E), where I is a compact interval, and the preceding
results can be applied.

Interlude: couplings

A coupling of two random variables X and Y (not necessarily defined on the same

probability space) is a random variable (X ′, Y ′) such that X ′ d
= X and Y ′ d

= Y.

Example C.1. Let n ⩾ 1 be an integer and 0 ⩽ p ⩽ q ⩽ 1. Then, for every integer
0 ⩽ k ⩽ n,

P
(
Bin(n,p) ⩾ k

)
⩽ P

(
Bin(n,q) ⩾ k

)
.

Proof. We construct a coupling in which Bin(n,p) ⩽ Bin(n,q) by taking (Ui)1⩽i⩽n

i.i.d. uniform on [0, 1] and setting

X ′ =
n∑
i=1

1{Ui⩽p}, Y ′ =
n∑
i=1

1{Ui⩽q}.

Outline. Skorokhod’s representation theorem; total variation distance; Lévy–Prokhorov
metric; monotonicity and stochastic order.

References for a survey of metrics on M1(E).

• Alison L. Gibbs, Francis Edward Su, On choosing and bounding probability metrics.

• Svante Janson, Probability distances.
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C.1 Skorokhod’s representation theorem

Theorem C.2 (Skorokhod representation). Let (E,d) be separable, and let (Xi)i⩾1

and X be E-valued random variables such that Xn
d−→ X. We can define random

variables (X ′
i)i⩾1 and X ′ on a common probability space such that, for every n ⩾ 1,

Xn
d
= X ′

n, X
d
= X ′, X ′

n
a.s.−−→ X ′.

See the exercise sheet for the proof when E = R. In practice, this theorem is used
to reduce a convergence-in-distribution argument to a “deterministic argument” (we
proceed “as if” Xn → X deterministically).

Caution. All information about the joint distributions of the Xi is lost for the
X ′
i.

Proposition C.3 (Application). Let X,X1,X2, . . . be real-valued random variables

such that Xn
d−→ X. Suppose that

lim
a→∞ sup

n⩾1
E
[
|Xn|1{|Xn|⩾a}

]
= 0. (∗)

Then E[Xn] → E[X].

Proof. By Skorokhod’s representation theorem, we may assume that Xn
a.s.−−→ X and

that (∗) holds (since this is a property of the individual distributions of the Xn). Then

Xn
P−→ X, and the conclusion follows from the fact that

Xn
P−→ X, (Xn)n⩾1 uniformly integrable =⇒ Xn

L1
−→ X.

For the proof, we assume the existence of independent random variables with prescribed
distributions and use the following lemma.

Lemma C.4. Let (E,d) be separable and µ ∈ M1(E). For every ε > 0, there exists a
partition E =

⊔
i⩾1Ai into measurable sets such that

∀i ⩾ 1, diam(Ai) ⩽ ε, µ(∂Ai) = 0.

Proof. Let (xi)i⩾1 be a countable dense sequence. For every i ⩾ 1,{
r ∈ [ε/4, ε/2] : µ(∂B(xi, r)) > 0

}
is countable. Choose ε/4 ⩽ ri ⩽ ε/2 such that µ(∂B(xi, ri)) = 0, and write Bi =
B(xi, ri). Define recursively

A1 = B1, Ai = B
c
1 ∩ · · · ∩Bci−1 ∩Bi,
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and check that µ(∂Ai) = 0. Indeed, ∂A = ∂(Ac) and ∂(A∪B) ⊂ ∂A∪ ∂B, so

µ(∂A) = 0 =⇒ µ(∂Ac) = 0, µ(∂A) = µ(∂B) = 0 =⇒ µ(∂(A∪B)) = 0.

Proof of Skorokhod’s representation theorem. Write µn for the distribution of Xn and µ for
the distribution of X.

Step 1. Let p ⩾ 1 and let (Api )i⩾1 be a partition given by the lemma for εp = 2−p and
µ. Let kp satisfy

µ

 ∞⋃
i=kp+1

A
p
i

 < εp.

Set Ap0 =
⋃∞
i=kp+1A

p
i , so that µ(Ap0) < εp and µ(∂Ap0) = 0. In particular,

A
p
0 ,Ap1 , . . . ,Apkp is a partition of E. By convergence in distribution, we can find ap such

that
n ⩾ ap =⇒ µn(A

p
i ) ⩾ (1 − εp)µ(A

p
i ) for 0 ⩽ i ⩽ kp. (⋆)

In particular, µn(A
p
i ) = 0 =⇒ µ(Api ) = 0. Without loss of generality, assume a1 <

a2 < · · · and n ⩾ a1. Let pn ⩾ 1 be the unique integer such that apn ⩽ n < apn+1. As
n→ ∞, we have pn → ∞.

Step 2. The idea is essentially to define X ′
n = Xn | Xn ∈ Apni when X ∈ Apni . However,

a small adjustment is needed to ensure that X ′
n

d
= Xn. We define X ′

n as follows:

X ′
n =

Yni, U ⩽ 1 − εpn , X ′ ∈ Apni , µn(A
pn
i ) > 0,

Zn, U > 1 − εpn ,

where (Yni), (Zn)n⩾1, U, and X ′ are independent random variables defined on the
same probability space such that

• U is uniform on [0, 1];

• X
d
= X ′;

• L(Yni) = µn( · | Apni );

• the distribution of Zn is defined by

P(Zn ∈ A) = 1
εpn

∑
0⩽i⩽kpn
µn(A

pn
i )>0

µn(A | A
pn
i )
(
µn(A

pn
i ) − (1 − εpn)µ(A

pn
i )
)
.

This quantity indeed defines a positive measure by (⋆), with total mass 1, since

µn(A
pn
i ) = 0 =⇒ µ(Apni ) = 0.
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We check that X ′
n

d
= Xn:

P(X ′
n ∈ A) =

∑
0⩽i⩽kpn
µn(A

pn
i )>0

P(U ⩽ 1 − εpn , X ′ ∈ Apni , Yni ∈ A)

+ P(U > 1 − εpn , Zn ∈ A)

= (1 − εpn)
∑

0⩽i⩽kpn
µn(A

pn
i )>0

P(X ′ ∈ Apni )︸ ︷︷ ︸
µ(Apni )

µn(A | A
pn
i ) + εpnP(Zn ∈ A)

= µn(A),

since

P(Zn ∈ A) = 1
εpn

µn(A) − (1 − εpn)
∑

0⩽i⩽kpn
µn(A

pn
i )>0

µ(Apni )µn(A | A
pn
i )

 .

Step 3. We check that X ′
n

a.s.−−→ X ′. Let

Ep = {X ′ /∈ Ap0 , U ⩽ 1 − εp}.

We have
P(Ecp) ⩽ P(X ′ ∈ Ap0) + P(U > 1 − εp) ⩽

1
2p−1 .

Thus
∑
p⩾1 P(Ecp) <∞. By Borel–Cantelli, almost surely, Ep occurs for all sufficiently

large indices. Thus, almost surely, Epn occurs for all sufficiently large n. By definition
of X ′

n, this implies that there exists 1 ⩽ i ⩽ kpn such that X ′,X ′
n ∈ Apni , and hence

d(X ′,X ′
n) ⩽ εpn . Thus X ′

n
a.s.−−→ X ′.

Remark C.5. When E is Polish, one can show that the common probability space can be
taken to be [0, 1] equipped with Lebesgue measure.

C.2 Total variation distance

Let (S,B) be a measurable space. For statements involving P(X = Y) or P(X ̸= Y), we
also assume that the diagonal

∆S = {(x, x) : x ∈ S}

belongs to B⊗B. This holds, in particular, when S is a separable metric space equipped
with its Borel sigma-algebra.

Definition C.6. For µ,ν ∈ M1(S), set

dVT(µ,ν) = sup
A∈B

|µ(A) − ν(A)|.
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For S-valued random variables X,Y, set

dVT(X, Y) = sup
A∈B

|P(X ∈ A) − P(Y ∈ A)|.

The following results can be proved:

• dVT is a metric on M1(S) under which it is complete.

• If µ and ν are absolutely continuous with respect to a σ-finite measure ρ on (S,B),
then

dVT(µ,ν) =
1
2

∫
S

∣∣∣∣ dµ
dρ

−
dν
dρ

∣∣∣∣ dρ.

This allows us to show that

dVT(µ,ν) =
1
2

sup
{∣∣∣∣∫ f dµ−

∫
f dν

∣∣∣∣ : f : S→ R measurable, ∥f∥∞ ⩽ 1
}

,

and that, if X and Y have distributions µ and ν, respectively,

dVT(µ,ν) = inf{P(X ′ ̸= Y ′) : (X ′, Y ′) is a coupling of X, Y},

with the infimum attained.

• When S is a metric space equipped with its Borel sigma-algebra, dLP ⩽ dVT.

• When S is countable, equipped with the discrete metric, and B = P(S), conver-
gence in dVT is equivalent to weak convergence (caution: this is false in general),
and

dVT(µ,ν) =
1
2

∑
x∈S

|µ({x}) − ν({x})|.

Remark C.7. A p-metric on S is a function δ with values in [0,∞], defined on the set of
joint distributions of S-valued random variables (X, Y), such that, for random variables
X, Y,Z defined on the same space:

(i) if X = Y almost surely, then δ(X, Y) = 0;

(ii) δ(X, Y) = δ(Y,X);

(iii) δ(X, Y) ⩽ δ(X,Z) + δ(Z, Y).

The quantity

δ(X, Y) = inf{δ(X ′, Y ′) : X ′ d
= X, Y ′ d

= Y}

is called the minimal metric associated with δ. Thus dVT is the minimal metric associated
with δ(X, Y) = P(X ̸= Y).
Remark C.8. For a nonempty set F of bounded measurable functions S → R, and
S-valued random variables X,Y, set

dF(X, Y) = sup{|E[f(X)] − E[f(Y)]| : f ∈ F}.
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This quantity is a dual pseudometric, possibly infinite, that depends only on the distri-
butions of X and Y. It defines a metric between the distributions under consideration
when it is finite and F separates them. Thus dVT is the dual metric defined by any of
the three families

F = {f : S→ R measurable, ∥f∥∞ ⩽ 1
2 },

F = {f : S→ R measurable, 0 ⩽ f ⩽ 1},

F = {1A : A ∈ B}.

Reference. Frank den Hollander’s lecture notes Probability Theory: The Coupling Method
(Section 2):

http://websites.math.leidenuniv.nl/probability/lecturenotes/CouplingLectures.pdf.

C.3 The Lévy–Prokhorov metric

Let (E,d) be a separable metric space. Recall that, for µ,ν ∈ M1(E),

dLP(µ,ν) = inf{ε > 0 : ∀A ∈ B(E), µ(A) ⩽ ν(Aε) + ε},

where Aε = {x ∈ E : d(x,A) < ε}.

Definition C.9. For random variables X, Y defined on the same probability space
and taking values in E, set

α(X, Y) = inf{ε > 0 : P(d(X, Y) ⩾ ε) < ε}.

This is the Ky Fan metric, and one can check that it metrizes convergence in proba-
bility.

Theorem C.10 (Strassen). Let (E,d) be separable, and let µ,ν ∈ M1(E). Then

dLP(µ,ν) = inf{α(X,Y) : (X,Y) is a coupling with L(X) = µ, L(Y) = ν}.

If µ and ν are tight (which is always the case if E is complete), then the infimum is
attained.

Proof of one inequality. Let (X, Y) be such a coupling. We show that dLP(µ,ν) ⩽ α(X, Y).
Let ε > α(X,Y), so that P(d(X,Y) ⩾ ε) < ε. Then

µ(A) = P(X ∈ A) ⩽ P(X ∈ A,d(X,Y) < ε) + P(X ∈ A,d(X,Y) ⩾ ε)

⩽ P(Y ∈ Aε) + ε = ν(Aε) + ε,

hence dLP(µ,ν) ⩽ ε.

The other inequality is delicate and can be proved using Hall’s marriage theorem; see
Billingsley, Convergence of Probability Measures, second edition, Theorem 6.9, or Dudley,
Real Analysis and Probability, Corollary 11.6.4.
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Remark C.11. Thus dLP is the minimal metric associated with α.

We end this section with a useful coupling result in the spirit of Skorokhod’s theorem.

Theorem C.12 (Dudley). Let (E,d) be separable, and let Xn, Yn be E-valued random
variables such that dLP(Xn, Yn) → 0. Then there exist a probability space and
random variables (X ′

n, Y ′
n)n⩾1 defined on it such that

∀n ⩾ 1, X ′
n

d
= Xn, Y ′

n
d
= Yn, d(X ′

n, Y ′
n) −→ 0 a.s.

See Dudley, Real Analysis and Probability, Theorem 11.7.1.

C.4 Monotonicity and stochastic order

Here, (E,d) is a Polish space.

Definition C.13. A relation ⪯ is a partial order if, for every x,y, z ∈ E:

(i) x ⪯ x;

(ii) x ⪯ y, y ⪯ z =⇒ x ⪯ z;

(iii) x ⪯ y, y ⪯ x =⇒ x = y.

Example C.14. • R equipped with the usual order.

• {0, 1}Z
2
, with (ai)i∈Z2 ⪯ (bi)i∈Z2 if, for every i, ai = 1 =⇒ bi = 1. If ai = 1, site i

is said to be occupied, and vacant otherwise.

Definition C.15. An event A is said to be increasing if x ∈ A =⇒ {y ∈ E : x ⪯ y} ⊂ A.

Example C.16. For E = {0, 1}Z
2
, the event

A = {there exists an infinite path of adjacent occupied sites}

is increasing.

Definition C.17. Let µ,ν ∈ M1(E). We say that ν stochastically dominates µ, and write
µ ⪯ ν, if

∀A ∈ B(E) increasing, µ(A) ⩽ ν(A),

or, equivalently,∫
E
f dµ ⩽

∫
E
f dν ∀f : E→ R measurable, bounded, nondecreasing.

By nondecreasing, we mean x ⪯ y =⇒ f(x) ⩽ f(y).

Example C.18. For E = R, µ ⪯ ν if and only if, for every x ∈ R, µ(] −∞, x]) ⩾

ν(] −∞, x]).
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Theorem C.19 (Strassen). Suppose that {(x,y) ∈ E2 : x ⪯ y} is closed. Let µ,ν ∈
M1(E). Then the following two assertions are equivalent:

(i) µ ⪯ ν;

(ii) there exists a coupling (X, Y) such that L(X) = µ, L(Y) = ν, and P(X ⪯ Y) = 1.

The proof relies on functional analysis; see Lindvall, Lectures on the Coupling Method,
Chapter IV, or Lindvall, On Strassen’s Theorem on Stochastic Domination, ECP 4 (1999),
51–59.
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5 Donsker’s theorem and applications

Related exercises: Sheet 5, p. 179.

In this chapter
5.1 Donsker’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.2 The arcsine law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.3 Lévy’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.1 Donsker’s theorem

The following inequality will be useful in proving Donsker’s invariance principle.

Proposition 5.1 (Skorokhod’s inequality). Let (Xi)i⩾1 be i.i.d. random variables
taking values in Rd, with mean zero, such that c = E[|X1|

2] < ∞. Set S0 = 0 and
Sn = X1 + · · ·+Xn for n ⩾ 1. Then, for all λ > 0 and n ⩾ 1,

P

(
max

1⩽i⩽n
|Si| > λ

√
n

)
⩽ 2P

(
|Sn| > (λ−

√
2c)

√
n
)

,

where | · | denotes the Euclidean norm.

Proof. If c = 0, then Xi = 0 almost surely for every i, and the inequality is immediate.
Assume c > 0. If 0 < λ <

√
2c, the right-hand side equals 2. It therefore remains to

consider λ ⩾
√

2c. Let T = inf{k ⩾ 1 : |Sk| > λ
√
n}; we write

P

(
max

1⩽i⩽n
|Si| > λ

√
n

)
= P(T ⩽ n)

⩽ P
(
|Sn| > (λ−

√
2c)

√
n
)
+ P

(
T ⩽ n, |Sn| ⩽ (λ−

√
2c)

√
n
)
.

Now, for 1 ⩽ j ⩽ n, on the event {T = j}, we have |Sj| > λ
√
n; and if also |Sn| ⩽

(λ−
√

2c)
√
n, then |Sn − Sj| >

√
2cn by the triangle inequality. By independence and

Markov’s inequality,

P(T = j, |Sn − Sj| >
√

2cn) = P(T = j)P(|Sn−j| >
√

2cn)

⩽ P(T = j)
(n− j)E[|X1|

2]

2cn
⩽

P(T = j)

2
.

We conclude that

P

(
max

1⩽i⩽n
|Si| > λ

√
n

)
⩽ P

(
|Sn| > (λ−

√
2c)

√
n
)
+ 1

2P(T ⩽ n),

which gives the result.

We begin with some notation. Let (Xi)i⩾1 be i.i.d. random variables in Rd such that
E[X1] = 0 and Cov(X1) = Id, the identity matrix in Rd. Set S0 = 0, Sn = X1 + · · ·+Xn
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for n ⩾ 1, and, by linear interpolation,

St = (1 − {t})S⌊t⌋ + {t}S⌊t⌋+1 (t ⩾ 0).

Finally, for n ⩾ 1, set

S
(n)
t =

Snt√
n

, t ⩾ 0,

so that S(n) is a random variable taking values in C(R+, Rd).

Theorem 5.2 (Donsker). The sequence S(n) converges in distribution in C(R+, Rd)

to a process (Bt)t⩾0 called standard d-dimensional Brownian motion. Its law is
characterized by the following properties: B0 = 0 almost surely and, for all
0 = t0 ⩽ t1 ⩽ · · · ⩽ tk, the random variables (Bti − Bti−1)1⩽i⩽k are independent,
with respective Gaussian distributions N(0, (ti − ti−1)Id).

Proof. Step 1: convergence of finite-dimensional distributions. Fix 0 = t0 < t1 <

· · · < tk. By the CLT,(
S⌊nti⌋ − S⌊nti−1⌋√

n
: 1 ⩽ i ⩽ k

)
d−→ (N1,N2, . . . ,Nk),

where N1, . . . ,Nk are independent and Ni has distribution N(0, (ti − ti−1)Id). By the
continuous mapping theorem,(

S⌊nti⌋√
n

: 1 ⩽ i ⩽ k

)
d−→ (N1,N1 +N2, . . . ,N1 + · · ·+Nk).

To remove the integer parts, note that∣∣∣∣S(n)t −
S⌊nt⌋√
n

∣∣∣∣ ⩽ |X⌊nt⌋+1|√
n

,

which converges in probability to 0 for fixed t. Thus(
S
(n)
ti

−
S⌊nti⌋√
n

: 1 ⩽ i ⩽ k

)
P−→ 0.

By Slutsky’s lemma, we deduce that

(S
(n)
ti

: 1 ⩽ i ⩽ k)
d−→ (N1,N1 +N2, . . . ,N1 + · · ·+Nk),

which proves convergence of the finite-dimensional distributions.

Step 2: tightness. We must check that, for everyN ⩾ 1, the restrictions (S(n)
|[0,N]

)n⩾1 are
tight. To simplify notation, we do this for N = 1 (the general case is identical). Under
additional moment assumptions, one can use Kolmogorov’s criterion. In the general
case, we will show that

∀ε,η > 0, ∃δ ∈]0, 1[, ∀t ∈ [0, 1], lim sup
n→∞

1
δ

P

(
sup

t⩽s⩽(t+δ)∧1
|S

(n)
s − S

(n)
t | > η

)
⩽ ε,

56



Limit theorems and applications Lecture notes 5. Donsker’s theorem

using Skorokhod’s maximal inequality.

a) To this end, first note that, for 0 < δ < 1 and 0 ⩽ t ⩽ 1,

sup
t⩽s⩽t+δ

|Sns − Snt| ⩽ 2 max
0⩽i⩽⌊nδ⌋+2

|S⌊nt⌋+i − S⌊nt⌋|.

Indeed, we write
|Sns − Snt| ⩽ |Sns − S⌊nt⌋|+ |Snt − S⌊nt⌋|.

On the one hand,
|Snt − S⌊nt⌋| ⩽ |S⌊nt⌋+1 − S⌊nt⌋|,

since (S⌊nt⌋+u : 0 ⩽ u ⩽ 1) traces a line segment. On the other hand,

|Sns − S⌊nt⌋| ⩽ max
(
|S⌊ns⌋ − S⌊nt⌋|, |S⌊ns⌋+1 − S⌊nt⌋|

)
,

since (S⌊ns⌋+u : 0 ⩽ u ⩽ 1) traces a line segment. Since ⌊ns⌋+ 1 ⩽ ⌊nt⌋+ ⌊nδ⌋+ 2,
the desired inequality follows.

b) Thus, for all η > 0, δ ∈]0, 1[ and t ∈ [0, 1],

P

(
sup

t⩽s⩽t+δ
|S

(n)
s − S

(n)
t | > η

)
⩽ P

(
max

1⩽i⩽⌊nδ⌋+2
|S⌊nt⌋+i − S⌊nt⌋| >

η
√
n

2

)

= P

(
max

1⩽i⩽⌊nδ⌋+2
|Si| >

η
√
n

2
√

⌊nδ⌋+ 2

√
⌊nδ⌋+ 2

)

⩽ 2P

(
|S⌊nδ⌋+2|√
⌊nδ⌋+ 2

>
η

2
1√

δ+ 2/n
−
√

2d

)
,

by Skorokhod’s inequality, since E[|X1|
2] = d. By the CLT,

lim sup
n→∞ P

(
sup

t⩽s⩽t+δ
|S

(n)
s − S

(n)
t | > η

)
⩽ 2P

(
|N(0, Id)| >

η

2
√
δ
−
√

2d
)

.

Now P(|N(0, Id)| ⩾ x) decays exponentially fast as x → ∞. We can therefore find
0 < δ < 1 such that

1
δ

lim sup
n→∞ P

(
sup

t⩽s⩽t+δ
|S

(n)
s − S

(n)
t | > η

)
⩽ ε.

Corollary 5.3. Let (Xi)i⩾1 be i.i.d. real-valued random variables with mean zero.
Write σ2 = E[X2

1] ∈]0,∞[. Then, for every a > 0,

P

(
max

0⩽i⩽n
Si > aσ

√
n

)
−→ 2

∫∞
a

1√
2π

e−x
2/2 dx.
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Proof. Writing S(n)t = Snt/(σ
√
n) for 0 ⩽ t ⩽ 1, we have

(S
(n)
t : 0 ⩽ t ⩽ 1) d−→ (Bt)0⩽t⩽1

by Donsker’s theorem, where (Bt)0⩽t⩽1 is a standard Brownian motion. Since

sup
0⩽t⩽1

S
(n)
t =

1
σ
√
n

max
0⩽i⩽n

Si

and the map sup : C([0, 1], R) → R, f 7→ sup f, is continuous, the result follows using
the fact that

sup
0⩽t⩽1

Bt
d
= |B1|

(which can be seen using the reflection principle).

A property of the “continuous” setting (the explicit law of sup0⩽t⩽1 Bt) has been
used to obtain an asymptotic result in the discrete setting (the distribution function of
max0⩽k⩽n Sk). In the next two examples, passing to the limit in a discrete result yields
interesting information about Brownian motion.

5.2 The arcsine law

Theorem 5.4. Let (Bt)0⩽t⩽1 be a standard Brownian motion. Set

T = sup{t ∈ [0, 1] : Bt = 0}.

Then T has density
1

π
√
x(1 − x)

1{0<x<1}, or, equivalently,

P(T ⩽ t) =
2
π

arcsin(
√
t) (0 ⩽ t ⩽ 1).

Proof. Step 1. Set Sn = X1 + · · ·+Xn. The variables (Xi)i⩾1 are i.i.d., with distribution
P(Xi = ±1) = 1/2, and we write

T2n = max{0 ⩽ k ⩽ 2n : Sk = 0}.

Let us show that T2n/(2n) converges in distribution to a random variable with density

1
π
√
x(1 − x)

1{0<x<1}.

For 0 ⩽ j ⩽ n, we have

P(T2n = 2j) = P(S2j = 0)P(S1 ̸= 0, . . . ,S2(n−j) ̸= 0).

Now
∀k ⩾ 1, P(S1 ̸= 0, . . . ,S2k ̸= 0) = P(S2k = 0). (∗)
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Let us prove this surprising identity by a neat combinatorial argument.
First,

P(S1 ̸= 0, . . . ,S2k ̸= 0) = 2P(S1 > 0, . . . ,S2k > 0)

= 2 × 1
2P(S1 ⩾ 0, . . . ,S2k−1 ⩾ 0)

= P(S1 ⩾ 0, . . . ,S2k ⩾ 0).

The second equality follows by moving the origin to (1, 1); the last follows by parity,
since S2k−1 ⩾ 0 =⇒ S2k ⩾ 0. We now construct a bijection between paths (S1, . . . ,S2k)

such that S2k = 0 and those such that S1 ⩾ 0, . . . ,S2k ⩾ 0.

2k

first minimum

reflection
then

concatenation

new origin

Take the part before the first time the infimum is attained. Remove it and reflect
it across the (Oy) axis. Concatenate it to the right of the remaining part (in blue)
and place the origin at the first point of the blue part (see the figure). After the
transformation, we obtain a path such that S1 ⩾ 0, . . . ,S2k ⩾ 0. One checks that this is
a bijection (the inverse transformation is easily described). This proves (∗). Thus,

P(T2n = 2j) = P(S2j = 0)P(S2(n−j) = 0).

Now

P(S2k = 0) =
(

2k
k

)
1

22k ∼
k→∞ 1√

πk
.

Hence, for 0 < c < 1,

P(T2n = 2⌊cn⌋) ∼
n→∞ 1

n

1
π
√
c(1 − c)

.

Apply Lemma 6.3 with k = 1, Xn = T2n/2 and αn = n. The local limit above holds for
c ∈]0, 1[; for c /∈ [0, 1], the probability under consideration is zero for all sufficiently
large n. Thus, for almost every c ∈ R, we obtain the density ϕ(c) =

(
π
√
c(1 − c)

)−1

on ]0, 1[, extended by 0 elsewhere. Since its integral equals 1, the lemma gives the
claimed convergence in distribution of T2n/(2n).

Step 2. We work on the closed subspace

C0 = {f ∈ C([0, 1], R) : f(0) = 0}.

For f ∈ C0, set
T(f) = max{t ∈ [0, 1] : f(t) = 0}.
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This map is well defined and measurable: for a ∈ [0, 1], the set {f : T(f) ⩾ a} is
closed. It is not continuous everywhere: for fn(x) = x/n, we have T(fn) = 0, whereas
T(0) = 1.

However, it is continuous at every function f such that 0 < T(f) < 1 and which takes
both signs in every neighborhood of T(f). Indeed, a pair of values with opposite signs
near T(f) retains its opposite signs after a sufficiently small uniform perturbation,
yielding a nearby zero by the intermediate value theorem. On the other hand, for
every ε > 0 such that T(f)+ ε ⩽ 1, the minimum of |f| on [T(f)+ ε, 1] is strictly positive:
no small uniform perturbation can have a zero in this interval.

Almost surely, B1 ̸= 0 and B takes both signs arbitrarily close to 0, so 0 < T(B) < 1.
Moreover, 0 is not the value of any interior local extremum. Indeed, for rational
numbers 0 < p < q < 1, the minimum of B on [p,q] can be written as

Bp + inf
0⩽u⩽q−p

(Bp+u −Bp).

The two terms are independent and Bp has a density: this minimum therefore has
no atom at 0. The same holds for the maximum. A countable union over intervals
with rational endpoints then rules out any interior local extremum with value 0. Thus
B takes both signs in every neighborhood of T(B), and almost surely satisfies the
preceding continuity condition. By Donsker’s theorem and the continuous mapping
theorem,

T

((
S2nt√

2n
: 0 ⩽ t ⩽ 1

))
d−→ T(B).

For the simple random walk considered in Step 1, the zeros of the linear interpolation
occur at integer times. The left-hand side therefore equals T2n/(2n), identifying the
law of T(B).

Corollary 5.5. Let (Xi)i⩾1 be i.i.d. real-valued random variables such that E[X1] = 0
and E[X2

1] ∈]0,∞[. Set S0 = 0, Sk = X1 + · · ·+Xk, and extend S by linear interpola-
tion. Then

P

(
1

2n
max{u ∈ [0, 2n] : Su = 0} ⩽ t

)
−→ 2

π
arcsin(

√
t) (0 < t < 1).

5.3 Lévy’s theorem

Let (Bt)t⩾0 be a Brownian motion and It = inf[0,t] B its running infimum.

Theorem 5.6 (Lévy). We have (Bt − It)t⩾0
d
= (|Bt|)t⩾0.

Proof. Let (Xi)i⩾1 be i.i.d. random variables such that P(Xi = ±1) = 1/2. Set Sn =

X1 + · · ·+Xn and In = min0⩽k⩽n Sk.
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(Sn)

(Sn − In)

Comparing the transition probabilities of Sn− In and |Sn|, we see that they agree away
from state 0, where Sn − In can remain with probability 1/2. Set Rn = Sn − In and

θn = #{1 ⩽ k ⩽ n : Rk ̸= Rk−1}, θ0 = 0.

A step is deleted exactly when the walk reaches a new strict minimum, so that

n− θn = −In.

The strong law of large numbers implies In/n → 0 almost surely. Extending θ by
linear interpolation, we therefore obtain, almost surely, for every T > 0,

sup
0⩽t⩽T

∣∣∣∣θntn − t

∣∣∣∣ −→ 0.

Indeed, this supremum is bounded above by n−1 max0⩽k⩽⌈nT⌉ |Sk|, which tends to 0.
Form ∈ N, set

τm = inf{k ∈ N : θk = m}, Ym = Rτm .

These times are almost surely finite since θn/n→ 1. The chain (Ym)m⩾0 has the same
transitions as (|Sm|)m⩾0, including at 0; their laws are therefore equal. Extend R and Y
by linear interpolation. Then, for every t ⩾ 0,

Rt = Yθt .

By Donsker’s theorem,

(Ynt/
√
n)t⩾0

d−→ (|Bt|)t⩾0.

Convergence of the time change to the identity, Slutsky’s lemma and continuity of
composition give

(Rnt/
√
n)t⩾0

d−→ (|Bt|)t⩾0.

On the other hand, Rt = St − inf0⩽u⩽t Su for the interpolated simple random walk.
The map subtracting the running infimum is continuous for uniform convergence on
compact sets; Donsker’s theorem therefore also gives

(Rnt/
√
n)t⩾0

d−→ (Bt − It)t⩾0.

Uniqueness of the limit in distribution completes the proof.
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6 The Brownian bridge

Related exercises: Sheet 5, p. 179.

In this chapter
6.1 Definition of the Brownian bridge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.2 The local limit theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.3 Convergence to the Brownian bridge . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.1 Definition of the Brownian bridge

Let (Bt)0⩽t⩽1 be a standard Brownian motion.

Theorem 6.1 (Definition of the Brownian bridge). As ε ↓ 0, the law of (Bs)0⩽s⩽1

conditional on {|B1| ⩽ ε} converges weakly to a probability measure P0 on C([0, 1], R),
called the Brownian bridge law. Moreover, the law of (Bs − sB1)0⩽s⩽1 is P0.

Informally, the Brownian bridge is “(Bt)0⩽t⩽1 conditional on B1 = 0”.

Proof. Set bs = Bs − sB1 for 0 ⩽ s ⩽ 1. The family ((bs)0⩽s⩽1,B1) is Gaussian and, by
the covariance of Brownian motion,

Cov(bs,B1) = Cov(Bs,B1) − sVar(B1) = s− s = 0.

Thus b is independent of B1. Let F : C([0, 1], R) → R be bounded and Lipschitz, with
constant L. Since ∥B− b∥∞ = |B1|, independence gives, for every ε > 0,

|E[F(B) | |B1| ⩽ ε] − E[F(b)]| = |E[F(B) − F(b) | |B1| ⩽ ε]|

⩽ LE[∥B− b∥∞ | |B1| ⩽ ε] ⩽ Lε.

The characterization of convergence in distribution by bounded Lipschitz functions
completes the proof: the limit is the law of b.

In what follows, write pt(x) =
1√
2πt

e−x
2/(2t) for the density of Bt, for t > 0.

Proposition 6.2. The Brownian bridge law is characterized by the following absolute
continuity relation: for 0 < t < 1 and F : C([0, t], R) → R bounded continuous or
nonnegative measurable,

E[F(bs : 0 ⩽ s ⩽ t)] = E

[
F(Bs : 0 ⩽ s ⩽ t)

p1−t(−Bt)

p1(0)

]
.

Proof. It suffices to prove the result for bounded continuous F : C([0, t], R) → R. This
yields the result for F = 1A with A closed by approximation, then for F = 1A with A
Borel by a monotone class argument, then for simple F by linearity, and finally for
measurable F ⩾ 0 by approximation and monotone convergence. SetWu = Bt+u −Bt,
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so that (Wu)0⩽u⩽1−t is a Brownian motion independent of (Bu)0⩽u⩽t. Then

E[F(Bs : 0 ⩽ s ⩽ t) | |B1| ⩽ ε]

=
1

P(|B1| ⩽ ε)
E
[
F(Bs : 0 ⩽ s ⩽ t)1{|Bt+W1−t|⩽ε}

]
=

1
P(|B1| ⩽ ε)

E
[
F(Bs : 0 ⩽ s ⩽ t)1{W1−t∈[−Bt−ε,−Bt+ε]}

]
=

1∫ε
−ε p1(x) dx

E

[
F(Bs : 0 ⩽ s ⩽ t)

∫−Bt+ε
−Bt−ε

p1−t(x) dx

]
.

Now

1
2ε

∫ ε
−ε
p1(x) dx −→ p1(0),

1
2ε

∫−Bt+ε
−Bt−ε

p1−t(x) dx −→ p1−t(−Bt).

Moreover, since p1−t is bounded,

1
2ε

∫−Bt+ε
−Bt−ε

p1−t(x) dx ⩽ ∥p1−t∥∞.

By dominated convergence,

E[F(Bs : 0 ⩽ s ⩽ t) | |B1| ⩽ ε] −→ E

[
F(Bs : 0 ⩽ s ⩽ t)

p1−t(−Bt)

p1(0)

]
.

Since also E[F(Bs : 0 ⩽ s ⩽ t) | |B1| ⩽ ε] → E[F(bs : 0 ⩽ s ⩽ t)], the result follows.

6.2 The local limit theorem

Lemma 6.3. Let k ⩾ 1 be an integer; for 1 ⩽ i ⩽ k, let (αin) be a sequence of strictly
positive real numbers such that αin → ∞. Consider a random variable (X1

n, . . . ,Xkn)
taking values in Zk such that, for Lebesgue-almost every (λ1, . . . , λk) ∈ Rk,

α1
nα

2
n · · ·αkn P

(
(X1
n, . . . ,Xkn) = (⌊λ1α

1
n⌋, . . . , ⌊λkαkn⌋)

)
−→ ϕ(λ1, . . . , λk),

where ϕ is a probability density on Rk. Then(
X1
n

α1
n

, . . . ,
Xkn
αkn

)
d−→ X,

where X has density ϕ.

Proof. We will use Scheffé’s lemma (see Exercise 1.4): if Xn has density fn on Rk and

fn → f almost everywhere, where f is a probability density, then Xn
d−→ X, where X

has density f. Let (Y1
n, . . . ,Ykn) be a random variable with density

ϕn(λ1, . . . , λk) = α1
n · · ·αkn P

(
(X1
n, . . . ,Xkn) = (⌊λ1α

1
n⌋, . . . , ⌊λkαkn⌋)

)
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on Rk, and let
(Z1
n, . . . ,Zkn) = (⌊α1

nY
1
n⌋, . . . , ⌊αknYkn⌋),

which has the same law as (X1
n, . . . ,Xkn). Since ϕn → ϕ almost everywhere, Scheffé’s

lemma gives (Y1
n, . . . ,Ykn)

d−→ X; and since∣∣∣∣Yin − Zinαin
∣∣∣∣ ⩽ 1

αin
−→ 0 (1 ⩽ i ⩽ k),

the result follows.

Definition 6.4. A real-valued random variable X is called lattice if there exist b ∈ R

and h ∈ R∗
+ such that P(X ∈ b+ hZ) = 1. If X is not almost surely constant, there

is a largest such h, called the span of X. If it equals 1, X is called aperiodic. In the
degenerate case where X = b almost surely, every h > 0 works and there is no
maximal finite span.

Example 6.5. If P(X = 1) = P(X = −1) = 1/2, X has span 2.

Lemma 6.6. Let X be a real-valued random variable and ϕ its characteristic function.

(1) X is lattice if and only if there exists t ∈ R∗ such that |ϕ(t)| = 1.

(2) X has span h > 0 if and only if |ϕ(2π/h)| = 1 and |ϕ(t)| < 1 for t ∈]0, 2π/h[.

Proof. (1) If P(X ∈ b+ hZ) = 1, then P((X− b)/h ∈ Z) = 1, so that

E
[
e2iπ(X−b)/h

]
= 1,

∣∣∣E [e2iπX/h
]∣∣∣ = |e2iπb/h| = 1.

Conversely, if |ϕ(t0)| = 1 for t0 ∈ R∗, let a ∈ R be such that ϕ(t0) = eia. Then
E[ei(t0X−a)] = 1. Hence E[cos(t0X− a)] = 1. Since cos ⩽ 1, we deduce that, almost
surely, cos(t0X− a) = 1. Thus, almost surely, t0X− a ∈ 2πZ, and

P

(
X ∈ a

t0
+

2π
t0

Z

)
= 1.

(2) The proof of (1) shows that there exist b ∈ R and h > 0 such that P(X ∈ b+hZ) = 1
if and only if |ϕ(2π/h)| = 1, which gives the result.

Theorem 6.7 (Local limit theorem). Let (Xi)i⩾1 be i.i.d. aperiodic real-valued random
variables taking values in Z, such that a = E[X1] and σ2 = E[X2

1] − E[X1]
2 ∈]0,∞[.

Write Sn = X1 + · · ·+Xn. Then

sup
k∈Z

∣∣∣∣∣√nP(Sn = k) −
1√

2πσ2
exp

(
−

1
2

(
k− an

σ
√
n

)2
)∣∣∣∣∣ −→ 0.
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Proof. Set X ′
i = Xi − a, S ′n = Sn − an. Write ϕ(t) = E[eitX

′
1 ]. Since E[eitS

′
n ] =∑

j∈Z−an eitjP(S ′n = j), we obtain, for k ∈ Z − an,

P(S ′n = k) =
1

2π

∫π
−π

e−itkE[eitS
′
n ] dt =

1
2π

∫π
−π

e−itkϕ(t)n dt.

Thus, choosing u ∈ R so that uσ
√
n ∈ Z − an,

σ
√
nP(S ′n = uσ

√
n) =

1
2π

∫πσ√n
−πσ

√
n

e−ituϕ
(

t

σ
√
n

)n
dt.

But, for every u ∈ R,

1√
2π

e−u
2/2 =

1
2π

∫∞
−∞ e−itu−t

2/2 dt.

Set q(t) = e−t
2/2 and

gn(t) = 1{|t|⩽πσ
√
n}ϕ

(
t

σ
√
n

)n
.

The two inversion formulas above give

sup
k∈Z

∣∣∣∣σ√nP(Sn = k) −
1√
2π

exp
(
−
(k− an)2

2nσ2

)∣∣∣∣ ⩽ 1
2π

∥gn − q∥L1(R).

It therefore suffices to show that gn → q in L1(R). The zero mean and finite second
moment give

ϕ(t) = 1 −
t2σ2

2
+ t2g(t), g(0) = 0, g continuous. (∗)

Indeed, the Taylor remainder satisfies

|eix − 1 − ix+ x2/2| ⩽ min(|x|3/6, x2).

Thus |g(t)| ⩽ E[min(|t||X ′
1|

3/6, (X ′
1)

2)] → 0 by dominated convergence. Moreover, (∗)
implies |ϕ(t)|2 = 1 − σ2t2 + o(t2). We can therefore choose 0 < δ < π such that

|ϕ(t)| ⩽ e−σ
2t2/4 (|t| ⩽ δ).

Set

hn(t) = 1{|t|⩽δσ
√
n}ϕ

(
t

σ
√
n

)n
.

For every t ∈ R, the expansion (∗) gives hn(t) → q(t), while |hn(t)| ⩽ e−t
2/4. By

dominated convergence, ∥hn − q∥L1(R) → 0. Finally, aperiodicity and continuity of ϕ
give

ρ = sup
δ⩽|t|⩽π

|ϕ(t)| < 1, ∥gn − hn∥L1(R) ⩽ 2πσ
√
nρn −→ 0.

The triangle inequality proves ∥gn − q∥L1(R) → 0. The bound obtained by inversion,
divided by σ, completes the proof.

65



Limit theorems and applications Lecture notes 6. Brownian bridge

Corollary 6.8. Under the assumptions of the local limit theorem, assuming E[X1] = 0,
we have:

(1) P(Sn = 0) ∼
1√

2πσ2

1√
n

;

(2) there exists C > 0 such that, for all n ⩾ 1 and k ∈ Z, P(Sn = k) ⩽ C/
√
n;

(3) if (xn) is a sequence of integers such that xn/(σ
√
n) → x ∈ R, then

√
σ2nP(Sn = xn) −→

1√
2π

e−x
2/2.

Remark 6.9. One can prove the following refinement, which is useful for large |k|:

sup
k∈Z

max

(
1,
(
k− an√

n

)2
)∣∣∣∣∣σ√nP(Sn = k) −

1√
2π

exp

(
−

1
2

(
k− an

σ
√
n

)2
)∣∣∣∣∣ −→ 0.

See Spitzer, Principles of Random Walk, Chapter II, Section 7, p. 90.

6.3 Convergence to the Brownian bridge

Recall the notation pt(x) =
1√
2πt

e−x
2/(2t).

Theorem 6.10 (Conditional Donsker theorem). Let (Xi)i⩾1 be i.i.d. aperiodic random
variables taking values in Z, such that E[X1] = 0 and σ2 = E[X2

1] ∈]0,∞[. Set
Sn = X1 + · · ·+Xn and define St by linear interpolation. Then(

Snt

σ
√
n

: 0 ⩽ t ⩽ 1
)

under P( · | Sn = 0) d−→ (bt)0⩽t⩽1.

Remark 6.11. Aperiodicity implies that P(Sn = 0) > 0 for all sufficiently large n (a
consequence of the local limit theorem, for example).

Proof. Step 1: convergence on [0, s], for fixed 0 < s < 1.
Let F : C([0, s], R) → R be bounded continuous. Then

E

[
F

(
Snt

σ
√
n

: 0 ⩽ t ⩽ s

) ∣∣∣∣Sn = 0
]

= E

[
F

(
Snt

σ
√
n

: 0 ⩽ t ⩽ s

)
Qn−⌈ns⌉(−S⌈ns⌉)

Qn(0)

]
,

where Qn(k) = P(Sn = k). Fix s ′ ∈]s, 1[. By Donsker’s theorem and the Skorokhod
representation theorem, we can construct copies of the paths on [0, s ′] such that

sup
0⩽t⩽s ′

∣∣∣∣ Sntσ
√
n
−Bt

∣∣∣∣ −→ 0 almost surely.
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We retain the same notation for these copies. Since ⌈ns⌉/n→ s and B is continuous,
in particular we have

S⌈ns⌉

σ
√
n

−→ Bs almost surely.

Using the local limit theorem, we obtain:

(i) there exists C > 0 such that, for all sufficiently large n,

Qn−⌈ns⌉(−S⌈ns⌉)

Qn(0)
⩽ C

(using assertions (1) and (2) of Corollary 6.8);

(ii) almost surely,

Qn−⌈ns⌉(−S⌈ns⌉)

Qn(0)
−→

p1
(
−Bs/

√
1 − s

)
√

1 − s p1(0)
=
p1−s(−Bs)

p1(0)

(using assertion (3) of Corollary 6.8).

By dominated convergence, we conclude that

E

[
F

(
Snt

σ
√
n

: 0 ⩽ t ⩽ s

) ∣∣∣∣Sn = 0
]

−→ E

[
F(Bt : 0 ⩽ t ⩽ s)

p1−s(−Bs)

p1(0)

]
= E[F(bt : 0 ⩽ t ⩽ s)].

Step 2: convergence of finite-dimensional distributions on [0, 1]. This follows from
Step 1 and the fact that both processes equal 0 at t = 1.

Step 3: tightness on [0, 1]. We use a time-reversal argument: setting Ŝni = Sn − Sn−i,
we clearly have

(Si)0⩽i⩽n
d
= (Ŝni )0⩽i⩽n,

and this equality in distribution remains true conditional on Sn = 0. We deduce that,
conditional on Sn = 0,

S1,n :=

(
Snt

σ
√
n

: 0 ⩽ t ⩽
3
4

)
d−→
(
bt : 0 ⩽ t ⩽

3
4

)
,

S2,n :=

(
Sn(1−t)

σ
√
n

: 0 ⩽ t ⩽
3
4

)
d−→
(
b̃t : 0 ⩽ t ⩽

3
4

)
,

where b̃ is a Brownian bridge. These are two separate marginal convergences, which
suffice to establish tightness of both sequences. We deduce that S1,n and S2,n are tight.
Since, for δ < 1/4,

ω

((
Snt

σ
√
n

: 0 ⩽ t ⩽ 1
)

, δ
)

= max
(
ω(S1,n, δ),ω(S2,n, δ)

)
,

we conclude that
(
Snt/(σ

√
n) : 0 ⩽ t ⩽ 1

)
under P( · | Sn = 0) is tight.
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7 Discontinuous processes: Skorokhod space

Related exercises: Sheet 6, p. 198.

In this chapter
7.1 Basic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.2 Skorokhod (J1) topology on D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.3 Weak convergence in D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
7.4 Tightness criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.5 Optional further material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Write D (or D([0, 1], Rd)) for the set of functions x : [0, 1] → Rd that

• are right-continuous: for every t < 1, x(t+) = lims↓t x(s) = x(t);

• have left limits: for every 0 < t ⩽ 1, x(t−) = lims↑t x(s) exists.

For x ∈ D, we say that x is càdlàg and write ∆x(t) = x(t) − x(t−) for 0 < t ⩽ 1, and
∆x(0) = 0. Càdlàg functions and processes arise naturally in probability:

• distribution functions;

• Poisson processes;

• Lévy processes (càdlàg, with stationary independent increments), which arise in
particular in the extension of Donsker’s theorem to certain random variables with
infinite variance;

• every martingale with respect to a complete right-continuous filtration admits a
càdlàg modification.

Caution. (D, ∥ · ∥∞) is a Banach space, but it is not separable. Take x(u) =
1[u,1]: ∥x(u) − x(v)∥∞ = 1 for u ̸= v.

We must look for another topology on D.

References.

• Billingsley, Convergence of Probability Measures, second edition.

• Jacod–Shiryaev, Limit Theorems for Stochastic Processes, Chapter VI.

• Kallenberg, Foundations of Modern Probability, second edition.

Remark 7.1. We work in D([0, 1], Rd) for simplicity, but what follows extends readily
to D([0, 1],S), with (S,d) Polish.
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7.1 Basic properties

Example 7.2. Let (ri)i⩾1 be an enumeration of the rationals in ]0, 1[. We have

x(t) =

∞∑
i=1

1
2i
1{ri⩽t} ∈ D.

Proposition 7.3. Let x ∈ D.

(1) For every ε > 0, #{t ∈ [0, 1] : |∆x(t)| > ε} <∞.

(2) {t ∈ [0, 1] : ∆x(t) ̸= 0} is countable.

(3) x is bounded.

(4) x is a uniform limit of step functions.

Proof sketch. (1) If the set is infinite, take a sequence (tn) in it. Passing to a subsequence,
assume tn → t. Consider the two cases tn ↓ t and tn ↑ t to obtain a contradiction.

(2) This follows from (1).
(3) By contradiction: if |x(tn)| > n, extract a subsequence tn → twith (tn) monotone,

and obtain max(|x(t)|, |x(t−)|) = ∞, a contradiction.
(4) Introduceω(x,A) = sups,t∈A |x(t) − x(s)| for A ⊂ [0, 1]. We then use the follow-

ing lemma.

Lemma 7.4. For every ε > 0, there exists 0 = t0 < t1 < · · · < tr = 1 such that

max
0⩽i⩽r−1

ω(x, [ti, ti+1[) ⩽ ε.

Proof sketch. Let ε > 0. Write

T = sup
{
t ∈ [0, 1] : ∃ 0 = t0 < t1 < · · · < tr = t, max

0⩽i⩽r−1
ω(x, [ti, ti+1[) ⩽ ε

}
.

Then x(0) = x(0+) =⇒ T > 0; existence of x(T−) implies that the supremum is
attained; and x(T) = x(T+) implies that T < 1 is impossible.

We conclude the proof of (4) by taking

xn =

r−1∑
i=0

x(ti)1[ti,ti+1[ on [0, 1[, xn(1) = x(1),

with a partition associated with ε ↓ 0. We now define the “modified modulus of
continuity”.

Notation. For x : [0, 1] → Rd and 0 < δ < 1, set

ω ′(x, δ) = inf
r⩾1, 0=t0<t1<···<tr=1

ti+1−ti>δ

max
0⩽i⩽r−1

ω(x, [ti, ti+1[).
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Example 7.5. Let 0 < ε < 1 and xn = n1[1−ε,1]. For 0 < δ < 1, we have

ω ′(xn, δ) =

0, δ < min(ε, 1 − ε),

n, δ ⩾ min(ε, 1 − ε).

Proposition 7.6. Let x,y : [0, 1] → Rd.

(1) x ∈ D if and only if ω ′(x, δ) → 0 as δ → 0 (compare with: x is continuous if
and only ifω(x, δ) → 0).

(2) ω ′(x, δ) ⩽ 2∥x− y∥∞ +ω ′(y, δ).

(3) If x ∈ D and 0 < δ < 1, then

(a) ω ′(x, δ) ⩽ ω(x, 2δ),

(b) ω(x, δ) ⩽ 2ω ′(x, δ) + sup
0⩽t⩽1

|∆x(t)|.

The proof is left as an exercise (we have already proved the forward implication in
(1)); see Billingsley, p. 123.

7.2 Skorokhod (J1) topology on D

Two functions x and y are close in the uniform norm if the graph of x(t) can be trans-
formed into that of y(t) by a small perturbation of the vertical coordinates, keeping the
horizontal coordinates fixed. In D, we will also allow a small time deformation.

Definition 7.7. A time change is a function λ : [0, 1] → [0, 1] such that λ(0) = 0,
λ(1) = 1, and λ is strictly increasing and continuous. Write Λ for the set of time
changes.

Definition 7.8. Let xn ∈ D and x ∈ D. We say that xn → x in the Skorokhod topology
if, for every n ⩾ 1, there exists λn ∈ Λ such that

∥λn − Id∥∞ −→ 0, ∥xn ◦ λn − x∥∞ −→ 0.

Equivalently, we can require ∥xn − x ◦ λn∥∞ → 0. We write xn
D−→ x.

Example 7.9. The first graphs illustrate convergence in D: a slightly shifted jump,
whose size tends to 1, is followed by a small continuous variation. The second graphs
illustrate the failure of convergence in D when two jumps of size 1/2 approach each
other to form a jump of size 1.
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xn x yn y

1
2 −

1
n

1
2

xn
D−→ x

1
2 −

1
n

1
2 +

1
n

1
2

yn ̸ D−→ y

Remark 7.10. For λn, λ ∈ Λ, ∥λn − λ∥∞ → 0 if and only if λn converges pointwise to λ
(Dini’s theorem).

Remark 7.11. If we set, for x,y ∈ D,

dS(x,y) = inf
λ∈Λ

max
(
∥λ− Id∥∞, ∥x ◦ λ− y∥∞),

one checks that dS is a metric on D that metrizes the preceding notion of convergence,
and that (D,dS) is a separable metric space.

Caution. (D,dS) does not carry a normed vector space topology: if xn =

1[0, 1/2−1/n[ and x = 1[0, 1/2[, we have xn
D−→ x, but xn + x ̸

D−→ 2x.

xn + x

2

1

1
2 −

1
n

1
2

2x

1
2

2

However, one checks that, if xn
D−→ x and yn

D−→ ywith y continuous, then xn + yn
D−→

x+ y.
For t ∈ [0, 1], write Πt : D → Rd, x 7→ x(t).

Proposition 7.12 (Examples of continuous functionals). (1) x 7→ ∥x∥∞ is continu-
ous for dS.

(2) x 7→ sup0⩽t⩽1 |∆x(t)| is continuous for dS.

(3) Π0 and Π1 are continuous.

(4) Let t ∈]0, 1[. Πt is continuous at every function x that is continuous at t.

(5) Let f : Rd → R be continuous. x 7→
∫1

0 f(x(s)) ds is continuous for dS.

Proof. Let xn
D−→ x and λn ∈ Λ be such that xn ◦ λn → x uniformly and λn → Id

uniformly.
(1) We have∣∣∥xn∥∞ − ∥x∥∞∣∣ = ∣∣∥xn ◦ λn∥∞ − ∥x∥∞∣∣ ⩽ ∥xn ◦ λn − x∥∞ −→ 0.
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(2) We have |∆x(t)| = |x(t) − x(t−)| ⩽ 2∥x∥∞, and since

sup
0⩽t⩽1

|∆xn(t)| = sup
0⩽t⩽1

|∆(xn ◦ λn)(t)|,

we obtain ∣∣∣∣∣ sup
0⩽t⩽1

|∆xn(t)|− sup
t∈[0,1]

|∆x(t)|

∣∣∣∣∣ ⩽ sup
t∈[0,1]

|∆(xn ◦ λn − x)(t)|

⩽ 2∥xn ◦ λn − x∥∞ −→ 0.

(3) This follows from the fact that, for every λ ∈ Λ, we have λ(0) = 0 and λ(1) = 1.
(4) We write

|xn(t) − x(t)| ⩽ ∥xn − x ◦ λ−1
n ∥∞ + |x ◦ λ−1

n (t) − x(t)| −→ 0

by continuity of x at t.

(5) Let xn
D−→ x. Since supn ∥xn∥∞ ∨ ∥x∥∞ <∞, we can assume f is bounded. Set

Dx = {t ∈ [0, 1] : ∆x(t) ̸= 0}, which is countable. Then∫b
a
f(xn(t)) dt =

∫b
a
f(xn(t))1{t/∈Dx}︸ ︷︷ ︸
−→f(x(t))1{t/∈Dx}

dt.

We conclude by dominated convergence.

Remark 7.13. In general, the functions f1 : x 7→ x(t), f2 : x 7→ ω ′(x, δ) and

f3 : x 7→ sup
a⩽t⩽b

|∆x(t)| (0 ⩽ a ⩽ b ⩽ 1)

are not continuous (although x 7→ ω(x, δ) is continuous for x ∈ C([0, 1])). For example,
fix 0 < δ < 1/2 and consider, for n sufficiently large that δ+ 2−n < 1− δ, xn = 1[0, δ+2−n[

and x = 1[0,δ[. Then xn
D−→ x, but

xn(δ) = 1 ̸−→ x(δ) = 0,

ω ′(xn, δ) = 0 ̸−→ ω ′(x, δ) = 1,

xn(δ) − xn(δ−) = 0 ̸−→ x(δ) − x(δ−) = −1.

However, one can show that f2 and f3 are upper semicontinuous.

Example 7.14. Let xn = 1[0, 2−n[. Considering the time change λn depicted below, we
see that dS(xn, xn+1) ⩽ 2−n.
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λn

2−n

2−n−1

1

1

In particular, (xn) is Cauchy but does not converge (the only possible limit is the zero
function). Thus, (D,dS) is not complete.

However:

Theorem 7.15. There exists a metric d ′
S on D such that the topologies induced by dS

and d ′
S coincide, and (D,d ′

S) is complete.

See Billingsley, Theorem 12.2.

7.3 Weak convergence in D

Proposition 7.16. The product sigma-algebra on D (the smallest sigma-algebra
making the maps Πt : x 7→ x(t) measurable) is the Borel sigma-algebra of (D,dS).

For t < 1 and integers p sufficiently large that t+ 1/p ⩽ 1, the map

Π
p
t : x 7→ p

∫ t+1/p

t
x(s) ds

is continuous, hence measurable. Since Πt = limp→∞Πpt by right-continuity, Πt is
measurable. Finally, Π1 is continuous. For the reverse inclusion, write T for the product
sigma-algebra and set

Anx(t) = x(k2−n) if k2−n ⩽ t < (k+ 1)2−n, Anx(1) = x(1).

The map An : (D,T) → (D,B(D)) is measurable: it depends on only finitely many
coordinates, and the map assigning the corresponding step function to these values is
continuous for the uniform norm, hence for the J1 topology.

Let us check that Anx → x in D for every x ∈ D. Fix ε > 0 and choose a partition
0 = t0 < · · · < tr = 1 such thatω(x, [ti, ti+1[) ⩽ ε for every i. For all sufficiently large n,
the points s(n)i = 2−n⌈2nti⌉ are distinct. Let λn be the piecewise affine time change that
maps each ti to s(n)i . Then ∥λn − Id∥∞ ⩽ 2−n. If t ∈ [ti, ti+1[, the grid coordinate used
by Anx(λn(t)) still belongs to [ti, ti+1[; thus

∥Anx ◦ λn − x∥∞ ⩽ ε.

At time 1, we also have Anx(λn(1)) = Anx(1) = x(1). We deduce that dS(Anx, x) → 0.
The identity map from (D,T) to (D,B(D)) is therefore a pointwise limit of measurable
maps taking values in a metric space, which gives B(D) ⊂ T.
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Remark 7.17. The product sigma-algebra is also the smallest sigma-algebra making the
maps (Πt)t∈D measurable, where D ⊂ [0, 1] is dense and contains 1. Indeed,

Πt = lim
s∈D
s↓t

Πs pointwise.

Thus, finite-dimensional distributions characterize the measures in M1(D). However:

Caution. Convergence in distribution does not imply convergence of finite-
dimensional distributions (the maps Πt are not continuous).

Definition 7.18. Let X be a random variable in D. We say that t ∈ [0, 1] is a fixed
discontinuity of X if P(|∆Xt| > 0) > 0. Write DX for the set of these points.

Proposition 7.19. If X is a random variable in D, DX is at most countable.

Proof. For ε, δ > 0, set

Dε,δX = {t ∈ [0, 1] : P(|∆Xt| > ε) ⩾ δ}.

If this set were infinite, it would contain a sequence of distinct deterministic times
(tn). Each càdlàg path has only finitely many jumps of size greater than ε; thus

1{|∆Xtn |>ε}
−→ 0 almost surely.

By dominated convergence, P(|∆Xtn | > ε) → 0, contradicting the lower bound δ. All
the sets Dε,δX are therefore finite, and

DX =
⋃
p,q⩾1

D
1/p,1/q
X

is at most countable.

Theorem 7.20. Let Xn,X be random variables taking values in D. Then Xn d−→ X if
and only if:

(i) Xn f.d.−−→ X outside DX \ {1}, that is, for all t1, . . . , tk ∈ ([0, 1] \DX)∪ {1},

(Xnt1 , . . . ,Xntk)
d−→ (Xt1 , . . . ,Xtk);

(ii) (Xn) is tight in M1(D).

Proof. The forward implication for (ii) follows from Prokhorov’s theorem. For (i),
if t /∈ DX, then Πt is continuous PX-almost everywhere. The map Π1, in turn, is
continuous on all of D, even when 1 ∈ DX. The continuous mapping theorem
therefore gives the claimed finite-dimensional convergences.

Conversely, by Prokhorov’s theorem, it suffices to show that if Xφ(n) d−→ Y, then
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X
d
= Y. To this end, by (i), X and Y have the same finite-dimensional distributions on

([0, 1] \ (DX ∪DY))∪ {1}, and therefore have the same law.

7.4 Tightness criteria

The analogue of the Arzelà–Ascoli theorem in D is the following.

Theorem 7.21. A family F ⊂ D is relatively compact if and only if

(1) sup
x∈F

∥x∥∞ <∞;

(2) ∀ε > 0, ∃δ > 0, sup
x∈F

ω ′(x, δ) ⩽ ε.

As for continuous functions, we deduce:

Theorem 7.22. A sequence (Xn)n⩾1 of random variables in D is tight if and only if

(1) (∥Xn∥∞)n⩾1 is tight in R;

(2) ∀ε,η > 0, ∃δ > 0, lim sup
n→∞ P

(
ω ′(Xn, δ) > η

)
⩽ ε.

Remark 7.23. Condition (1) cannot be replaced by “(Xn(0))n⩾1 is tight”, as in C([0, 1], R):
take, for example, Xn = n1[U,1], with U uniform on [0, 1].

However, one can prove that, when (2) holds, (1) ⇐⇒ (1 ′) ⇐⇒ (1 ′′), where

(1 ′) There exists a dense set T ⊂ [0, 1] containing 1 such that, for every t ∈ T , (Xn(t))n⩾1

is tight.

(1 ′′) The sequences (Xn(0))n⩾1 and
(
sup0⩽t⩽1 |∆X

n(t)|
)
n⩾1 are tight.

See Billingsley, second edition, corollary to Theorem 13.2, p. 140.

Application. Let (Ui)i⩾1 be i.i.d. random variables uniform on [0, 1] and let λ > 0. For
t ⩽ 1, set

X
(n)
t =

⌊nt⌋∑
k=1

1{Uk⩽λ/n}.

Then (X
(n)
t )0⩽t⩽1

d−→ (Nλt )0⩽t⩽1, where Nλ is a Poisson process with intensity λ.

Proof sketch. It suffices to consider integers n ⩾ λ. Finite-dimensional distributions.
Nλ has no fixed discontinuities. Let 0 = t0 < t1 < · · · < tk ⩽ 1. The increments
X
(n)
ti+1

−X
(n)
ti

, 0 ⩽ i < k, are independent for fixed n and have distributions

Bin
(
⌊nti+1⌋− ⌊nti⌋,

λ

n

)
d−→ Poi

(
λ(ti+1 − ti)

)
.
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Tightness. First,
∥∥∥X(n)

∥∥∥∞ d
= Bin(n, λ/n) converges in distribution, hence is tight.

For 0 < δ < 1/2, write An(δ) for the event that two distinct jumps of X(n) are at
most δ apart, and Bn(δ) for the event that a jump occurs in ]0, δ] ∪ [1 − δ, 1]. On the
complement of An(δ)∪Bn(δ), the partition formed by 0, the jump times and 1 has all
its intervals of length strictly greater than δ. Consequently,ω ′(X(n), δ) = 0.

For n ⩾ λ, independence of the indicators gives

P(An(δ)) ⩽
∑

1⩽i<j⩽n
j−i⩽nδ

P(Ui ⩽ λ/n, Uj ⩽ λ/n) ⩽ n⌊nδ⌋
λ2

n2 ⩽ λ2δ.

There are at most 2nδ+ 2 grid points in ]0, δ]∪ [1 − δ, 1], so

P(Bn(δ)) ⩽ 2λδ+
2λ
n

.

Thus, for every η > 0,

lim sup
n→∞ P

(
ω ′(X(n), δ) > η

)
⩽ (λ2 + 2λ)δ −−→

δ↓0
0,

which completes the proof of tightness.

We conclude with several other tightness criteria. The first is an analogue of Kol-
mogorov’s criterion adapted to càdlàg paths (see Billingsley, second edition, Section 13,
in particular the proof of Theorem 13.5).

Theorem 7.24 (Billingsley’s criterion). Let (Xn)n⩾1 be a sequence of random variables
in D. Assume that:

(1) (∥Xn∥∞)n⩾1 is tight;

(2) there exist a,b > 0 and a continuous nondecreasing function F : [0, 1] → R+

such that, for every n ⩾ 1 and all 0 ⩽ r ⩽ s ⩽ t ⩽ 1,

E
[
|Xn(t) −Xn(s)|a|Xn(s) −Xn(r)|a

]
⩽ (F(t) − F(r))1+b;

(3) for every ε > 0,

lim
δ↓0

lim sup
n→∞ (P(|Xn(δ) −Xn(0)| ⩾ ε) + P(|Xn(1) −Xn(1 − δ)| ⩾ ε)) = 0.

Then (Xn)n⩾1 is tight.

Remark 7.25. Conditions (1) and (2) alone do not suffice: the sequence Xn = 1[0,1/n[

satisfies them, but is not tight in D. However, condition (3) is not necessary for every
tight sequence: in particular, it excludes the constant sequence Xn = 1{1}.

Under assumption (2), with F continuous, condition (3) is satisfied if, for some random
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variable X taking values in D, we have Xn f.d.−−→ X on [0, 1] \DX and X is almost surely
continuous at 1. The bound in (2) allows us to compare the boundary increments with
those computed at nearby times outsideDX; continuity of F then allows these times to
tend to the endpoints.

We conclude with Aldous’s criterion, which is particularly useful for random walks
or, more generally, martingales.

For Xn ∈ D, write (Fn
t )0⩽t⩽1 for its natural filtration and

T n = {stopping times for Fn that are ⩽ 1}.

Theorem 7.26 (Aldous). Assume that

(1) (∥Xn∥∞)n⩾1 is tight;

(2) for every sequence hn ↓ 0 and every sequence τn ∈ T n,∣∣∣Xn(τn+hn)∧1 −X
n
τn

∣∣∣ P−→ 0.

Then (Xn)n⩾1 is tight.

See, for example, Kallenberg, Theorem 16.11, for a proof.
For example, this theorem can be used to prove the following striking result.

Theorem 7.27. Let (Xni )i,n⩾1 be random variables such that, for every n ⩾ 1, (Xni )i⩾1

are i.i.d. Set Snk = Xn1 + · · ·+ Xnk and assume there exists a sequence of integers
mn → ∞ such that Snmn converges in distribution to a limit denoted by X.

Then there exists (Xt)0⩽t⩽1 ∈ D with stationary independent increments (that is,

a Lévy process) such that X1
d
= X and(

Sn⌊mnt⌋ : 0 ⩽ t ⩽ 1
) d−→ (Xt)0⩽t⩽1.

See Kallenberg, Theorem 16.14.
If (Xi)i⩾1 are i.i.d., with mean zero and finite variance, taking Xni = Xi/

√
n and

mn = n gives essentially Donsker’s theorem.

7.5 Optional further material

7.5.1 The space D(R+, R)

Write Dm = D([0,m], Rd),m > 0, and dm for the Skorokhod metric naturally defined
on it. Let D∞ = D([0,∞[, Rd).

Definition 7.28. We say that xn
D∞−−→ x if, for every n ⩾ 1, there exists λn ∈ Λ∞,

where
Λ∞ = {increasing homeomorphisms from R+ onto R+},
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such that

1) ∥λn − Id∥∞ → 0;

2) for everym ⩾ 1,
∥∥(xn ◦ λn − x)1[0,m]

∥∥∞ → 0.

Remark 7.29. The restriction map D∞ → Dm, x 7→ x1[0,m], is not continuous in D∞ if x
has a jump atm.

To define a metric d∞ such that d∞(xn, x) → 0 if and only if xn
D∞−−→ x, introduce, for

everym ⩾ 1, the function

gm(t) =


1, 0 ⩽ t ⩽ m,

m+ 1 − t, m ⩽ t ⩽ m+ 1,

0, t ⩾ m+ 1.

t

1

m m+ 1

For x,y ∈ D∞, set

d∞(x,y) =
∑
m⩾1

2−m
(
dm+1

(
(gmx)|[0,m+1], (gmy)|[0,m+1]

)
∧ 1
)

.

This metric metrizes the convergence defined above. The resulting topology is Polish: it
admits a compatible complete separable metric.

Tightness criteria. Form ⩾ 1 and 0 < δ < m, define

ω ′
m(x, δ) = inf

0=t0<t1<···<tr=m
ti+1−ti>δ, 0⩽i⩽r−1

max
0⩽i⩽r−1

ω(x, [ti, ti+1[).

A sequence (Xn) is tight in D∞ if and only if, for each integer m ⩾ 1, the sequence
((gmX

n)|[0,m+1]) is tight in Dm+1. We therefore apply the preceding criteria with
∥gmXn∥∞ andω ′

m+1(gmX
n, δ). See Billingsley, Section 16.

7.5.2 C-tightness

Note that C = C([0, 1], Rd) is a closed subset of D, since it is{
x ∈ D : sup

0⩽t⩽1
|∆x(t)| = 0

}
.
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Definition 7.30. A sequence (Xn) of random variables in D is called C-tight if it is

tight in D (D-tight) and every subsequential limit is supported on C: if Xφ(n) d−→ X,
then P(X ∈ C) = 1.

Proposition 7.31. Let Xn,X be random variables in D such that Xn d−→ X. Assume
that

sup
0⩽t⩽1

|∆Xn(t)|
P−→ 0.

Then P(X ∈ C) = 1.

Proof. The map
J : D −→ R+, J(x) = sup

0⩽t⩽1
|∆x(t)|

is continuous, as proved in the proposition on continuous functionals. Thus J(Xn) d−→
J(X). Now J(Xn)

P−→ 0 by assumption; by uniqueness of the limit in distribution,
J(X) = 0 almost surely. Since a càdlàg function without jumps is continuous, we
obtain P(X ∈ C) = 1.

See also Billingsley, Theorem 13.4, p. 142.

Theorem 7.32. Let (Xn) be a sequence of random variables in D. It is C-tight if and
only if

(1) (Xn0 )n⩾1 is tight in Rd;

(2) for all ε,η > 0, there exists δ > 0 such that

lim sup
n→∞ P

(
ω(Xn, δ) > η

)
⩽ ε.

See Billingsley, corollary on p. 142.
We readily deduce a càdlàg version of Donsker’s theorem: if (Xi)i⩾1 are i.i.d., with

mean zero and variance σ2 ∈]0,∞[, writing Sn = X1 + · · ·+Xn, we have(
S⌊nt⌋

σ
√
n

: 0 ⩽ t ⩽ 1
)

d−→ (Bt : 0 ⩽ t ⩽ 1),

where convergence is in distribution in D.
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7.5.3 Point processes

For point processes, convergence of finite-dimensional distributions implies conver-
gence in distribution.

Theorem 7.33. Write Dc for the set of counting functions on [0, 1], that is, nonde-
creasing càdlàg functions taking values in Z, whose jumps equal 1 at points of
discontinuity. Let Xn,X be random variables taking values in Dc. Assume that
P(X(1−) = X(1)) = 1.

Then Xn d−→ X if and only if there exists a countable dense set T ⊂ [0, 1] containing
0 and 1, such that, for all t1, . . . , tk ∈ T ,

(Xnt1 , . . . ,Xntk)
d−→ (Xt1 , . . . ,Xtk).

See Billingsley, Theorem 12.6.

7.5.4 Other topologies

We have considered the Skorokhod J1 topology on D([0, 1], R), but there are three others
(J2,M1,M2) in which the following convergences hold, with

x = 1[1/2,1], an =
1
2
−

1
2n

, bn =
1
2
−

1
n

, cn =
1
2
−

3
2n

(n ⩾ 4).

1

bn 1
2

J1

bn 1
2
M1

not J1, not J2

bn an 1
2

J2

not J1, notM1

cn bn an 1
2

M2

not J2, notM1, not J1

See W. Whitt, Stochastic Process Limits, Chapter 11.5.
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8 Poisson random measures

Related exercises: Sheet 7, p. 206.

In this chapter
8.1 Review of Poisson distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
8.2 Poisson random measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
8.3 Multiple points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
8.4 Campbell’s formulas (additive and exponential) . . . . . . . . . . . . . . . . . . . . 89
8.5 Transformations of Poisson random measures . . . . . . . . . . . . . . . . . . . . . . 91
8.6 Poisson random measures with a time parameter . . . . . . . . . . . . . . . . . . . . 92
8.7 Palm’s formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

One objective is to define a notion of “rain” in a fairly general space, where drops
arrive independently and rarely according to a distribution described by a measure µ.
When µ is infinite, the expression “a point chosen at random according to µ” has no
real meaning. However, we will be able to give meaning to “infinitely many points
chosen according to µ” through Poisson random measures (we will see that Poisson
distributions arise naturally).

References. Kingman, Poisson Processes; Last and Penrose, Lectures on the Poisson
Process.

8.1 Review of Poisson distributions

For λ ∈ [0,∞], a random variable X taking values in N ∪ {+∞} is said to have a Poisson
distribution with parameter λ, written X ∼ P(λ), if

• for λ = 0, X = 0 almost surely;

• for λ = ∞, X = ∞ almost surely;

• for 0 < λ <∞, P(X = k) = e−λλk/k!, for k ⩾ 0.

We have E[e−uX] = exp(−λ(1 − e−u)) for u > 0 (with the convention 0 ×∞ = 0). The
following two properties will be very useful.
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Proposition 8.1. • Superposition. If (λi)i∈I is an at most countable family in [0,∞]

and (Xi)i∈I are independent random variables with Xi ∼ P(λi), then

∑
i∈I
Xi ∼ P

(∑
i∈I
λi

)
.

• Thinning. Let X ∼ P(λ) with λ ∈ [0,∞]. Let (Uk)k⩾1 be i.i.d. random variables
taking values in N, independent of X, with P(Uk = i) = pi for i ⩾ 1. Then the
variables

Xi =

X∑
k=1

1{Uk=i}, i ⩾ 1,

are independent and Xi ∼ P(λpi) (with 0 ×∞ = 0).

The proof, which can be carried out using characteristic functions, is left as an exercise.

8.2 Poisson random measures

We work in the fairly general setting of a measurable space (E,E).

Definition 8.2. Write Ms(E) for the set of measures µ on E that can be written as
µ =

∑
i∈I µi, where I is countable and each µi is a finite measure. The elements of

Ms(E) are called s-finite measures.

Example 8.3. A σ-finite measure is s-finite, but the converse is false (take µ =
∑∞
k=1 δ1).

The advantage of working with Ms(E) is closure under countable sums (which fails for
σ-finite measures).

Remark 8.4. One can check that Fubini’s theorems apply to s-finite measures using the
monotone convergence theorem (see Theorem A.13 in Last and Penrose).

Definition 8.5. Write Matom(E) for the set of countable sums of atoms of the form∑
i∈I δxi , where I is countable and (xi)i∈I ∈ EI. Equip Matom(E) with the smallest

sigma-algebra making the following maps measurable:

Matom(E) −→ N ∪ {+∞}, µ 7−→ µ(A), A ∈ E.

Example 8.6. 1) N : Ω → Matom(E) is a random variable if and only if, for every
A ∈ E and every k ⩾ 0, {N(A) = k} is measurable, since

{N(A) = ∞} =

⋃
k⩾0

{N(A) = k}

c .

2) The map E→ Matom(E), x 7→ δx, is measurable.

3) For A ∈ E, the map Matom(E) → Matom(E), µ 7→ µ|A, is measurable, where
µ|A(B) = µ(A∩B) for B ∈ E.
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Before defining a Poisson random measure, here is some motivation: to define “uni-
form” rain on R2, it is natural to discretize R2 using a grid of mesh size 1/n and choose
a point in each cell, independently, with probability 1/n2.

1/n

1/n

Then the number of points falling in a region A has approximately distribution
Bin(n2 Area(A), 1/n2), which converges in distribution to P(Area(A)), and the num-
bers of points falling in disjoint regions are independent.

Definition 8.7. Let (E,E) be a measurable space and µ an s-finite measure on E. A
Poisson random measure (or Poisson point cloud) with intensity µ is a random variable
N taking values in Matom(E) such that

1⃝ for every A ∈ E, N(A) ∼ P(µ(A));

2⃝ if (Ai)1⩽i⩽k is a family of disjoint measurable subsets of E, the variables
(N(Ai))1⩽i⩽k are independent.

Remark 8.8. • For each fixed A, almost surely, N(A) = ∞ ⇐⇒ µ(A) = ∞.

• If singletons are measurable in E and µ({x}) > 0, then P(N({x}) ⩾ 2) > 0.

• E[e−λN(A)] = e−µ(A)(1−e−λ).

Theorem 8.9. For every measure µ ∈ Ms(E), there exists a Poisson random measure
with intensity µ, unique in law in Matom(E).

To prove this theorem, we use the following useful lemma.

Lemma 8.10 (Closure under sums). Let (Ni)i⩾1 be a countable family of independent
Poisson random measures with intensities µi. Then N =

∑
i⩾1Ni is a Poisson

random measure with intensity µ =
∑
i⩾1 µi.

Proof. Let A ∈ E. By the superposition principle for Poisson distributions,

N(A) ∼ P

∑
i⩾1

µi(A)

 = P(µ(A)).

If (Aj)1⩽j⩽k are disjoint measurable subsets, the variables (Ni(Aj))i⩾1, 1⩽j⩽k are inde-
pendent. Grouping them into blocks, the variables

(∑∞
i=1Ni(Aj)

)
1⩽j⩽k are indepen-

dent.
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Proof of existence of Poisson random measures. By the preceding lemma, it suffices to
consider the case where µ is finite. If µ(E) = 0, the empty point cloudM = 0 works.
Thus assume 0 < µ(E) <∞. Let L ∼ P(µ(E)) and let (Xi)i⩾1 be i.i.d. random variables
with law µ(·)/µ(E), independent of L. Set

M =

L∑
i=1

δXi .

Let us check that M works. It is indeed a random variable (see the example on
measurability of x 7→ δx).

Let (Aj)1⩽j⩽k be disjoint measurable subsets of E and set B = (
⋃k
j=1Aj)

c. For i ⩾ 1,
define

Ui =

j if Xi ∈ Aj,
0 if Xi ∈ B.

The variables (Ui)i⩾1 are i.i.d. By the thinning principle for Poisson distributions, the
variables

M(Aj) =

L∑
i=1

1{Xi∈Aj} =
L∑
i=1

1{Ui=j}

are independent andM(Aj) ∼ P(µ(E)µ(Aj)/µ(E)) = P(µ(Aj)).

Proof of uniqueness in law of Poisson random measures. Sets of the form

{ν ∈ Matom(E) : ν(A1) = k1, . . . ,ν(Aℓ) = kℓ},

with measurable Ai and ki ⩾ 0, form a π-system generating the sigma-algebra on
Matom(E). Any such set can be written as a finite disjoint union of sets of the form

{ν ∈ Matom(E) : ν(B1) = j1, . . . ,ν(Bn) = jn}, (7)

with disjoint measurable (Bi) and ji ⩾ 0. Thus a probability measure on Matom(E) is
characterized by its values on sets of the form (7).

If two Poisson random measures satisfy the two defining conditions with the same
intensity, their laws agree on the sets (7), and therefore coincide.

Remark 8.11. The preceding proof shows that, if µ is s-finite, we can construct a Poisson
random measure of the form

M =

K∑
i=1

δXi , (8)

where K takes values in N ∪ {+∞} and the Xi are random variables taking values in E.
When µ(E) = ∞, we have K = ∞ almost surely. In general, the positions Xi are neither
independent nor identically distributed.

If M is a Poisson random measure, in general it cannot be written in the form (8),
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since in general the atoms cannot be enumerated measurably.
Indeed, let E = [0, 1] and suppose there exist measurable maps πi : Matom(E) → E

and L : Matom(E) → N ∪ {+∞} such that

∀ν ∈ Matom(E), ν =

L(ν)∑
i=1

δπi(ν).

Let λ be Lebesgue measure on [0, 1], µ =
∑
n⩾1 λ andM a Poisson random measure with

intensity µ. For each fixed Borel set A, M(A) is almost surely equal to 0 if λ(A) = 0 and
to ∞ otherwise. The sigma-algebra σ(M) therefore consists of events with probability 0
or 1: its generators have this property, and events of probability 0 or 1 form a sigma-
algebra.

Since M(E) = ∞ almost surely, we have L(M) = ∞ almost surely. The variable
Z = π1(M) ∈ [0, 1] is independent of itself, so

Var(Z) = E[Z2] − E[Z]2 = 0.

Thus Z = c almost surely for some deterministic c ∈ [0, 1]. The enumeration then forces
M({c}) ⩾ 1 almost surely, whereas µ({c}) = 0 forcesM({c}) = 0 almost surely. This is a
contradiction: additional “finiteness” assumptions are therefore necessary.

If E is a measurable subset of a Polish metric space, writing M<∞
atom(E) for the finite

measures in Matom(E), the atoms of measures in M<∞
atom(E) can be enumerated measur-

ably (Proposition 6.2 in Last and Penrose). We deduce that, ifM is a Poisson random
measure with σ-finite intensity µ on a Polish space E, then we can write

M =

L(M)∑
i=1

δπi(M),

with L and the πi measurable (Corollary 6.5 in Last and Penrose).

Important consequence. To prove a property that depends only on the law ofM, we
may assume without loss of generality that M has the form (8), constructed as in the
existence proof for Poisson random measures.

Example 8.12 (A Poisson process is a Poisson random measure). Let λ > 0 and let
(Xi)i⩾1 be i.i.d. random variables with distribution Exp(λ). Set

M =

∞∑
k=1

δX1+···+Xk .

ThenM is a Poisson random measure with intensity λ1{x⩾0} dx.

Proof. Set Sn = X1 + · · ·+Xn. The strong law gives Sn/n→ 1/λ almost surely, hence
Sn → ∞. Fix T > 0 and set NT = M([0, T ]). For n ⩾ 1, the change of variables
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si = x1 + · · ·+ xi, followed by independence of Xn+1, gives

P(NT = n, S1 ∈ ds1, . . . ,Sn ∈ dsn)

= λne−λsne−λ(T−sn)1{0<s1<···<sn<T } ds1 · · · dsn

=

(
e−λT

(λT)n

n!

)(
n!
Tn

1{0<s1<···<sn<T }

)
ds1 · · · dsn.

The second factor is the density of the order statistics of n independent uniform
random variables on [0, T ]. The case n = 0 gives P(NT = 0) = P(X1 > T) = e−λT .
Thus NT ∼ P(λT) and, conditional on NT = n, the ordered positions have the law of
these order statistics. The finite-intensity construction therefore shows thatM|[0,T ] is a
Poisson random measure with intensity λ1[0,T ](t)dt.

To conclude, let A1, . . . ,Ar be disjoint Borel subsets of R+ and k1, . . . ,kr ∈ N. Since
M(Aj ∩ [0, T ]) ↑M(Aj), continuity from above of probabilities gives

P
(
M(Aj) ⩽ kj for every j

)
= lim
T→∞

r∏
j=1

e−θj,T
kj∑
ℓ=0

θℓj,T

ℓ!
, θj,T = λLeb(Aj ∩ [0, T ]).

Each factor tends to the distribution function at kj of a P(λLeb(Aj)) law; it tends to
zero if this parameter is infinite. The same equalities apply to every subfamily of
the Aj. They yield the Poisson distributions of the counts and their independence,
including when some counts are almost surely infinite. This completes the proof.

Proposition 8.13 (Closure under restriction). LetM be a Poisson random measure
with intensity µ. Let (Ai)i∈I be disjoint measurable subsets of E. Then (M|Ai)i∈I are
independent Poisson random measures, andM|Ai has intensity µ|Ai .

This is an immediate consequence of the definition.
We deduce the following result, which is important in practice for reducing to a finite

intensity measure.

Corollary 8.14. Let M be a Poisson random measure with intensity µ, assumed
σ-finite. Then we can writeM =

∑∞
i=1Mi, where (Mi)i⩾1 are independent Poisson

random measures with finite intensities.

Proof. Write E =
⋃∞
i=1Ai with (Ai)i⩾1 disjoint elements of E of finite µ-measure. Then

M =
∑∞
i=1M|Ai , where (M|Ai)i⩾1 are independent Poisson random measures with

finite intensities µ|Ai .

Remark 8.15. If µ is s-finite, it is unclear whetherM can be decomposed “measurably”
asM =

∑∞
i=1Mi, where (Mi)i⩾1 are independent Poisson random measures with finite

intensities. But when µ is σ-finite, we have just seen that this is possible.
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8.3 Multiple points

Assume that {x} ∈ E for every x ∈ E. The atoms of a measure
∑
i∈I δxi ∈ Matom(E) are

not necessarily distinct.
IfM is a Poisson random measure with intensity µ,M({x}) ∼ P(µ({x})). Thus

∀x ∈ E, µ({x}) = 0 ⇐⇒ ∀x ∈ E, P(M({x}) ∈ {0, 1}) = 1.

In fact, we will see that

∀x ∈ E, µ({x}) = 0 ⇐⇒ P
(
∀x ∈ E, M({x}) ∈ {0, 1}

)
= 1,

under suitable assumptions ensuring measurability of the event.

Definition 8.16. Write

M
simple
atom (E) =

{
µ =

∑
i∈I
δxi ∈ Matom(E) : xi ̸= xj for i ̸= j

}
.

Recall that Matom(E) is equipped with the smallest sigma-algebra for which the maps
µ 7→ µ(A), taking values in N ∪ {+∞}, are measurable for every A ∈ E.

Remark 8.17. In general, Msimple
atom (E) is not a measurable subset of Matom(E). Indeed,

let (Xi)i⩾1 be i.i.d. random variables uniform on [0, 1] = E. Set M1 =
∑
n⩾1 δXn and

M2 =
∑
n⩾1 2δXn . Then M1 and M2 are two Poisson random measures with s-finite

intensity µ given by

µ(A) =

0 if λ(A) = 0,∞ if λ(A) > 0,

where λ is Lebesgue measure on [0, 1]. The measure µ is s-finite since µ =
∑∞
n=1 λ.

The variables M1 and M2 have the same law, M1 ∈ M
simple
atom (E) almost surely and

M2 /∈ M
simple
atom (E); hence M

simple
atom (E) is not measurable.

Finiteness and measurability assumptions are necessary.

Lemma 8.18. Assume that D = {(x, x) : x ∈ E} ∈ E⊗ E. Then

M
simple,f
atom (E) = {µ ∈ M

simple
atom (E) : µ(E) <∞}

is measurable in Matom(E).

Proof. Set Mf
atom(E) = {µ ∈ Matom(E) : µ(E) < ∞}, a measurable subset of Matom(E),

and

Φ : Mf
atom(E) −→ Mf

atom(E× E),
m∑
i=1

δxi 7−→
∑

1⩽i,j⩽m
i̸=j

δ(xi,xj).

Since M
simple,f
atom (E) = {µ ∈ Mf

atom(E) : Φ(µ)(D) = 0}, it suffices to check that µ 7→
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Φ(µ)(D) is measurable. To this end, consider

C = {C ∈ E⊗ E : µ 7→ Φ(µ)(C) is measurable on Mf
atom(E)}.

For finite µ and A,B ∈ E, Φ(µ)(A× B) = µ(A)µ(B) − µ(A ∩ B). One checks that C

is a monotone class containing the measurable rectangles. This completes the proof.
One can similarly show that Φ is measurable.

Proposition 8.19. Assume that µ is σ-finite and D = {(x, x) : x ∈ E} ∈ E⊗ E. LetM
be a Poisson random measure with intensity µ. Then

∀x ∈ E, µ({x}) = 0 ⇐⇒ M ∈ M
simple
atom (E) almost surely.

This means there exists an event A such that P(A) = 1 and ω ∈ A ⇒ M(ω) ∈
M

simple
atom (E). If P is complete (every subset of an event of probability zero is measur-

able), this is therefore equivalent to P(M ∈ M
simple
atom (E)) = 1. In this case,M is said

to be simple, or to have no multiple points.

Recall that in general Msimple
atom (E) is not measurable in Matom(E).

Proof. For the reverse implication, suppose that µ({x}) = c > 0 for some x ∈ E. Then

P(M({x}) ⩾ 2) = 1 − e−c − ce−c > 0,

which contradicts the almost sure absence of multiple points.
For the forward implication, first consider the case where µ is finite. If µ(E) = 0,

then M(E) = 0 almost surely, so M is almost surely simple. From now on, assume
µ(E) > 0. By the lemma, P(M ∈ M

simple,f
atom (E)) depends only on the law of M. Thus,

we may assume thatM is constructed from random variables as in the existence proof
for Poisson random measures:

M =

L∑
i=1

δXi ,

where L ∼ P(µ(E)) and (Xi)i⩾1 are i.i.d. with law µ(·)/µ(E), independent of L. Then,
for 1 ⩽ i ̸= j,

P(Xi = Xj) =
1

µ(E)2

∫∫
E2
1{x=y}µ(dx)µ(dy) = 0.

Hence P(M ∈ M
simple,f
atom (E)) = 1.

In the general σ-finite case, write E =
⋃∞
i=1Ai with disjoint Ai and µ(Ai) <∞ for

every i ⩾ 1. We have seen that M =
∑∞
i=1M|Ai , where (M|Ai)i⩾1 are independent

Poisson random measures with respective intensities µ|Ai , which are finite. Now let

A =

∞⋂
i=1

{M|Ai ∈ M
simple,f
atom (E)}.

By the finite case, P(A) = 1. Moreover,ω ∈ A⇒M(ω) ∈ M
simple
atom (E).
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8.4 Campbell’s formulas (additive and exponential)

Throughout this section, µ ∈ Ms(E) is fixed andM is a Poisson random measure with
intensity µ, on an arbitrary measurable space (E,E).

Theorem 8.20 (Additive formula). 1) Nonnegative case. Let f : E → R+ be mea-
surable. Then the random variableM(f) =

∫
E f(x)M(dx) has expectation

E[M(f)] =

∫
E
f(x)µ(dx).

2) Integrable case. Let f : E → R be µ-integrable. Then M(f) =
∫
E f(x)M(dx) is

integrable and

E[M(f)] =

∫
E
f(x)µ(dx).

Proof. 1) Write f ⩾ 0 as an increasing limit of simple functions fn =
∑Nn
i=1 ci1Ai . In

particular,

E[M(fn)] =

Nn∑
i=1

ciµ(Ai) = µ(fn).

Then M(fn) ↑ M(f). Thus M(f) is measurable and, by monotone convergence,
E[M(f)] = µ(f).

2) Write f = f+ − f− and apply 1) to f+ and f−.

Theorem 8.21 (Exponential formula). 1) Nonnegative case. Let f : E → R+ be
measurable. We have

E[e−M(f)] = exp
(
−

∫
E
(1 − e−f(x))µ(dx)

)
.

2) Integrable case. Let f : E→ R be µ-integrable. We have

E[eiM(f)] = exp
(∫

E
(eif(x) − 1)µ(dx)

)
.

Proof. 1) Write f ⩾ 0 as an increasing limit of simple functions fn =
∑Nn
i=1 ci1Ai , with

disjoint Ai. Then M(fn) =
∑Nn
i=1 ciM(Ai) is a linear combination of independent

Poisson random variables, and we conclude using the form of the Laplace transform
of a Poisson random variable and monotone convergence.

2) Write f = limn→∞ fn, with f = f+ − f−, fn = f+n − f−n , 0 ⩽ f+n ↑ f+, 0 ⩽ f−n ↑ f−

and f+n , f−n simple. As in 1), an explicit calculation gives

E[eiM(fn)] = exp
(∫

E
(eifn(x) − 1)µ(dx)

)
.

On the one hand, the right-hand side converges to exp(
∫
E(e

if(x) − 1)µ(dx)) by domi-
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nated convergence, using

|eifn(x) − 1| ⩽ |fn(x)| = f
+
n(x) + f

−
n(x) ⩽ f

+(x) + f−(x) = |f(x)|.

On the other hand, M(fn) = M(f+n) −M(f−n), with M(f+n) ↑ M(f+) and M(f−n) ↑
M(f−) by monotone convergence. Thus M(fn) →M(f). Since |eiM(fn)| = 1, we also
have E[eiM(fn)] → E[eiM(f)] by dominated convergence, completing the proof.

Remark 8.22 (Characterization by the Laplace transform). Let µ be an s-finite measure.
A random variable N taking values in Matom(E) is a Poisson random measure with
intensity µ if and only if, for every measurable function f : E→ R+,

E[e−N(f)] = exp
(
−

∫
E
(1 − e−f(x))µ(dx)

)
.

It suffices to use the functions f =
∑n
i=1 ci1Ai , with ci ⩾ 0 and disjoint measurable Ai,

followed by uniqueness of the joint Laplace transform.
If µ is σ-finite, we can also use the following characterization: for every real-valued

µ-integrable function f, we have N(|f|) <∞ almost surely and

E[eiN(f)] = exp
(∫

E
(eif(x) − 1)µ(dx)

)
.

First apply this identity to linear combinations of indicators of sets of finite µ-measure,
then exhaust E by such sets. This second characterization does not extend to measures
that are merely s-finite.

For measurable f : E→ R+, by the additive formula,

E

[∫
f(x)M(dx)

]
<∞ ⇐⇒

∫
fdµ <∞.

The following result gives a necessary and sufficient condition for
∫
f(x)M(dx) < ∞

almost surely.

Proposition 8.23. Let f : E→ R+ be measurable. The following alternative holds:

(a) if
∫
E min(1, f)dµ <∞, then almost surely

∫
E f(x)M(dx) <∞;

(b) if
∫
E min(1, f)dµ = ∞, then almost surely

∫
E f(x)M(dx) = ∞.

Proof. Note that, for x ∈ [0,∞], x <∞ ⇐⇒ limλ↓0 e−λx = 1. Thus, by the exponential
formula,

P

(∫
f(x)M(dx) <∞) = lim

λ↓0
E[e−λM(f)]

= lim
λ↓0

exp
(
−

∫
(1 − e−λf(x))µ(dx)

)
.

If
∫
E min(1, f)dµ < ∞, for λ ⩽ 1, we have 1 − e−λf(x) ⩽ min(1, f(x)), and the result
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follows by dominated convergence.
If
∫
E min(1, f)dµ = ∞, note that Cmin(1,y) ⩽ 1 − e−y for the constant C = 1 − e−1.

y

1 − e−y
Cmin(1,y)

Thus, for 0 < λ < 1,∫
(1 − e−λf(x))µ(dx) ⩾ C

∫
min(1, λf(x))µ(dx) ⩾ λC

∫
min(1, f(x))µ(dx) = ∞.

Hence P(
∫
f(x)M(dx) <∞) = 0.

Example 8.24. If µ(dx) = x−3/2
1{x>0} dx and f(x) = x, then M(f) < ∞ almost surely,

but E[M(f)] = ∞.

8.5 Transformations of Poisson random measures

Proposition 8.25 (Mapping theorem). Let M be a Poisson random measure with
s-finite intensity µ on (E,E) and let f : (E,E) → (F,G) be measurable. Then f∗M is a
Poisson random measure with intensity f∗µ on F.

Proof. First, let us check that f∗ is the map

Matom(E) −→ Matom(F),
∑
i∈I
δxi 7−→

∑
i∈I
δf(xi),

and that it is measurable. For B ∈ G, we indeed have(∑
i∈I
δf(xi)

)
(B) = #{i ∈ I : xi ∈ f−1(B)} =

(∑
i∈I
δxi

)
(f−1(B)).

For B ∈ G and k ⩾ 0,

f−1
∗
(
{ν ∈ Matom(F) : ν(B) = k}

)
= {ν ∈ Matom(E) : (f∗ν)(B) = k}

= {ν ∈ Matom(E) : ν(f−1(B)) = k},

which is measurable. Thus f∗M ∈ Matom(F) and, if B ∈ G,

(f∗M)(B) =M(f−1(B)) ∼ P(µ(f−1(B))) = P((f∗µ)(B)).

Moreover, if B1, . . . ,Bk ∈ G are disjoint, their preimages f−1(B1), . . . , f−1(Bk) are dis-
joint, so the variables (f∗M)(Bi) =M(f−1(Bi)) are independent.

Remark 8.26. Another advantage of working here with s-finite measures rather than
σ-finite ones is that the image of a σ-finite measure need not be σ-finite.
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Proposition 8.27 (Marking theorem). Assume that M =
∑L
k=1 δXk , where L ∈

N ∪ {+∞} and Xk ∈ E are random variables, is a Poisson random measure with
intensity µ ∈ Ms(E). Let (Yi)i⩾1 be i.i.d. random variables in (F,G), with law µ ′,
independent of (L,X1,X2, . . .). Then

M̃ =

L∑
k=1

δ(Xk,Yk)

is a Poisson random measure on E× Fwith intensity µ⊗ µ ′.

Proof. Let f : E× F→ R+ be measurable. We compute

E[exp(−M̃(f))] = E

[
E

[
exp

(
−

L∑
k=1

f(Xk, Yk)

)∣∣∣∣∣L, (Xk)k⩾1

]]

= E

[
L∏
k=1

∫
F

exp(−f(Xk,y))µ ′(dy)

]
= E[exp(−M(F))],

where F(x) = − ln
∫
F e−f(x,y)µ ′(dy) ⩾ 0. Thus, by the exponential formula,

E[exp(−M̃(f))] = exp
(
−

∫
E
(1 − e−F(x))µ(dx)

)
= exp

(
−

∫
E×F

(1 − e−f(x,y))(µ⊗ µ ′)(dxdy)
)

.

This gives the result.

Example 8.28. Let M =
∑L
k=1 δXk be a Poisson random measure with intensity µ on

E, given with this random enumeration, and let (Yi)i⩾1 be an i.i.d. sequence with
distribution Bernoulli(p), independent of (L,X1,X2, . . .). Then

Mp =

L∑
k=1

YkδXk

is a Poisson random measure with intensity pµ, sinceMp is identified with the restriction
to E× {1} of M̃ =

∑L
k=1 δ(Xk,Yk), which has intensity µ⊗ Bernoulli(p).

8.6 Poisson random measures with a time parameter

We work with a measurable space (E,E), with {x} ∈ E for every x ∈ E. Assume that P is
complete and µ is σ-finite on E.

Definition 8.29. A Poisson point process on E with intensity µ is a Poisson random
measureM on R+ × Ewith intensity dt⊗ µ.

92



Limit theorems and applications Lecture notes 8. Poisson measures

Proposition 8.30. Almost surely, for every t ⩾ 0,M({t}× E) ⩽ 1.

Proof. Choose measurable sets En ↑ E such that µ(En) < ∞, and set π(t, x) = t. For
m,n ⩾ 1, the restriction and mapping properties show that

Nm,n = π∗
(
M|[0,m]×En

)
is a Poisson random measure on R+ with intensity µ(En)1[0,m](t)dt. This intensity is
finite and has no atoms, so Nm,n is almost surely simple.

On the countable intersection of these events of probability 1, we have, for all
m,n ⩾ 1 and t ∈ [0,m],

M({t}× En) = Nm,n({t}) ⩽ 1.

Letting n → ∞ and then choosing m ⩾ t, we obtain M({t} × E) ⩽ 1 for every
t ⩾ 0.

Definition 8.31. For t ⩾ 0, set

e(t) =

x ifM({(t, x)}) = 1,

∂ otherwise, where ∂ is a cemetery state.

Proposition 8.32. 1) For every t ⩾ 0, e(t) is a random variable.

2) If µ(E) = ∞, {t : e(t) ̸= ∂} is almost surely dense.

3) If 0 < µ(E) <∞, almost surely, {t : e(t) ̸= ∂} is infinite and discrete and can be
ordered using random variables 0 < T1 < T2 < · · · satisfying:

(a) T1, T2 − T1, T3 − T2, . . . are i.i.d. with distribution Exp(µ(E));

(b) the variables (e(Ti))i⩾1 are i.i.d. with law µ(·)/µ(E);

(c) (e(Ti))i⩾1 is independent of (Ti)i⩾1.

Proof. 1) For A ∈ E,

{e(t) ∈ A} = {M({t}×A) = 1}, {e(t) = ∂} = {M({t}× E) = 0}.

2) If µ(E) = ∞, for all a < b in Q+, M([a,b]× E) ∼ P(∞), hence equals ∞ almost
surely.

3) The law of (Ti, e(Ti))i⩾1 depends only on the law ofM. For example,

T1 = inf{t ⩾ 0 :M([0, t]× E) ⩾ 1}, {e(Ti) ∈ A} = {M({Ti}×A) = 1}.

The property to be proved therefore depends only on the law ofM. Now constructM
as follows. Let P =

∑∞
i=1 δTi be a Poisson random measure with intensity µ(E)dt on
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R+ and let (Yi)i⩾1 be i.i.d. variables with law µ(·)/µ(E), independent of P. Then, by
marking,

M =

∞∑
i=1

δ(Ti,Yi)

is a Poisson random measure with intensity dt⊗ µ. Moreover, we have seen that
(P([0, t]))t⩾0 is a Poisson process with intensity µ(E), and we can indeed order T1 <

T2 < · · · satisfying (a). Properties (b) and (c) follow from e(Ti) = Yi.

Example 8.33. Take µ(dx) = x−3/2
1{x>0} dx on E = R∗

+. We have µ(E) = ∞. For t ⩾ 0,
set

Xt =
∑
s⩽t

e(s)1{e(s)̸=∂} =M(ft), ft(s, x) = x1{s⩽t}.

Since
∫

R+×R∗
+
(1 ∧ ft(s, x))ds µ(dx) < ∞, for every t ⩾ 0, almost surely Xt < ∞; by

monotonicity, almost surely, Xt < ∞ for every t ⩾ 0. Nevertheless, for every t > 0,∫
R+×R∗

+
ft(s, x)ds µ(dx) = ∞, so E[Xt] = ∞.

Using the properties of Poisson random measures, one can check that (Xt)t⩾0 is a
process with stationary independent increments, and it is càdlàg by construction: it is a
nondecreasing Lévy process (a subordinator).

8.7 Palm’s formula

Theorem 8.34 (Palm’s formula / Mecke equation). Let µ be σ-finite andM a Poisson
random measure with intensity µ. Let f : E×Matom(E) → R+ be measurable. Then

E

[∫
E
f(x,M)M(dx)

]
=

∫
E

E[f(x,M+ δx)]µ(dx). (9)

Palm’s formula describes the point cloud seen from a distinguished point: the left-
hand side sums over all points of the cloud, with their multiplicities, while the right-
hand side adds a point at x to a Poisson point cloud with the original law and integrates
against µ(dx). In general, this identity does not correspond to ordinary conditioning
onM({x}) ⩾ 1; the distinction is essential when µ has atoms. This result can be viewed
as an extension of the additive formula that takes the atoms into account.

Proof. The map (x,ν) 7→ ν+ δx is jointly measurable, since, for every A ∈ E,

(ν+ δx)(A) = ν(A) + 1A(x).

Choose En ↑ E such that µ(En) <∞, and set

H = {ν ∈ Matom(E) : ν(En) <∞ for every n}.

This set is measurable and P(M ∈ H) = 1. ReplacingM by the zero measure on the
null event {M /∈ H} if necessary, we can work with a version taking values in H. On
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H, the map ν 7→ ν|En is a finite kernel. A monotone class argument therefore gives
measurability of

ν 7−→
∫
En

f(x,ν)ν(dx).

Letting n increase yields measurability of the integral over E. These observations,
together with joint measurability of adding an atom and Tonelli’s theorem, justify
both sides of (9) and show that they depend only on the law ofM.

Step 1: µ finite. If µ(E) = 0, then M = 0 almost surely and both sides of the formula
vanish. Thus assume µ(E) > 0. Write M =

∑L
i=1 δXi , where L ∼ P(µ(E)) and (Xi)i⩾1

are i.i.d. with law µ(·)/µ(E), independent of L. Then

E

[∫
E
f(x,M)M(dx)

]
=

∞∑
k=1

µ(E)k

k!
e−µ(E)E

 k∑
i=1

f

Xi, k∑
j=1

δXj


=

∞∑
k=1

µ(E)k

k!
e−µ(E) kE

f
Xk,

k∑
j=1

δXj


=

∞∑
k=1

µ(E)k

k!
e−µ(E) k

∫
E

E

f
x,

k−1∑
j=1

δXj + δx

 µ(dx)
µ(E)

=

∫
E

 ∞∑
k=1

µ(E)k−1

(k− 1)!
e−µ(E)E

f
x,

k−1∑
j=1

δXj + δx

µ(dx)

=

∫
E

E[f(x,M+ δx)]µ(dx).

Step 2: µ σ-finite. Write E =
⊔
i⩾1Ai, with µ(Ai) < ∞, and set Mi = M|Ai and

Ri =M|Aci . These two restrictions are independent. For each fixed atomic measure
r, apply the finite case toMi and the function (x,ν) 7→ f(x,ν+ r), then integrate in r
with respect to the law of Ri. Independence and Tonelli’s theorem give

E

[∫
Ai

f(x,M)M(dx)
]
=

∫
Ai

E[f(x,M+ δx)]µ(dx).

Summing over i ⩾ 1 and applying Tonelli again, we obtain (9).

Remark 8.35. If the atoms of M can be enumerated measurably (as is the case if µ is
σ-finite and E is Polish), Palm’s formula can be written as

E

[∫
E
f(x,M− δx)M(dx)

]
=

∫
E

E[f(x,M)]µ(dx).
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Limit theorems and applications Exercises 1. Weak convergence

1 Weak convergence in Rk

Related lecture notes: Chapter 1, p. 6.

We write M1(R
k) for the set of probability measures on Rk, where k ⩾ 1 is a fixed

integer, and ⇒ denotes weak convergence in this space.

1.1 Exercises

Exercise 1.1. [solution p. 100] Let (µn)n⩾1 be a sequence of measures in M1(R) and
µ ∈ M1(R). Assume that µn ⇒ µ. Are there any implications between the following
assertions?

(a) µn has a density for all sufficiently
large n

(b) µ has a density

(c) µn is atomic for all sufficiently large
n

(d) µ is atomic.

Recall that an atomic measure is a measure of the form
∑
aiδbi for sequences ai ∈ R+

and bi ∈ R, and that in Rn saying that a measure has a density means that it has one
with respect to Lebesgue measure (the usual convention is simply to say that it has a
density).

* * *

Exercise 1.2. [solution p. 101] Show that a family (µi)i∈I of measures in M1(R) is tight
if and only if there exists a measurable function f : R → [0,∞) such that f(x) → ∞ as
|x| → ∞ and supi∈I

∫
R fdµi <∞.

* * *

Exercise 1.3. [solution p. 101] Let (Xn)n⩾1 be real-valued random variables. Show that
the sequence (Xn)n⩾1 is tight if and only if, for every ε > 0 and every sequence (cn)n⩾1

of strictly positive real numbers such that cn → 0, we have P(cn|Xn| ⩾ ε) → 0.

* * *

Exercise 1.4. [solution p. 102] (Riesz’s theorem and Scheffé’s lemma) Let (E,A,µ) be a
measure space, where µ is a positive measure (not necessarily finite). Let (fn)n⩾1 be a
sequence of measurable functions from E to R such that:

fn → f µ− almost everywhere. (1)

(1) Let p ∈ [1,∞[. Assume that the convergence (1) holds, that for every n ⩾ 1,
fn ∈ Lp(µ), f ∈ Lp(µ) and ∥fn∥p → ∥f∥p as n → ∞. Prove that fn → f in Lp(µ)
(Riesz’s theorem).

You may introduce the function gn = 2p(|fn|p + |f|p) − |fn − f|
p.

(2) Prove Scheffé’s lemma:

if (1), fn and f are µ-integrable, fn ⩾ 0 and
∫
E
fndµ −→

n→∞
∫
E
fdµ
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then
∫
E
|fn − f|dµ −→

n→∞ 0.

(3) Let (Xn)n⩾1 be a sequence of nonnegative integrable random variables converging
almost surely to X. Assume that E [Xn] → E [X] <∞. Show that Xn converges to
X in L1.

(4) In this question, assume that E = R and A = B(R). Let (Xn)n⩾1 be a sequence of
real-valued random variables such that Xn has distribution fn dµ. Show that if fn
converges µ-almost everywhere to a probability density f, then Xn ⇒ X, where X
has distribution fdµ.

* * *

Exercise 1.5. [solution p. 102] (Laplace transform) Let µ ∈ M1(R+). Its Laplace trans-
form is defined by the integral Lµ(t) =

∫
R+
e−txµ(dx) for t ⩾ 0.

(1) Verify that Lµ is of class C∞ on ]0,∞[.

(2) Show that for every x > 0 we have

µ([0, x[) +
1
2
µ({x}) = lim

t→∞
⌊tx⌋∑
k=0

(−t)k

k!
L
(k)
µ (t),

where L(k)µ denotes the kth derivative of Lµ. Deduce that if µ,ν ∈ M1(R+) have
the same Laplace transform, then µ = ν.

(3) Let (µn)n⩾1 be a sequence of measures in M1(R+). Assume that Lµn converges
pointwise on R+ to a function L that is right-continuous at 0. Show that there
exists µ ∈ M1(R+) such that L = Lµ and µn ⇒ µ.

You may draw inspiration from the proof of Lévy’s theorem.

* * *

Exercise 1.6. [solution p. 104] Let (µn)n⩾1 be a sequence of measures in M1(R) and
µ ∈ M1(R).

(1) Assume that (µn)n⩾1 is tight. Show that

∀ε > 0, ∃δ > 0, ∀n ⩾ 1, |x− y| ⩽ δ =⇒ |ϕµn(x) −ϕµn(y)| ⩽ ε.

(in other words, the sequence (ϕµn)n⩾1 is uniformly equicontinuous).

(2) Assume that µn ⇒ µ. Show that ϕµn converges to ϕµ uniformly on every compact
set. Give an example in which the convergence is not uniform.

(3) Is the converse of the statement in the first question true? In other words, if the
sequence (ϕµn)n⩾1 is uniformly equicontinuous, is the sequence (µn)n⩾1 tight?
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Exercise 1.7. [solution p. 105] Let (µn)n⩾1 be a sequence of measures in M1(R) and let
µ ∈ M1(R) have no atoms. Show that µn ⇒ µ if and only if sups∈R |Fµn(s) − Fµ(s)| → 0.

* * *

Exercise 1.8. [solution p. 106] (Glivenko–Cantelli theorem) Let (Xn)n⩾1 be a sequence
of independent real-valued random variables with common distribution µ. Consider

µn =
1
n

n∑
i=1

δXi , the empirical measure of these random variables. Write Fn for the

distribution function of µn and F for that of µ. The aim of this exercise is to prove the
Glivenko–Cantelli theorem:

almost surely, lim
n→∞ sup

s∈R

|Fn(s) − F(s)| = 0. (⋆)

(1) Prove (⋆) when µ is the uniform distribution on [0, 1].

For 0 < x < 1, set G(x) = inf{s ∈ R : F(s) ⩾ x} (called the generalized inverse of F).
One can verify that G is nondecreasing and left-continuous on ]0, 1[. Let (Yi)i⩾1 be a
sequence of independent random variables uniformly distributed on ]0, 1[.

(2) (a) Show that for every t ∈ R and x ∈]0, 1[ we have

F(t) ⩾ x ⇐⇒ t ⩾ G(x). (2)

(b) Show that (G(Yi))i⩾1 are independent random variables with common distri-
bution µ.

(c) Show that the sequences of functions (Fn)n⩾1 and (An ◦ F)n⩾1 have the same
distribution, where An is the empirical distribution function of Y1, . . . ,Yn.

(3) Deduce (⋆).

* * *

Exercise 1.9. [solution p. 107] (Characterization of distribution functions on Rk.) For
x = (x1, . . . , xk) ∈ Rk and y = (y1, . . . ,yk) ∈ Rk, write x ⩽ y if xi ⩽ yi for every
1 ⩽ i ⩽ k. Let F : Rk → [0, 1] be a function. It is said to be right-continuous if
F(xn) → F(x) whenever xn ↓ x. It is said to be proper if F(x) → 1 as mini xi → ∞ and
F(x) → 0 as mini xi → −∞. It is said to be a distribution function if there exists a measure
µ ∈ M1(R

k) such that F(x) = µ({y ∈ Rk : y ⩽ x}).

(1) Give an example of a function F : R2 → [0, 1] that is right-continuous, proper and
nondecreasing in each variable, but is not a distribution function.

We say that F has nonnegative increments if, for every rectangle ]x,y] =]x1,y1] ×
· · ·×]xk,yk], we have F(]x,y]) :=

∑
u s(u)F(u) ⩾ 0, where the sum runs over all corners

u of ]x,y] and s(u) = (−1)p with p =
∑k
i=1 1ui=xi .

99



Limit theorems and applications Exercises 1. Weak convergence

(2) Show that F : Rk → [0, 1] is a distribution function if and only if it is right-
continuous, proper and has nonnegative increments.

For a probabilistic proof of the converse, you may set 1 = (1, . . . , 1) and justify the
existence, for every n ⩾ 1, of a probability measure µn supported on (2−nZ)k such that

µn({2−nx}) = F(]2−n(x− 1), 2−nx]), x ∈ Zk.

Then construct random variables Xn with distribution µn such that Xm − 2−m1 < Xn ⩽

Xm coordinatewise form < n, and consider X = limn X
n.

* * *

Exercise 1.10. [solution p. 108] Let (E,d) be a metric space equipped with its Borel sigma-
algebra, and let f : E→ R be measurable. Show that the set of discontinuity points of f
is measurable.

Hint. For ε, δ > 0, you may verify that Uε,δ := {x ∈ E : ∃y, z ∈ B(x, ε), |f(y) − f(z)| > δ}
is open.

* * *

Exercise 1.11. [solution p. 108] Let µn,µ be probability measures on R. Write λ for
Lebesgue measure on R and ϕν(t) =

∫
eitxν(dx) for a probability measure ν on R.

(1) Prove that µn =⇒ µ if and only if the characteristic function of µn converges
pointwise to the characteristic function of µ at Lebesgue-almost every point.

(2) Is it true that µn =⇒ µ if and only if the characteristic function of µn converges
pointwise on a countable dense set to the characteristic function of µ?

* * *

Exercise 1.12. [solution p. 109] Let (Xn)n⩾1 and X be real-valued random variables. Let
D be a countable dense subset of R.

(1) Alix says: “if Xn converges in distribution to X as n→ ∞, then for every u ∈ D
we have P (Xn ⩽ u) → P (X ⩽ u) as n→ ∞.” Is he right? Justify your answer.

(2) Billie says: “if for every u ∈ Dwe have P (Xn ⩽ u) → P (X ⩽ u) as n→ ∞, then
Xn converges in distribution to X as n→ ∞.” Is she right? Justify your answer.

1.2 Solutions

Solution to Exercise 1.1. [statement p. 97] No:

– if µn has a density, µ may either have a density (take µ = µn), be atomic (take
µn(dx) =

n
21[−1/n,1/n](x)dx, which converges weakly to δ0), or even be singular

with respect to Lebesgue measure (consider the devil’s staircase).

– if µn is atomic, µ may either be atomic (take µ = µn) or have a density (take
µn = 1

n

∑n
i=1 δi/n, which converges weakly to Lebesgue measure on [0, 1]).

100



Limit theorems and applications Exercises 1. Weak convergence

Solution to Exercise 1.2. [statement p. 97] ⇐= Set C = 1 + supi∈I
∫

R fdµi. Let ε > 0
and choose A > 0 such that f(x) ⩾ C/ε for |x| ⩾ A. For i ∈ I, we write

C ⩾
∫

R

fdµi ⩾
∫

R\[−A,A]
fdµi ⩾

C

ε

∫
R\[−A,A]

dµi,

so that µi(R\[−A,A]) ⩽ ε.
=⇒ Let (An)n⩾1 be a sequence of strictly positive real numbers such that for every

n ⩾ 1 and i ∈ Iwe have

µi(R\[−An,An]) ⩽
1
n3 .

Without loss of generality, we may assume that the sequence (An) is strictly increasing
and An → ∞. Define f by f(x) = 0 if |x| ⩽ A1 and f(x) = n if An < |x| ⩽ An+1, so that f
is measurable, f(x) → ∞, and for i ∈ I,∫

R

fdµi =

∞∑
n=1

∫
[−An+1,An+1]\[−An,An]

fdµi

⩽
∞∑
n=1

nµi([−An+1,An+1]\[−An,An])

⩽
∞∑
n=1

nµi(R\[−An,An])

⩽
∞∑
n=1

1
n2 ,

which proves the result.

* * *

Solution to Exercise 1.3. [statement p. 97] Assume that the sequence (Xn)n⩾1 is tight.
Let ε > 0 and let (cn)n⩾1 be a sequence of strictly positive real numbers such that
cn → 0. Let η > 0. By tightness, there exists M > 0 such that P (|Xn| ⩾M) ⩽ η. For
sufficiently large n, ε/cn ⩾M, and then

P(cn|Xn| ⩾ ε) ⩽ P (|Xn| ⩾M) ⩽ η,

which proves the result.
Conversely, argue by contradiction, assuming that the sequence (Xn)n⩾1 is not tight.

We can then find ε > 0 and a subsequence indexed byϕ(n) such that P
(
|Xϕ(n)| ⩾ n

)
⩾ ε

for every n. Define ci = 1 for 1 ⩽ i < ϕ(1) and ci = 1/k for ϕ(k) ⩽ i < ϕ(k+ 1). This
sequence is strictly positive, tends to 0 and satisfies cϕ(k) = 1/k. Then, for every n ⩾ 1,

P
(
cϕ(n)|Xϕ(n)| ⩾ 1

)
⩾ ε,

contradiction.
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Solution to Exercise 1.4. [statement p. 97]

(1) By the triangle inequality, we observe that

|fn − f|
p ⩽ (|fn|+ |f|)p ⩽ 2p max(|fn|p, |f|p)

⩽ 2p(|fn|p + |f|p),

so that gn ⩾ 0. Apply Fatou’s lemma to gn:

2p+1
∫
E
|f|pdµ =

∫
E

(
lim inf
n→∞ gn

)
dµ

⩽ lim inf
n→∞

∫
E

2p(|fn|p + |f|p)dµ

− lim sup
n→∞

∫
E
|fn − f|

pdµ.

We deduce that
lim sup
n→∞

∫
E
|fn − f|

pdµ ⩽ 0,

which proves the result.

(2) This is simply Riesz’s theorem for p = 1.

(3) This is simply Scheffé’s lemma.

(4) Let s ∈ R. We show that P (Xn ⩽ s) → P (X ⩽ s). To this end, writingA =]−∞, s],
observe that ∣∣∣∣∫

A
fndµ−

∫
A
fdµ

∣∣∣∣ ⩽ ∫
R

|fn − f|dµ −→
n→∞ 0,

which completes the proof.

Remark. The same proof shows that in fact P (Xn ∈ A) → P (X ∈ A) for every
Borel set A. This implies convergence in distribution, but the converse is false
(take, for example, µn = δ1/n ⇒ δ0 with A = {0}).

* * *

Solution to Exercise 1.5. [statement p. 98]

(1) On every compact interval [a,b] ⊂]0,∞[ and for every integer k ⩾ 0,∣∣∣∣ ∂k∂tke−tu
∣∣∣∣ = uke−tu ⩽ uke−au.

The upper bound is bounded on R+ and hence µ-integrable. Differentiation under
the integral sign, to every order, gives Lµ ∈ C∞(]0,∞[) and

L
(k)
µ (t) = (−1)k

∫
R+

uke−tu µ(du).
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(2) Let x > 0. By the previous question and Fubini’s theorem,

⌊tx⌋∑
k=0

(−t)k

k!
L
(k)
µ (t) =

∫
R+

⌊tx⌋∑
k=0

(tu)k

k!
e−tuµ(du).

Now
⌊tx⌋∑
k=0

(tu)k

k!
e−tu = P (Poisson(tu) ⩽ ⌊tx⌋) .

Let us show that

P (Poisson(tu) ⩽ ⌊tx⌋) −→
t→∞


0 if x < u
1
2 if x = u

1 if x > u

by distinguishing three cases:

– x = u: Let (Yi)i⩾1 be i.i.d. Poisson random variables with parameter x, set
m = ⌊t⌋, and take a Poisson random variable Zt with parameter (t−m)x,
independent of the Yi. Then

P (Poisson(tx) ⩽ ⌊tx⌋)

= P

(
Y1 + · · ·+ Ym −mx+Zt − (t−m)x√

tx
⩽

⌊tx⌋− tx√
tx

)
.

The CLT gives (Y1 + · · ·+ Ym −mx)/
√
tx ⇒ N(0, 1). Moreover, Var(Zt) =

(t −m)x ⩽ x, so (Zt − (t −m)x)/
√
tx → 0 in probability, while (⌊tx⌋ −

tx)/
√
tx → 0. Slutsky’s lemma and continuity of the normal distribution

function at 0 give the limit 1/2.

– x < u: then

P (Poisson(tu) ⩽ ⌊tx⌋) = P (tu− ⌊tx⌋ ⩽ tu− Poisson(tu))

⩽ P (tu− ⌊tx⌋ ⩽ |tu− Poisson(tu)|)

⩽
Var(Poisson(tu))

(tu− ⌊tx⌋)2

∼
u

t(u− x)2

as t→ ∞, which therefore tends to 0.

– x > u: similarly,

P (Poisson(tu) ⩽ ⌊tx⌋) = 1 − P (Poisson(tu) > ⌊tx⌋)
= 1 − P (Poisson(tu) − tu > ⌊tx⌋− tu)
⩾ 1 − P (|Poisson(tu) − tu| > ⌊tx⌋− tu)

and if u = 0, the probability under consideration is 0. If u > 0, for sufficiently
large t,

P (|Poisson(tu) − tu| > ⌊tx⌋− tu) ⩽ Var(Poisson(tu))

(⌊tx⌋− tu)2 ∼
u

t(x− u)2 → 0.
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Thus,
⌊tx⌋∑
k=0

(tu)k

k!
e−tu −→

t→∞ 1[0,x[(u) +
1
2
1{x}(u).

Using the dominated convergence theorem, we conclude that∫
R+

⌊tx⌋∑
k=0

(tu)k

k!
e−tuµ(du)

−→
t→∞

∫
R+

(
1[0,x[(u) +

1
2
1{x}(u)

)
µ(du)

= µ([0, x[) +
1
2
µ({x}).

Now suppose that µ,ν ∈ M1(R+) have the same Laplace transform. Write D for
the set of atoms of µ and ν, which is at most countable. By the previous result,
µ([x,y[) = ν([x,y[) for all x,y ∈ R\D. Since R\D is dense, we deduce that µ and
ν agree on every open interval, and hence µ = ν by the monotone class lemma.

(3) First observe that if µn ⇒ µ, then Lµn converges pointwise to Lµ (since the function
x 7→ e−tx is bounded and continuous on R+).

It suffices to show that (µn)n⩾1 is tight. Every weak subsequential limit is
supported on R+ and has Laplace transform L, since x 7→ e−tx is bounded and
continuous on R+. Question (2) shows that all these limits are equal. Tightness
and uniqueness of subsequential limits therefore give the existence of µ ∈ M1(R+)

such that µn ⇒ µ and L = Lµ.

To prove tightness, we use, for every K > 0,

(1 − e−1)µn([K,∞[) ⩽
∫

R+

(1 − e−x/K)µn(dx) = 1 − Lµn(1/K).

By pointwise convergence of the Laplace transforms,

lim sup
n→∞ µn([K,∞[) ⩽

1 − L(1/K)
1 − e−1 −→ 0 (K→ ∞),

since L(0) = 1 and L is right-continuous at zero. We absorb the finitely many
initial terms by increasing K: the sequence (µn)n⩾1 is therefore tight.

* * *

Solution to Exercise 1.6. [statement p. 98]

(1) Let ε > 0 and choose M > 0 such that for every n ⩾ 1, µn(R\[−M,M]) ⩽ ε. By
uniform continuity, there exists δ > 0 such that |x− y| ⩽ δ and t ∈ [−M,M] imply
|eitx − eity| ⩽ ε. We then write:

|ϕµn(x) −ϕµn(y)| ⩽
∫
[−M,M]

|eitx − eity|µn(dt) +

∫
R\[−M,M]

|eitx − eity|µn(dt)

⩽ ε+ 2µn(R\[−M,M])

⩽ 3ε
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(2) We know that ϕµn converges pointwise to ϕµ. This is then a general result: if a se-
quence of real-valued functions on a compact set is uniformly equicontinuous and
converges pointwise, then it converges uniformly. To prove this in our particular
case, let ε > 0 and let K be a compact set. Let δ > 0 be such that the implication
in the first question holds. Passing to the limit, first observe that |x− y| ⩽ δ im-
plies |ϕµ(x) −ϕµ(y)| ⩽ ε. By compactness, we can cover K by finitely many balls
(B(xi, δ))1⩽i⩽k. LetN be such that n ⩾ N implies max1⩽i⩽k |ϕµn(xi) −ϕµ(xi)| ⩽ ε.
Then, for n ⩾ N, let x ∈ K. Writing 1 ⩽ i ⩽ k for an integer such that x ∈ B(xi, δ):

|ϕµn(x)−ϕµ(x)| ⩽ |ϕµn(x)−ϕµn(xi)|+ |ϕµn(xi)−ϕµ(xi)|+ |ϕµ(xi)−ϕµ(x)| ⩽ 3ε,

which completes the proof.

Taking, for example, Xn = 1/n and X = 0, we have ϕXn(t) = e
it/n → ϕX(t) for

every t ∈ R, but ∥ϕXn −ϕX∥∞ = 2 for every n ⩾ 1.

(3) Yes. The tail bound used in the proof of Lévy’s theorem gives, for a universal
constant c > 0,

sup
n
µn(R \ [−K,K]) ⩽ cK sup

n

∫1/K

−1/K

(
1 − Reϕµn(u)

)
du

⩽ 2c sup
n

sup
|u|⩽1/K

|1 −ϕµn(u)| −→ 0 (K→ ∞).

Indeed, ϕµn(0) = 1 for every n and the family is equicontinuous at zero. This
proves tightness directly.

* * *

Solution to Exercise 1.7. [statement p. 99] The converse is clear. The forward implication
follows from Dini’s second theorem. Here is an approach in the context of this exercise.
Fix k ⩾ 2. Since the function Fµ is continuous and nondecreasing, with limit zero at
−∞ and limit 1 at ∞, there exist points s1 < · · · < sk−1 such that Fµ(si) = i

k for every
1 ⩽ i ⩽ k− 1. By pointwise convergence, for sufficiently large n, for every 1 ⩽ i ⩽ k− 1,

i− 1
k

⩽ Fµn(si) ⩽
i+ 1
k

.

By convention, set s0 = −∞ and sk = ∞. It follows that for all sufficiently large n and
every s ∈ R, choosing si such that si ⩽ s < si+1:

Fµn(s) ⩽ Fµn(si+1) ⩽
i+ 2
k

= Fµ(si) +
2
k
⩽ Fµ(s) +

2
k

and similarly

Fµn(s) ⩾ Fµn(si) ⩾
i− 1
k

= Fµ(si+1) −
2
k
⩾ Fµ(s) −

2
k

.

Thus, for sufficiently large n,

sup
s∈R

|Fµn(s) − Fµ(s)| ⩽
2
k

,

which completes the proof.
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Solution to Exercise 1.8. [statement p. 99]

(1) We follow the same approach as in Exercise 7. Fix k ⩾ 2. There exist points
s1 < · · · < sk−1 such that F(si) = i

k for every 1 ⩽ i ⩽ k− 1. By the law of large
numbers, almost surely, for sufficiently large n, for every 1 ⩽ i ⩽ k− 1,

i− 1
k

⩽ Fµn(si) ⩽
i+ 1
k

.

By convention, set s0 = −∞ and sk = ∞. It follows that for all sufficiently large n
and every s ∈ R, choosing si such that si ⩽ s < si+1:

Fµn(s) ⩽ Fµn(si+1) ⩽
i+ 2
k

= Fµ(si) +
2
k
⩽ Fµ(s) +

2
k

and similarly

Fµn(s) ⩾ Fµn(si) ⩾
i− 1
k

= Fµ(si+1) −
2
k
⩾ Fµ(s) −

2
k

.

Thus, almost surely, for sufficiently large n,

sup
s∈R

|Fµn(s) − F(s)| ⩽
2
k

.

Since this holds for every k ⩾ 2, the proof is complete.

(2) (a) If F(t) ⩾ x, then clearly inf{s ∈ R : F(s) ⩾ x} ⩽ t, and hence G(x) ⩽ t.
Conversely, let us show that F(t) < x implies t < G(x). Since F is right-
continuous, there exists ε > 0 such that F(t+ ε) < x. We then have G(x) ⩾
t+ ε > t.

(b) They are independent and identically distributed and, for every t ∈ R, the
previous question gives

P (G(Y1) ⩽ t) = P (Y1 ⩽ F(t)) = F(t),

which proves the result.

(c) The sequences (Xi)i⩾1 and (G(Yi))i⩾1 have the same distribution. Thus, to
study a property of the whole sequence, we may work with Xi = G(Yi) for
every i. Then, simultaneously for every n and every t,

Fn(t) =
1
n

n∑
i=1

1{G(Yi)⩽t} =
1
n

n∑
i=1

1{Yi⩽F(t)} = An(F(t)).

(3) By (1), almost surely,
lim
n→∞ sup

u∈[0,1]
|An(u) − u| = 0.

Since F(s) ∈ [0, 1], we then have almost surely

sup
s∈R

|An(F(s)) − F(s)| ⩽ sup
u∈[0,1]

|An(u) − u| −→ 0.

The equality in distribution of the entire sequences established in (c) transfers this
almost sure property to (Fn)n⩾1. The event is measurable because distribution
functions are right-continuous and each supremum over R can be taken over Q.
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Solution to Exercise 1.9. [statement p. 99]

(1) Take F(x1, x2) = 1{x1⩾0, x2⩾0, x1+x2⩾1}. This function is right-continuous, proper and
nondecreasing in each variable. If it were the distribution function of a measure
µ ∈ M1(R

2), we would have

µ(]0, 1]×]0, 1]) = F(1, 1) − F(1, 0) − F(0, 1) + F(0, 0) = −1,

which is impossible.

(2) The forward implication is clear (if F is the distribution function of µ ∈ M1(R
k),

nonnegativity of the increments follows from the fact that
∑
u s(u)F(u) = µ(]x,y])

– using the notation of the statement).

Set 1 = (1, . . . , 1). Since F is proper and has nonnegative increments, there do exist
probability measures µn supported on (2−nZ)k such that µn({2−nx}) = F(]2−n(x−
1), 2−nx]) for x ∈ Zk.

Next, by construction, F is finitely additive on rectangles, so that for x ∈ Zk and
1 ⩽ m < n:

µm(2−m]x− 1, x]) = µn(2−m]x− 1, x]).

Construct X1 with distribution µ1, and then, conditionally on Xn = z, choose

Xn+1 = z− 2−n−1i, i ∈ {0, 1}k,

with probability
µn+1({z− 2−n−1i})

µn({z})
.

The denominator is strictly positive for µn-almost every z. Finite additivity of the
increments gives ∑

i∈{0,1}k
µn+1({z− 2−n−1i}) = µn({z}),

so these probabilities do define a transition. By induction, we obtain Xn with
distribution µn and, coordinatewise, Xm − 2−m1 < Xn ⩽ Xm for m < n. The
sequence is nonincreasing and bounded below by X1 − 2−11, so it converges to a
random variable X ∈ Rk.

Let us verify that the distribution function of X is F. For a dyadic point x ∈ Rk

and sufficiently large n, P (Xn ⩽ x) = F(x). Since Xn ↓ X coordinatewise, we
obtain

P (X < x) ⩽ F(x) ⩽ P (X ⩽ x) .

Applying this inequality also at the dyadic point x+ 2−m1, we have, for every
m ⩾ 1,

F(x) ⩽ P (X ⩽ x) ⩽ P
(
X < x+ 2−m1

)
⩽ F(x+ 2−m1).

Right-continuity gives P (X ⩽ x) = F(x) at dyadic points. Approximating an
arbitrary point by a nonincreasing sequence of dyadic points, we conclude by
right-continuity of F and continuity from above of probability measures.
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Solution to Exercise 1.10. [statement p. 100] First verify that Uε,δ is indeed open. If
x ∈ Uε,δ and y, z ∈ B(x, ε) satisfy |f(y) − f(z)| > δ, then for every x ′ such that d(x, x ′) <
ε − max(d(x,y),d(x, z)) we have x ′ ∈ Uε,δ. In particular, Uε,δ is measurable. We
conclude by observing that the set of discontinuity points of f is⋃

δ>0
δ∈Q

⋂
ε>0
ε∈Q

Uε,δ.

* * *

Solution to Exercise 1.11. [statement p. 100]

(1) The forward implication is clear. For the converse, we adapt the proof of Lévy’s
theorem 1.18. As in that proof, there exists a constant c > 0 such that for every
A > 0

µn(R\[−A,A]) ⩽ cA
∫1/A

−1/A
(1 − Reϕµn(u))du

−→
n→∞ cA

∫1/A

−1/A
(1 − Reϕµ(u))du

−→
A→∞ 0,

where the first convergence follows from the almost everywhere convergence
of ϕµn to ϕµ and the dominated convergence theorem, and the second from
continuity of ϕµ at 0.

Thus (µn)n⩾1 is tight. Suppose that µψ(n) =⇒ ν. By Prokhorov’s theorem, it
suffices to verify that µ = ν. We then have ϕµψ(n)

(t) → ϕν(t) for every t ∈ R. But
ϕµψ(n)

(t) → ϕµ(t) for almost every t ∈ R. Hence ϕµ = ϕν almost everywhere.
Since these two functions are continuous, they are equal everywhere, which
completes the proof.

(2) This is false; for example, take µn = δ2πn!.
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Solution to Exercise 1.12. [statement p. 100]

(1) Alix is wrong. For example, if D = Q, Xn = 1/n and X = 0, then Xn converges in
distribution to X, but P (Xn ⩽ 0) ̸→ P (X ⩽ 0) as n→ ∞.

(2) Billie is right.

First solution. Writing E for the set of functions of the form
∑n
i=1 αi1]ai,bi] with

αi ∈ R and ai,bi ∈ D with ai < bi, we have E [f(Xn)] → E [f(X)] for every
f ∈ E. By uniform continuity, every continuous function with compact support is
a uniform limit of functions in E, which shows that Xn converges in distribution
to X by Proposition 1.5.

Second solution. Write F and Fn for the distribution functions of X and Xn,
respectively. Let x be a continuity point of F. By monotonicity, for u < x < v with
u, v ∈ Dwe have:

F(x) − Fn(v) ⩽ F(x) − Fn(x) ⩽ F(x) − Fn(u).

Thus, letting n→ ∞:

F(x) − F(v) ⩽ lim inf
n→∞ (F(x) − Fn(x)) ⩽ lim sup

n→∞ (F(x) − Fn(x)) ⩽ F(x) − F(u).

We conclude by continuity of F at x, letting u, v tend to x.
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2 Modes of convergence (almost sure, in probability, L1)

Related lecture notes: Chapter 2, p. 14.

2.1 Exercises

Exercise 2.1. [solution p. 114] (Method of moments) Let X be a real-valued random
variable with moments of all orders. Assume that the distribution of X is determined by
its moments, meaning that if Y is a random variable with moments of all orders satisfying
E[Xk] = E[Yk] for every integer k ⩾ 1, then X and Y have the same distribution.

(1) Let (Zn)n⩾1 be a uniformly integrable sequence of real-valued random variables
converging in distribution to Z. Show that E [Zn] → E [Z].

(2) Let (Xn)n⩾1 be a sequence of real-valued random variables with moments of all
orders. Assume that for every integer k ⩾ 1, E

[
Xkn
]
→ E

[
Xk
]
. Show that Xn ⇒ X.

Remark. See Exercise 2.5 for sufficient conditions for a random variable to be deter-
mined by its moments.

* * *

Exercise 2.2. [solution p. 114] Let (E,d) be a separable metric space and let X,X1,X2, . . .
be random variables defined on the same probability space and taking values in E.
Show that if Xn → X almost surely or in probability, then Xn ⇒ X.

* * *

Exercise 2.3. [solution p. 115] Let (Xi)i⩾1 be independent identically distributed real-
valued random variables.

(1) Show that if E [|X1|] < ∞, the sequence (max(X1, . . . ,Xn)/n)n⩾2 is uniformly
integrable.

(2) Is the converse true?

* * *

Exercise 2.4. [solution p. 115] (Skorokhod’s representation theorem on R) Let X be a
real-valued random variable. Write F for its distribution function and set, for 0 < u < 1,
F−1(u) = inf{x ∈ R : F(x) ⩾ u}. Recall (see Exercise Sheet 1) that F−1(u) ⩽ x ⇐⇒
u ⩽ F(x). Let (Xn)n⩾1 be a sequence of real-valued random variables converging in
distribution to X.

(1) Verify that F−1 is a nondecreasing left-continuous function from ]0, 1[ to R.

(2) Show that for every u ∈]0, 1[ we have

F−1(u) ⩽ lim inf
n→∞ F−1

n (u) ⩽ lim sup
n→∞ F−1

n (u) ⩽ F−1(u+),

where F−1(u+) is the right-hand limit of F−1 at u.
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(3) Deduce that if X,X1,X2, . . . are real-valued random variables such that Xn ⇒ X,
there exist a probability space and random variables X ′,X ′

1,X ′
2, . . . defined on it

such that X =d X ′, Xi =d X ′
i for every i ⩾ 1, and X ′

n converges almost surely to X ′

as n→ ∞.

* * *

Exercise 2.5. [solution p. 116] Let X be a real-valued random variable with moments of
all orders. Setmk = E

[
Xk
]
,Mk = E

[
|X|k
]

for k ⩾ 1 and ϕ(t) = E
[
eitX

]
for t ∈ R.

(1) Show that the power series
∑∞
k=0

mkz
k

k! has a nonzero radius of convergence if and

only if
∑∞
k=0

Mkz
k

k! has a nonzero radius of convergence.

In what follows, assume that these radii of convergence are nonzero, and write R for the
radius of convergence of

∑∞
k=0

Mkz
k

k! .

(2) Show that for every h ∈ R,∣∣∣∣∣eih −
K∑
k=0

(ih)k

k!

∣∣∣∣∣ ⩽ |h|K+1

(K+ 1)!
.

(3) Show that for every t ∈ R and |h| < R we have the power series expansion

ϕ(t+ h) =
∑∞
k=0

ϕ(k)(t)
k! hk.

(4) Deduce that the distribution of X is determined by its moments.

* * *

Exercise 2.6. [solution p. 117] Let (Xi)i∈I be a uniformly integrable family of random
variables. Revisiting the construction of the nondecreasing function ϕ : R+ → R+

such that limx→∞ ϕ(x)
x = ∞ and supi∈I E [ϕ(|Xi|)] <∞ (proof of the de la Vallée Poussin

criterion), verify that ϕ can be chosen so that for every x ⩾ 1, ϕ ′(2x) ⩽ 2ϕ ′(x), and then
that ϕ can be chosen so that ϕ(x) ⩽ x2 for x ⩾ 1.

* * *

Exercise 2.7. [solution p. 118] Let (Xn)n⩾1 be a uniformly integrable sequence of real-
valued random variables.

(1) For n ⩾ 1, set Sn = (X1 + · · ·+Xn)/n. Show that the sequence of random variables
(Sn)n⩾1 is uniformly integrable.

(2) Show that the closure of {Xn : n ⩾ 1} in L1 is a uniformly integrable family.

* * *

Exercise 2.8. [solution p. 118] Let (E,d) be a metric space and let (xn)n⩾1 be a sequence
in E. Assume that (δxn)n⩾1 converges weakly to the distribution of a random variable
X. What can be said about X?
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Exercise 2.9. [solution p. 118] Let (Xn)n⩾1 and X be random variables taking values in a
separable metric space. For each mode of convergence you know, determine whether
the fact that every subsequence of (Xn)n⩾1 has a further subsequence converging to X
implies that Xn converges to X.

* * *

Exercise 2.10. [solution p. 119] Let (Xn) and (Yn) be real-valued random variables such
that 0 ⩽ Xn ⩽ Yn. Assume that Xn converges in probability and that Yn converges in L1.
Show that Xn converges in L1.

* * *

Exercise 2.11. [solution p. 119] Let p,q > 1 satisfy 1/p+ 1/q = 1. Let X ∈ Lq(Ω,A, P),
and let (Yi)i∈I be a family of random variables bounded in Lp (that is, supi∈I E [|Yi|

p]1/p <∞). Prove that the family (XYi)i∈I is uniformly integrable.

* * *

Exercise 2.12. [solution p. 120] Let λ > 0 and let X be a random variable whose distri-
bution is given by P (X ⩾ a) = a−λ for every a ⩾ 1. Let (Xn)n⩾1 be a sequence of i.i.d.
random variables with the same distribution as X, and set

Tn =

(
n∏
i=1

Xi

)1/n

.

Determine the integers n for which Tn ∈ L1. Do we have

E
[
|Tn − e

1/λ|
]
−→ 0 as n −→ ∞ ?

Justify your answer.

* * *

Exercise 2.13. [solution p. 120] Let (Xn)n⩾1 and (Yn)n⩾1 be two sequences of real-valued
random variables defined on the same probability space such that Yn ⩾ Xn ⩾ 0 and
E [Yn] = 1 for every n ⩾ 1. Assume that the sequence of random variables (Xn)n⩾1

converges in distribution to a nonnegative random variable X such that E [X] = 1.

(1) Show that the sequence of random variables ((Xn, Yn))n⩾1 converges in distribu-
tion to (X,X).

(2) Show that the sequence of random variables (Yn)n⩾1 is uniformly integrable.

* * *

Exercise 2.14. [solution p. 121] Let (Xn)n⩾1 be a sequence of random variables taking
values in [0, 1] and let p > 0.

(1) Assume that E [Xn] → 1 as n→ ∞. Show that for every p > 0, E [|Xn − 1|p] → 0
as n→ ∞.
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(2) Assume that E [Xn] → α and E
[
X2
n

]
→ α2 with α ∈ [0, 1[ as n→ ∞. Show that

E [|Xn −α|
p] −→ 0 as n −→ ∞.

Hint. In both cases, you may first show that Xn converges in probability.

* * *

Exercise 2.15. [solution p. 121] Let (Xi)i⩾1 and X be real-valued random variables. Set
Sn = (X1 + · · ·+Xn)/n for n ⩾ 1. Consider the following assertion:

(A) : if Xn −→
n→∞ X, then Sn −→

n→∞ X.

Is assertion (A) true for the following modes of convergence?

(1) Almost sure convergence (2) L1 convergence

(3) Convergence in probability (4) Convergence in distribution.

Justify your answers.

* * *

Exercise 2.16. [solution p. 122] Let (Xn)n⩾1 and (Yn)n⩾1 be real-valued random variables.
Assume that for every n ⩾ 1, the distribution of Xn is absolutely continuous with respect
to the distribution of Yn, with density fn. This means that fn : R → R+ is a measurable
function such that for every nonnegative measurable function F : R → R+ or every
bounded measurable function F : R → R we have:

E [F(Xn)] = E [fn(Yn)F(Yn)] .

(1) Assume that fn(Yn) converges in probability to 1 as n→ ∞ and that Yn converges
in distribution to a random variable Y. Show that Xn converges in distribution to
Y.

(2) Assume that fn is continuous for every n ⩾ 1, that the sequence (fn)n⩾1 converges
uniformly on R to a function f, that Yn converges almost surely to Y, and finally
that E [f(Y)] = 1. Prove that Xn converges in distribution.

* * *

Exercise 2.17. [solution p. 123] Let (Xnk )k,n⩾1 and (Xk)k⩾1 be random variables defined
on the same probability space, taking values in a separable metric space E, such that, for
every k ⩾ 1, almost surely, Xnk = Xk for all sufficiently large n. Prove that there exists a
deterministic sequence of integers An → ∞ such that

P (for every k ∈ {1, 2, . . . ,An} we have Xnk = Xk) −→
n→∞ 1.

2.2 Solutions
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Solution to Exercise 2.1. [statement p. 110]

(1) First approach. By Skorokhod’s representation theorem (Exercise 2.4), since uniform
integrability depends only on the individual distributions, we may assume that
the convergence Zn → Z holds almost surely (and hence in probability). By
Proposition 2.8, this convergence also holds in L1, which proves the lemma.

Second approach. For K ⩾ 0, define hK(x) = max(−K, min(x,K)). This function is
bounded and continuous. Uniform integrability gives C = supn E [|Zn|] <∞. By
convergence in distribution,

E [hK(|Z|)] = lim
n→∞ E [hK(|Zn|)] ⩽ C.

Monotone convergence as K → ∞ yields E [|Z|] ⩽ C. Moreover, |x− hK(x)| ⩽
|x|1{|x|>K}, so

|E [Zn] − E [Z]| ⩽ E
[
|Zn|1{|Zn|>K}

]
+ |E [hK(Zn)] − E [hK(Z)]|+ E

[
|Z|1{|Z|>K}

]
.

For fixed K, the middle term tends to 0. Thus,

lim sup
n→∞ |E [Zn] − E [Z]| ⩽ sup

n
E
[
|Zn|1{|Zn|>K}

]
+ E

[
|Z|1{|Z|>K}

]
.

Letting K→ ∞, we conclude by uniform integrability and integrability of Z.

(2) We prove tightness and then uniqueness of the limit.

First step: tightness. Since (E
[
X2
n

]
)n⩾2 converges, the sequence (Xn)n⩾1 is tight.

Second step: uniqueness of the limit. Letϕ index a subsequence and let Y be a random
variable such that Xϕ(n) ⇒ Y. Let k ⩾ 1 be an integer. Since (E

[
(Xϕ(n))

2k])n⩾1

converges, (Xkϕ(n))n⩾1 is uniformly integrable. Let us verify that

E
[
|Y|k
]
<∞ and E

[
Xkϕ(n)

]
→ E

[
Yk
]

. (3)

The lemma implies (3), and we obtain E
[
Xk
]
= E

[
Yk
]
. Since X is determined by

its moments, we deduce that X and Y have the same distribution, which completes
the proof.

* * *

Solution to Exercise 2.2. [statement p. 110] If Xn → X almost surely and f : E → R is
a bounded continuous function, then f(Xn) → f(X) almost surely, and since |f(Xn)| ⩽

∥f∥∞ <∞, the dominated convergence theorem implies E [f(Xn)] → E [f(X)].
If Xn → X in probability, let f : E → R be a bounded continuous function. Argue

by contradiction and suppose that E [f(Xn)] ̸→ E [f(X)]. There then exist ϵ > 0 and
a subsequence indexed by ϕ such that |E

[
f(Xϕ(n))

]
− E [f(X)] | ⩾ ϵ for every n ⩾ 1.

Since Xϕ(n) converges in probability to X, there exists a further subsequence indexed
by ψ such that Xϕ(ψ(n)) → X almost surely. Then f(Xϕ(ψ(n))) → f(X) almost surely.
Since |f(Xϕ(ψ(n)))| ⩽ ∥f∥∞, dominated convergence gives E

[
f(Xϕ(ψ(n)))

]
→ E [f(X)], a

contradiction.
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Solution to Exercise 2.3. [statement p. 110]

(1) If E [|X1|] <∞, we write ∣∣∣∣max(X1, . . . ,Xn)
n

∣∣∣∣ ⩽ ∑n
k=1 |Xk|

n
.

By the law of large numbers, the sequence
∑n
k=1 |Xk|
n converges in L1 to E [|X1|]. It is

therefore uniformly integrable, which implies that the sequence (
max(X1,...,Xn)

n )n⩾1

is uniformly integrable.

(2) Yes, if the random variables are nonnegative: in that case, 0 ⩽ X1/2 ⩽

max(X1,X2)/2, and hence E [X1] <∞.

Not in general: for example, taking X1 to be a random variable with density
1
|x|2
1x⩽−1, we see that max(X1, . . . ,Xn) has density n

|x|n+11x⩽−1, so that

E

[∣∣∣∣max(X1, . . . ,Xn)
n

∣∣∣∣3/2
]
=

1
n3/2

∫∞
1

nx3/2

xn+1 dx =
1
n3/2

2n
2n− 3

.

Since the sequence (
max(X1,...,Xn)

n )n⩾2 is bounded in L3/2, it is uniformly integrable,
although X1 is not integrable.

* * *

Solution to Exercise 2.4. [statement p. 110]

(1) To prove that F−1 is nondecreasing, if u < v and F(x) ⩾ v, then F(x) ⩾ u, so that
F−1(u) ⩽ x; taking the infimum over x gives F−1(u) ⩽ F−1(v).

For left-continuity, suppose that un ↑ u but F−1(un) ̸→ F−1(u). There then exists
ε > 0 such that F−1(un) ⩽ F−1(u) − ε for every n ⩾ 1. Hence un ⩽ F(F−1(u) −

ε). Passing to the limit, u ⩽ F(F−1(u) − ε), and hence F−1(u) ⩽ F−1(u) − ε, a
contradiction.

(2) Let 0 < u < 1.

To show that lim supn→∞ F−1
n (u) ⩽ F−1(u+), it suffices to verify that

F(x) ⩾ u+ ε =⇒ lim sup
n→∞ F−1

n (u) ⩽ x.

We prove the contrapositive: suppose there exist a subsequence indexed by ϕ
and η > 0 such that x+ η ⩽ F−1

ϕ(n)
(u) for sufficiently large n. Choose a point x0 ∈

[x, x+ η[ at which F is continuous. Then Fϕ(n)(x0) < u for sufficiently large n, and
convergence in distribution of Xn to X therefore gives F(x) ⩽ F(x0) ⩽ u < u+ ε.

To show that
F−1(u) ⩽ lim inf

n→∞ F−1
n (u),
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consider a continuity point x of F such that x > lim infn→∞ F−1
n (u). There then

exists a subsequence indexed by ϕ such that x ⩾ F−1
ϕ(n)

(u) for every n ⩾ 1. Thus,
Fϕ(n)(x) ⩾ u, and passing to the limit gives F(x) ⩾ u, hence x ⩾ F−1(u). This
shows that F−1(u) ⩽ lim infn→∞ F−1

n (u).

(3) Let U be a random variable uniformly distributed on ]0, 1[. Set X ′ = F−1(U) and
X ′
n = F−1

n (U). By Exercise Sheet 1, X =d X ′ and Xi =d X ′
i for every i ⩾ 1. By

the previous question, X ′
n(ω) → X ′(ω) if F−1 is continuous at U(ω). Since F−1

has at most countably many discontinuities, it follows that F−1 is almost surely
continuous at U, and the desired result follows.

* * *

Solution to Exercise 2.5. [statement p. 111]

(1) The implication ⇐= is clear because |mk| ⩽Mk. For the implication =⇒ , the
idea is to show that the radii of convergence of

∞∑
k=0
k even

Mkz
k

k!
and

∞∑
k=0
k odd

Mkz
k

k!

are nonzero. For the first, this follows from mk = Mk for even k, and for the
second from the inequality |x|2j−1 ⩽ 1 + x2j for every x ∈ R and j ⩾ 1.

(2) Taylor’s formula with integral remainder gives, for h ∈ R and K ⩾ 1:

eih =

K∑
k=0

(ih)k

k!
+

(ih)K+1

K!

∫1

0
(1 − u)Keiuhdu,

so that ∣∣∣∣∣eih −
K∑
k=0

(ih)k

k!

∣∣∣∣∣ ⩽ |h|K+1

K!

∫1

0
(1 − u)Kdu =

|h|K+1

(K+ 1)!
.

(3) By the previous question, we may write

ei(t+h)x =

K∑
k=0

(ihx)k

k!
eitx + RK(x,h)

with |RK(x,h)| ⩽ |hx|K+1

(K+1)! . In particular,

ϕ(t+ h) =

K∑
k=0

E
[
(iX)keitX

]
k!

hk + E [RK(X,h)]

Nowϕ(k)(t) = E
[
(iX)keitX

]
, and by definition of R, if |h| < R, then |h|K+1MK+1

(K+1)! → 0,
and the result follows.
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(4) Sinceϕ determines the distribution of X, it suffices to show thatϕ can be expressed
in terms of the moments of X. By the previous question, taking t = 0, ϕ can be
expressed in terms of the moments of X on ] − R,R[. Then, expanding again as a
power series around points close to R and −R, we deduce that ϕ can be expressed
in terms of the moments of X on ] − 2R, 2R[, and then on ] −nR,nR[ for every n ⩾ 1
by induction, which proves the result.

Remark. It is possible to find random variables X and Y with moments of all orders
such that E

[
Xk
]
= E

[
Yk
]

for every k ⩾ 1 but whose distributions differ. An explicit
example is given by the densities

1
x
√

2π
exp

(
−(ln x)2

2

)
1x>0 and (1 + sin(2π ln x))

1
x
√

2π
exp

(
−(ln x)2

2

)
1x>0.

* * *

Solution to Exercise 2.6. [statement p. 111] By uniform integrability, choose thresholds
(xm)m⩾1 such that xm ⩾ 2m, xm+1 > 4xm and

sup
i∈I

E
[
|Xi|1{|Xi|⩾xm}

]
⩽ 2−m.

Set h(t) = 0 for t ⩽ 1, h(t) = t− 1 for 1 ⩽ t ⩽ 2, and h(t) = 1 for t ⩾ 2, and then

g(x) = 1 +
∑
m⩾1

h(x/xm), ϕ(x) =

∫x
0
g(u)du.

The sums are locally finite. Thus g is continuous and nondecreasing and tends to infinity,
and ϕ is of class C1, nondecreasing and convex, with ϕ(x)/x→ ∞. Moreover,

ϕ(x) ⩽ x+
∑
m⩾1

x1{x⩾xm},

so supi E [ϕ(|Xi|)] ⩽ supi E [|Xi|] +
∑
m 2−m < ∞. A term h(2x/xm) − h(x/xm) can be

nonzero only if x/2 < xm < 2x. The spacing of the thresholds ensures that there is at
most one such term. Consequently,

ϕ ′(2x) = g(2x) ⩽ g(x) + 1 ⩽ 2g(x) = 2ϕ ′(x).

Finally, g(x) = 1 on [0, 2], and for x ⩾ 2, g(x) ⩽ 1 + #{m : 2m < x} ⩽ 1 + x/2 ⩽ x. Thus,
for x ⩾ 1,

ϕ(x) = 1 +

∫x
1
g(u)du ⩽ 1 +

∫x
1
udu =

x2 + 1
2

⩽ x2.
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Solution to Exercise 2.7. [statement p. 111] For both questions, we use the “ε-δ” char-
acterization of uniform integrability. First, since (Xn)n⩾1 is uniformly integrable, it is
bounded in L1: there exists C > 0 such that E [|Xn|] ⩽ C for every n ⩾ 1. Also, for
fixed ε > 0, there exists δ > 0 such that for every event A with P (A) ⩽ δ we have
E [|Xn|1A] ⩽ ε for every n ⩾ 1.

(1) By the triangle inequality and linearity of expectation, for every n ⩾ 1 we have
E [|Sn|] ⩽ C, and for every event A with P (A) ⩽ δwe have

E [|Sn|1A] ⩽
1
n

n∑
k=1

E [|Xk|1A] ⩽ ε,

which shows that the sequence of random variables (Sn)n⩾1 is uniformly inte-
grable.

(2) Let X belong to the closure of {Xn : n ⩾ 1} in the L1 norm. There exists a sequence
(Zj)j⩾1 of elements of this set such that E

[
|Zj −X|

]
→ 0. For every event Awith

P (A) ⩽ δ,

E [|X|] ⩽ E
[
|X−Zj|

]
+C, E [|X|1A] ⩽ E

[
|X−Zj|

]
+ ε.

Letting j→ ∞, we obtain E [|X|] ⩽ C and E [|X|1A] ⩽ ε. The same constants C and
δwork for the entire closure, which is therefore uniformly integrable.

* * *

Solution to Exercise 2.8. [statement p. 111] Write µ = L(X) and, for N ⩾ 1,

FN = {xn : n ⩾ N}.

The Portmanteau theorem gives µ(FN) = 1, since δxn(FN) = 1 for n ⩾ N. Thus
µ(
⋂
N FN) = 1: this intersection is nonempty. Choose x in this intersection. By definition

of the FN, there exists a subsequence xnj → x. We then have δxnj ⇒ δx, hence µ = δx by
uniqueness of the weak limit. Thus X = x almost surely. Finally, for every ε > 0, the
Portmanteau theorem gives lim infn 1{xn∈B(x,ε)} ⩾ 1, so xn → x.

* * *

Solution to Exercise 2.9. [statement p. 112] This is true for modes of convergence defined
through a metric: thus it holds for Lp convergence, convergence in distribution and
convergence in probability; Xn → X in probability iff E [min(d(Xn,X), 1)] → 0.

However, it is false for almost sure convergence. For example, if (Xn)n⩾1 is a sequence
of independent Bernoulli random variables such that P (Xn = 1) = 1 − P (Xn = 0) =
1/n, the sequence (Xn)n⩾1 almost surely takes the values 0 and 1 infinitely often by
Borel–Cantelli. But clearly, from every subsequence indexed by ϕ, extracting a further
subsequence indexed by ψ such that ϕ ◦ψ(n) ⩾ n2 yields a sequence (Xϕ◦ψ(n))n⩾1

converging almost surely to 0.
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Solution to Exercise 2.10. [statement p. 112] Since Yn converges in L1, the family (Yn) is
uniformly integrable. For every A > 0, the domination 0 ⩽ Xn ⩽ Yn gives

sup
n

E
[
Xn1{Xn⩾A}

]
⩽ sup

n
E
[
Yn1{Yn⩾A}

]
−→ 0 (A→ ∞).

The family (Xn) is therefore uniformly integrable. Its convergence in probability implies
its convergence in L1 by Proposition 2.8.

* * *

Solution to Exercise 2.11. [statement p. 112] First solution. We use the ε− δ character-
ization of uniform integrability. First, the family (XYi)i∈I is bounded in L1, since by
Hölder’s inequality:

E [|XYi|] ⩽ E [|X|q]1/q E [|Yi|
p]1/p

and (Yi)i∈I is bounded in Lp.
Next, let ε > 0 and C = supi∈I E [|Yi|

p]1/p. If C = 0, all products XYi vanish almost
surely. Otherwise, since |X|q ∈ L1, there exists δ > 0 such that P (A) ⩽ δ implies
E [|X|q1A] ⩽ εq/Cq. By Hölder’s inequality, we then have for every i ∈ I:

E [|XYi|1A] ⩽ E [|X|q1A]
1/q

E [|Yi|
p]1/p ⩽ ε,

which proves the result.
Second solution. Let i ∈ I. We first use the inequality ab ⩽ ap/p+ bq/q for a,b ⩾ 0:

E[|XYi|1|XYi|>A] ⩽ E[|XYi|1|X|q/q+|Yi|
p/p>A]

⩽ E[|XYi|(1|X|q/q>A/2 + 1|Yi|
p/p>A/2)]

= E[|Yi||X|1|X|q/q>A/2] + E[|X||Yi|1|Yi|p/p>A/2]

To control the first term, we use Hölder’s inequality:

E[|Yi||X|1|X|q/q>A/2] ⩽ E [|Yi|
p]1/p E

[
|X|q1|X|q/q>A/2

]1/q .

The first term is bounded uniformly in i, and the second term tends to 0 by dominated
convergence, since X ∈ Lq(Ω,A, P).

Controlling E[|X||Yi|1|Yi|p/p>A/2] is slightly more delicate. For R > 0, using Hölder’s
inequality, we write

E(|XYi|1|Yi|p/p>A/2)

⩽ RE(|Yi|1|Yi|p/p>A/2) + E(|XYi|1|X|>R)

⩽ RE(|Yi|1|Yi|p/p>A/2) + ∥X1|X|>R∥q∥Yi∥p.

Since the family (Yi)i∈I is uniformly integrable and bounded in Lp, we have

sup
i∈I

E(|XYi|1|Yi|p/p>A/2) ⩽ R sup
i∈I

E(|Yi|1|Yi|p/p>A/2)︸ ︷︷ ︸
→0 as A→ ∞

+∥X1|X|>R∥q sup
i∈I

∥Yi∥p︸ ︷︷ ︸
<∞

.

Finally, as above,
∥X1|X|>R∥q −→

R→∞ 0

by dominated convergence. This completes the proof.
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Solution to Exercise 2.12. [statement p. 112] By independence, E [Tn] = E
[
X1/n

]n
, and

computing the moment gives

E [Tn] =


(

λn

λn− 1

)n
, λn > 1,

+∞, λn ⩽ 1.

Thus, Tn ∈ L1 precisely when n > 1/λ. The requested convergence holds for every
λ > 0; it therefore concerns a tail of the sequence.

By computing its distribution function, for example, we verify that ln(X) has an
exponential distribution with parameter λ, so that Tn converges almost surely to e1/λ by
the strong law of large numbers.

The formula already obtained gives

E [Tn] =

(
1 −

1
λn

)−n

−→ e1/λ.

On the tail n > 1/λ, the random variables Tn are nonnegative and integrable. Since
Tn → e1/λ almost surely, Scheffé’s lemma gives directly

E
[
|Tn − e

1/λ|
]
−→ 0.

* * *

Solution to Exercise 2.13. [statement p. 112]

(1) Since the sequence of random variables (Yn)n⩾1 is bounded in L1, it is tight. The
sequence of random variables (Xn)n⩾1 is also tight (by Prokhorov’s theorem, since
it converges in distribution). The sequence of random variables ((Xn, Yn))n⩾1

is therefore tight. Thus there exist a subsequence indexed by φ and a random
variable (U,V) such that (Xφ(n), Yφ(n)) → (U,V) in distribution, with U = X in
distribution. By Skorokhod’s representation theorem, we may assume that this
convergence holds almost surely. We also have Xφ(n) ⩽ Yφ(n) almost surely (this
property depends only on the distribution of (Xφ(n), Yφ(n))). In particular, U ⩽ V

almost surely. By Fatou’s lemma, we have E [V] ⩽ 1, and since E [U] = 1, we
deduce that E [V] = 1. Thus E [U] = E [V] with U ⩽ V almost surely, which
implies U = V almost surely. The same argument applies to every convergent
subsequence: every subsequential limit therefore has the distribution of (X,X).
Tightness then implies convergence of the entire sequence to this distribution.

Alternative solution. Convergence in distribution and nonnegativity give
1 = E [X] ⩽ lim infn E [Xn], while E [Xn] ⩽ E [Yn] = 1. Hence E [Xn] → 1. By
Markov’s inequality, for every ε > 0,

P (|Yn −Xn| > ε) ⩽
1
ε

E [Yn −Xn] −→ 0.

By Slutsky’s lemma, (Yn−Xn,Xn) ⇒ (0,X). Continuity of (a,b) 7→ (b,a+ b) then
gives (Xn, Yn) ⇒ (X,X).
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(2) By Skorokhod’s representation theorem, we may assume that Yn converges almost
surely to X. Since E [Yn] → 1 = E [X] (by the proof of (1)), Scheffé’s lemma yields
Yn → X in L1, which implies, by a result from the lectures, that the sequence
(Yn)n⩾1 is uniformly integrable.

* * *

Solution to Exercise 2.14. [statement p. 112] In both cases, first show that Xn converges
in probability to α (setting α = 1 in the first question).

Case (1): we have

P (|Xn − 1| ⩾ ε) = P (1 −Xn ⩾ ε) ⩽
1
ε
(1 − E [Xn]) −→

n→∞ 0.

Case (2): we have

P (|Xn −α| > ε) = P
(
(Xn −α)

2 > ε2
)
⩽

E
[
(Xn −α)

2]
ε2

=
E
[
X2
n

]
− 2αE [Xn] +α

2

ε2 −→ α2 − 2α2 +α2

ε2 = 0.

To conclude, observe that the sequence (E [|Xn −α|
p])n⩾1 is bounded; it suffices

to show that 0 is its only subsequential limit. Let ϕ index a subsequence such that
(E
[
|Xϕ(n) −α|

p
]
)n⩾1 converges. Since Xn converges in probability to α, there exists

a further subsequence indexed by ψ such that Xϕ◦ψ(n) converges almost surely to α.
By dominated convergence, (E

[
|Xϕ◦ψ(n) −α|

p
]
)n⩾1 converges to 0, which completes

the proof. Alternatively, one may use the Vitali convergence theorem, observing that
|Xn −α|

p is uniformly integrable because it is bounded.

* * *

Solution to Exercise 2.15. [statement p. 113]

(1) True by Cesàro’s lemma.

(2) True, for example by writing

E [|Sn −X|] ⩽

∑n
k=1 E [|Xk −X|]

n

and using Cesàro’s lemma.

(3) False, for example if (Xn)n⩾1 are independent random variables with P (Xn = n) =
1
n and P (Xn = 0) = 1− 1/n. Then Xn → 0 in probability. Let us verify that Sn ̸→ 0
in probability. For ε ∈]0, 1/2[, observe that

P (S2n ⩾ ε) ⩾ P (∃k ∈ {n,n+ 1, . . . , 2n} : Xk = k) .

For n ⩾ 2, by independence,

P (∃k ∈ {n, . . . , 2n} : Xk = k) = 1 −

2n∏
k=n

(
1 −

1
k

)
= 1 −

n− 1
2n

=
n+ 1

2n
−→ 1

2
.

Thus P (S2n ⩾ ε) ̸→ 0.

(4) False, for example by taking X2n = −X2n+1 = N where N has distribution N(0, 1).

121



Limit theorems and applications Exercises 2. Modes of convergence

Solution to Exercise 2.16. [statement p. 113]

(1) Let F : R → R be bounded and continuous, and set gn = fn(Yn). We have gn ⩾ 0
and E [gn] = 1. For every ε > 0,

E [|gn − 1|] = 2E [(1 − gn)+] ⩽ 2ε+ 2P (|gn − 1| ⩾ ε) .

Convergence in probability therefore gives E [|gn − 1|] → 0. By the change-of-
measure identity,

|E [F(Xn)] − E [F(Yn)] | = |E [(gn − 1)F(Yn)] | ⩽ ∥F∥∞E [|gn − 1|] −→ 0.

Since Yn ⇒ Y, we conclude that Xn ⇒ Y.

Alternative solution. Let F be closed, 0 < ε < 1, gn = fn(Yn) and Bn = {|gn − 1| >
ε}. The change-of-measure identity gives

P (Xn ∈ F) = E
[
gn1{Yn∈F}

]
⩽ (1 + ε)P (Yn ∈ F) + E [gn1Bn ] .

Since E [gn] = 1 and gn ⩾ 1 − ε on Bcn,

E [gn1Bn ] = 1 − E
[
gn1Bcn

]
⩽ ε+ P (Bn) .

Thus, by convergence in probability and the Portmanteau theorem,

lim sup
n

P (Xn ∈ F) ⩽ (1 + ε)P (Y ∈ F) + ε.

Let ε tend to 0 to conclude.

Alternative solution. Let F : R → R be bounded and continuous. Let ε > 0. Since
E [F(Yn)] → E [F(Y)], it suffices to show that |E [F(Xn)] − E [F(Yn)] | → 0. To do so,
we write

|E [F(Xn)] − E [F(Yn)] | = |E [(fn(Yn) − 1)F(Yn)] | ⩽ ∥F∥∞E [|fn(Yn) − 1|] .

It therefore suffices to prove that fn(Yn) → 1 in L1. This follows from Skorokhod’s
representation theorem combined with Scheffé’s lemma, since E [fn(Yn)] = 1.

(2) The function f is continuous as a uniform limit of continuous functions. Set
gn = fn(Yn) and g = f(Y). Since Yn → Y almost surely,

|gn − g| ⩽ ∥fn − f∥∞ + |f(Yn) − f(Y)| −→ 0 almost surely.

Moreover, gn,g ⩾ 0 and E [gn] = E [g] = 1. Scheffé’s lemma therefore gives
E [|gn − g|] → 0. For every bounded continuous function F : R → R, the change-
of-measure identity yields

|E [F(Xn)] − E [gF(Y)]| = |E [gnF(Yn)] − E [gF(Y)]|

⩽ ∥F∥∞E [|gn − g|] + E [g|F(Yn) − F(Y)|] −→ 0.

The last term tends to zero by dominated convergence, with integrable bound
2∥F∥∞g. Thus, Xn converges in distribution to the probability measure with
density fwith respect to the distribution of Y.
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Solution to Exercise 2.17. [statement p. 113] By assumption, for every k ⩾ 1

P

 ⋃
n0⩾1

⋂
n⩾n0

{Xnk = Xk}

 = 1.

Since the union over n0 is increasing, we therefore have P
(
Xnk = Xk

)
→ 1 as n → ∞,

for every k ⩾ 1.
There therefore exists a sequence (iM)M⩾1 of integers, which we may assume to be

strictly increasing, such that for everyM ⩾ 1 and n ⩾ iM we have

M∑
k=1

P (Xnk ̸= Xk) ⩽
1
M

.

For 1 ⩽ n < i1, set An = 1. For n ⩾ i1, set An =M if iM ⩽ n < iM+1. Let us verify that
this sequence works. First, clearly An → ∞. We write

P ({for every k ∈ {1, 2, . . . ,An} we have Xnk = Xk}
c) ⩽

An∑
k=1

P (Xnk ̸= Xk)

⩽
1
An

,

which tends to 0.
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3 Probability measures on a metric space

Related lecture notes: Chapter 3, p. 18.

3.1 Exercises

Exercise 3.1. [solution p. 133] Let (xn)n⩾1 be a sequence of real numbers and µ ∈ M1(R)

such that δxn ⇒ µ. Show that there exists x ∈ R such that µ = δx.

* * *

Exercise 3.2. [solution p. 133] Let (E,d) be a metric space, x ∈ E a fixed element and
(Xn)n⩾1 random variables taking values in E. Show that Xn ⇒ x if and only if Xn → x

in probability.

* * *

Exercise 3.3. [solution p. 133] (Slutsky’s lemma) Let E and F be two separable metric
spaces, y ∈ F a fixed element, and X,X1,X2, . . . and (Yi)i⩾1 random variables taking
values in E and F, respectively, such that Xn ⇒ X and Yn ⇒ y. Show that (Xn, Yn) ⇒
(X,y).

* * *

Exercise 3.4. [solution p. 134] (Countable products of metric spaces) Let ((Ei,di))i⩾1 be
a sequence of separable metric spaces. Set E = E1 × E2 × · · · and

∀x = (xi)i⩾1,y = (yi)i⩾1 ∈ E, d(x,y) =
∞∑
n=1

1
2n

dn(xn,yn)
1 + dn(xn,yn)

.

(1) Show that (E,d) is separable.

(2) Show that a sequence (xn)n⩾1 ∈ E converges to x ∈ E if and only if for every k ⩾ 1,
xnk → xk as n→ ∞.

(3) Show that (E,d) is complete if all the Ei are complete.

(4) Show that (E,d) is compact if all the Ei are compact.

* * *

Exercise 3.5. [solution p. 134] (An example of a nonseparable metric space) Show that
Cb(R), the space of bounded continuous functions from R to R equipped with the
uniform norm, is not separable.

* * *

Exercise 3.6. [solution p. 134] (Converging together theorem) On the same probability
space, consider random variables (Yn,k)n,k⩾1 and (Xn)n⩾1 taking values in a separable
metric space (E,d).
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Assume that for every k ⩾ 1, the sequence (Yn,k,n ⩾ 1) converges in distribution to a
limit Yk. Finally, assume that for every ε > 0,

lim
k→∞ lim sup

n→∞ P (d(Xn, Yn,k) ⩾ ε) = 0.

(1) Assume that Yk ⇒ Y as k→ ∞. Show that Xn ⇒ Y.

(2) Assume in addition that (E,d) is complete. Show that (Yk)k⩾1 converges in distri-
bution.

You may find the Lévy–Prokhorov metric useful.

* * *

Exercise 3.7. [solution p. 135] Let (E,d) be a complete metric space and A ⊂ E. Show
that A is totally bounded if and only if A is relatively compact.

* * *

Exercise 3.8. [solution p. 136] Let X,X1,X2, . . . be real-valued random variables such that
Xn ⇒ X and Xn ⩾ 0. Show that E [X] ⩽ lim infn→∞ E [Xn].

* * *

Exercise 3.9. [solution p. 136] Let (E,d) be a separable metric space.

(1) Show that the map F : x 7→ δx is a homeomorphism from E onto E0 := {δy : y ∈ E},
where the latter is viewed as a subspace of M1(E) equipped with the topology of
weak convergence.

Let µn = δxn be a sequence in E0 converging weakly to µ. Suppose, for a contradiction,
that (xn)n⩾1 has no convergent subsequence.

(2) Show that {xn,n ⩾ 1} is closed, as are all its subsets (finite or infinite). Show that
this contradicts weak convergence of µn. Deduce that E0 is closed in M1(E).

(3) Deduce that if M1(E) is compact, then E is compact.

* * *

Exercise 3.10. [solution p. 137] Let (Ei)i⩾1 be a sequence of Polish spaces. Set E =

E1 × E2 × · · · , equipped with the same metric d as in Exercise 3.4:

∀x,y ∈ E, d(x,y) =
∞∑
n=1

1
2n

dn(xn,yn)
1 + dn(xn,yn)

.

Show that a family Γ ⊂ M1(E) is tight if and only if for every i ⩾ 1, {πiµ : µ ∈ Γ } is
tight, where πi : E → Ei is the canonical projection and πiµ is the pushforward of µ
under πi.
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Exercise 3.11. [solution p. 137] Let (E,d) be a metric space and A ⊂ E. View A as a
metric space equipped with the metric d.

(1) Show that the open subsets of (A,d) are of the form A∩Owith O open in (E,d).

(2) Show that the elements of B(A) are of the form A∩Bwith B ∈ B(E).

(3) Let K ⊂ A be compact in (A,d). Show that K is closed in E.

* * *

Exercise 3.12. [solution p. 138] Show that no metric on R[0,1] metrizes almost everywhere
convergence (you may show the existence of a sequence of functions that does not
converge almost surely, but such that every subsequence has a further subsequence
converging almost surely to 0).

* * *

Exercise 3.13. [solution p. 138] Let (E,d) be a metric space.

(1) Assume that E is separable. Show that every open subset of E is a countable union
of open balls.

(2–⋆) Is the converse true?

* * *

Exercise 3.14. [solution p. 139] Let (E,d) be a separable complete metric space. Let
I : E→ [0,∞] be a function such that for every c ∈ [0,∞[, {x ∈ E : I(x) ⩽ c} is compact.
Let (Pn)n⩾1 be a sequence in M1(E). Consider the following properties (A), (B) and (C):

(A) For every closed subset F of E, we have

lim sup
n→∞

1
n

ln Pn(F) ⩽ − inf
x∈F
I(x).

(B) For every compact subset K of E, we have

lim sup
n→∞

1
n

ln Pn(K) ⩽ − inf
x∈K

I(x).

(C) For everyM ⩾ 0, there exists a compact subset KM of E such that

lim sup
n→∞

1
n

ln Pn(E\KM) ⩽ −M.

(1) Prove that (C) and (B) imply (A).

(2) Prove that (A) implies (C).
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Exercise 3.15. [solution p. 140] Let d ⩾ 1 be an integer. Let µ,ν ∈ M1(R
d).

(1) Prove that the family F of probability measures in M1(R
d×Rd) of the form P(X,Y),

where X and Y are random variables defined on the same probability space, with
X having distribution µ and Y having distribution ν, is compact in M1(R

d × Rd)

equipped with the Lévy–Prokhorov metric dLP (here PU denotes the distribution
of a random variable U).

(2) Assume that
∫

Rd |x|µ(dx) <∞ and
∫

Rd |x|ν(dx) <∞. Prove that the infimum

I = inf{E[|X− Y|] : X has distribution µ and Y has distribution ν}

is attained.

* * *

Exercise 3.16. [solution p. 141] Let (E,d) be a separable metric space. Prove that there
exists a countable setH of bounded continuous functions from E to R such that for every
µ ∈ M1(E) and every sequence (µn)n⩾1 of elements of M1(E), µn converges weakly to
µ if and only if for every f ∈ Hwe have µn(f) → µ(f).

* * *

Exercise 3.17. [solution p. 141] For x = (x1, x2, . . .) ∈ RN∗
, write sup(x) = supi⩾1 xi.

This supremum takes values in R ∪ {+∞}, equipped with its usual topology.

(1) Let X,X1,X2, . . . be random variables taking values in RN (equipped with the
sigma-algebra and metric defined in Section 3.3) such that Xn ⇒ X. Alexandra
says: we then have sup(Xn) ⇒ sup(X). Is she right? Justify your answer.

(2) Consider ℓ1 = {x ∈ RN :
∑∞
i=1 |xi| < ∞}, equipped with the metric d(x,y) =∑∞

i=1 |xi − yi| and its associated Borel sigma-algebra. Let X,X1,X2, . . . be random
variables taking values in ℓ1 such that Xn ⇒ X. Béatrice says: we then have
sup(Xn) ⇒ sup(X). Is she right? Justify your answer.

* * *

Exercise 3.18. [solution p. 142] Let (E,d) be a metric space and write dLP for the Lévy–
Prokhorov metric on M1(E).

(1) Show that

dLP(µ,ν) = inf{r > 0 : ∀F closed in E,µ(F) ⩽ ν(Fr) + r}

where Fr = {x ∈ E : d(x, F) < r}.

(2) What happens if “closed” is replaced by “open”? In other words, do we have

dLP(µ,ν) = inf{r > 0 : ∀O open in E,µ(O) ⩽ ν(Or) + r}?
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Exercise 3.19. [solution p. 142] Let µ be a tight probability measure on a metric space
(E,d). Show that there exists a Borel set A ⊂ E such that (A,d) is separable and
µ(A) = 1.

* * *

Exercise 3.20. [solution p. 143] Consider a sequence (En,dn)n⩾1 of metric spaces
equipped with their Borel sigma-algebras. For every n ⩾ 1, let µn be a probability
measure on En, and (Xn(k))k⩾1 a sequence of i.i.d. random variables taking values in
En with distribution µn. Assume that for every n ⩾ 1, the map (x,y) 7→ dn(x,y) is
measurable with respect to the product sigma-algebra B(En)⊗B(En) (this holds in
particular if En is separable).

Write M∞(R) = RN∗×N∗
= {(ai,j)i,j⩾1 : ai,j ∈ R for i, j ⩾ 1} for the set of “infinite”

real matrices, equipped with the metric

d
(
(ai,j)i,j⩾1, (bi,j)i,j⩾1

)
=

∞∑
i,j=1

|ai,j − bi,j|

|ai,j − bi,j|+ 1
× 1

2i+j

and its associated Borel sigma-algebra.
Show that the following three assertions are equivalent:

(i) the sequence
(
(dn(Xn(i),Xn(j))i,j⩾1

)
n⩾1 is tight in M∞(R);

(ii) the sequence (dn(Xn(1),Xn(2)))n⩾1 is tight in R;

(iii) for every n ⩾ 1, there exists xn ∈ En such that the sequence (dn(xn,Xn(1)))n⩾1 is
tight in R.

* * *

Exercise 3.21. [solution p. 144] Let (E,d) be a metric space and (µn) a sequence of
probability measures on E. Assume that for every bounded continuous function f : E→
R, the sequence (

∫
fdµn)n⩾1 converges.

(1) Assume that E is compact. Show that (µn)n⩾1 converges weakly.

(2) (∗) Assume that E is Polish. Show that (µn)n⩾1 converges weakly.

* * *

Exercise 3.22. [solution p. 145] Let E be a separable normed vector space, n ⩾ 2 an
integer and (Xi)1⩽i⩽n i.i.d. random variables.

(1) Assume that the random variable X1 is tight. Show that the random variable
X1 + · · ·+Xn is tight.

(2) Is the converse true? Justify your answer.
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Exercise 3.23. [solution p. 146] Let (E,d) be a Polish metric space. Equip the set M1(E)

of probability measures on E with the Lévy–Prokhorov metric dLP. Let (Mn)n⩾1 be a
sequence of random variables taking values in M1(E).

(1) Let M be a random variable taking values in M1(E). Show that the following
properties are equivalent:

(a) dLP(Mn,M) → 0 in probability.

(b) for every bounded continuous function f : E→ R we have
∫
fdMn →

∫
fdM

in probability.

(c) for every subsequence indexed by φ, there exists a further subsequence in-
dexed by ψ such that almost surelyMφ◦ψ(n) converges toM in (M1(E), dLP).

You may use the following fact (a consequence of the construction in the finite
control lemma, taking radii 1/N): there exists a countable set F ⊂ Cb(E, R) such
that for every µ ∈ M1(E) and every ε > 0, there exist f1, . . . , fK ∈ F and δ > 0 such
that {

ν ∈ M1(E) :
∣∣∣ ∫ fidν− ∫

fidµ
∣∣∣ < δ for every 1 ⩽ i ⩽ K

}
⊂ B(µ, ε),

where B(µ, ε) denotes the open ball in M1(E) centered at µwith radius ε for dLP.

(2) Let µ ∈ M1(E) be a (deterministic) probability measure. Conditionally onMn, let
Π1
n and Π2

n be two independent random variables with distribution Mn (that is,
E
[
f(Π1

n)|Mn

]
=

∫
E fdMn for every nonnegative measurable function f). Assume

that (Π1
n,Π2

n) converges in distribution as n→ ∞ to (Π1,Π2), where Π1 and Π2 are
two independent random variables with distribution µ. Prove that dLP(Mn,µ) →
0 in probability.

* * *

Exercise 3.24. [solution p. 147] Let (E,d) be a separable metric space and Xn, Yn random
variables taking values in E. Assume that Xn converges almost surely and that ∀ε > 0,
P (d(Xn, Yn) ⩾ ε) → 0.

(1) Show that Yn converges in probability.

(2) Is it true that Yn converges almost surely? Justify your answer (if the answer is
yes, give a proof; if it is no, give a counterexample with a space E of your choice).

* * *

Problem 3.25. [solution p. 147]

(1) Prove that there exists a countable set D of compactly supported Lipschitz func-
tions from R to R such that for every sequence (µn)n⩾1 of elements of M1(R) and
µ ∈ M1(R), µn converges weakly to µ if and only if for every f ∈ D we have
µn(f) → µ(f).
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(2) Prove that every compactly supported Lipschitz function f : R → R can be written
as the difference of two bounded nondecreasing Lipschitz functions.

Hint. Choose a < b such that supp(f) ⊂]a,b[ and, if f is L-Lipschitz, consider the
truncated ramp H(x) = Lmin(max(x− a, 0),b− a).

(3) Let Z be a real-valued random variable with a density. Let (Zi)i⩾1 be i.i.d. real-
valued random variables with the same distribution as Z, and Pn the polynomial
Pn(X) =

∏n
i=1(X− Zi) ∈ R[X]. Write (Yni )1⩽i⩽n−1 for the roots of P ′

n. Prove that
almost surely, 1

n−1
∑n−1
i=1 δYni converges weakly as n tends to infinity.

(4) Let E = {a1, . . . ,aK} ⊂ C be a finite set. Let (Zi)i⩾1 be i.i.d. complex-valued
random variables taking values in E. Let Pn be the polynomial Pn(X) =

∏n
i=1(X−

Zi) ∈ C[X]. Write (Yni )1⩽i⩽n−1 for the complex roots of P ′
n. Prove that almost

surely, 1
n−1

∑n−1
i=1 δYni converges weakly as n tends to infinity.

* * *

Problem 3.26. [solution p. 148] Consider U = ∪∞
n=0(N

∗)n, where (N∗)0 = {∅} by con-
vention. An element u ∈ U is thus a finite sequence of strictly positive integers, also
called a word. If u ∈ (N∗)n, write |u| = n for its length. Define ∂U = (N∗)N∗

and
set U = U ∪ ∂U. For u ∈ U and v ∈ U, write uv for the concatenation of u and v (in
particular ∅u = u∅ for every word u), and write u ⪯ uv.

For u, v ∈ U with u ̸= v, write u∧ v ∈ U for the longest word for which there exist
x,y ∈ U such that u = (u∧ v)x and v = (u∧ v)y. Finally, set u∧ u = u.

(1) For u, v ∈ U, define:

d(u, v) =

0 if u = v,

e−|u∧v| otherwise.

Show that d is a metric on U satisfying d(u,w) ⩽ max(d(u, v),d(v,w)) for all
u, v,w ∈ U and making this space Polish.

(2) Show that open balls in U are closed.

(3) For u ∈ U, write T(u) = {uv : v ∈ U}. Let (µn)n⩾1 be a sequence of probabil-
ity measures on U equipped with its Borel sigma-algebra. Show that (µn)n⩾1

converges weakly to a probability measure µ on U if and only if for every u ∈ U,

µn({u}) → µ({u}) and µn(T(u)) → µ(T(u)).
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Problem 3.27. [solution p. 149] Let (E,d) be a separable metric space. Equip M1(E) with
the Lévy–Prokhorov metric dLP.

You may use the following fact (a consequence of the finite control lemma): for every
µ ∈ M1(E) and every ε > 0, there exist f1, . . . , fK ∈ Cb(E, R) and δ > 0 such that{

ν ∈ M1(E) :
∣∣∣ ∫ fidν− ∫

fidµ
∣∣∣ < δ for every 1 ⩽ i ⩽ K

}
⊂ B(µ, ε),

where B(µ, ε) denotes the open ball in M1(E) centered at µwith radius ε for dLP.
Let µ ∈ M1(E) be a fixed (deterministic) probability measure, and (Mn)n⩾1 a sequence

of random variables taking values in M1(E).

Part One.

(1) Prove that the following assertions are equivalent:

(a) for every f ∈ Cb(E, R),
∫
fdMn →

∫
fdµ in L1.

(b) Mn converges in distribution to µ (viewed as a random variable taking values
in M1(E));

(c) Mn converges in probability to µ (viewed as a random variable taking values
in M1(E));

(d) for every f ∈ Cb(E, R),
∫
fdMn converges in probability to

∫
fdµ;

(e) when E = R, writing Φn(t) =
∫
eitxMn(dx) and Φ(t) =

∫
eitx µ(dx), we

have Φn(t) → Φ(t) in probability for every t ∈ R.

(2) In this question, assume that E = R and that µ is determined by its moments.

(a) Assume that for every k ⩾ 1,
∫
xkdMn converges in probability to

∫
xkdµ.

Show thatMn converges in distribution to µ.

(b) Assume that for every k ⩾ 1, E
[∫
xkdMn

]
converges to

∫
xkdµ and

Var(
∫
xkdMn) → 0. Show thatMn converges in distribution to µ.

Part Two. In what follows, assume that the random variables (Mn)n⩾1 are defined on
the same probability space (Ω,F, P).

(3) Prove that the following four assertions are equivalent:

(a) for almost everyω ∈ Ω,Mn converges weakly to µ;

(b) for almost everyω ∈ Ω, for every f ∈ Cb(E, R),
∫
fdMn →

∫
fdµ;

(c) for every f ∈ Cb(E, R), for almost everyω ∈ Ω,
∫
fdMn →

∫
fdµ;

(d) when E = R, for every t ∈ R, almost surely
∫
eitxdMn(dx) →

∫
eitxµ(dx).

(4) In this question, assume that E = R and that µ is determined by its moments.
Assume that for every k ⩾ 1,

∫
xkdMn converges for almost every ω ∈ Ω to∫

xkdµ. Show that for almost everyω ∈ Ω,Mn converges weakly to µ.
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(5) Let (Xn)n⩾1 be a sequence of i.i.d. random variables with distribution µ. What
can be said about the behavior, as n→ ∞, ofMn = 1

n

∑n
k=1 δXk?

* * *

Problem 3.28. [solution p. 152] Let (E,d) be a compact metric space equipped with
its Borel sigma-algebra. Write M1(E) for the set of probability measures on E. For
µ ∈ M1(E) and ε > 0, set

Iµ(ε) = inf
x∈E

µ(B(x, ε)),

where B(x, ε) = {y ∈ E : d(x,y) ⩽ ε} denotes the closed ball of radius ε centered at x.

Part One.

(1) Compute limM→∞ Iµ(M).

(2) Show that Iµ is càdlàg.

(3) Show that if for every x ∈ Ewe have µ({x}) = 0, then limε↓0 Iµ(ε) = 0.

(4) Camille says: “The converse of the statement in question (3) is also true.” Is he
right? Justify your answer.

Part Two. Let (µn)n⩾1 be a sequence in M1(E) and µ ∈ M1(E).

(5) Assume that µn converges weakly to µ. Show that for every ε > 0 we have

lim sup
n→∞ Iµn(ε) ⩽ Iµ(ε).

A probability measure on E is said to have full support if it assigns strictly positive mass
to every nonempty open set.

(6) Assume that µn converges weakly to µ. Show that the following three assertions
are equivalent:

(a) µ has full support;

(b) Iµ(ε) > 0 for every ε > 0;

(c) lim infn→∞ Iµn(ε) > 0 for every ε > 0.

Part Three. In what follows, assume that (Mn)n⩾1 is a sequence of random vari-
ables taking values in (M1(E),dLP) and that M is a random variable taking values in
(M1(E),dLP).

(7) Assume that Mn converges in distribution to M. Prove that the following two
assertions are equivalent:

(a) M almost surely has full support;
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(b) for all ε, ε ′ > 0, there exist δ,N > 0 such that

∀n ⩾ N, P (IMn(ε) < δ) < ε
′.

(8) Dominique says: “Mn converges in distribution to M if and only if, on every
compact interval of R∗

+, IMn converges in distribution to IM for the Skorokhod
topology.” Is she right? Justify your answer.

3.2 Solutions

Solution to Exercise 3.1. [statement p. 124] First, the sequence (xn) is bounded. Indeed,
otherwise there exists a subsequence indexed by ϕ such that |xϕ(n)| → ∞. By the
Portmanteau theorem, for every A > 0 we then have 0 = lim infn→∞ δxϕ(n)

(] −A,A[) ⩾
µ(] −A,A[), hence µ(] −A,A[) = 0 for every A > 0, a contradiction.

Let us verify that (xn) has only one subsequential limit. If xϕ(n) → x, then by
the Portmanteau theorem, for every ϵ > 0, 1 = lim supn→∞ δxϕ(n)

([x − ϵ, x + ϵ[) ⩽

µ([x− ϵ, x+ ϵ]). Since this holds for every ϵ > 0, we deduce that µ({x}) = 1. Since there
cannot be x ̸= y such that µ({x}) = µ({y}) = 1, this shows that µ = δx, where x is the
unique subsequential limit of (xn)n⩾1.

* * *

Solution to Exercise 3.2. [statement p. 124]
⇐= Suppose that Xn → x in probability. Let f ∈ Cb(E) and ε > 0. By continuity of

f at x, there exists δ > 0 such that d(y, x) < δ implies |f(y) − f(x)| < ε. Then∣∣E [f(Xn)] − f(x)
∣∣ ⩽ ε+ 2∥f∥∞P (d(Xn, x) ⩾ δ) .

Letting n → ∞ and then ε ↓ 0, we obtain E [f(Xn)] → f(x), hence Xn ⇒ x. Since
distance to a fixed point is continuous and hence measurable, this argument is valid on
every metric space.

=⇒ For ε > 0, writing B(x, ε) for the open ball centered at xwith radius ε, so that
its complement is closed, the Portmanteau theorem gives:

lim sup
n→∞ P (Xn ̸∈ B(x, ε)) ⩽ P (x ̸∈ B(x, ε)) = 0.

Thus for every ε > 0, P (d(Xn, x) ⩾ ε) → 0, hence Xn → x in probability.

* * *

Solution to Exercise 3.3. [statement p. 124] By assumption, (Xn,y) ⇒ (X,y). Equip the
product with the metric

d((x1, x2), (y1,y2)) = dE(x1,y1) + dF(x2,y2).

By assumption,

d((Xn,y), (Xn, Yn)) = dF(Yn,y) −→ 0 in probability.

It follows that (Xn, Yn) ⇒ (X,y) by a result from the lectures.
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Solution to Exercise 3.4. [statement p. 124] First, one readily verifies that d is a metric
and that for all N ⩾ 1, x,y ∈ E,

∞∑
n=N

1
2n

dn(xn,yn)
1 + dn(xn,yn)

⩽
1

2N−1 .

(1) Let Di be a countable dense subset of Ei and ai ∈ Ei a fixed element of Ei. Write
D for the set of sequences of the form (x1, . . . , xK,aK+1, . . .), where K ⩾ 1 is an
integer, x1 ∈ D1, . . . , xK ∈ DK. Let ε > 0 and y = (y1,y2, . . .) ∈ E. Choose N
such that 1/2N−1 < ε and an element x = (x1, . . . , xN,aN+1, . . .) ∈ D such that
di(xi,yi) ⩽ ε/N for every 1 ⩽ i ⩽ N. We then have d(x,y) ⩽ 2ε.

(2) =⇒ For every i ⩾ 1, we have

1
2i

di(xi,yi)
1 + di(xi,yi)

⩽ d(x,y).

Thus d(xn, x) → 0 implies di(xni , xi) → 0 for every i ⩾ 1.

⇐= Suppose that xnk → xk for every k ⩾ 1 as n → ∞. Choose N such that
1/2N−1 < ε and an integer n0 such that n ⩾ n0 implies di(xni , xi) ⩽ ε/N for every
1 ⩽ i ⩽ N. Then d(xn, x) ⩽ 2ε for n ⩾ n0.

(3) Let (xn)n⩾1 be a Cauchy sequence in (E,d). Then for every i ⩾ 1, (xni )n⩾1 is a
Cauchy sequence in (Ei,di) and hence converges to an element denoted by xi. We
deduce that xn → (x1, x2, . . .) by the previous question.

(4) Let (xn)n⩾1 be a sequence in (E,d). For i ⩾ 1, each sequence (xni )n⩾1 takes values
in Ei and therefore has a subsequential limit. By a diagonal argument, there exists
a subsequence indexed by ϕ such that (xϕ(n)i )n⩾1 converges for every i ⩾ 1 to a
value denoted by xi. By question (2), we deduce that xϕ(n) → (x1, x2, . . .).

* * *

Solution to Exercise 3.5. [statement p. 124] Consider the subset K of Cb(R) consisting of
functions that are affine on every interval [m,m+ 1],m ∈ Z, and take values 0 or 1 on
Z. Each sequence in {0, 1}Z defines exactly one such function, so K is uncountable. If
f,g ∈ K are distinct, their values differ at an integer and ∥f− g∥∞ = 1. The open balls
(B(f, 1/2))f∈K are therefore pairwise disjoint. Every countable subset of Cb(R) misses
one of these balls: this space is not separable.

* * *

Solution to Exercise 3.6. [statement p. 124]

(1) We apply the Portmanteau theorem. Let F be closed and ε > 0. Write Fε = {x ∈ E :

d(x, F) ⩽ ε}, which is closed. Then

P (Xn ∈ F) ⩽ P (Yn,k ∈ Fε) + P (d(Xn, Yn,k) ⩾ ε) .
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Since Yn,k ⇒ Yk, the Portmanteau theorem gives

lim sup
n→∞ P (Xn ∈ F) ⩽ P (Yk ∈ Fε) + lim sup

n→∞ P (d(Xn, Yn,k) ⩾ ε) .

Now Yk ⇒ Y, so taking the lim sup as k→ ∞, the Portmanteau theorem gives:

lim sup
n→∞ P (Xn ∈ F) ⩽ P (Y ∈ Fε) .

Letting ε ↓ 0, we conclude that

lim sup
n→∞ P (Xn ∈ F) ⩽ P (Y ∈ F) ,

and hence Xn ⇒ Y by the Portmanteau theorem.

(2) Since (E,d) is separable and complete, (M1(E),dLP) is separable and complete.
It therefore suffices to show that (Yk)k⩾1 is Cauchy in (M1(E),dLP). To this end,
write

dLP(Yp, Yq) ⩽ dLP(Yp, Yn,p) + dLP(Yn,p, Yn,q) + dLP(Yn,q, Yq),

so that
dLP(Yp, Yq) ⩽ lim sup

n→∞ dLP(Yn,p, Yn,q).

Next, write
dLP(Yn,p, Yn,q) ⩽ dLP(Yn,p,Xn) + dLP(Yn,q,Xn).

For every Borel set A,

P (Xn ∈ A) ⩽ P (Yn,k ∈ Aε) + P (d(Xn, Yn,k) ⩾ ε) .

Choosing K such that

k ⩾ K =⇒ lim sup
n→∞ P (d(Xn, Yn,k) ⩾ ε) ⩽ ε/2,

we deduce that for k ⩾ K, lim supn→∞ dLP(Xn, Yn,k) ⩽ ε. Thus, for all p,q ⩾ K,

lim sup
n→∞ dLP(Yn,p, Yn,q) ⩽ 2ε,

which completes the proof.

* * *

Solution to Exercise 3.7. [statement p. 125]
⇐= If A is compact, for every ε > 0 it can be covered by finitely many balls of

radius ε, and this is therefore also true of A.

=⇒ First, observe that A is also totally bounded (if A is contained in a union
of balls of radius ε, then A is contained in a union of balls of radius 2ε). By the
sequential characterization of compactness in a metric space, it suffices to show that
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every sequence (xn)n⩾1 in A has a subsequential limit. By total boundedness, we can
inductively construct subsequences indexed by ψ1,ψ2, . . . and elements z1, z2, . . . such
that for every n ⩾ 1,

xψ1(n) ∈ B(z1, ε), . . . , xψ1◦···ψk(n) ∈ B(zk, ε/2k), . . .

and B(zk+1, ε/2k+1) ⊂ B(zk, ε/2k−1). By a diagonal argument, set ϕ(n) = ψ1 ◦ · · · ◦
ψn(n) and verify that the sequence (xϕ(n))n⩾1 is Cauchy, hence convergent since E is
complete.

* * *

Solution to Exercise 3.8. [statement p. 125] By Skorokhod’s representation theorem,
after changing the probability space if necessary, we may assume that the convergence
Xn → X holds almost surely. In particular, X ⩾ 0 almost surely, and the desired result
follows from Fatou’s lemma.

* * *

Solution to Exercise 3.9. [statement p. 125]

(1) Clearly, if xn → x, then f(xn) → f(x) for every bounded continuous function
f : E→ R, so F is continuous. Moreover, F is clearly injective: if δx = δy with x ̸= y,
then 1 = δx({x}) = δy({x}) = 0. Finally, if δxn → δx, considering the functions
fK(u) = max(1 − Kd(x,u), 0) and observing that δz(fK) = 0 if d(z, x) > 1/K, we
see that xn → x. This completes the proof.

(2) Every subset of {xn : n ⩾ 1} is closed: a point in its closure that did not belong to it
would yield a convergent subsequence of (xn). Moreover, each value is taken only
finitely many times, since otherwise there would be a constant subsequence. We
can therefore extract a sequence (xϕ(n)) of pairwise distinct values. The closed sets

F0 = {xϕ(2n) : n ⩾ 1}, F1 = {xϕ(2n−1) : n ⩾ 1}

are disjoint. By the Portmanteau theorem, for j = 0, 1, 1 = lim supn δxϕ(n)
(Fj) ⩽

µ(Fj), which is impossible.

To show that E0 is closed in M1(E), consider a sequence µn = δxn in E0 converg-
ing weakly to µ. By the preceding argument, there exists a subsequence such that
(xϕ(n))n⩾1 converges to a limit denoted by x. Then δxϕ(n)

⇒ δx, and hence µ = δx.
Thus, E0 is closed.

(3) Let (xn)n⩾1 be a sequence in E. Then (δxn)n⩾1 is a sequence in E0, which is compact
(being closed in the compact space M1(E)). There therefore exists a subsequence
indexed by ϕ such that (δxϕ(n)

) converges weakly, and by the preceding argument
there exists x ∈ E such that xϕ(n) → x, which proves the result.
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Solution to Exercise 3.10. [statement p. 125]
⇐= Suppose that for every i ⩾ 1, {πiµ : µ ∈ Γ } is tight. Let ε > 0, and for every

i ⩾ 1 choose a compact set Ki ⊂ Ei such that for every µ ∈ Γ we have πiµ(cKi) ⩽ ε/2i.
Set

K =

∞∏
i=1

Ki =

∞⋂
i=1

π−1
i (Ki).

A diagonal argument shows that K is compact in E. Moreover, for every µ ∈ Γ

µ(cK) ⩽
∞∑
i=1

(µ(π−1
i (cKi))) =

∞∑
i=1

(1 − πiµ(Ki)) ⩽ ε.

=⇒ Let ε > 0 and let K be a compact subset of E such that µ(K) ⩾ 1 − ε for every
µ ∈ Γ . By continuity of the canonical projections, the sets Ki = πi(K) are compact.
Moreover, for i ⩾ 1 and µ ∈ Γ , since K ⊂ π−1

i (Ki), we have

πiµ(Ki) ⩾ µ(K) ⩾ 1 − ε.

* * *

Solution to Exercise 3.11. [statement p. 126]

(1) Since the inclusion I : (A,d) → (E,d) is continuous, the inverse image of every
open set is open, so sets of the form A∩OwithO open in (E,d) are open in (A,d).

Conversely, let U be open in (A,d). For every x ∈ U, there then exists rx > 0
such that BA(x, rx) ⊂ U. Then

U =
⋃
x∈U

BA(x, rx).

Now BA(x, rx) = BE(x, rx)∩A. Hence

U =
⋃
x∈U

(BE(x, rx)∩A) =

(⋃
x∈U

BE(x, rx)

)
∩A,

the result follows by taking O = ∪x∈UBE(x, rx), which is open in E.

(2) Since the inclusion I : (A,d) → (E,d) is continuous and hence measurable, sets of
the form A∩Bwith B ∈ B(E) belong to B(A).

Conversely, sets of the form A∩ B with B ∈ B(E) include the open subsets of A
(by the previous question) and form a sigma-algebra, so they include all elements
of B(A).

(3) Let (xn)n⩾1 be a sequence of elements of K converging to x ∈ E. By compactness
of K, there exist a subsequence indexed by ϕ and y ∈ K such that xϕ(n) → y. Thus
y = x ∈ K, so K is closed.
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Solution to Exercise 3.12. [statement p. 126] For n ⩾ 1, write n = 2N + kwith 0 ⩽ k <

2N, and set
fn(x) = 1[k2−N,(k+1)2−N](x).

At each levelN, every point of [0, 1] belongs to at least one interval in the sweep and, for
N ⩾ 2, does not belong to all of them. The sequence (fn(x)) therefore keeps taking both
values 0 and 1: it does not converge at any point. However, Leb({fn = 1}) = 2−N → 0.
From every subsequence, we can therefore extract (fnj) such that

∑
j Leb({fnj = 1}) <∞. By Borel–Cantelli, fnj → 0 almost everywhere. The subsequence criterion for

convergence in a metric space therefore rules out any metric that metrizes almost
everywhere convergence. This argument remains valid on the quotient of measurable
functions modulo almost everywhere equality.

* * *

Solution to Exercise 3.13. [statement p. 126]

(1) Let (xi)i⩾1 be a countable dense sequence in E. If U is open, write

U =
⋃

i,m⩾1:B(xi,1/m)⊂U
B(xi, 1/m).

Indeed, the inclusion ⊃ is clear. For the inclusion ⊂, let x ∈ U and choose ε > 0
such that B(x, ε) ⊂ U. Choose an integer m > 2/ε, then xi such that d(x, xi) <
1/(2m). Then x ∈ B(xi, 1/m) and, for z ∈ B(xi, 1/m), d(z, x) < 3/(2m) < ε, so
B(xi, 1/m) ⊂ U.

(2) Yes! Suppose that every open subset of E is a countable union of open balls. Argue
by contradiction, assuming that (E,d) is nonseparable.

First verify that there exist r > 0 and an uncountable subset E1 ⊂ E such that
for all x ̸= y in E1 we have d(x,y) > r. For each r = 1/n, consider a subset of E
maximal under inclusion with this property (which exists by Zorn’s lemma). If all
these subsets are countable, then clearly E is separable.

Now consider the set E2 ⊂ E1 of points x ∈ E1 for which there exists a point yx ∈ E
such that 0 < d(x,yx) < r/10.

Case 1. E2 is uncountable. Set
U =

⋃
x∈E2

B(x,d(x,yx)),

which is a disjoint union. Consider an open ball B(z,a) ⊂ U. Since z ∈ U,
there exists x ∈ E such that d(z, x) < d(x,yx). But

a ⩽ d(z,yx) ⩽ d(z, x) + d(x,yx) < 2d(x,yx) < r/5

because yx ̸∈ U and hence yx ̸∈ B(z,a). Consequently, B(z,a) is contained in
a unique ball B(x,d(x,yx)), so uncountably many open balls are needed to
cover U, a contradiction.
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Case 2. E3 = E1\E2 is uncountable. Every point of E3 is isolated in E, so every subset
of E3 is open in E. For x ∈ E3, set

R(x) = sup{a > 0 : B(x,a)∩ E3 is countable}.

Then 0 < R(x) < ∞ and B(x,R(x)) ∩ E3 is countable. For every countable
subset S ⊂ E3 and every x ∈ E3\S, one can choose distinct points zj ∈
E3\(S ∪ {x}) such that R(x) ⩽ d(x, zj) < R(x) + 1/j: every ball of radius
strictly greater than R(x) is uncountable, while the ball of radius R(x) is
countable. Call a set {x}∪ {zj : j ⩾ 1} constructed in this way a star centered
at x. By Zorn’s lemma, there exists a maximal family of pairwise disjoint
stars. It is uncountable: otherwise their union would be countable and the
preceding construction would allow us to add a disjoint star. Let U be the set
of their centers. If U =

⋃
i⩾1 B(xi, ri), the centers xi belong to U. For at least

one i, ri > R(xi), since otherwise each ball, being contained in U ⊂ E3, would
be countable. But this ball then contains points zj of the star centered at xi,
whereas that star meets U only at xi. A contradiction.

* * *

Solution to Exercise 3.14. [statement p. 126]

(1) Assume (B) and (C). Let F be closed and a = infx∈F I(x). If a = 0, the required
bound follows from Pn(F) ⩽ 1. Otherwise, fix 0 ⩽ c < a and a compact set Kc
supplied by (C). Since F∩Kc is compact, (B) implies

lim sup
n

1
n

ln Pn(F∩Kc) ⩽ −a ⩽ −c.

Moreover, lim supn n
−1 ln Pn(E\Kc) ⩽ −c. The bound

Pn(F) ⩽ Pn(F∩Kc) + Pn(E\Kc)

therefore gives lim supn n
−1 ln Pn(F) ⩽ −c. Letting c tend to a if a < ∞, or to

+∞ if a = +∞, completes the proof.

(2) Let (xi)i⩾1 be a dense sequence in E and fixM > 0. For k, ℓ ⩾ 1, set

Ok,ℓ =

ℓ⋃
i=1

B(xi, 1/k).

Fix M ′ > M. By compactness of {I ⩽ kM ′}, there exists jk such that {I ⩽ kM ′} ⊂
Ok,jk . By (A),

lim sup
n

1
n

ln Pn(E\Ok,jk) ⩽ −kM ′.

There therefore exists nk such that Pn(E\Ok,jk) ⩽ e
−nkM for n ⩾ nk. SinceOk,ℓ ↑ E

as ℓ→ ∞, we may increase jk to ℓk to obtain

Pn(E\Ok,ℓk) ⩽ e
−nkM for every n ⩾ 1.
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Set KM =
⋂
k⩾1Ok,ℓk . This set is closed and totally bounded, since for each k it is

contained in a finite union of closed balls of radius 1/k. It is therefore compact in
the complete space E. Finally,

Pn(E\KM) ⩽
∑
k⩾1

e−nkM =
e−nM

1 − e−nM
,

hence lim supn n
−1 ln Pn(E\KM) ⩽ −M. For the level M = 0, the compact set

obtained at level 1 works.

Remark. Property (C) is called exponential tightness. This exercise is inspired by
Lemmas 2.5 and 2.6 in James Lynch and Jayaram Sethuraman, "Large Deviations for
Processes with Independent Increments." Ann. Probab. 15 (2) 610 - 627, April, 1987.
https://doi.org/10.1214/aop/1176992161 and is now a basic building block of large
deviation theory.

* * *

Solution to Exercise 3.15. [statement p. 127]

(1) Let (P(Xn,Yn))n⩾1 be a sequence of elements of F. We show that this sequence has a
subsequence converging weakly to an element of F. First show that this sequence
is tight.

Let ε > 0. Let K1 and K2 be two compact subsets of Rd such that µ(K1) ⩾ 1 − ε

and ν(K2) ⩾ 1 − ε. Then for every n ⩾ 1:

P ((Xn, Yn) ∈ K1 ×K2) ⩾ 1 − 2ε.

Thus, by Prokhorov’s theorem, there exist a subsequence indexed by φ and a
random variable (U,V) such that (Xφ(n), Yφ(n)) converges in distribution to (U,V).
It suffices to verify that U and X have the same distribution, as do V and Y. To
this end, continuity of (x,y) 7→ x and (x,y) 7→ y implies that Xφ(n) converges in
distribution to U and Yφ(n) converges in distribution to V . Since Xφ(n) has the
same distribution as X and Yφ(n) has the same distribution as Y, the result follows.

(2) Let P(Xn,Yn) be a sequence of elements of F such that

E [|Xn − Yn|] → I.

By question (1), there exist a subsequence indexed by φ and an element P(X,Y)

of F such that (Xφ(n), Yφ(n)) converges in distribution to (X, Y). Reindexing this
subsequence if necessary, assume that (Xn, Yn) converges in distribution to (X, Y).
Let us show that

E [|X− Y|] = I.

For every R ⩾ 0, since the function (x,y) 7→ |x−y| ∧R is bounded and continuous,

E [|Xn − Yn| ∧ R] −→
n→∞ E [|X− Y| ∧ R] .
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Since E [|Xn − Yn| ∧ R] ⩽ E [|Xn − Yn|], we deduce that

E [|X− Y| ∧ R] ⩽ I.

Letting R→ ∞, we obtain E [|X− Y|] ⩽ I. Clearly I ⩽ E [|X− Y|] by definition of I,
which proves the result.

Remark. The family F is called the set of couplings of X and Y, and the coupling in
question (2) is called an optimal coupling (or transport) for the L1 cost. This exercise is
inspired by Section 5.4.3 of this document.

* * *

Solution to Exercise 3.16. [statement p. 127] Let (xi)i⩾1 be a dense sequence in E. For
K,N ⩾ 1 and ∅ ̸= I ⊂ {1, . . . ,K}, set

fK,N
I (x) = max

(
1 −Nd

(
x,
⋃
i∈I
B(xi, 1/N)

)
, 0

)
,

and set fK,N
∅ = 0. The family H of these functions is countable and contained in Cb(E).

Weak convergence implies convergence of the integrals of its elements. Conversely,
suppose that µn(f) → µ(f) for every f ∈ H. Fix ε > 0, choose an integer N > 3/ε, then
K such that

µ

(
K⋃
i=1

B(xi, 1/N)

)
> 1 − 1/N.

The functions fK,N
I are exactly those constructed in the finite control lemma, with

η = 1/N. For sufficiently large n, the 2K differences |µn(f
K,N
I ) − µ(fK,N

I )| are all less than
1/N. The lemma therefore gives

dLP(µn,µ) ⩽ 3/N < ε.

Thus dLP(µn,µ) → 0, hence µn
weak−−−→ µ.

* * *

Solution to Exercise 3.17. [statement p. 127]

(1) No. Take deterministic Xn = en, where (en)k = 1{k=n}. Every coordinate of en
tends to 0, so en → 0 in RN, and hence Xn ⇒ 0. Yet sup(Xn) = 1 for every n,
whereas sup(0) = 0.

(2) Yes! One verifies that the function

sup : ℓ1 → R

(xi)i⩾1 7→ supi⩾1 xi

is continuous (this is a deterministic argument), and the result follows from
preservation of convergence in distribution under composition with a continuous
function.
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Solution to Exercise 3.18. [statement p. 127]

(1) Write
dF(µ,ν) = inf{r > 0 : ∀F closed in E,µ(F) ⩽ ν(Fr) + r}.

First, we have dLP(µ,ν) ⩾ dF(µ,ν). Indeed, if we choose r > dLP(µ,ν), then

µ(A) ⩽ ν(Ar) + r

for every Borel set A, and hence for every closed set A, which implies that
dF(µ,ν) ⩽ r. Thus dLP(µ,ν) ⩾ dF(µ,ν).

Now choose r > dF(µ,ν), so that

µ(F) ⩽ ν(Fr) + r

for every closed set F. For a Borel set A, we then have

µ(A) ⩽ µ(A) ⩽ ν(A
r
) + r = ν(Ar) + r

becauseAr = Ar (indeed, the inclusionAr ⊂ Ar is clear, and for the other inclusion,
if x ∈ Ar, we find y ∈ A such that d(x,y) < r, then z ∈ A such that d(y, z) <
r− d(x,y), so that d(x, z) < r). This yields dLP(µ,ν) ⩽ r, which completes the
proof.

(2) Yes! As in the previous question, we have dLP(µ,ν) ⩾ dO(µ,ν). For the reverse
inequality, let r > dO(µ,ν), so that

µ(O) ⩽ ν(Or) + r

for every open set O. Let A be a Borel set; we will verify that µ(A) ⩽ ν(Ar+η) +

r+ η for every η > 0, which will imply dLP(µ,ν) ⩽ r+ η and complete the proof.
To this end, write

µ(A) ⩽ µ(Aη) ⩽ ν((Aη)r) + r ⩽ ν(Aη+r) + r+ η.

* * *

Solution to Exercise 3.19. [statement p. 128] By tightness, for every n ⩾ 1, there exists a
compact set Kn ⊂ E such that µ(Kn) ⩾ 1 − 1/n. Set

A =

∞⋃
n=1

Kn.

Then for every n ⩾ 1, µ(A) ⩾ 1 − 1/n, so letting n→ ∞ gives µ(A) = 1. Moreover, A is
separable, being a countable union of separable sets (since they are compact).
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Solution to Exercise 3.20. [statement p. 128]
(i) =⇒ (ii) This follows from continuity of the map

M∞(R) → R

(ai,j)i,j⩾1 7→ a1,2
.

(ii) =⇒ (i) Let ε > 0. For i, j ⩾ 1, let Ci,j > 0 be such that for every n ⩾ 1 we have

P
(
dn(Xn(1),Xn(2)) ⩾ Ci,j

)
⩽

ε

2i+j
.

We verify (using a diagonal subsequence argument) that

K = {(ai,j)i,j⩾1 ∈ M∞(R) : |ai,j| ⩽ Ci,j for all i, j ⩾ 1}

is a compact subset of M∞(R), and that

P
(
(dn(Xn(i),Xn(j))i,j⩾1 ̸∈ K

)
⩽

∞∑
i,j=1

P
(
dn(Xn(i),Xn(j)) ⩾ Ci,j

)
⩽

∞∑
i,j=1

P
(
dn(Xn(1),Xn(2)) ⩾ Ci,j

)
⩽

∞∑
i,j=1

ε

2i+j

= ε.

(iii) =⇒ (ii) Let xn ∈ En be such that the sequence (dn(xn,Xn(1)))n⩾1 is tight in
R. Fix ε > 0 and C > 0 such that P (dn(xn,Xn(1)) ⩾ C/2) ⩽ ε/2. Then by the triangle
inequality

P (dn(Xn(1),Xn(2)) > C) ⩽ P (dn(xn,Xn(1)) > C/2) + P (dn(xn,Xn(2)) > C/2)

= 2P (dn(xn,Xn(1)) > C/2)

⩽ ε

(ii) =⇒ (iii) For every ε > 0, let Cε > 0 be such that P (dn(Xn(1),Xn(2)) > Cε) ⩽ ε
for every n ⩾ 1

Since Fubini’s theorem gives

P (dn(Xn(1),Xn(2)) > C) =
∫
En

µn(dx)P (dn(x,Xn(1)) > C) ,

there exists xεn ∈ En such that P (dn(x
ε
n,Xn(1)) > Cε) ⩽ ε for every n ⩾ 1.

Let us verify that xn = x
1/4
n works. For ε < 1/2, the event

{dn(x
1/4
n ,Xn(1)) ⩽ C1/4}∩ {dn(x

ε
n,Xn(1)) ⩽ Cε}

is nonempty because it has probability at least 1− ε− 1/4. We deduce that dn(x
1/4
n , xεn) ⩽

Cε +C1/4. Thus,

P
(
dn(x

1/4
n ,Xn(1)) > 2Cε +C1/4

)
⩽ P (dn(x

ε
n,Xn(1)) > Cε) ⩽ ε,

which completes the proof.
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Solution to Exercise 3.21. [statement p. 128]

(1) For bounded continuous f, write ℓ(f) for the limit of (
∫
fdµn)n⩾1. Since E is

compact, (µn)n⩾1 is tight. Let ψ index a subsequence and let µ be a probability
measure on E such that µψ(n) =⇒ µ. In particular, ℓ(f) =

∫
fdµ.

Let us verify that µn =⇒ µ. By Prokhorov’s theorem, it suffices to verify that if
µϕ(n) =⇒ ν, then ν = µ. By assumption, µϕ(n)(f) → ℓ(f), hence

∫
fdν = ℓ(f) =∫

fdµ. We conclude that ν = µ.

(2) Set ℓ(f) = limn µn(f) for f ∈ Cb(E). We will show that (µn) is tight. The conclusion
will then follow exactly as in (1), by Prokhorov’s theorem and uniqueness of the
limit.

Suppose, for a contradiction, that (µn) is not tight. There then exist r > 0 and
η > 0 such that, for every finite subset F ⊂ E, there exists n satisfying

µn

(
E \
⋃
x∈F
B(x, r)

)
> η.

Indeed, if this property were false, for every ε > 0 and every k ⩾ 1, one could
choose a finite union of balls of radius 2−k whose mass is at least 1 − ε2−k for all
µn. The intersection of the corresponding unions of closed balls would be closed
and totally bounded, hence compact since E is complete, and would have mass
at least 1 − ε for all µn. Moreover, the index n witnessing this property may be
chosen arbitrarily large: the finitely many measures corresponding to the initial
indices are tight and can be absorbed by adding finitely many balls to the union.

Set n0 = 0 and inductively construct a subsequence indexed by (nj), compact sets
Kj,Hj and functions hj : E→ [0, 1]. Suppose the objects with indices strictly less
than j have been constructed. Choose a finite union Aj of open balls of radius
r whose centers form an r/4-net of K1 ∪ · · · ∪ Kj−1; for j = 1, set A1 = ∅. Then
choose nj > nj−1 large enough that

µnj(A
c
j ) > η,

∑
i<j

|µnj(hi) − ℓ(hi)| < η/8.

This is possible by the preceding property and convergence of the integrals of the
functions hi already constructed. Take a compact set Kj such that µnj(K

c
j ) < η/8,

and set

Hj = Kj \Aj, hj(x) =

(
1 −

4
r
d(x,Hj)

)
+

.

Then Hj is compact and µnj(hj) > 7η/8. By construction, Hj is at distance at least
3r/4 from the Ki, i < j. The sets {hj > 0} are therefore pairwise at distance at least
r/4, and, for j > i, {hj > 0}∩Ki = ∅.
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The functions hj are nonnegative and the sets where they are positive are disjoint.
Thus

∑m
j=1 hj ⩽ 1 for everym, and then

∑
j⩾1 ℓ(hj) ⩽ 1 by positivity of ℓ. Choose

J such that
∑
j⩾J ℓ(hj) < η/8 and set

f =
∑
j⩾J
j even

hj.

Since the sets where the functions are positive are disjoint, this sum is also the
supremum of the functions considered. It is therefore 4/r-Lipschitz and takes
values between 0 and 1. For even j ⩾ J, µnj(f) > 7η/8. For odd j ⩾ J, on the other
hand, we have

µnj(f) ⩽
∑
J⩽i<j
i even

µnj(hi) + µnj(K
c
j )

⩽
∑
i⩾J

ℓ(hi) +
∑
i<j

|µnj(hi) − ℓ(hi)|+ µnj(K
c
j ) < 3η/8.

The sequence (µn(f)) therefore does not converge, a contradiction. The family
(µn) is tight, which completes the proof.

This result is due to Alexandrov. See Ramamoorthi, R.V., Rao, B.V. & Sethuraman,
J., A note on weak convergence, Sankhya A 74, 269–276 (2012), https://doi.org/10.
1007/s13171-012-0016-6.

* * *

Solution to Exercise 3.22. [statement p. 128]

(1) Let ε > 0 and let K be a compact subset of E such that P (X1 ∈ K) ⩾ 1 − ε/n. Let

Φ : En → E

(x1, . . . , xn) 7→ x1 + · · ·+ xn
,

which is continuous. Then, writing Kn = Φ(K×K× · · · ×K), which is compact as
the continuous image of a compact set, we have

P (X1 + · · ·Xn ̸∈ Kn) ⩽ P (∃1 ⩽ i ⩽ n : Xi ̸∈ K) ⩽
n∑
i=1

P (Xi ̸∈ K) ⩽
n∑
i=1

ε

n
= ε,

so that P (X1 + · · ·Xn ∈ Kn) ⩾ 1 − ε, which proves the result.

(2) The answer is yes. It suffices to prove that if X and Y are two independent random
variables such that X+ Y is tight, then X and Y are tight. The desired result then
follows by induction.

To this end, let ε > 0 and let K be compact such that P (X+ Y ∈ K) > 1 − ε. Write
PX and PY for the distributions of X and Y, respectively, so that Fubini’s theorem
gives

1 − ε <

∫
E×E

1K(x+ y)PX(dx)PY(dy) =
∫
E

PY(K− x)PX(dx).
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It follows that there exists x ∈ E such that PY(K − x) > 1 − ε. Since K − x is
compact as the image of a compact set under the map z 7→ z− x, this shows that Y
is tight, and by symmetry X is tight as well. This completes the proof.

* * *

Solution to Exercise 3.23. [statement p. 129]

(1) The equivalence between (a) and (c) follows from the general fact that Xn → X in
probability if and only if every subsequence has a further subsequence converging
almost surely to X.

Let us show that (c) implies (b). Let f : E → R be bounded and continuous. It
suffices to show that for every subsequence indexed by ϕ, there exists a further
subsequence indexed by ψ such that

∫
fdMϕ◦ψ(n) →

∫
fdM almost surely. Let

ϕ index a subsequence. By (c), let ψ index a further subsequence such that
almost surelyMϕ◦ψ(n) converges toM in (M1(E),dLP). Since the metric space E is
Polish, convergence in dLP implies weak convergence; thus almost surelyMϕ◦ψ(n)
converges weakly toM, and hence

∫
fdMϕ◦ψ(n) →

∫
fdM almost surely.

Finally, let us show that (b) implies (a). Let ϕ index a subsequence. We show
that there exists a further subsequence indexed by ψ such that almost surely
dLP(Mϕ◦ψ(n),M) → 0. First, for every function f ∈ F, we have

∫
fdMϕ(n) →∫

fdM in probability, so there exists a further subsequence indexed by ψ such that∫
fdMϕ◦ψ(n) →

∫
fdM almost surely. Since F is countable, a diagonal argument

yields a further subsequence indexed by ψ such that

almost surely, ∀f ∈ F,
∫
fdMϕ◦ψ(n) −→

n→∞
∫
fdM. (4)

Let us verify that almost surely dLP(Mϕ◦ψ(n),M) → 0. Let ε > 0. By the recalled
fact, there exist f1, . . . , fK ∈ F and δ > 0 such that{

ν ∈ M1(E) :
∣∣∣ ∫ fidν− ∫

fidM
∣∣∣ < δ for every 1 ⩽ i ⩽ K

}
⊂ B(M, ε).

� Caution. The functions f1, . . . , fK, as well as K and δ, may depend on the realiza-
tion ofM. We argue pathwise on the event of probability 1 in (4); no measurable
selection is needed.

By (4), almost surely, for sufficiently large nwe have∣∣∣∣∫ fidMϕ◦ψ(n) −

∫
fidM

∣∣∣∣ < δ
for every 1 ⩽ i ⩽ K. It follows that almost surely, for sufficiently large nwe have
dLP(Mϕ◦ψ(n),M) ⩽ ε, and the result follows.

(2) Let f ∈ Cb(E, R) and set m =
∫
E fdµ and Mn(f) =

∫
E fdMn. Conditional inde-

pendence of the two samples gives directly

E
[
(Mn(f) −m)2

]
= E

[
(f(Π1

n) −m)(f(Π2
n) −m)

]
. (5)
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The function (x,y) 7→ (f(x) −m)(f(y) −m) is bounded and continuous. By con-
vergence in distribution of the pair, the right-hand side therefore converges to

E
[
(f(Π1) −m)(f(Π2) −m)

]
= E

[
f(Π1) −m

]
E
[
f(Π2) −m

]
= 0,

because the limiting random variables are independent with distribution µ. Thus
Mn(f) → µ(f) in L2, hence in probability. Question (1) gives dLP(Mn,µ) → 0 in
probability.

Remark. The first question is inspired by Proposition 2.2 of this article, and the second
question comes from Lemma 3.1 in this article.

* * *

Solution to Exercise 3.24. [statement p. 129]

(1) Write X for the almost sure limit of Xn. For ε > 0, write:

P (d(Yn,X) ⩾ 2ε) ⩽ P (d(Yn,Xn) ⩾ ε) + P (d(Xn,X) ⩾ ε) .

The first term of the sum converges to 0 by assumption, and the second also tends
to 0 because almost sure convergence implies convergence in probability.

(2) No: taking Xn = X, it suffices to choose a case in which convergence in probability
holds without almost sure convergence. For example, take E = R, Xn = X = 0 and
(Yn)n⩾1 a sequence of independent random variables such that P (Yn = 1) = 1/n
and P (Yn = 0) = 1 − 1/n.

* * *

Solution to Problem 3.25. [statement p. 129]

(1) One may use polynomials with rational coefficients multiplied by smooth cutoff
functions, in the spirit of the families of test functions in Section 1.2.

(2) Let L be a Lipschitz constant of f, and choose a < b such that supp(f) ⊂]a,b[. Set

c(x) = max(a, min(x,b)), H(x) = L(c(x) − a),

F =
H+ f

2
, G =

H− f

2
.

Since f(x) = f(c(x)), for all x < y,

|f(y) − f(x)| ⩽ L(c(y) − c(x)) = H(y) −H(x).

Thus F and G are nondecreasing. They are bounded and L-Lipschitz, since H and
f are, and f = F−G.

(3) Since Z has a density, the roots of Pn are almost surely distinct. By Rolle’s theorem,
the roots of P ′

n are real and lie between the zeros of Pn. Thus write Zn1 < Z
n
2 <

· · · < Znn for the roots of Pn; reindexing the Yni if necessary, we may assume that

Zn1 < Y
n
1 < Z

n
2 < · · · < Ynn−1 < Z

n
n.
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By questions (1) and (2), it suffices to consider each bounded nondecreasing Lips-
chitz function f appearing in the decompositions of the elements of the countable
set D. By interlacing,∑n

k=1 f(Zk) − f(Z
n
n)

n− 1
⩽

1
n− 1

n−1∑
k=1

f(Ynk ) ⩽

∑n
k=1 f(Zk) − f(Z

n
1 )

n− 1
.

Both bounds converge almost surely to E [f(Z)] by the strong law of large numbers
and boundedness of f. Taking the intersection of the probability-one events for this
countable family shows that the empirical measures of the roots of P ′

n converge
almost surely to the distribution of Z.

(4) Set Nni =
∑n
j=1 1{Zj=ai}, Jn = {i : Nni > 0} and Kn = |Jn|. The polynomial

Pn(X) =
∏
i∈Jn

(X− ai)
Nni

has a derivative with a root of multiplicity Nni − 1 at each ai, i ∈ Jn, as well
as Kn − 1 other roots, counted with multiplicity, denoted by Wn

j . For bounded
continuous f : C → R,

1
n− 1

n−1∑
j=1

f(Ynj ) =
1

n− 1

∑
i∈Jn

(Nni − 1)f(ai) +
Kn−1∑
j=1

f(Wn
j )

 .

Consequently, for n ⩾ 2,∣∣∣∣∣∣ 1
n− 1

n−1∑
j=1

f(Ynj ) −
1
n

n∑
j=1

f(Zj)

∣∣∣∣∣∣ ⩽ 2K∥f∥∞
n− 1

.

By the strong law of large numbers, almost surely, simultaneously for 1 ⩽ i ⩽ K,
Nni /n → P (Z1 = ai). On this event, the empirical measure of the Zj converges
weakly to the distribution of Z1, and the preceding estimate shows the same
convergence for the empirical measure of the roots of P ′

n.

* * *

Solution to Problem 3.26. [statement p. 130]

(1) The identity of indiscernibles and symmetry of d are clear. For the triangle
inequality, observe that for u, v,w ∈ U we have d(u,w) ⩽ max(d(u, v),d(v,w)).
Indeed, if d(u,w) > d(u, v), then u∧w ⪯ u∧ v, so that v∧w = u∧w and
d(u,w) = d(v,w).

For separability, U is dense in U. Indeed, if u ∈ ∂U and [u]k ∈ U denotes the
first k integers of u, clearly d([u]k,u) → 0 as k→ ∞.

For every u ∈ U and k ⩾ 1, write [u]k for its prefix of length k if u has at least
k letters, and for u itself otherwise. Let (un) be a Cauchy sequence. Truncation
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is 1-Lipschitz; two distinct words of length at most k are at distance at least e−k.
Thus, for each k, [un]k is eventually constant, with value v(k). These values are
compatible: [v(ℓ)]k = v(k) for k ⩽ ℓ. They define a unique finite or infinite word v
of which they are the truncations, and un → v. The space is therefore complete
and, being separable, Polish.

(2) Let u ∈ U and r > 0. Let us verify that B(u, r) = {v ∈ U : d(u, v) < r} is closed. To
this end, let v ∈ U\B(u, r), so that d(u, v) ⩾ r, and verify that B(v, r)∩B(u, r) = ∅.
Indeed, arguing by contradiction, if w ∈ B(v, r)∩B(u, r), we have d(w, v) < r and
d(w,u) < r, and then d(u, v) ⩽ max(d(u,w),d(w, v)) < r, a contradiction.

(3) First verify that the sets of the form {u} and T(u) for u ∈ U are both open and
closed. This follows from the previous question, observing that for u ∈ (N∗)n we
have {u} = B(u, e−n−1) and T(u) = B(u, e−n+1/2).

The forward implication then follows immediately from the Portmanteau theo-
rem.

For the converse, by separability, every open set can be written as a countable
union of open balls. Observe that the open balls in U are precisely of the form {u}

and T(u) for u ∈ U, and that two open balls are either disjoint or one contains
the other. Consequently, every open subset O of U can be written as a countable
disjoint union of sets of the preceding form (open and closed). Thus, writing
O =

∐
k⩾1Ok, Fatou’s lemma gives:

µ(O) =

∞∑
k=1

µ(Ok) =

∞∑
k=1

lim inf
n→∞ µn(Ok) ⩽ lim inf

n→∞
∞∑
k=1

µn(Ok) = lim inf
n→∞ µn(O),

which completes the proof.

* * *

Solution to Problem 3.27. [statement p. 131]

(1) The equivalence between (b) and (c) follows from the fact that convergence in
distribution and convergence in probability to a constant are equivalent.

Let us show that (c) implies (d). Let f ∈ Cb(E, R). To show that
∫
fdMn con-

verges in probability to
∫
fdµ, we will show that for every subsequence indexed

by ϕ, there exists a further subsequence indexed by ψ such that
∫
fdMϕ◦ψ(n) con-

verges almost surely to
∫
fdµ. Let ϕ index a subsequence. SinceMn converges in

probability to µ, there exists a further subsequence indexed by ψ such that almost
surely Mϕ◦ψ(n) converges (in dLP) to µ. Then almost surely Mϕ◦ψ(n) converges
weakly to µ, so almost surely

∫
fdMϕ◦ψ(n) converges to

∫
fdµ.

Alternatively, to show that (c) implies (d), one may observe that for f ∈ Cb(E, R),
the map ν 7→

∫
fdν is continuous, and that convergence in probability is preserved

under composition with a continuous function.
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Let us show that (d) implies (c). Let ε > 0. We need to show that

P (dLP(Mn,µ) ⩾ ε) → 0,

that is, P (Mn ̸∈ B(µ, ε)) → 0. By the fact given at the beginning of the exercise,
there exist f1, . . . , fK ∈ Cb(E, R) and δ > 0 such that{

ν ∈ M1(E) :
∣∣∣ ∫ fidν− ∫

fidµ
∣∣∣ < δ for every 1 ⩽ i ⩽ K

}
⊂ B(µ, ε).

Then

P (Mn ̸∈ B(µ, ε)) ⩽
K∑
i=1

P

(∣∣∣∣∫ fidMn −

∫
fidµ

∣∣∣∣ ⩾ δ)
which tends to 0 by assumption.

The fact that (a) implies (d) follows immediately from Markov’s inequality.

The fact that (d) implies (a) follows from the fact that the sequence (
∫
fdMn)n⩾1

is uniformly integrable (being bounded by ∥f∥∞).

The implication (c)⇒(e) follows from continuity of ν 7→
∫
eitx ν(dx), considering

the real and imaginary parts separately.

Let us show (e)⇒(c). As explained in the following remark, we may work on
a common probability space. For every t, convergence in probability and the
bound |Φn(t) −Φ(t)| ⩽ 2 imply E [|Φn(t) −Φ(t)|] → 0. By Fubini’s theorem and
dominated convergence,

E

[∫
R

e−|t||Φn(t) −Φ(t)|dt
]
−→ 0.

The integrands are jointly measurable because they are measurable in ω and
continuous in t. From every subsequence, we can therefore extract (nj) such that

∑
j

E

[∫
R

e−|t||Φnj(t) −Φ(t)|dt
]
<∞.

By Tonelli’s theorem, almost surely, Φnj(t) → Φ(t) for Lebesgue-almost every

t. Exercise 1.11(1) then gives Mnj
weak−−−→ µ almost surely, hence dLP(Mnj ,µ) → 0

almost surely. The subsequence criterion yields (c).

In particular, for every compact set K ⊂ R, supt∈K |Φn(t) −Φ(t)| converges
in probability to zero: apply Exercise 1.6(2) along the further subsequences that
converge almost surely.

Remark. Strictly speaking, care is needed because the random variables (Mn)n⩾1

need not be defined on the same probability space, so one cannot speak of al-
most sure convergence (this point was brought to my attention by Dimitri Faure).
However, without loss of generality, we may assume that the random variables
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(Mn)n⩾1 are defined on the same probability space, for example by considering a
sequence (M ′

n)n⩾1 of independent random variables defined on the same prob-
ability space such that for every n ⩾ 1, Mn and M ′

n have the same distribution
(using the existence of product measures), and working withM ′

n in place ofMn

(the properties considered depend only on the individual distributions).

(2) (a) Let us prove that Mn converges in probability to µ by showing that for
every subsequence indexed by ϕ, there exists a further subsequence indexed
by ψ such that almost surely Mϕ◦ψ(n) converges to µ (i.e., almost surely
dLP(Mϕ◦ψ(n),µ) → 0). Let ϕ index a subsequence. By a diagonal argument,
there exists a further subsequence indexed by ψ such that almost surely,
for every k ⩾ 1,

∫
xkdMϕ◦ψ(n) converges to

∫
xkdµ. By an exercise on the

exercise sheet, almost surelyMϕ◦ψ(n) converges weakly to µ, hence almost
surely dLP(Mϕ◦ψ(n),µ) → 0.

Alternatively, without redefining the random variables on the same prob-
ability space, one can verify that (Mn) is tight and identify the limit us-
ing the converging together theorem, by considering the functional ν 7→∫

max(min(xk,K),−K)dνwith K→ ∞.

(b) By Chebyshev’s inequality, for ε > 0 we have

P

(∣∣∣∣∫ xkdMn −

∫
xkdµ

∣∣∣∣ ⩾ 2ε
)

⩽ P

(∣∣∣∣∫ xkdMn − E

[∫
xkdMn

]∣∣∣∣ ⩾ ε)
+ P

(∣∣∣∣E [∫ xkdMn

]
−

∫
xkdµ

∣∣∣∣ ⩾ ε)
⩽

Var(
∫
xkdMn)

ε2 + 1|E[
∫
xkdMn]−

∫
xkdµ|⩾ε

which tends to 0 by assumption, and we may apply question (a).

(3) The equivalence between (a) and (b) is simply the definition of weak convergence.

The fact that (b) implies (c) is clear.

To show that (c) implies (b), fix ε > 0 and show that almost surely, for sufficiently
large n, dLP(Mn,µ) ⩽ ε. By the fact given at the beginning of the exercise, there
exist f1, . . . , fK ∈ Cb(E, R) and δ > 0 such that{

ν ∈ M1(E) :
∣∣∣ ∫ fidν− ∫

fidµ
∣∣∣ < δ for every 1 ⩽ i ⩽ K

}
⊂ B(µ, ε).

By assumption, almost surely, for sufficiently large n∣∣∣ ∫ fidMn −

∫
fidµ

∣∣∣ < δ for every 1 ⩽ i ⩽ K

Thus, almost surely, for sufficiently large n, dLP(Mn,µ) ⩽ ε.
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The fact that (b) implies (d) is clear: on the event of probability 1 on which, for
every f ∈ Cb(E, R),

∫
fdMn →

∫
fdµ, we have

∫
eitxdMn(dx) →

∫
eitxµ(dx) for

every t ∈ R.

To show that (d) implies (b), the idea is to use Fubini’s theorem to interchange
the quantifiers. Write

A =

{
(ω, t) ∈ Ω× R :

∫
eitxdMn(ω)(dx) ̸→

∫
eitxµ(dx)

}
and its sections

Aω = {t ∈ R : (ω, t) ∈ A}, At = {ω ∈ Ω : (ω, t) ∈ A}.

By assumption, for every t ∈ R we have P(At) = 0. Apply Fubini’s theorem,
writing λ for Lebesgue measure:

0 =

∫
R

P(At)λ(dt) =
∫
Ω×R

1AdP ⊗ dλ =

∫
Ω
λ(Aω)dP.

We deduce that λ(Aω) = 0 for almost every ω ∈ Ω. Thus, almost surely, for
λ-almost every t ∈ R we have

∫
eitxdMn(ω)(dx) →

∫
eitxµ(dx). We conclude

using question (1) of Exercise 1.11 (Lévy’s theorem under almost everywhere
convergence in frequency).

(4) This is a direct application of the exercise on the exercise sheet mentioned above.

(5) By the strong law of large numbers, for every f ∈ Cb(E, R), for almost every
ω ∈ Ω, ∫

fdMn =
1
n

n∑
k=1

f(Xk) → E [f(X1)] =

∫
fdµ.

By question (3), we deduce that almost surely Mn converges weakly to µ (and
henceMn converges in probability and in distribution to µ).

* * *

Solution to Problem 3.28. [statement p. 132]

(1) By compactness, E is bounded. There therefore existsM > 0 such that for every
x ∈ Ewe have B(x,M) = E. Thus limM→∞ Iµ(M) = 1.

(2) Clearly Iµ is nondecreasing, which implies existence of the left-hand limits. To
prove right-continuity, argue by contradiction, assuming that Iµ is not right-
continuous at ε0 > 0. Then by monotonicity

Iµ(ε0) < lim
ε↓ε0

Iµ(ε).

We can therefore find x0 ∈ E and δ > 0 such that for every n ⩾ 1,

µ(B(x0, ε0)) + δ < Iµ(ε0 + 1/n).
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In particular, for every n ⩾ 1 we have

µ(B(x0, ε0)) + δ < µ(B(x0, ε0 + 1/n)).

Since µ(B(x0, ε0 + 1/n)) → µ(B(x0, ε0)) as n→ ∞, we obtain a contradiction.

(3) For every x ∈ E and every r > 0,

inf
y∈E

µ({y}) ⩽ Iµ(r) ⩽ µ(B(x, r)).

Letting r ↓ 0 and then taking the infimum over x, we obtain

lim
r↓0
Iµ(r) = inf

x∈E
µ({x}).

The limit is therefore zero if µ has no atoms. In fact, it is always zero when E is
infinite: otherwise infinitely many distinct points would all have mass bounded
below by the same strictly positive constant.

(4) Camille is wrong: for example, if E = [0, 1] and λ denotes Lebesgue measure, then
µ = 1

2δ0 +
1
2λ satisfies limε↓0 Iµ(ε) = 0 but µ({0}) > 0.

(5) Fix ε > 0. For every x ∈ E, the Portmanteau theorem applied to the closed set
B(x, ε) gives

lim sup
n→∞ Iµn(ε) ⩽ lim sup

n→∞ µn(B(x, ε)) ⩽ µ(B(x, ε)).

Taking the infimum over x, we obtain lim supn Iµn(ε) ⩽ Iµ(ε).

(6) Assume (a). If Iµ(ε) = 0, choose xj such that µ(B(xj, ε)) → 0. By compactness,
passing to a subsequence if necessary, xj → x. For sufficiently large j,

B(x, ε/2) ⊂ B(xj, ε).

Thus µ(B(x, ε/2)) = 0, contradicting full support. Hence (a) implies (b).

Assume (b) and fix ε > 0. Choose x1, . . . , xk such that E =
⋃k
i=1 B(xi, ε/2). By the

Portmanteau theorem,

lim inf
n

µn(B(xi, ε/2)) ⩾ µ(B(xi, ε/2)) ⩾ µ(B(xi, ε/4)) ⩾ Iµ(ε/4) > 0.

For every x ∈ E, some index i satisfies d(x, xi) < ε/2, so B(xi, ε/2) ⊂ B(x, ε). Thus

Iµn(ε) ⩾ min
1⩽i⩽k

µn(B(xi, ε/2)),

and its limit inferior is strictly positive. This proves (c).

Finally, assume (c). Let O be a nonempty open set and choose x ∈ E, r > 0 such
that B(x, r) ⊂ O. By (5),

µ(O) ⩾ Iµ(r) ⩾ lim sup
n

Iµn(r) ⩾ lim inf
n

Iµn(r) > 0.

Hence (c) implies (a), which completes the proof.
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(7) Since E is separable, (M1(E),dLP) is also separable. We may therefore use Sko-
rokhod’s representation theorem and assume that Mn converges to M almost
surely in (M1(E),dLP).

Assume (a) and fix ε, ε ′ > 0. By (6), on the almost surely convergent representation,

lim inf
n

IMn(ε) > 0 almost surely.

As j and N increase, the events {IMn(ε) ⩾ 1/j for every n ⩾ N} therefore cover an
event of probability one. Thus there exist j,N such that this event has probability
strictly greater than 1 − ε ′. With δ = 1/j, we obtain P (IMn(ε) < δ) < ε

′ for every
n ⩾ N.

Conversely, assume (b). Fix k ⩾ 1 and ε ′ > 0, then choose δ,N as in (b) for ε = 1/k.
By (5), the map ν 7→ Iν(1/k) is upper semicontinuous, so {ν : Iν(1/k) < δ} is open.
By the Portmanteau theorem,

P (IM(1/k) < δ) ⩽ lim inf
n

P (IMn(1/k) < δ) ⩽ ε
′.

Thus P (IM(1/k) = 0) ⩽ ε ′. Since ε ′ > 0 is arbitrary, this probability is zero.
Almost surely, IM(1/k) > 0 for every k ⩾ 1; by monotonicity and (6),M has full
support.

(8) No, both implications are false. Here are counterexamples in the deterministic
case. If E = [0, 1], µ2n = δ0 and µ2n+1 = δ1, the sequence (Iµn)n⩾1 is constant but
(µn)n⩾1 does not converge in distribution.

If E = [0, 2], take, for n ⩾ 2,

µn =
1
3
δ0 +

1
3
δ1/2 +

1
3
δ1/2+1/n.

Then

Iµn(ε) =


0 if 0 < ε < 3/2 − 1/n,

1/3 if 3/2 − 1/n ⩽ ε < 3/2,

2/3 if 3/2 ⩽ ε < 2,

1 if 2 ⩽ ε.

These minimum values are attained by the ball centered at 2; for the radii in the
last three lines, every ball contains at least, respectively, the last atom, the last two
atoms, and then all the atoms. Now µn converges weakly to µ = 1

3δ0 +
2
3δ1/2, for

which

Iµ(ε) =


0 if 0 < ε < 3/2,

2/3 if 3/2 ⩽ ε < 2,

1 if 2 ⩽ ε.

On the compact interval [1, 7/4], Iµn takes the value 1/3 for all sufficiently large
n, while Iµ takes only the values 0 and 2/3. For every increasing bijective time
change λn of this compact interval, ∥Iµn ◦ λn − Iµ∥∞ ⩾ 1/3. Hence J1 convergence
is impossible.
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Remark. This problem is inspired by the following article:

Benedikt Stufler, Mass and radius of balls in Gromov-Hausdorff-Prokhorov conver-
gent sequences, preprint available on arXiv, arxiv:2201.12251
https://arxiv.org/abs/2201.12251

This problem shows how to verify that a limiting measure has full support using
estimates on the measures approximating it. However, the condition Iµ(r) → 0 as r ↓ 0
does not characterize the absence of atoms, as illustrated by question (4).
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4 The space of continuous functions on a compact set

Related lecture notes: Chapter 4, p. 35.

4.1 Exercises

Exercise 4.1. [solution p. 162] For each n ⩾ 0, let Xn, Yn be two processes in C([0, 1], R),
defined on the same probability space (which may depend on n). Suppose that Xn → X

and Yn → Y in distribution.

(1) Alix says: the sequence ((Xn, Yn))n⩾0 is tight in C([0, 1], R)2. Is she right?

(2) We now view the pair (Xn, Yn) as a single process

t 7→ (Xnt , Ynt ), t ∈ [0, 1]

in C([0, 1], R2). Billie says: the sequence (Xn, Yn)n⩾0 is tight in C([0, 1], R2). Is he
right?

(3) We now view the pair (Xn, Yn) as a function (Xns , Ynt )s,t∈[0,1] in C([0, 1]2, R2).
Camille says: the sequence (Xn, Yn)n⩾0 is tight in C([0, 1]2, R2). Is she right?

* * *

Exercise 4.2. [solution p. 163] Let (Xn)n⩾1 be a sequence of processes in C([0, 1], Rk).
Suppose that Xn ⇒ X in C([0, 1], Rk). Let f : Rk → R be a continuous function. Set

Yn =

∫1

0
f(Xns )ds, Y =

∫1

0
f(Xs)ds.

Show that (Xn, Yn) ⇒ (X, Y).

* * *

Exercise 4.3. [solution p. 163] Let Xn,X be nondecreasing continuous processes from
[0, 1] to R. Show that Xn ⇒ X if and only if Xn converges to X in finite-dimensional
distributions.

* * *

Exercise 4.4. [solution p. 164]

(1) For a ⩾ 0, is the map f 7→ ta(f) = inf{t ⩾ 0 : f(t) ⩾ a} from C = C(R+, R) to
R+ ∪ {∞} continuous? If not, does it have any points of continuity, and if so, which
ones?

(2) Let (Xn,n ⩾ 0) be a sequence of processes in C. Suppose that Xn converges in
distribution to X for the topology of uniform convergence on compact sets. Also
suppose that Xn0 = 0 for every n ⩾ 1. For a ⩾ 0, write

Tna = ta(X
n), Ta = ta(X).
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Discuss whether Tna converges to Ta. Discuss the special case where X is standard
Brownian motion (this last question is best addressed using the strong Markov
property of Brownian motion; see the stochastic calculus course).

* * *

Exercise 4.5. [solution p. 165] Show that {f ∈ R[0,1] : f is continuous} is not an element of
the product sigma-algebra B(R)⊗[0,1].

Hint. Consider a random variable U uniformly distributed on [0, 1] and the function
X(t) = 1t̸=U for 0 ⩽ t ⩽ 1.

* * *

Exercise 4.6. [solution p. 165] Consider a probability space (Ω,F, P) equipped with a
filtration, that is, a family (Ft, t ⩾ 0) of sigma-algebras such that Fs ⊂ Ft for all s ⩽ t.
Recall that a martingale is a family of random variables (Xt, t ⩾ 0) such that Xt ∈ L1 for
every t ⩾ 0 and such that, for all s ⩽ t, we have E [Xt|Fs] = Xs.

Let (Xn,n ⩾ 0) be a sequence of integrable processes in C = C([0, 1], R) adapted to
filtrations (Fnt ), that is, Xnt is measurable with respect to Fnt for every t ∈ [0, 1]. Suppose
that Xn is an Fn-martingale and that Xn converges in distribution to X in C. Also
suppose that, for every t ∈ [0, 1], (Xnt )n⩾1 is uniformly integrable.

Show that (Xt, 0 ⩽ t ⩽ 1) is an (Ft)-martingale, where Ft = σ(Xs, 0 ⩽ s ⩽ t).

* * *

Exercise 4.7. [solution p. 166] Let C denote the set of continuous functions from [0, 1]
to R. Let (Xn(t) : 0 ⩽ t ⩽ 1)n⩾1 be a sequence of C-valued random variables. Write
Xn = (Xn(t) : 0 ⩽ t ⩽ 1).

(1) Prove that the sequence (Xn)n⩾1 is tight in C if and only if the following two
conditions hold:

(a) the sequence (Xn(0))n⩾1 is tight in R;

(b) for every sequence δk → 0 and every sequence (nk)k⩾1, we have

ω(Xnk , δk)
(P)−→
k→∞ 0,

where ω(f, δ) = sup|s−t|⩽δ,0⩽s,t⩽1 |f(s) − f(t)| denotes the modulus of conti-
nuity.

(2) Let (Xin)n⩾1,1⩽i⩽n be a sequence of C-valued random variables such that, for every
n ⩾ 1, the random variables (Xin)1⩽i⩽n have the same distribution as Xn (but are
not assumed to be independent). Suppose that:

(I) the sequence of random variables (Xn)n⩾1 is tight in C;

(II) the sequence of random variables supt∈[0,1] |Xn(t)| is uniformly integrable.
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Prove that the sequence of random variables (Yn)n⩾1 is tight in C, where Yn is
defined by

Yn(t) =
1
n

n∑
i=1

Xin(t), t ∈ [0, 1].

(3) Does the result of question (2) remain true if (II) is replaced by (II’), defined by

(II’) the sequence of random variables supt∈[0,1] |Xn(t)| is bounded in L1?

Justify your answer.

* * *

Exercise 4.8. [solution p. 167] Let (Xi)i⩾1 be i.i.d. random variables taking values in
C([0, 1]), the space of continuous functions from [0, 1] to R equipped with the uniform
norm. Suppose that there exist C, ε > 0 such that

∀0 ⩽ s, t ⩽ 1, E
[
(X1(s) −X1(t))

2
]
⩽ C|s− t|1+ε,

∀0 ⩽ s ⩽ 1, E [X1(s)] = 0 and E
[
X1(s)

2
]
<∞.

Set
Zn =

X1 +X2 + · · ·+Xn√
n

.

(1) For 0 ⩽ s, t ⩽ 1, compute E
[
(Zn(s) −Zn(t))

2].
(2) Show that (Zn)n⩾1 converges in distribution in C([0, 1]).

* * *

Exercise 4.9. [solution p. 168] For x ∈ R, let Px denote the law of standard real-valued
Brownian motion started at x. Let (xn)n⩾1 be a sequence of real numbers.

(1) If (xn)n⩾1 is bounded, show that the sequence (Pxn)n⩾1 is tight in C([0, 1], R).

(2) Does the result remain true if the sequence (xn)n⩾1 is no longer assumed to be
bounded? Justify your answer.

* * *

Exercise 4.10. [solution p. 168] Let X and Y be two random variables taking values in
C([0, 1], R), the set of continuous functions from [0, 1] to R equipped with the topology
of uniform convergence. Suppose that, for every ε > 0, there exists a pair of random
variables (Xε, Yε) taking values in C([0, 1], R)2 such that Xε has the same distribution as
X, Yε has the same distribution as Y, and P (∥Xε − Yε∥∞ > ε) < ε. Show that X and Y
have the same distribution.
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Problem 4.11. [solution p. 169] In this exercise, let R[0,1] denote the set of functions from
[0, 1] to R equipped with the product sigma-algebra B(R)⊗[0,1], and let C = C([0, 1], R)

denote the vector space of real-valued continuous functions on [0, 1] equipped with the
uniform norm and its Borel sigma-algebra. Consider a probability space (Ω,F, P).

(1) Show that the Borel sigma-algebra of C is the set of all A of the form A = B∩ C for
B ∈ B(R)⊗[0,1].

If X, Y : Ω→ R[0,1] are two random variables, we say that Y is a modification (or version)
of X if, for every t ∈ [0, 1], we have P(X(t) = Y(t)) = 1.

(2) Let X,Y : Ω→ R[0,1] be two random variables.

(a) Check that if Y is a modification of X, then X and Y have the same distribution.

(b) Billie says: the converse of (a) is true. Is he right? Justify your answer.

For the rest of this exercise, fix a random variable Y : Ω→ C. (Thus Yω is a continuous
function for everyω ∈ Ω.)

(3) Let X : Ω → R[0,1] be a random variable. Suppose that X and Y have the same
distribution.

(a) Let Y⋆ denote the random variable Y viewed as a function taking values in
R[0,1]. Prove that there exists a measurable map F : R[0,1] → C such that
Y = F ◦ Y⋆.

Hint. You may use the Doob–Dynkin lemma, which states the following.
If f,g are two measurable functions defined on (Ω,F) and taking values in
(S, S) and (T ,T), respectively, if f : (Ω,σ(g)) → (S, S) is measurable and if
(S, S) is a Polish space equipped with its Borel sigma-algebra, then there
exists a measurable map h : (T ,T) → (S, S) such that f = h ◦ g.

(b) Prove that there exists a random variable X ′ : Ω → C such that X ′ is a
modification of X.

(4) (a) Let (Un)n⩾1 and (Vn)n⩾1 be two sequences of random variables taking val-
ues in a complete separable metric space (E,d). Suppose that the two
sequences (Un)n⩾1 and (Vn)n⩾1 have the same distribution. Show that
{(Un)n⩾1 converges} (that is, the set {ω ∈ Ω : Un(ω) converges as n → ∞})
is an event (i.e. is measurable) and that

P ((Un)n⩾1 converges) = P ((Vn)n⩾1 converges) .

(b) Consider a sequence of random variables (Xn)n⩾1 taking values in R[0,1] such
that Xn converges to Y in finite-dimensional distributions. Also suppose that,
for every q ∈ [0, 1] ∩ Q, the sequence (Xn(q))n⩾1 converges almost surely.
Show that there exists a random variable X : Ω → C such that, for every
q ∈ [0, 1]∩ Q, the sequence (Xn(q))n⩾1 converges almost surely to X(q).
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Problem 4.12. [solution p. 170]

Part one. Let (E,d) be a separable metric space and (xn)n⩾1 a dense sequence. Let
M1(E) denote the set of probability measures on E equipped with its Borel sigma-
algebra, and Lip1(E) the set of 1-Lipschitz functions from E to R (that is, functions
satisfying |f(x) − f(y)| ⩽ d(x,y) for all x,y ∈ E).

Let µn,µ ∈ M1(E). The aim of this part is to show that µn =⇒ µ if and only if∫
fdµn →

∫
fdµ for every function f of the form

f(x) = max(c0, c1 − d(x, x1), . . . , cn − d(x, xn))

with n ⩾ 1 and c0, . . . , cn ∈ R.

(1) Justify the forward implication.

(2) Check that, to show that µn =⇒ µ, it suffices to check that
∫
fdµn →

∫
fdµ for

every bounded function f ∈ Lip1(E).

(3) Prove the converse.

Hint. For a bounded function f ∈ Lip1(E) satisfying f ⩾ c0, check that, for every
x ∈ E, we have

f(x) = sup
n⩾1

max(c0, f(xn) − d(x, xn)).

(4) If E is bounded (that is, if supx,y∈E d(x,y) <∞), show that µn =⇒ µ if and only
if
∫
fdµn →

∫
fdµ for every function f(x) that is a polynomial in the variables

d(x, x1), . . . ,d(x, xn), for every n ⩾ 1.

Part two. Consider the set E of measurable functions [0, 1] → R, identified up to equal-
ity almost everywhere (that is, two functions equal almost everywhere are identified),
equipped with the metric

d(f,g) =
∫1

0
min(1, |f(t) − g(t)|)dt. (6)

(5) Writing λ for Lebesgue measure, show that fn → f in E if and only if, for every
ε > 0, we have λ({x ∈ [0, 1] : |fn(x) − f(x)| ⩾ ε}) → 0 as n→ ∞.

(6) Suppose that fn → f in E. Show that there exists a subsequence indexed by ϕ such
that fϕ(n) converges almost everywhere to f.

(7) Prove that E is Polish.
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Part three. Consider the metric space C of continuous functions [0, 1] → R equipped
with the metric d defined by (6).

(8) Check that (C,d) is separable and bounded. Is it complete? Justify your answer.

Let (Xn)n⩾1 be random variables taking values in C and X a random variable taking
values in C.

(9) Prove that if Xn converges in distribution to X, then, for every k ⩾ 1, if (Ui)1⩽i⩽k

are i.i.d. uniform random variables on [0, 1] (also independent of Xn,X), then
(Xn(U1), . . . ,Xn(Uk)) converges in distribution to (X(U1), . . . ,X(Uk)).

(10) Suppose that the finite-dimensional distributions of Xn converge weakly to those
of X. Prove that Xn converges in distribution to X.

(11) [Unmarked bonus question] Prove that Xn converges in distribution to X if and
only if, for every k ⩾ 1, writing Vk1 , . . . ,Vkk for the increasing rearrangement of k
i.i.d. uniform random variables on [0, 1] (also independent of Xn and X), we have
convergence in distribution of (Xn(Vk1 ), . . . ,Xn(Vkk )) to (X(Vk1 ), . . . ,X(Vkk )).

* * *

Problem 4.13. [solution p. 176] Let (Ei)i⩾1 be independent exponential random variables
with rate 1. Set S0 = 0 and Si = E1 + · · ·+ Ei for i ⩾ 1. For t ⩾ 0, set P(t) = Card{i ⩾ 1 :

Si ⩽ t}, so that P is a Poisson process with rate 1.

Part one.

(1) Show that, for every T ⩾ 0, we have sup
0⩽u⩽T

∣∣∣∣P(un)n
− u

∣∣∣∣ a.s.−→
n→∞ 0.

(2) Is it true that sup
u⩾0

∣∣∣∣P(un)n
− u

∣∣∣∣ a.s.−→
n→∞ 0? Justify your answer.

Part two. Let (Yn)n⩾1 be a sequence of random variables taking values in C(R+, R),
equipped with the topology of uniform convergence on compact sets. Suppose that there
exists a random variable Y ∈ C(R+, R) such that, for every T ⩾ 0, (Yn(t) : 0 ⩽ t ⩽ T)

converges in distribution to (Y(t) : 0 ⩽ t ⩽ T) in C([0, T ], R) as n→ ∞.

(3) Prove that, for every T ⩾ 0, the following convergence holds in probability:

sup
0⩽t⩽T

∣∣∣∣Yn(P(tn)n

)
− Yn(t)

∣∣∣∣ (P)−→
n→∞ 0.
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Part three. Let T > 0, let β : R → R+ be a Lipschitz function, and let z0 ∈ R+.

(4) Justify that the differential equation z ′(t) = β(z(t)) with z(0) = z0 has a unique
solution on [0, T ], denoted by z below.

For n ⩾ 1, fix Zn(0) ∈ R and suppose that (Zn(t))0⩽t⩽T satisfies, for every 0 ⩽ t ⩽ T :

Zn(t) = Zn(0) + P
(
n

∫ t
0
β

(
Zn(s)

n

)
ds
)

,

Set Z̄n(t) = Zn(t)/n and suppose that Z̄n(0) → z0 as n→ ∞.

(5) Show that
sup

0⩽t⩽T
|Z̄n(t) − z(t)|

a.s.−→
n→∞ 0.

Hint. You may use Gronwall’s lemma.

* * *

Exercise 4.14. [solution p. 178] Let K be a compact metric space and E a metric space. Let
C(K,E) denote the space of continuous functions from K to E equipped with the metric
d(f,g) = supx∈K dE(f(x),g(x)). Show that {B ∩ C(K,E) : B ∈ B(E)⊗K} is the smallest
sigma-algebra on C(K,E) making all the projections

Πx : C(K,E) → E

f 7→ f(x)

for x ∈ Kmeasurable (in other words, the trace of the product sigma-algebra B(E)⊗K on
C(K,E) is the product sigma-algebra on C(K,E)).

4.2 Solutions

Solution to Exercise 4.1. [statement p. 156]

(1) Yes! Let ε > 0. By Prokhorov’s theorem, there exist two compact subsets
K1,K2 of C([0, 1], R) such that P (Xn ∈ K1) ⩾ 1 − ε and P (Yn ∈ K2) ⩾ 1 − ε for
every integer n ⩾ 0. Then K1 × K2 is a compact subset of C([0, 1], R)2, and
P ((Xn, Yn) ∈ K1 ×K2) ⩾ 1 − 2ε, which shows that ((Xn, Yn))n⩾0 is a tight se-
quence in C([0, 1], R)2.

(2) Yes! First, it is clear that, for every t ∈ [0, 1], (Xnt , Ynt )n⩾1 is tight. To control the
modulus of continuity, equip R2 with the norm ∥ · ∥1. For a function f = (f1, f2) ∈
C([0, 1], R2),

ω(f, δ) = sup{|f1(s) − f1(t)|+ |f2(s) − f2(t)| : |s− t| ⩽ δ} ⩽ ω(f1, δ) +ω(f2, δ).

Thus,

P (ω((Xn, Yn), δ) ⩾ η) ⩽ P (ω(Xn, δ) ⩾ η/2) + P (ω(Yn, δ) ⩾ η/2) ,
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which implies tightness.

Remark. Alternatively, use the fact that the function

C([0, 1], R)2 → C([0, 1], R2)

(f,g) 7→ (f(t),g(t))0⩽t⩽1

is continuous and that tightness is preserved under composition with a continuous
function.

(3) Yes! It suffices to check that the function

Φ : C([0, 1], R)2 → C([0, 1]2, R2)

(f,g) 7→ (f(s),g(t))0⩽s⩽1,0⩽t⩽1

is continuous; the result then follows because tightness is preserved under com-
position with a continuous function. To this end, equipping R2 with the norm
∥ · ∥1, and writing d(F,G) = sup(s,t)∈[0,1]2 ∥F(s, t)−G(s, t)∥1 for F,G ∈ C([0, 1]2, R2),
observe that

d(Φ(f,g),Φ(f ′,g ′)) = ∥f− f ′∥∞ + ∥g− g ′∥∞.

It follows that if fn → f and gn → g, thenΦ(fn,gn) → Φ(f,g), proving the result.

* * *

Solution to Exercise 4.2. [statement p. 156] By the Skorokhod representation theorem,
we may assume that Xn → X holds almost surely. By continuity of the map

C([0, 1], Rk) → R

g 7→
∫1

0 f(g(s))ds,

we deduce that Yn → Y almost surely. Thus (Xn, Yn) → (X, Y) almost surely, and hence
in distribution.

Remark. We can also directly observe that the map

Φ : C([0, 1], Rk) → C([0, 1], Rk)× R

g 7→ (g,
∫1

0 f(g(s))ds)

is continuous, and hence that Φ(Xn) converges in distribution to Φ(X).

* * *

Solution to Exercise 4.3. [statement p. 156] =⇒ This implication always holds.
⇐= Since (Xn(0))n⩾1 converges in distribution, it suffices to check that the sequence

(Xn)n⩾1 is tight. The partition used in the proof of Corollary 4.19, with δ = 1/k, gives,
for every function f ∈ C([0, 1], R),

ω(f, 1/k) ⩽ 3 max
0⩽i⩽k−1

sup
r∈[0,1/k]

|f(r+ i/k) − f(i/k)|.
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In particular, if f is nondecreasing, we have

ω(f, 1/k) ⩽ 3 max
0⩽i⩽k−1

|f((i+ 1)/k) − f(i/k)|.

Moreover, by convergence of the finite-dimensional distributions of Xn to those of X,
we have

max
0⩽i⩽k−1

|Xn((i+ 1)/k) −Xn(i/k)|
(d)−→
n→∞ max

0⩽i⩽k−1
|X((i+ 1)/k) −X(i/k)|.

By continuity of X, for every η > 0, we have

P

(
max

0⩽i⩽k−1
|X((i+ 1)/k) −X(i/k)| ⩾ η

)
−→
k→∞ 0.

We deduce that, for every ε,η > 0, there exists k ⩾ 1 such that

lim sup
n→∞ P (ω(Xn, 1/k) ⩾ η) ⩽ ε.

* * *

Solution to Exercise 4.4. [statement p. 156]

(1) No, it is not continuous. In the example below, fn → f uniformly on compact
sets, but 3 = ta(fn) ̸→ ta(f) = 1. Equipping [0,∞] with its usual topology, the
points of continuity are exactly the functions f such that ta(f) = ∞, or f(0) > a,
or else ta(f) <∞ and, for every ε > 0, there exists t ∈ [ta(f), ta(f) + ε] such that
f(t) > a. When ta(f) > 0, this last condition is equivalent to the absence of a local
maximum at ta(f).

Figure 1: Discontinuity of the first hitting time: fn converges to f, but ta(fn) =
3 ̸= ta(f) = 1.

(2) First, it is clear that 0 = Tn0 converges to T0 = 0. We therefore assume that a > 0.
By the previous question, if almost surely X has no local maximum at Ta when
Ta <∞, then Tna converges in distribution to Ta (use, for instance, the Skorokhod
representation theorem). When X is standard Brownian motion, we know that
Ta < ∞ almost surely, and since, for every ϵ > 0, P

(
sup[0,ϵ] X > 0

)
= 1, the

164



Limit theorems and applications Exercises 4. Continuous functions

strong Markov property applied at the stopping time Ta shows that almost surely
X has no local maximum at Ta. Thus, in this case, Tna converges in distribution to
Ta.

Now, if with strictly positive probability Ta <∞ and X has a local maximum at
Ta, then we can find Xn such that Tna does not converge in distribution to Ta. Since
a > 0 and X0 = 0, we have Ta > 0 and

{Ta <∞ and X has a local maximum at Ta}

=
⋃
k⩾1

{Ta < k, Xt ⩽ a for every t ∈ [Ta, Ta + 1/k]}.

Choose k such that the event A appearing in this union has strictly positive
probability, and set

Xnt = Xt −
min(t, 1)

n
1A.

Then Xn0 = 0 and Xn → X uniformly on compact sets. On A, Tna ⩾ Ta + 1/k, and
outside A, Tna = Ta. ForM > 2k, we therefore obtain

E [Tna ∧M] − E [Ta ∧M] ⩾ P(A)/k > 0.

Since the function u 7→ u∧M is bounded and continuous on [0,∞], this rules out
convergence in distribution of Tna to Ta.

* * *

Solution to Exercise 4.5. [statement p. 157] We argue by contradiction, assuming that
A = {f ∈ R[0,1] : f is continuous} ∈ B(R)⊗[0,1]. The random variable X = (X(t) : 0 ⩽ t ⩽

1) has the same finite-dimensional distributions as the constant function equal to 1. It
therefore has the same distribution as the constant function equal to 1. Thus

P (X ∈ A) = P (1 ∈ A) = 1.

This is a contradiction, since X is not continuous.

* * *

Solution to Exercise 4.6. [statement p. 157] First, observe that uniform integrability
implies that, for every t ∈ [0, 1], Xt is integrable and E [Xt] = E [X0].

Fix 0 ⩽ s ⩽ t ⩽ 1. For every integer m ⩾ 1, all 0 ⩽ t1 ⩽ · · · ⩽ tm ⩽ s and every
bounded continuous function h : Rm → R, the martingale property gives

E
[
Xns h(X

n
t1

, . . . ,Xntm)
]
= E

[
Xnt h(X

n
t1

, . . . ,Xntm)
]

,

because h(Xnt1 , . . . ,Xntm) is Fns -measurable. By the Skorokhod representation theorem,
we may assume that Xn → X almost surely in C. Both products then converge almost
surely to the corresponding products for X. They are uniformly integrable, since h is
bounded and the sequences (Xns ) and (Xnt ) are uniformly integrable. Thus,

E [Xsh(Xt1 , . . . ,Xtm)] = E [Xth(Xt1 , . . . ,Xtm)] .
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The functional monotone class theorem extends this identity to every bounded Fs-
measurable random variable, since bounded continuous cylinder functions generate Fs.
In particular, for every A ∈ Fs,

E [Xs1A] = E [Xt1A] .

Since X is adapted and integrable, it is a martingale with respect to its natural filtration.

* * *

Solution to Exercise 4.7. [statement p. 157]

(1) By the lecture notes, the sequence (Xn)n⩾1 is tight in C if and only if the sequence
(Xn(0))n⩾1 is tight in R and

∀ε > 0, ∀η > 0,∃δ > 0, lim sup
n→∞ P (ω(Xn, δ) ⩾ η) ⩽ ε. (7)

We therefore need to prove that (7) is equivalent to (b). We prove that their
negations are equivalent:

– The negation of (7) is: there exist ε,η > 0 such that, for every δ > 0,

lim sup
n→∞ P (ω(Xn, δ) ⩾ η) > ε.

– The negation of (b) is: there exist a sequence δk → 0 and a sequence nk → ∞
such thatω(Xnk , δk) does not converge in probability to 0.

Assuming the negation of (7), there exist ε,η > 0 and a sequence (nk) such that,
for every k ⩾ 1:

P (ω(Xnk , 1/k) ⩾ η) > ε.

Thus, taking δk = 1/k, we see thatω(Xnk , δk) does not converge in probability to
0.

Assuming the negation of (b), there exist a sequence δk → 0, η, ε > 0 and a
sequence (n ′

k) tending to infinity (after passing to a subsequence; for a finite set of
indices, the moduli converge in probability to zero) such that, for every k ⩾ 1,

P
(
ω(Xn ′

k
, δk) ⩾ η

)
> ε.

Thus, for every δ > 0 and every sufficiently large k such that δk < δ, we have

P
(
ω(Xn ′

k
, δ) ⩾ η

)
> ε

We therefore obtain a limit superior at least equal to ε, hence strictly greater than
ε/2, proving the negation of (7).
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(2) We use the result of question (1). We first prove that (Yn(0))n⩾1 is tight by showing
that it is bounded in L1. This follows because, by linearity,

E [|Yn(0)|] ⩽ E [|Xn(0)|] ⩽ E

[
sup
t∈[0,1]

|Xn(t)|

]
,

and, since the sequence of random variables supt∈[0,1] |Xn(t)| is uniformly inte-
grable, it is bounded in L1.

For tightness, let δk → 0 and (nk)k⩾1 be sequences. Let us check that ω(Ynk , δk)
converges in probability to 0. First, since the sequence (Xn)n⩾1 is tight in C,
ω(Xnk , δk) converges in probability to 0. By assumption (II), this sequence is also
uniformly integrable, and hence E [ω(Xnk , δk)] → 0. Thus:

ω(Ynk , δk) ⩽
1
nk

nk∑
i=1

ω(Xink , δk),

so that
E [ω(Ynk , δk)] ⩽ E [ω(Xnk , δk)] −→

k→∞ 0.

It follows thatω(Ynk , δk) converges in L1 to 0, and hence in probability.

(3) No. For example, take a sequence (Bn)n⩾1 of Bernoulli random variables with
respective parameters 1/n, and take (Xin)1⩽i⩽n i.i.d. with the same distribution as
Xn defined by

Xn(t) =

n2Bnt if t ⩽ 1/n

nBn if t ⩾ 1/n.

We have P (∥Xn∥∞ > ε) ⩽ 1/n for every ε > 0. Thus Xn → 0 in probability in
C, and the sequence (Xn) is tight: condition (I) holds. Moreover, E [∥Xn∥∞] = 1,
which gives (II’). However, the probability that exactly one of the Xin is nonzero is
(1 − 1/n)n−1 → e−1; on this event,ω(Yn, 1/n) = 1. Condition (1b) therefore fails,
and (Yn) is not tight in C.

Remark. This exercise is inspired by Appendix A of the paper Berzunza Ojeda G,
Janson S. The distance profile of rooted and unrooted simply generated trees. Combina-
torics, Probability and Computing. 2022;31(3):368-410. doi:10.1017/S0963548321000304.

* * *

Solution to Exercise 4.8. [statement p. 158]

(1) We find that E
[
(Zn(s) −Zn(t))

2] = E
[
(X1(s) −X1(t))

2].
(2) We first check tightness using Kolmogorov’s tightness criterion. On the one hand,

for every s ∈ [0, 1],
E
[
Zn(s)

2
]
= E

[
X1(s)

2
]
<∞,
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so the sequence (Zn(s))n⩾1 is bounded in L2, and hence tight. On the other hand,
by the previous question, for all s, t ∈ [0, 1], we indeed have

E
[
(Zn(s) −Zn(t))

2
]
⩽ C|s− t|1+ε.

To identify the limit, let us check convergence of the finite-dimensional distribu-
tions of Zn. For 0 ⩽ t1 < · · · < tk ⩽ 1, we can write

(Zn(t1), . . . ,Zn(tk)) =
Y1 + · · ·+ Yn√

n
,

where Y1 = (X1(t1), . . . ,X1(tk)) and the (Yi)1⩽i⩽n are i.i.d. random variables
taking values in Rk. By the multivariate central limit theorem, (Zn(t1), . . . ,Zn(tk))
converges in distribution, as n → ∞, to a centered Gaussian vector in Rk with
covariance matrix (E

[
X1(ti)X1(tj)

]
)1⩽i,j⩽k.

This completes the proof.

* * *

Solution to Exercise 4.9. [statement p. 158]

(1) SetM = supn |xn| <∞ and, for ε > 0, choose a compact set K ⊂ C([0, 1], R) such
that P0(K) ⩾ 1 − ε. The map

[−M,M]×K −→ C([0, 1], R), (x, f) 7−→ x+ f

is continuous. Its image K ′ is therefore compact, and Pxn(K
′) ⩾ P0(K) ⩾ 1 − ε for

every n. The family (Pxn) is tight.

(2) No. Arguing by contradiction, if (Pxn)n⩾1 were tight, taking the continuous image
under evaluation at time 0 would imply that the sequence of measures (δxn)n⩾1 is
tight in R, which fails upon taking an unbounded subsequence.

* * *

Solution to Exercise 4.10. [statement p. 158] Let F : C([0, 1], R) → R be a bounded
Lipschitz function, with Lipschitz constant L for the uniform norm. For ε > 0, use the
pair (Xε, Yε) given in the statement. Since its marginals have the laws of X and Y, we
have

|E [F(X)] − E [F(Y)] | ⩽ E [|F(Xε) − F(Yε)|]

⩽ Lε+ 2∥F∥∞P (∥Xε − Yε∥∞ > ε)

⩽ (L+ 2∥F∥∞)ε.

The second inequality follows by splitting over the event {∥Xε − Yε∥∞ ⩽ ε} and its com-
plement. Letting ε tend to zero gives E [F(X)] = E [F(Y)] for every bounded Lipschitz
function F. Such functions determine probability measures by the portmanteau theorem,
so X and Y have the same distribution.
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Solution to Problem 4.11. [statement p. 159]

(1) We saw in the lecture notes that the Borel sigma-algebra of C equals its product
sigma-algebra, i.e. the smallest sigma-algebra making the projections πt : C → R

measurable for t ∈ [0, 1]. Let us check that it equals F = {B∩ C : B ∈ B(R)⊗[0,1]}.

First, F is indeed a sigma-algebra. Next, for every t ∈ [0, 1] and A ∈ B(R),
{f ∈ C : f(t) ∈ A} = {f ∈ R[0,1] : f(t) ∈ A}∩ C, so the sigma-algebra F makes all the
projections measurable.

Finally, let G be a sigma-algebra on C making all the projections measurable,
and consider

{B ∈ B(R)⊗[0,1] : B∩ C ∈ G}.

This is a sigma-algebra on R[0,1] containing the cylinder sets of R[0,1], so it equals
B(R)⊗[0,1], which completes the proof.

(2) (a) If Y is a modification of X, then, for 0 ⩽ t1 < t2 < · · · < tn ⩽ 1, we have

(X(t1), . . . ,X(tn)) = (Y(t1), . . . , Y(tn)) almost surely,

so these two random vectors indeed have the same distribution.

(b) No, he is wrong: for example, take ε to be a Bernoulli random variable with
parameter 1/2 and set X(t) = ε and Y(t) = 1 − ε for 0 ⩽ t ⩽ 1.

(3) (a) Writing I : C → R[0,1] for the inclusion map (measurable by (1)), observe that
Y⋆ = I ◦ Y (in particular, Y⋆ is measurable as a composition of measurable
maps). Let us check that Y : (Ω,σ(Y⋆)) → C is measurable. Let A be a
measurable subset of C. By (1), it can be written as A = B ∩ C = I−1(B) for
B ∈ B(R)⊗[0,1], so that

Y−1(A) = (Y⋆)−1(B)

indeed belongs to σ(Y⋆).

By the Doob–Dynkin lemma, since C is Polish, there exists a measurable map
F : R[0,1] → C such that Y = F ◦ Y⋆.

(b) Set X ′ = F ◦X, which is indeed a random variable taking values in C. Let us
check that, for every t ∈ [0, 1], P(X(t) = X ′(t)) = 1. Observe that, since X and
Y have the same distribution, X and Y⋆ have the same distribution. Hence
(X,X ′) = (X, F(X)) and (Y⋆, Y) = (Y⋆, F(Y⋆)) have the same distribution. Thus,
for every t ∈ [0, 1],

P(X(t) = X ′(t)) = P(Y⋆(t) = Y(t)) = 1.

(4) (a) Since E is complete, a sequence of elements of E converges if and only if it is
Cauchy. Thus,

{(Un)n⩾1 converges} =
⋂
n⩾1

⋃
N⩾1

⋂
p,q⩾N

{
d(Up,Uq) ⩽

1
n

}
,

and the desired results follow.
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(b) For q ∈ [0, 1] ∩ Q, let Z(q) denote the almost sure limit of (Xn(q)), defined
arbitrarily on the null event where it does not exist. The finite-dimensional
distributions of Z at rational times coincide with those of Y. For each t ∈
[0, 1]\Q, fix a rational sequence (qj(t)) converging to t. By (4a) and continuity
of Y, (Z(qj(t)))j converges almost surely; define Z(t) to be this limit, and
zero if the limit does not exist. Each Z(t) is measurable. For every finite
collection of times, simultaneous almost sure convergence of these rational
approximations shows that the corresponding joint distributions of Z and Y
coincide. Thus Z is a random variable in R[0,1] with the same distribution as
Y.

By (3b), there exists a random variable X : Ω→ C that is a modification of
Z. For every rational q, Xn(q) → Z(q) = X(q) almost surely, which completes
the proof.

Remark. The result remains true if Y is not defined on the same probabil-
ity space as the sequence (Xn)n⩾1: we can still extend Z to [0, 1] as a random
variable in R[0,1] with the same finite-dimensional distributions as Y, using
question (4a).

Indeed, for every t ∈ [0, 1]\Q, consider a sequence of rational numbers
qn → t. By continuity of Y, Y(qn) converges a.s. to Y(t). Since Z and Y have
the same finite-dimensional distributions, the two sequences (Y(qn))n⩾1

and (Z(qn))n⩾1 have the same distribution. By (4a), there therefore exists
a random variable denoted by Z(t), the almost sure limit of (Z(qn))n⩾1. It
follows that Z has the same finite-dimensional distributions as Y.

Remark. This exercise is inspired by Theorem 3.24 in O. Kallenberg, Foundations of
Modern Probability (2nd Edition), Springer.

* * *

Solution to Problem 4.12. [statement p. 160]

Part one.

(1) This follows simply from the fact that a function of the form

f(x) = max(c0, c1 − d(x, x1), . . . , cn − d(x, xn))

is bounded and continuous.

(2) By linearity of the integral, we then have
∫
fdµn →

∫
fdµ for every bounded

Lipschitz function f, which implies that µn =⇒ µ by the portmanteau theorem.

(3) We start by checking the hint. Let f ∈ Lip1(E) be bounded and satisfy f ⩾ c0.

If n ⩾ 1, we have f(x) ⩾ c0 and f(x) ⩾ f(xn) − d(x, xn) because f is 1-Lipschitz.
Thus f(x) ⩾ supn⩾1 max(c0, f(xn) − d(x, xn)).
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Next, fix ε > 0 and check that we can findn ⩾ 1 such that f(x) ⩽ max(c0, f(xn)−
d(x, xn)) + ε. By density, let xn satisfy d(x, xn) ⩽ ε/2. Then

f(x) − ε = f(xn) + f(x) − f(xn) − ε

⩽ f(xn) + d(x, xn) − 2d(x, xn)

= f(xn) − d(x, xn),

which proves the result.

To prove the converse, let f ∈ Lip1(E) be bounded and let c0 satisfy f ⩾ c0. For
i ⩾ 1, set

fi(x) = max
(
c0, f(x1) − d(x, x1), . . . , f(xi) − d(x, xi)

)
.

The sequence (fi) increases pointwise to f. Each fi is exactly of the form of the test
functions in the assumption; hence, for fixed i, the assumption gives∫

fi dµn −→
∫
fi dµ.

Since
∫
fi dµn ⩽

∫
fdµn, we deduce that∫

fidµ ⩽ lim inf
n→∞

∫
fdµn.

By monotone convergence, letting i→ ∞ gives∫
fdµ ⩽ lim inf

n→∞
∫
fdµn.

Replacing f by −f yields the desired result.

(4) As in (1), the forward implication is immediate. For the converse, let A > 0 be
such that d(x,y) ⩽ A for every x,y ∈ E. Observe that the map

Φ : [0,A]n −→ R

(t1, . . . , tn) 7→ max(c0, c1 − t1, . . . , cn − tn)

can be approximated uniformly by polynomials in t1, . . . , tn by the Stone–
Weierstrass theorem, which completes the proof.

Part two.

(5) For the forward implication, for ε ∈]0, 1[, Markov’s inequality gives:

λ{x ∈ [0, 1] : |fn(x) − f(x)| ⩾ ε}

= λ{x ∈ [0, 1] : min(1, |fn(x) − f(x)|) ⩾ ε}

⩽
1
ε

∫1

0
min(1, |fn(t) − f(t)|)dt,

which tends to 0.
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For the converse, suppose that λ({x ∈ [0, 1] : |fn(x) − f(x)| ⩾ ε}) → 0 for every
ε > 0. Let ε ∈]0, 1[ and write A = {x ∈ [0, 1] : |fn(x) − f(x)| ⩾ ε}. Then∫1

0
min(1, |fn(t) − f(t)|)dt ⩽

∫
A

1dt+
∫
Ac
εdt ⩽ λ(A) + ε,

so that d(fn, f) ⩽ 2ε for sufficiently large n.

(6) Suppose that fn → f in E. Choose a subsequence indexed by ϕ such that, for every
n ⩾ 1,

λ

({
x ∈ [0, 1] : |fϕ(n)(x) − f(x)| ⩾

1
2n

})
⩽

1
2n

.

By the Borel–Cantelli lemma, fϕ(n) converges almost everywhere to f.

(7) The space L1([0, 1], dt) is separable, and d(f,g) ⩽ ∥f−g∥1. It is dense in E: the trun-
cations f(m) = (−m)∨ (f∧m) belong to L1 and converge to f for d by dominated
convergence. A countable dense subset of L1 is therefore dense in E.

For completeness, let (fn) be a Cauchy sequence in E. Choose a subsequence
indexed by ϕ such that d(fϕ(j+1), fϕ(j)) ⩽ 2−2j. Then

λ{|fϕ(j+1) − fϕ(j)| > 2−j} ⩽ 2−j.

By Borel–Cantelli, the successive differences are eventually bounded by 2−j al-
most everywhere. The subsequence is therefore Cauchy almost everywhere and
converges to a measurable real-valued function f, defined arbitrarily on the excep-
tional set. By dominated convergence, d(fϕ(j), f) → 0. The Cauchy property then
implies d(fn, f) → 0.

Part three. For t ∈ [0, 1] and ε > 0, set It,ε = [0, 1]∩ [t− ε, t+ ε] and

At,ε(f) =
1

λ(It,ε)

∫
It,ε

arctan(f(u))du.

Since | arctan x − arctany| ⩽ πmin(1, |x − y|), the map At,ε is continuous for d. For
every f ∈ C, continuity of f gives At,1/m(f) → arctan(f(t)). Thus the evaluation map
Πt(f) = f(t) = tan(limmAt,1/m(f)) is measurable. The map (f, t) 7→ f(t) is then jointly
measurable, since the paths are continuous. This also justifies evaluations at random
times and the applications of Fubini below.

(8) Separability follows, for example, from separability of the metric space of continu-
ous functions from [0, 1] to R equipped with the uniform norm, together with the
fact that d(f,g) ⩽ ∥f− g∥∞ for every f,g ∈ C.

Next, clearly d(f,g) ⩽ 1 for all f,g ∈ C.

Finally, (C,d) is not complete. Indeed, if we set

fn(x) =


0 if x ⩽ 1

2 ,

n
(
x− 1

2

)
if 1

2 < x <
1
2 +

1
n ,

1 if x ⩾ 1
2 +

1
n .
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the sequence fn is Cauchy for ∥ · ∥1, hence for d, but does not converge. Indeed, if
it converged to a continuous function f ∈ C, it would also converge to f in E. But
fn → 1[1/2,1] for ∥ · ∥1, hence in E. Thus f = 1[1/2,1] almost everywhere, which is a
contradiction.

(9) Let F : Rk → R be bounded and continuous. It suffices to show that

E [F(Xn(U1), . . . ,Xn(Uk))] −→
n→∞ E [F(X(U1), . . . ,X(Uk))] .

To this end, write

E [F(Xn(U1), . . . ,Xn(Uk))]

= E

[∫
[0,1]k

F(Xn(t1), . . . ,Xn(tk))dt1 · · ·dtk

]
= E [Φ(Xn)] ,

where
Φ : C −→ R

f 7→
∫
[0,1]k F(f(t1), . . . , f(tk))dt1 · · ·dtk

.

It then suffices to observe that Φ is bounded and continuous. It is bounded
because F is bounded. If fn → f for d, every subsequence has, by (6), a further
subsequence converging almost everywhere to f. By dominated convergence on
[0, 1]k, the images of this further subsequence under Φ converge to Φ(f). The
subsequence criterion for convergence therefore gives Φ(fn) → Φ(f).

(10) Let (fn)n⩾1 be a dense sequence in C. By question (4), it suffices to check that, for
every k ⩾ 1 and every polynomial P in k variables, we have

E [P(d(Xn, f1), . . . , d(Xn, fk))] −→
n→∞ E [P(d(X, f1), . . . , d(X, fk))] . (8)

Now

E [P(d(Xn, f1), . . . , d(Xn, fk))]

= E

[
P

(∫1

0
min(1, |Xn(t) − f1(t)|)dt, . . . ,

∫1

0
min(1, |Xn(t) − fk(t)|)dt

)]

is a linear combination of terms of the form∫
[0,1]N

E

[
N∏
i=1

min(1, |Xn(ti) − gi(ti)|)

]
dt1 · · ·dtN

with N ⩾ 1 and gi ∈ {f1, . . . , fk} for every 1 ⩽ i ⩽ N. For fixed t1, . . . , tN ∈ [0, 1],
we have

E

[
N∏
i=1

min(1, |Xn(ti) − gi(ti)|)

]
= E [Ψ(Xn(t1), . . . ,Xn(tN))]
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with
Ψ : RN −→ R

(x1, . . . , xN) 7→
∏N
i=1 min(1, |xi − gi(ti)|)

bounded and continuous. Thus, by dominated convergence,

∫
[0,1]N

E

[
N∏
i=1

min(1, |Xn(ti) − gi(ti)|)

]
dt1 · · ·dtN

−→
n→∞

∫
[0,1]N

E

[
N∏
i=1

min(1, |X(ti) − gi(ti)|)

]
dt1 · · ·dtN.

This proves (8) and completes the proof.

(11) First suppose that Xn converges in distribution to X. For k ⩾ 1 and a bounded
continuous function F : Rk → R, set

Φ(f) = k!
∫

0<t1<···<tk<1
F(f(t1), . . . , f(tk))dt1 · · ·dtk.

As in (9), question (6) and dominated convergence show that Φ is bounded and
continuous for d. Since (Vk1 , . . . ,Vkk ) has density k! on this simplex, independence
gives

E
[
F(Xn(V

k
1 ), . . . ,Xn(Vkk ))

]
= E [Φ(Xn)]

−→
n→∞ E [Φ(X)] = E

[
F(X(Vk1 ), . . . ,X(Vkk ))

]
.

This proves the forward implication.

For the converse, we may take the Vk1 , . . . ,Vkk to be the rearrangement of the first
k terms of a single sequence (Ui)i⩾1 of i.i.d. uniform random variables on [0, 1],
independent of (Xn)n⩾1 and X. Write ρ(x,y) = min(1, |x− y|). For fixed g ∈ C, we
will approximate d(f,g) by

Dk,g(f) =
1
k

k∑
i=1

ρ
(
f(Vki ),g(i/k)

)
.

Compare this quantity with

Ak,g(f) =
1
k

k∑
i=1

ρ
(
f(Vki ),g(V

k
i )
)
=

1
k

k∑
i=1

ρ
(
f(Ui),g(Ui)

)
.

For deterministic f, the k terms in this average are i.i.d., take values in [0, 1], have
mean d(f,g) and variance at most 1/4. Thus

E
[
|Ak,g(f) − d(f,g)|

]
⩽ Var(Ak,g(f))

1/2 ⩽
1

2
√
k

.
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Next, set
∆k = max

1⩽i⩽k
|Vki − i/k|, ωg(δ) = sup

s,t∈[0,1]
|s−t|⩽δ

|g(s) − g(t)|.

If Fk denotes the empirical distribution function of U1, . . . ,Uk, the almost sure
absence of ties gives Fk(Vki ) = i/k, hence

∆k ⩽ sup
0⩽t⩽1

|Fk(t) − t|
a.s.−→
k→∞ 0

by the Glivenko–Cantelli theorem (Exercise 1.8). Now

|Dk,g(f) −Ak,g(f)| ⩽ min(1,ωg(∆k)).

Uniform continuity of g and dominated convergence therefore give

sup
f∈C

E
[
|Dk,g(f) − d(f,g)|

]
⩽

1
2
√
k
+ E [min(1,ωg(∆k))] =: εk,g −→ 0.

This bound does not depend on f. By independence, it therefore remains valid for
f = Xn, uniformly in n, as well as for f = X.

Now let g1, . . . ,gr ∈ C and let P be a polynomial in r variables. For fixed k, the
assumption gives

E
[
P(Dk,g1(Xn), . . . ,Dk,gr(Xn))

]
−→
n→∞ E

[
P(Dk,g1(X), . . . ,Dk,gr(X))

]
,

because the expression being tested is a bounded continuous function of
(Xn(V

k
1 ), . . . ,Xn(Vkk )). The polynomial P is Lipschitz on [0, 1]r: there exists

L ⩾ 0 such that |P(a) − P(b)| ⩽ L
∑r
j=1 |aj − bj| for a,b ∈ [0, 1]r. By the triangle

inequality, the preceding bound implies

lim sup
n→∞

∣∣E [P(d(Xn,g1), . . . ,d(Xn,gr))]

− E [P(d(X,g1), . . . ,d(X,gr))]
∣∣ ⩽ 2L

r∑
j=1

εk,gj .

Letting k tend to infinity yields convergence of the expectations of all polynomials
in these distances. We then choose the gj from a dense sequence in (C,d), which
is separable and bounded by (8), and question (4) implies that Xn converges in
distribution to X.

Remark. Part of this problem is inspired by Aldous, D., & Pitman, J. (2002). Invariance
principles for non-uniform random mappings and trees. In Asymptotic Combinatorics
with Application to Mathematical Physics (pp. 113-147). Springer, Dordrecht.
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Solution to Problem 4.13. [statement p. 161]

(1) We begin by showing that
P(t)

t

a.s.−→
t→∞ 1. (9)

Clearly P(t) → ∞ as t→ ∞, because P is nondecreasing and P(Sn) = n. Observe
that SP(t) ⩽ t < SP(t)+1. Let 0 < ε < 1. By the law of large numbers, there exists
N > 0 such that, for n ⩾ N, we have |Sn/n− 1| ⩽ ε. Then, for t large enough that
P(t) ⩾ N, we have

(1 − ε)P(t) ⩽ SP(t) ⩽ t < SP(t)+1 ⩽ (1 + ε)(P(t) + 1).

It follows that
1

1 + ε
−

1
t
⩽
P(t)

t
⩽

1
1 − ε

and (9) follows.

Let us return to uniform convergence on [0, T ]. On the event of probability 1 where
(9) holds, fix ε > 0 and chooseN > 0 such that |P(t)/t− 1| ⩽ ε for t ⩾ N. Splitting
the times into nu ⩽ N and nu ⩾ N, we obtain

sup
0⩽u⩽T

∣∣∣∣P(nu)n
− u

∣∣∣∣ ⩽ P(N) +N

n
+ Tε.

The first term tends to zero. We conclude by letting ε ↓ 0.

(2) By definition, observe that, for u = SK/n, we have∣∣∣∣P(un)n
− u

∣∣∣∣ = ∣∣∣∣Kn −
SK
n

∣∣∣∣ = |SK −K|

n
.

For everyM > 0, the central limit theorem gives

P (|SK −K| > M) −→ 1 (K→ ∞).

Indeed, (SK −K)/
√
K converges in distribution to a standard normal law, which

has no atom at zero, andM/
√
K→ 0. Consequently,

P

(
sup
K⩾1

|SK −K| > M

)
⩾ sup

K⩾1
P (|SK −K| > M) = 1.

Intersecting these events over integers M ⩾ 1 gives supK |SK − K| = ∞ almost
surely. The preceding identity therefore implies, simultaneously for every integer
n ⩾ 1,

sup
u⩾0

∣∣∣∣P(un)n
− u

∣∣∣∣ = ∞ almost surely.
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(3) Fix T > 0 and set

∆n = sup
0⩽t⩽T

∣∣∣∣P(nt)n
− t

∣∣∣∣ , ωT+1(f, δ) = sup
0⩽s,t⩽T+1
|s−t|⩽δ

|f(s) − f(t)|.

By (1), ∆n → 0 almost surely. For 0 < δ ⩽ 1, on {∆n ⩽ δ}, the times t and P(nt)/n
belong to [0, T + 1] and are at distance at most δ. Thus, for every η > 0,

P

(
sup

0⩽t⩽T

∣∣∣∣Yn(P(nt)n

)
− Yn(t)

∣∣∣∣ > η
)

⩽ P (∆n > δ) + P (ωT+1(Yn, δ) > η) .

Convergence in distribution of the restrictions of Yn to [0, T + 1] implies their
tightness. The tightness criterion using moduli of continuity therefore gives

lim
δ↓0

lim sup
n→∞ P (ωT+1(Yn, δ) > η) = 0.

Letting n → ∞ and then δ ↓ 0 in the preceding bound yields the required
convergence in probability. For T = 0, the difference is identically zero since
P(0) = 0 almost surely. No independence between P and Yn is needed.

(4) This follows from the global Picard–Lindelöf theorem (β is Lipschitz).

(5) Step one. First check that, almost surely, there exists K > 0 such that |Z̄n(t)| ⩽ K for
every n ⩾ 1 and every 0 ⩽ t ⩽ T .

By question (1), almost surely there exist two constants a,b > 0 such that P(t) ⩽
a+ bt for every t ⩾ 0. Moreover, since β is Lipschitz, there exist two constants
A,B > 0 such that |β(z)| ⩽ A+B|z| for z ∈ R. Then, for 0 ⩽ t ⩽ T , by definition of
Zn:

|Z̄n(t)| ⩽ |Z̄n(0)|+
a

n
+ b

∫ t
0
β(Z̄n(s))ds ⩽ |Z̄n(0)|+

a

n
+ b

∫ t
0
(A+B|Z̄n(s)|)ds.

We deduce that

|Z̄n(t)| ⩽ |Z̄n(0)|+
a

n
+ bAT + bB

∫ t
0
|Z̄n(s)|ds.

By Gronwall’s lemma, it follows that, for every 0 ⩽ t ⩽ T :

|Z̄n(t)| ⩽
(
|Z̄n(0)|+

a

n
+ bAT

)
ebBT .

Since |Z̄n(0)| converges as n → ∞, the right-hand side is bounded, which com-
pletes step one.

Step two. We show that almost surely there exist M > 0 and L > 0 such that, for
every t ∈ [0, T ], we have

|Z̄n(t) − z(t)| ⩽ |Z̄n(0) − z0|+ sup
0⩽s⩽t

1
n
|P̂(nMs)|+ L

∫ t
0
|Z̄n(s) − z(s)|ds
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where we have set P̂(t) = P(t) − t.

Using the fact that z(t) = z0 +
∫t

0 β(z(s))ds, we write

Z̄n(t) − z(t) = Z̄n(0) − z0 +
1
n
P̂

(
n

∫ t
0
β
(
Z̄n(s)

)
ds
)

−

(∫ t
0
β(z(s))ds−

∫ t
0
β
(
Z̄n(s)

)
ds
)

.

Let L > 0 be a Lipschitz constant for β and letM > 0 be such that |β(x)| ⩽M for
every −K ⩽ x ⩽ K. Then, for 0 ⩽ t ⩽ T :

|Z̄n(t) − z(t)| ⩽ |Z̄n(0) − z0|+ sup
0⩽s⩽t

1
n
|P̂(nMs)|+ L

∫ t
0
|Z̄n(s) − z(s)|ds.

This completes step two.

Step three. By Gronwall’s lemma, for every t ∈ [0, T ], we have

|Z̄n(t) − z(t)| ⩽

(
|Z̄n(0) − z0|+ sup

0⩽s⩽t

1
n
|P̂(nMs)|

)
eLt.

Thus

sup
0⩽t⩽T

|Z̄n(t) − z(t)| ⩽

(
|Z̄n(0) − z0|+ sup

0⩽s⩽T

1
n
|P̂(nMs)|

)
eLT ,

which tends almost surely to 0 by assumption and by question (1).

Remark. This problem is inspired by Theorem 5.2 in Stochastic Epidemic Models
and Their Statistical Analysis (Andersson & Britton).

* * *

Solution to Exercise 4.14. [statement p. 162] Write F = {B ∩ C(K,E) : B ∈ B(E)⊗K},
which is indeed a sigma-algebra on C(K,E).

Since, for every x ∈ K and A ∈ B(E), {f ∈ C(K,E) : f(x) ∈ A} = {f ∈ EK : f(x) ∈
A}∩C(K,E) ∈ F, the sigma-algebra F indeed makes the projections Πx measurable.

Now let G be a sigma-algebra on C(K,E) making all the projections Πx measurable,
and consider

{B ∈ B(E)⊗K : B∩C(K,E) ∈ G}.

This is a sigma-algebra containing the cylinder sets of B(E)⊗K, so it equals B(E)⊗K,
which completes the proof.
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5 Donsker’s theorem, Brownian bridge

Related lecture notes: Chapter 5, p. 55 and Chapter 6, p. 62.

5.1 Exercises

Exercise 5.1. [solution p. 185] Let (Bt)t⩾0 be standard Brownian motion taking values in
R. For every c > 0, set:

B
(c)
t =

1√
c
Bct.

(1) Show that the family (B(c), c > 0) of C(R+, R)-valued random variables is tight.

(2) Suppose that 0 < c < 1. Show the equality in distribution

((Bc+t, t ⩾ 0), (B(c)s , 0 ⩽ s ⩽ 1))
(d)
= ((

√
cB ′

1 +Bt, t ⩾ 0), (B ′
s, 0 ⩽ s ⩽ 1)),

where B ′ is a process independent of Bwith the same distribution.

(3) Let 0 < t1 < t2 < · · · < tk ⩽ 1 and 0 < t ′1 < · · · < t ′k ′ ⩽ 1 be strictly positive real
numbers, and retain the notation of the previous question. Show the convergence
in distribution

(Bt1 , . . . ,Btk ,B(c)
t ′1

, . . . ,B(c)
t ′
k ′
)

(d)→
c→0

(Bt1 , . . . ,Btk ,B ′
t ′1

, . . . ,B ′
t ′
k ′
).

(4) Deduce that (B,B(c)) converges in distribution in C(R+, R)2 to (B,B ′) as c → 0.
Explain why this result may seem surprising.

(5) What happens in the previous question if we instead let c→ ∞?

* * *

Exercise 5.2. [solution p. 186] Let (Xi)i⩾1 be i.i.d. centered real-valued random variables
with variance 1. Set S0 = 0, Sn = X1 + · · ·+ Xn, as well as A0 = 0, An = S1 + · · ·+ Sn.
Define (St)t⩾0 and (At)t⩾0 by linear interpolation. Finally, for 0 ⩽ t ⩽ 1, write

S
(n)
t =

Snt√
n

, A
(n)
t =

Ant

n3/2 .

Show that (S(n),A(n)) converges in distribution in C([0, 1], R)2 to a limit whose distribu-
tion you should identify.

* * *

Exercise 5.3. [solution p. 186] Let (bt)0⩽t⩽1 be a standard Brownian bridge.
Show that, almost surely, for all s, t ∈]0, 1[, if s ̸= t and if s and t are times of local

maximum of b, then bs ̸= bt.
You may assume that, almost surely, the values of the local maxima of Brownian motion are

pairwise distinct.
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Exercise 5.4. [solution p. 187] (Functional strong law of large numbers)

(1) Let (Xi)i⩾1 be i.i.d. real-valued random variables such that E [|X1|] < ∞. Set
S0 = 0, Sn = X1 + · · ·+Xn and define St by linear interpolation for t ⩾ 0. Finally,
write

S
(n)
t =

Snt

n
, t ⩾ 0, n ⩾ 1.

Show that, almost surely, the following convergence holds for the topology of
uniform convergence on compact sets:

(S
(n)
t )t⩾0 −→

n→∞ (E [X1] t)t⩾0.

(2) Let (Nt)t⩾0 be a standard Poisson process with N0 = 0. Show that, almost surely,
the following convergence holds for the topology of uniform convergence on
compact sets: (

1
n
Nnt

)
t⩾0

−→
n→∞ (t)t⩾0.

* * *

Exercise 5.5. [solution p. 187] (Details of the proof of Lévy’s theorem) Consider a simple
symmetric random walk (Sn)n⩾0 (that is, S0 = 0 and Sn = X1 + · · ·+ Xn with (Xi)i⩾1

i.i.d. and P (X1 = ±1) = 1
2 ). Set

In = min
0⩽k⩽n

Sk, θ0 = 0,

and, for n ⩾ 1,
θn = Card{1 ⩽ k ⩽ n : Sk − Ik ̸= Sk−1 − Ik−1}.

Also define θ−1
0 = 0 and θ−1

k = inf{n ⩾ 1 : θn = k} for k ⩾ 1. Finally, set Xn = S
θ−1
n

− I
θ−1
n

and define (Xt)t⩾0 by linear interpolation.

(1) Justify that (Xt)t⩾0 and (|St|)t⩾0 have the same distribution.

(2) Check that (Sn − In)n⩾0 is a null recurrent Markov chain and deduce that

1
n

n∑
k=1

1Sk−Ik=0
a.s.−→
n→∞ 0.

(3) Show that, for every T > 0,

max
0⩽k⩽⌊nT⌋

∣∣∣∣∣θ−1
k

n
−
k

n

∣∣∣∣∣ P−→
n→∞ 0,

and deduce that (
Xnt√
n

: t ⩾ 0
)

(d)−→
n→∞ (Bt − It : t ⩾ 0).

(4) Conclude that (Bt − It : t ⩾ 0) and (|Bt| : t ⩾ 0) have the same distribution.
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Exercise 5.6. [solution p. 189] Let X be a nonconstant real-valued random variable with
characteristic function denoted by ϕ. Recall that X is called lattice if there exist b ∈ R

and h > 0 such that P (X ∈ b+ hZ) = 1, and that its span is the largest such h.

(1) Show that X is lattice if and only if there exists t0 ∈ R∗ such that |ϕ(t0)| = 1.

(2) Show that X has span h if and only if |ϕ(2π/h)| = 1 and |ϕ(t)| < 1 for 0 < |t| <

2π/h.

Now suppose that X takes integer values. Recall that X is called aperiodic if its span is 1.

(3) Suppose that X is lattice with span h. Must we have h ∈ Z?

(4) Is it true that if the greatest common divisor of the support supp(X) of X is 1, then
X is aperiodic?

(5) Suppose that there exists k ∈ supp(X) such that gcd({i− k : i ∈ supp(X)}) = 1.
Show that X is aperiodic.

* * *

Exercise 5.7. [solution p. 190] Give an example of a family of integer-valued random
variables (X(n)

i )i,n⩾1 such that, for every n ⩾ 1, the random variables (X(n)
i )i⩾1 are i.i.d.

and aperiodic, and such that S(n)n = X
(n)
1 + · · ·+X(n)

n satisfies a central limit theorem but
not a local limit theorem.

* * *

Exercise 5.8. [solution p. 190] Let n ⩾ 1 be an integer. Consider an urn containing 2n
balls, of which n are labeled +1 and n are labeled −1. Draw 2n balls successively,
uniformly from the balls present in the urn at each draw. Set S0 = 0 and, for 1 ⩽ k ⩽ 2n,
let Sk denote the sum of the first k balls drawn. Define St for 0 ⩽ t ⩽ 2n by linear
interpolation. Study convergence in distribution of the sequence(

S2nt√
n

: 0 ⩽ t ⩽ 1
)

in the space C([0, 1], R) in the following two cases:

(1) draws are made with replacement,

(2) draws are made without replacement.

* * *

Exercise 5.9. [solution p. 191] Let (Xi)i⩾1 be a sequence of independent identically
distributed random variables taking values in Z, with finite variance σ2. Suppose that
E [X1] = 0 and that P(X1 = k) > 0 for every k ∈ Z. For n ⩾ 1, set Sn = X1 + · · ·+ Xn
and let µn denote the conditional law of X1 given that Sn = 0.

(1) Prove that the sequence of probability measures (µn)n⩾1 converges weakly.

(2) Alix says: if Yn is a random variable with distribution µn, the sequence of random
variables (Yn)n⩾1 is uniformly integrable. Is she right?

181



Limit theorems and applications Exercises 5. Donsker and Brownian bridge

Problem 5.10. [solution p. 191]
Part one. Consider real-valued random variables In, In(δ), I, I(δ) for δ > 0 and n ⩾ 1

such that:

(i) almost surely I(δ) → I as δ→ 0,

(ii) for every δ > 0, In(δ) converges in distribution to I(δ) as n→ ∞,

(iii) for every n ⩾ 1 and δ > 0, E [|In(δ) − In|] ⩽ δ.

(1) Show that In → I in distribution as n→ ∞.

In what follows, consider i.i.d. aperiodic random variables (Xi)i⩾1 taking values in Z

with E [X1] = 0, E
[
X2

1
]
= 1. Set S0 = 0 and Sn = X1 + · · ·+Xn for n ⩾ 1. By convention,

the truncated functions |x|−γ1|x|>δ and |x|−γ10<|x|⩽δ are equal to 0 at x = 0. Let (Bt)t⩾0

be standard real-valued Brownian motion started at 0. Also fix 0 < γ < 1.
Part two.

(2) Show that, for every δ > 0, almost surely the Lebesgue measure of {t ∈ [0, 1] : Bt =
δ} is zero.

(3) Show that, for every δ > 0, the following convergence holds in distribution:

1
n1−γ/2

n∑
i=1

1
|Si|γ

1|Si|>δ
√
n

(d)−→
n→∞

∫1

0

1
|Bt|γ

1|Bt|>δdt.

Part three.

(4) Show that, almost surely, t 7→ 1
|Bt|γ

is integrable on [0, 1] with respect to Lebesgue
measure.

(5) Show that the following convergence holds in distribution:

1
n1−γ/2

n∑
i=1,Si ̸=0

1
|Si|γ

(d)−→
n→∞

∫1

0

1
|Bt|γ

dt.

(∗) What happens for γ = 1?

* * *

Problem 5.11. [solution p. 194] The aim of this problem is to study the asymptotic
behavior of a random walk that can sometimes make several identical steps in a row.

Let C denote the set of continuous functions from [0, 1] to R equipped with the
uniform norm.

The first three parts can be treated independently of one another.
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Part one. Let H ∈ [1/2, 1]. Consider a random variableW = (Wt)0⩽t⩽1 taking values
in C with the following properties:

a) (Wt)0⩽t⩽1 is a centered Gaussian process, that is, for every k ⩾ 1, all 0 ⩽ t1 <

· · · < tk ⩽ 1 and all a1, . . . ,ak ∈ R, the random variable a1Wt1 + · · ·+ akWtk is
centered Gaussian.

b) For all s, t ∈ [0, 1], we have E [WsWt] =
1
2

(
s2H + t2H − |s− t|2H

)
.

The family (E [WsWt])0⩽s,t⩽1 is called the covariance function of W. Recall that the
law of a centered Gaussian process is determined by its covariance function. In-
deed, if (X1, . . . ,Xn) is a centered Gaussian vector (that is, every linear combina-
tion of its coordinates has a normal distribution), its characteristic function, writing
u = (u1, . . . ,un) ∈ Rn, is

ϕ(X1,...,Xn)(u) = E
[
ei(u1X1+···+unXn)

]
= e−

1
2u

TKu,

where T denotes transposition and K = (E[XiXj])1⩽i,j⩽n is the covariance matrix.
Finally, let PH denote the law of W (the existence of PH will be proved later in this

problem).

(1) If Z is a random variable with centered normal distribution N(0,σ2) and variance
σ2, prove that E

[
Z4] = 3σ4.

(2) Assume that PH exists for every 1/2 ⩽ H ⩽ 1. Prove that the map

Φ : [1/2, 1] → (M1(C),dLP)

H 7→ PH

is continuous.

(3) Prove the existence of PH when H = 1.

Part two. Let H ∈]1/2, 1[. In this part, (Yi)i⩾1 are centered real-valued random vari-
ables with finite variance. Set S0 = 0 and Sn = Y1 + · · ·+ Yn for integers n ⩾ 1. Finally,
define St for t ⩾ 0 by linear interpolation and, for n ⩾ 1 and t ∈ [0, 1], set:

Zn(t) =
Snt

nH
.

(4) In this question, suppose that the following properties hold:

a) for every n ⩾ 1 and i ⩾ 1, Sn+i − Sn has the same distribution as Si.

b) E
[
S2
n

]
= O(n2H) as n→ ∞.

c) (Zn) converges in finite-dimensional distributions in C.

Prove that Zn converges in distribution in C as n→ ∞.
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(5) In this question, suppose that the following properties hold:

a) (Yi)i⩾1 is a Gaussian family.

b) for every n ⩾ 1 and i ⩾ 1, Sn+i − Sn has the same distribution as Si.

c) E
[
S2
n

]
∼ c ·n2H as n→ ∞, with c > 0.

Prove that Zn converges in distribution, as n→ ∞, to (
√
c ·Wt : 0 ⩽ t ⩽ 1) where

the law ofW was defined in part one.

Part three. Let p ∈ [0, 1]. In this part, (Xn)n⩾1 are independent random variables
such that X1 has a Bernoulli distribution with parameter 1/2 and, for n ⩾ 2, the
random variable Xn has a Bernoulli distribution with parameter 1 − p. For n ⩾ 1, set
Yn = (−1)X1+···+Xn , then S0 = 0 and Sn = Y1 + · · ·+ Yn. Thus the steps of the walk (Sn)

are ±1, the first step is ±1 with probabilities 1/2 and, for n ⩾ 2, the n-th step equals the
(n− 1)-th step with probability p and the opposite of the (n− 1)-th step with probability
1 − p. Finally, define St for t ⩾ 0 by linear interpolation.

(6) Prove that, for all i,n ⩾ 1, we have E [YiYi+n] = (2p− 1)n.

(7) When p = 1/2, prove that (Snt/
√
n : 0 ⩽ t ⩽ 1) converges in distribution in C to

the law ofW defined in part one for H = 1/2.

Part four. Let H ∈]1/2, 1[. Let P be a random variable taking values in [1/2, 1] with
distribution

(1 −H)23−2H(1 − x)1−2H
1[1/2,1](x)dx.

In this part, let X = (Xn)n⩾1 denote a sequence of random variables which, condition-
ally on P, are independent and such that X1 has a Bernoulli distribution with parameter
1/2 and, for n ⩾ 2, the random variable Xn has a Bernoulli distribution with parameter
1 − P. Formally, if, for p ∈ [0, 1], µp is the law of a sequence of independent Bernoulli
random variables whose first term has parameter 1/2 and whose other terms have
parameter 1 − p, the law PX of X is characterized by the fact that, for every event A in
{0, 1}N

∗
, we have

PX(A) =

∫1

0
µx(A) · (1 −H)23−2H(1 − x)1−2H

1[1/2,1](x)dx.

Now let (Xk)k⩾1 be a sequence of i.i.d. random variables with the same distribution
as X. For k ⩾ 1, set Xk = (Xkn)n⩾1. For k,n ⩾ 1, set Ykn = (−1)X

k
1 +···+Xkn .

(8) Prove that, as k → ∞,
(
Y1
n+1+···+Ykn+1√

k
: n ⩾ 1

)
converges in finite-dimensional

distributions to a centered Gaussian process (Gn)n⩾1 satisfying:

a) for every n ⩾ 1, E
[
G2
n

]
= 1.
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b) for every n ⩾ 1 and i ⩾ 1, the quantity r(n) = E [GiGi+n] does not depend
on i, and we have

r(n) ∼
n→∞ 1

c2
H

H(2H− 1)
n2−2H with cH =

√
H(2H− 1)
Γ(3 − 2H)

.

Remark. You may assume that
∫1

1/2(2u− 1)n(1 − u)1−2Hdu ∼ 1
c2
H

H(2H−1)
(1−H)23−2H · 1

n2−2H

as n→ ∞.

(9) Set V0 = 0 and Vn = G1 + · · ·+Gn for n ⩾ 1, and define Vt for t ⩾ 0 by linear
interpolation. Prove that(

cH
Vnt

nH
: 0 ⩽ t ⩽ 1

)
(d)−→
n→∞ (Wt : 0 ⩽ t ⩽ 1),

where the law ofW was defined in part one.

5.2 Solutions

Solution to Exercise 5.1. [statement p. 179]

(1) For every c > 0, the process B(c) is continuous, centered Gaussian, and

E
[
B
(c)
s B

(c)
t

]
=

1
c

min(cs, ct) = min(s, t).

It therefore has the law of Brownian motion. The family of its laws consists of a
single probability measure on the Polish space C(R+, R): it is tight.

(2) The process (Bc+t − Bc)t⩾0 is Brownian motion independent of (Bs)0⩽s⩽c, and
hence of (B

(c)
s )0⩽s⩽1. Since Bc =

√
cB

(c)
1 , the claimed equality in distribution

follows.

(3) By (2),(
Bc+ti : 1 ⩽ i ⩽ k; B(c)

t ′j
: 1 ⩽ j ⩽ k ′

)
(d)
=
(√
cB ′

1 +Bti : 1 ⩽ i ⩽ k; B ′
t ′j
: 1 ⩽ j ⩽ k ′

)
.

The right-hand side converges almost surely to the desired vector as c → 0.
By continuity of B, max1⩽i⩽k |Bc+ti − Bti | → 0 almost surely. Slutsky’s lemma
therefore allows us to replace Bc+ti by Bti .

(4) Tightness of the two marginals implies tightness of the pairs: if a compact subset
K of C(R+, R) satisfies P (B /∈ K) ⩽ ε, then

P
(
(B,B(c)) /∈ K×K

)
⩽ 2ε.

185



Limit theorems and applications Exercises 5. Donsker and Brownian bridge

The argument in (2)–(3) applies on every [0, T ]: simply replace c by cT in the shift
of the first process and

√
cB ′

1 by
√
cB ′

T . The finite-dimensional distributions of the
pairs therefore converge to those of two independent Brownian motions. Together
with tightness, this gives convergence in distribution in C(R+, R)2.

This result may seem surprising because, for each c, the process B(c) is entirely
determined by B, whereas the two limiting processes are independent.

(5) The limit is again a pair of independent Brownian motions. Indeed, ifW = B(c),
thenW is Brownian motion andW(1/c) = B. Thus

(B,B(c))
(d)
= (B(1/c),B).

Apply (4) with 1/c→ 0, then swap the two coordinates.

* * *

Solution to Exercise 5.2. [statement p. 179] The limit is the pair(
(Bt)0⩽t⩽1,

(∫ t
0
Bs ds

)
0⩽t⩽1

)
,

where B is standard Brownian motion. To see this, set J(n)t =
∫t

0 S
(n)
s ds. The map

f 7−→
(
f,
(
t 7−→

∫ t
0
f(s)ds

))
is continuous from C([0, 1], R) to its square, for the uniform norms. Donsker’s theo-
rem and the continuous mapping theorem therefore give the claimed convergence for
(S(n), J(n)).

It remains to compare A(n) and J(n). Linear interpolation of A gives the identity

A
(n)
t =

∫ t
0

S⌈ns⌉√
n

ds.

On the interval [(i− 1)/n, i/n], |S⌈ns⌉ − Sns| ⩽ |Xi| for almost every s. Thus

sup
0⩽t⩽1

|A
(n)
t − J

(n)
t | ⩽

1
n
√
n

n∑
i=1

|Xi|,

whose expectation equals E [|X1|] /
√
n and tends to 0. Slutsky’s lemma completes the

proof.

* * *

Solution to Exercise 5.3. [statement p. 179] Fix r ∈]0, 1[. By Proposition 6.2, the law of
(bt)0⩽t⩽r is absolutely continuous with respect to that of Brownian motion on [0, r]. The
assumed property of Brownian motion therefore implies that, almost surely, the values
of b at its local maximum times in ]0, r[ are pairwise distinct.

For m ⩾ 2, set rm = 1 − 1/m. Intersecting the preceding events over all m gives
an event of probability 1. On this event, if s, t ∈]0, 1[ are two distinct local maximum
times of b, choosem large enough that max(s, t) < rm. These two times are also local
maximum times of the restriction of b to [0, rm], so bs ̸= bt. This completes the proof.
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Solution to Exercise 5.4. [statement p. 180]

(1) Setm = E [X1] and Rk = Sk−km. The strong law of large numbers gives Rk/k→ 0
almost surely. On this event, for every ε > 0, there exists K such that |Rk| ⩽ εk for
k ⩾ K. For every T > 0,

1
n

max
0⩽k⩽⌈nT⌉

|Rk| ⩽
1
n

max
0⩽k<K

|Rk|+ ε
⌈nT⌉
n

.

Letting n tend to infinity, then ε to 0, we see that the left-hand side tends to 0.
Linear interpolation then gives

sup
0⩽t⩽T

∣∣∣∣Sntn −mt

∣∣∣∣ ⩽ 1
n

max
0⩽k⩽⌈nT⌉

|Rk| −→ 0.

This holds on the same event of probability 1 for every T > 0.

(2) The increments (Nk −Nk−1)k⩾1 are i.i.d. with Poisson distribution of parameter 1.
By (1), almost surely, for every T > 0,

1
n

max
0⩽k⩽⌈nT⌉

|Nk − k| −→ 0.

Since N⌊nt⌋ ⩽ Nnt ⩽ N⌈nt⌉, we obtain

sup
0⩽t⩽T

∣∣∣∣Nntn − t

∣∣∣∣ ⩽ 1
n

max
0⩽k⩽⌈nT⌉

|Nk − k|+
1
n

−→ 0.

* * *

Solution to Exercise 5.5. [statement p. 180] Set Rn = Sn− In and τk = θ−1
k . A step of R is

zero exactly when S reaches a new strict minimum. Consequently,

n− θn = −In.

The strong law of large numbers, in its functional form proved in the previous exercise,
implies In/n→ 0 almost surely. Thus θn/n→ 1, and all the times τk are almost surely
finite.

(1) The chain R has transition probabilities

p(0, 0) = p(0, 1) =
1
2

, p(j, j− 1) = p(j, j+ 1) =
1
2

(j ⩾ 1).

The chain (Xk)k⩾0 = (Rτk)k⩾0 is obtained by removing the zero steps at 0. By
independence of the walk’s increments at stopping times, it starts at 0, moves
from 0 to 1 with probability 1, and, from every j ⩾ 1, moves to j − 1 or j + 1
with probabilities 1/2. These are exactly the transitions of (|Sk|)k⩾0, so the chains
have the same distribution. Finally, for a walk with steps ±1, |St| is the linear
interpolation of the |Sk|: no segment crosses 0 in its interior. The equality in
distribution therefore also holds for the continuous processes.
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(2) The chain R is irreducible on N. Until its first visit to 0, it evolves like a simple
symmetric random walk. For this walk started at j ∈ {1, . . . ,M− 1}, letH0 andHM
denote the hitting times of 0 andM. The gambler’s ruin formulas give

Pj(H0 < HM) = 1 −
j

M
, E1[H0 ∧HM] =M− 1.

They can be recovered by solving, with the boundary conditions, the relations qj =
(qj−1 + qj+1)/2 and uj = 1 + (uj−1 + uj+1)/2 : qj = 1 − j/M with q0 = 1,qM = 0,
and uj = j(M− j). LettingM→ ∞ gives Pj(H0 <∞) = 1 and E1[H0] = ∞. Thus
R is recurrent. Started at 0, it takes its first step to 1 with probability 1/2; its first
return time to 0 therefore has infinite expectation. It is null recurrent.

To deduce the required statement, let 0 = T0 < T1 < T2 < · · · denote its successive
returns to 0. The random variables Ti − Ti−1 are i.i.d., positive, and have infinite
expectation. For each integerM ⩾ 1, the strong law gives

lim inf
j→∞

Tj

j
⩾ E [min(T1,M)] almost surely.

LettingM tend to infinity shows that Tj/j→ ∞ almost surely. If Ln = max{j : Tj ⩽
n}, then

1
n

n∑
k=1

1Rk=0 =
Ln

n
⩽
Ln

TLn
−→ 0

almost surely, the inequality being used for Ln ⩾ 1.

(3) The convergence θn/n→ 1 implies τk/k→ 1 almost surely: indeed, θτk = k and
τk → ∞. Moreover, τk+1 ⩾ τk + 1, so τk − k is nondecreasing and nonnegative.
For every T > 0,

max
0⩽k⩽⌊nT⌋

∣∣∣∣τkn −
k

n

∣∣∣∣ = τ⌊nT⌋ − ⌊nT⌋
n

−→ 0 almost surely.

We therefore even have almost sure convergence in the required statement.

Extend R by linear interpolation and set R(n)t = Rnt/
√
n. For the interpolated

simple random walk, Rt = St − inf0⩽s⩽t Ss. The map that subtracts the running
infimum is continuous for uniform convergence on compact sets, since

sup
t⩽T

∣∣∣∣(f(t) − inf
s⩽t
f(s)

)
−

(
g(t) − inf

s⩽t
g(s)

)∣∣∣∣ ⩽ 2 sup
t⩽T

|f(t) − g(t)|.

Donsker’s theorem therefore gives R(n) ⇒ (Bt − It)t⩾0.

Let λn be the piecewise affine function taking the value τk/n at time k/n. By the
preceding argument, λn converges almost surely to the identity, uniformly on
compact sets. Slutsky’s lemma and continuity of composition give

R(n) ◦ λn ⇒ (Bt − It)t⩾0.
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Interpolation must be taken into account: if τk+1 = τk + 1, the paths Xnt/
√
n

and R(n)
λn(t)

coincide on [k/n, (k+ 1)/n]. Otherwise, R stays at 0 between τk and
τk+1 − 1, then rises to 1, whereas X interpolates directly from 0 to 1. In all cases,

sup
t⩾0

∣∣∣∣Xnt√
n
− R

(n)
λn(t)

∣∣∣∣ ⩽ 1√
n

.

This gives the required convergence in distribution.

(4) By (1) and Donsker’s theorem, (Xnt/
√
n)t⩾0 also converges in distribution to

(|Bt|)t⩾0, since the map f 7→ |f| is continuous. Uniqueness of the limit in distribu-
tion gives

(Bt − It)t⩾0
(d)
= (|Bt|)t⩾0.

* * *

Solution to Exercise 5.6. [statement p. 181]

(1) If P (X ∈ b+ hZ) = 1, then |ϕ(2π/h)| = 1. Conversely, if |ϕ(t0)| = 1, the random
variable eit0X, of modulus 1, is almost surely constant. There therefore exists b ∈ R

such that
P
(
X ∈ b+ 2π

|t0|
Z
)
= 1.

(2) Question (1) shows that every t ̸= 0 such that |ϕ(t)| = 1 yields a lattice spacing
2π/|t|. Thus h is the span if and only if h is a lattice spacing and no spacing strictly
greater than h is possible, which is exactly equivalent to the two stated conditions.

(3) Yes (for nonconstant random variables): if P (X ∈ b+ hZ) = 1, taking k1 ̸= k2 in
the support of X gives k1 = b+ ha1 and k2 = b+ ha2 for integers a1 and a2, so h
is rational. Now suppose, for a contradiction, that the span of X is rational but not
an integer. Writing it as h = p/qwith p,q ⩾ 1 coprime, and considering k1 − k2,
we see that p divides k1 − k2. Since the span of a random variable is unchanged
by adding the same quantity to every element of its support, we may assume that
all elements of the support of X are divisible by p. The random variable Y = X/p

taking values in Z then has span 1/q, which is a contradiction, since the span of
an integer-valued random variable is clearly at least 1.

(4) No; take, for example, Xwith support {1, 3}; the span is 2.

(5) Let k ∈ supp(X) be such that gcd({i− k : i ∈ supp(X)}) = 1. By (3), the span h
is a strictly positive integer. Since the support is contained in a translate of hZ,
h divides every difference i− k, and hence their greatest common divisor. Thus
h = 1.
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Solution to Exercise 5.7. [statement p. 181] For n ⩾ 2, take i.i.d. random variables in
each row with distribution

P
(
X
(n)
1 = 0

)
= 1 − e−n −n−1/2, P

(
X
(n)
1 = 1

)
= e−n, P

(
X
(n)
1 = 2

)
= n−1/2.

These three probabilities are positive: the distribution is aperiodic. For n = 1, take a
Bernoulli distribution with parameter 1/2. Set mn = E

[
S
(n)
n

]
and s2

n = Var(S
(n)
n ). For

n ⩾ 2,

mn = n(e−n + 2n−1/2), s2
n = n

(
e−n + 4n−1/2 − (e−n + 2n−1/2)2

)
∼ 4

√
n.

The centered random variables in each row are bounded in absolute value by 2, while
sn → ∞. Lindeberg’s condition is therefore satisfied, giving

S
(n)
n −mn

sn
⇒ N(0, 1),

S
(n)
n −mn

2n1/4 ⇒ N(0, 1).

However, the local convergence

sup
k∈Z

∣∣∣∣snP
(
S
(n)
n = k

)
−

1√
2π

exp
(
−
(k−mn)

2

2s2
n

)∣∣∣∣ −→ 0

fails. Indeed, choose an odd integer kn with |kn −mn| ⩽ 1. An odd sum contains at
least one term equal to 1, so

snP
(
S
(n)
n = kn

)
⩽ snP

(
S
(n)
n is odd

)
⩽ sn ne

−n −→ 0,

whereas the Gaussian term at kn tends to 1/
√

2π.

* * *

Solution to Exercise 5.8. [statement p. 181] Let (Xi)i⩾1 be a sequence of i.i.d. random
variables with distribution P (X1 = 1) = P (X1 = −1) = 1/2, and write S ′n = X1 + · · ·+
Xn for n ⩾ 0. We have E [X1] = 0 and E

[
X2

1
]
= 1.

(1) We have convergence in distribution to
√

2 times Brownian motion on [0, 1]. Ob-
serve that (Si)0⩽i⩽2n has the same distribution as (S ′i)0⩽i⩽2n, and the result follows
from Donsker’s theorem.

(2) We show that the sequence converges in distribution to
√

2 times the Brownian
bridge. The paths (Si)0⩽i⩽2n have the same distribution as (S ′i)0⩽i⩽2n conditioned
on S ′2n = 0. To use exactly the aperiodic version of the theorem, set

Yi =
X2i−1 +X2i

2
, Tk = Y1 + · · ·+ Yk =

S ′2k
2

.

The Yi are i.i.d., centered, with variance 1/2, and their distribution on {−1, 0, 1},
with probabilities 1/4, 1/2, 1/4, is aperiodic. Interpolating T linearly, the condi-
tioned Donsker theorem gives(

Tnt√
n/2

: 0 ⩽ t ⩽ 1

)
under P( · | Tn = 0) ⇒ b.
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On each two-step interval, the two interpolations satisfy |S ′2nt − 2Tnt| ⩽ 1. After
division by

√
n, this difference tends uniformly to zero. Since Tn = 0 is equivalent

to S ′2n = 0, Slutsky’s lemma gives the claimed limit
√

2b.

* * *

Solution to Exercise 5.9. [statement p. 181]

(1) For k ∈ Z, write:

µn(k) = P (X1 = k|Sn = 0) = P (X1 = k) · P (Sn−1 = −k)

P (Sn = 0)
.

By the local limit theorem, the numerator and denominator are both asymptotic
to 1√

2πσ2n
, so that

µn(k) −→
n→∞ P (X1 = k) .

Thus µn converges weakly to the law of X1.

(2) Yes, she is right. Let us check that (Yn)n⩾1 is bounded in L2, which implies the
desired result. We have

E
[
Y2
n

]
=

∑
k∈Z

k2P (X1 = k) · P (Sn−1 = −k)

P (Sn = 0)
.

By the uniform local limit theorem, there exists C > 0 such that, for every n ⩾ 2
and k ∈ Z,

P (Sn−1 = −k)

P (Sn = 0)
⩽ C.

Indeed, the numerator is uniformly O(n−1/2) and the denominator is asymptotic
to (2πσ2n)−1/2. We absorb the initial values of n into C since P (Sn = 0) > 0.
Thus E

[
Y2
n

]
⩽ CE

[
X2

1
]

for n ⩾ 2. Finally, Y1 = 0 almost surely. The sequence is
therefore bounded in L2, and consequently uniformly integrable.

* * *

Solution to Problem 5.10. [statement p. 182]

(1) This is a variant of the converging-together principle. We show that, for every
closed set F,

lim sup
n→∞ P (In ∈ F) ⩽ P (I ∈ F) . (10)

By Markov’s inequality, for η > 0, we have P (|In(δ) − In| ⩾ η) ⩽ δ
η . Thus, writing

Fη for the closed η-neighborhood of F, we have

lim sup
n→∞ P (In ∈ F) ⩽ lim sup

n→∞ P (In(δ) ∈ Fη) +
δ

η
⩽ P (I(δ) ∈ Fη) + δ

η

by convergence in distribution of In(δ) to I(δ). Letting δ → 0 and then η → 0
yields the desired result (10).

Alternative solution. Alternatively, use the characterization of convergence in
distribution by bounded Lipschitz functions (the portmanteau theorem).
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(2) Apply Fubini’s theorem to (ω, t) 7→ 1Bt=δ:

E

[∫1

0
1Bt=δdt

]
=

∫1

0
P (Bt = δ)dt = 0,

so
∫1

0 1Bt=δdt = 0 a.s., which gives the result.

(3) For δ > 0, set

gδ(x) =

|x|−γ, |x| > δ,

0, |x| ⩽ δ.

We have the exact identity

1
n1−γ/2

n∑
i=1

|Si|
−γ
1|Si|>δ

√
n =

∫1

0
gδ

(
S⌈nt⌉√
n

)
dt. (11)

By Donsker’s theorem and the Skorokhod representation theorem, we can realize
the interpolated walks Snt/

√
n so that they converge uniformly almost surely on

[0, 1] to B. Their step-function versions S⌈nt⌉/
√
n then also converge uniformly to

B, by uniform continuity of the limiting path. The only discontinuities of gδ are
δ and −δ. By (2), also applied to −B, these levels are visited on a set of times of
Lebesgue measure zero, almost surely. Finally, |gδ| ⩽ δ−γ. Dominated convergence
therefore gives the claimed convergence.

(4) We show that

E

[∫1

0

1
|Bt|γ

dt

]
<∞ (12)

which will imply that
∫1

0
1

|Bt|γ
dt < ∞ a.s. By Fubini’s theorem and the scaling

property of Brownian motion,

E

[∫1

0

1
|Bt|γ

dt

]
=

∫1

0
E

[
1

|Bt|γ

]
dt =

∫1

0

1
tγ/2 dt · E

[
1

|B1|γ

]
.

Since γ/2 < 1, it suffices to check that E [1/|B1|
γ] <∞. For this, simply write

E

[
1

|B1|γ

]
=

∫
R

1
|x|γ

· 1√
2π
e−

x2
2 dx <∞

because γ < 1, and (12) follows.

(5) Set

In =
1

n1−γ/2

n∑
i=1,Si ̸=0

1
|Si|γ

, In(δ) =
1

n1−γ/2

n∑
i=1

1
|Si|γ

1|Si|>δ
√
n

and

I =

∫1

0

1
|Bt|γ

dt, I(δ) =

∫1

0

1
|Bt|γ

1|Bt|>δdt
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and check that (1) applies.

Point (i) follows by monotone convergence, and point (ii) follows from question
(3). The delicate point is (iii). To prove it, write:

E [|In(δ) − In|] =
1

n1−γ/2

n∑
i=1

E

[
1

|Si|γ
10<|Si|⩽δ

√
n

]
.

As a corollary of the local limit theorem, there exists a constant C > 0 such that
P (Si = k) ⩽

C√
i

for every k ∈ Z and i ⩾ 1 (below, C is a constant depending on
the distribution of the increments and on γ, which may change from line to line).
Thus

E

[
1

|Si|γ
10<|Si|⩽δ

√
n

]
=

⌊δ
√
n⌋∑

k=1

1
kγ

P (|Si| = k)

⩽ C
⌊δ
√
n⌋∑

k=1

1
kγ

· 1√
i

⩽ C · δ1−γ ·n1/2−γ/2 · 1√
i
.

Hence
1

n1−γ/2

n∑
i=1

E

[
1

|Si|γ
10<|Si|⩽δ

√
n

]

⩽ C
δ1−γ ·n1/2−γ/2

n1−γ/2

n∑
i=1

1√
i

⩽ C
δ1−γ ·n1/2−γ/2

n1−γ/2 ·n1/2 ⩽ Cδ1−γ.

To apply (iii) exactly, set
r(δ) = (δ/C)1/(1−γ).

Replace In(δ), I(δ) by In(r(δ)), I(r(δ)). The resulting bound is

E [|In(r(δ)) − In|] ⩽ δ,

and properties (i) and (ii) are preserved.

(∗) For γ = 1, we have ∫1

0

dt
|Bt|

= +∞ almost surely.

This can be seen using Brownian local time, normalized by
∫1

0 h(Bt)dt =∫
R h(x)L

x
1 dx. Here we assume the usual properties: x 7→ Lx1 is continuous and

L0
1 > 0 almost surely. The occupation time formula and divergence of

∫ε
0 dx/x

then give the assertion.
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The discrete quantity also diverges:

Jn :=
1√
n

∑
1⩽i⩽n
Si ̸=0

1
|Si|

−→ +∞ in probability.

Indeed, for fixed δ > 0, the proof of (3) remains valid with γ = 1 and gives

Jn(δ) :=
1√
n

n∑
i=1

1{|Si|>δ
√
n}

|Si|
⇒ J(δ) :=

∫1

0

1{|Bt|>δ}

|Bt|
dt,

with the convention in the statement for zero terms. Since Jn ⩾ Jn(δ), for every
M > 0,

lim inf
n→∞ P(Jn > M) ⩾ P(J(δ) > M).

Now J(δ) ↑ +∞ almost surely as δ ↓ 0. The right-hand side therefore tends to 1.

* * *

Solution to Problem 5.11. [statement p. 182]

(1) If σ = 0, then Z = 0 almost surely and the identity is immediate. We therefore
assume that σ > 0. We have

E
[
Z4
]
=

1√
2πσ2

∫∞
−∞ x4e−x

2/(2σ2) dx.

Integration by parts gives

1√
2πσ2

∫∞
−∞ x3 · xe−

x2

2σ2 dx =
1√

2πσ2

∫∞
−∞ 3x2 · σ2e

− x2

2σ2 dx = 3σ4.

(2) Let Hn → H with H ∈ [1/2, 1]. We show that PHn converges weakly to PH.
Suppose thatWn has distribution PHn .

Convergence of finite-dimensional distributions. Let 0 ⩽ t1 < t2 < · · · < tk ⩽ 1. To
prove convergence in distribution of ((Wn

t1
, . . . ,Wn

tk
))n⩾1, given the form of the

characteristic functions of Gaussian vectors, Lévy’s theorem shows that it suffices
to prove convergence of the covariance matrices. We have

E
[
Wn
ti
Wn
tj

]
=

1
2

(
t2Hni + t2Hnj − |ti − tj|

2Hn
)

−→
n→∞ 1

2

(
t2Hi + t2Hj − |ti − tj|

2H
)

,

so the finite-dimensional distributions of PHn converge to those of PH.

Tightness. The increments are centered Gaussian and

E
[
(Wn

s −Wn
t )

2
]
= |s− t|2Hn .

By (1), for all n and s, t ∈ [0, 1],

E
[
(Wn

s −Wn
t )

4
]
= 3|s− t|4Hn ⩽ 3|s− t|2,

because Hn ⩾ 1/2. Since Wn
0 = 0 almost surely, Kolmogorov’s criterion gives

tightness, with the same constants for all Hn ∈ [1/2, 1]. Convergence of the
finite-dimensional distributions completes the proof.
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(3) Let N be a standard normal random variable. Set Ws = sN for 0 ⩽ s ⩽ 1. Thus
(Ws)0⩽s⩽1 is a Gaussian vector with covariance E [WsWt] = st, whose law is
therefore P1.

(4) It suffices to check Kolmogorov’s tightness criterion. We show that there exist
C > 0 and η > 0 such that, for sufficiently large n and every s, t ∈ [0, 1]:

E
[
|Zn(s) −Zn(t)|

2
]
⩽ C|s− t|1+η.

Choose C ′ > 0 such that E
[
S2
n

]1/2
⩽ C ′nH for every n ⩾ 1. Let s ⩽ t ∈ [0, 1].

First case: ⌊ns⌋ = ⌊nt⌋ = k. Then Sns − Snt = n(s − t)(Sk+1 − Sk). Since 0 ⩽

n(t− s) ⩽ 1, we obtain

E
[
|Zn(s) −Zn(t)|

2
]
= n2−2H(t− s)2E

[
S2

1

]
⩽ E

[
S2

1

]
(t− s)2H.

The constant is independent of n, s, t.

Second case: ⌊ns⌋ < ⌊nt⌋. Set k = ⌊ns⌋ and ℓ = ⌊nt⌋. Then, using the fact that

|Snt − Sns| ⩽ |Snt − Sℓ|+ |Sℓ − Sk+1|+ |Sk+1 − Sns|,

the first case and the inequality x ⩽ xH for x ∈ [0, 1], we have

E
[
(Sns − Snt)

2
]1/2

⩽ E
[
(Snt − Sℓ)

2
]1/2

+ E
[
(Sℓ − Sk+1)

2
]1/2

+ E
[
(Sk+1 − Sns)

2
]1/2

⩽ C(nt− ℓ) +C ′(ℓ− (k+ 1))H +C(k+ 1 −ns)

⩽ C(nt− ℓ)H +C ′(ℓ− (k+ 1))H +C(k+ 1 −ns)H

⩽ C(nt−ns)H +C ′(nt−ns)H +C(nt−ns)H

⩽ (2C+C ′)nH(t− s)H,

which implies
E
[
|Zn(s) −Zn(t)|

2
]
⩽ C ′′(t− s)2H.

Since 2H > 1, Kolmogorov’s tightness criterion is satisfied.

(5) Assumptions (a) and (b) of question (4) are satisfied; its proof therefore gives tight-
ness of (Zn). We will establish convergence of the finite-dimensional distributions
without assuming in advance the existence of W. To do so, it suffices to show
convergence of the covariance matrices of the corresponding Gaussian vectors.
Fix 0 ⩽ s < t ⩽ 1 and use xy = (x2 + y2 − (x− y)2)/2 :

1
n2HE

[
S⌊ns⌋S⌊nt⌋

]
=

1
2n2HE

[
S2
⌊ns⌋

]
+

1
2n2HE

[
S2
⌊nt⌋

]
−

1
2n2HE

[
(S⌊nt⌋ − S⌊ns⌋)

2
]

=
1

2n2HE
[
S2
⌊ns⌋

]
+

1
2n2HE

[
S2
⌊nt⌋

]
−

1
2n2HE

[
S2
⌊nt⌋−⌊ns⌋

]
−→ c

2

(
s2H + t2H − |s− t|2H

)
.

195



Limit theorems and applications Exercises 5. Donsker and Brownian bridge

To conclude, for every t ∈ [0, 1],

|Snt − S⌊nt⌋|

nH
⩽

|S⌊nt⌋+1 − S⌊nt⌋|

nH
P−→

n→∞ 0.

Indeed, the increment in the numerator has the same distribution as S1 (also
when ⌊nt⌋ = 0). Slutsky’s lemma therefore transfers these Gaussian limits to the
interpolated processes. The limiting covariance matrices are positive semidefi-
nite, being limits of covariance matrices. Tightness and convergence of all finite-
dimensional distributions then give a limit in distribution Z taking values in
C. Setting W = Z/

√
c constructs a continuous, centered Gaussian process with

covariance
E [WsWt] =

1
2
(
s2H + t2H − |s− t|2H

)
.

Its law is therefore PH. Applying this result in (9) will establish its existence for
every H ∈]1/2, 1[.

(6) We have

E [YiYi+n] = E
[
(−1)Xi+1+···+Xi+n

]
= E

[
(−1)X2

]n
= (p− (1 − p))n = (2p− 1)n.

(7) This follows from Donsker’s theorem: when p = 1/2, the (Yn)n⩾1 are i.i.d. with
P (Y1 = 1) = P (Y1 = −1) = 1/2.

(8) For fixedm ⩾ 1, the vectors

(Yj2, . . . ,Yjm+1), j ⩾ 1,

are i.i.d., centered and bounded. The multivariate central limit theorem therefore
gives  1√

k

k∑
j=1

Y
j
i+1 : 1 ⩽ i ⩽ m

⇒ N(0,Km),

where
(Km)iℓ = E

[
Y1
i+1Y

1
ℓ+1

]
= E

[
(2P− 1)|i−ℓ|

]
.

These Gaussian laws are consistent asm varies; Kolmogorov’s extension theorem
provides a centered Gaussian process (Gi)i⩾1 with these marginals. We have
E
[
G2
i

]
= 1 and, for n ⩾ 1,

r(n) = E [GiGi+n] = E [(2P− 1)n] = (1 −H)23−2H
∫1

1/2
(2u− 1)n(1 − u)1−2H du.

The asymptotic equivalent assumed in the statement gives the result.
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(9) Set r(0) = 1. The process (Gi) is centered Gaussian and its covariance r(|i −
j|) depends only on the lag. Thus Vn+i − Vn has the same distribution as Vi.
Moreover,

E
[
V2
n

]
=

n∑
i,j=1

r(|i− j|) = n+ 2
n−1∑
k=1

(n− k)r(k).

By (8), r(k) ∼ c−2
H H(2H− 1)k2H−2. Since 2H− 2 > −1, an integral comparison

gives
n−1∑
k=1

(n− k)k2H−2 ∼
n2H

(2H− 1)2H
.

Consequently,
E
[
V2
n

]
∼ c−2

H n
2H,

the term n being negligible since 2H > 1. The assumptions of (5) are therefore
satisfied with c = c−2

H , which gives convergence of cHVnt/nH toWt.

Remark. The processW is called fractional Brownian motion; this problem is inspired by
Nathanaël Enriquez’s paper "A simple construction of the fractional Brownian motion."
Stochastic Processes and their Applications 109.2 (2004): 203-223.
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6 The space of càdlàg functions

Related lecture notes: Chapter 7, p. 68.

6.1 Exercises

Exercise 6.1. [solution p. 200] Write D = D([0, 1], R) for the set of real-valued càdlàg
functions on [0, 1], equipped with the Skorokhod J1 topology defined in the lectures. For
a random variable Z, write FZ for its distribution function defined by FZ(t) = P (Z ⩽ t)

for t ∈ R, viewed as an element of D by restriction to [0, 1].
Let (Xn)n⩾1,X be real-valued random variables taking values in [1

2 , 1].

(1) Alix says: “if Xn converges in distribution, then FXn converges in D.” Is he right?
Justify your answer.

(2) Billie says: “if FXn converges in D, then Xn converges in distribution.” Is she right?
Justify your answer.

* * *

Problem 6.2. [solution p. 201]
The three parts of this problem are independent, except for question (6), which uses

results from earlier parts.

Notation and review. For a vector space E and A ⊂ E, write co(A) for the convex hull
of A, defined by

co(A) =

{
n∑
i=1

λiai : n ⩾ 1,ai ∈ A and λi ∈ [0, 1] for 1 ⩽ i ⩽ n,
n∑
i=1

λi = 1

}
.

Write D = D([0, 1], R) for the space of càdlàg functions from [0, 1] to R, equipped with
the Skorokhod J1 topology. For x ∈ D and 0 < t ⩽ 1, write ∆x(t) = x(t) − x(t−) and
∆x(0) = 0. For 0 < δ < 1 and x ∈ D, write

ω ′(x, δ) = inf max
1⩽i⩽n

sup
s,t∈[ti−1,ti[

|x(s) − x(t)|,

where the infimum is taken over all partitions 0 = t0 < t1 < · · · < tn−1 < tn = 1 of [0, 1]
such that min1⩽i⩽n(ti − ti−1) > δ.

For a metric space E and A ⊂ E, recall that A is called totally bounded if, for every
ε > 0, A can be covered by finitely many balls of radius ε, and A is called relatively
compact if A is compact. If E is complete, recall that a subset is totally bounded if and
only if it is relatively compact.

Recall that a family F ⊂ D is relatively compact if and only if the following two
conditions hold:

– supx∈F ∥x∥∞ <∞
– ∀ε > 0, ∃δ > 0, supx∈Fω

′(x, δ) ⩽ ε.
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Part One. Let (E, ∥ · ∥) be a complete separable normed vector space.

(1) If K ⊂ E is compact, show that the convex hull of K, denoted by co(K), is totally
bounded.

(2) Show that every probability measure on E is convex-tight, meaning that, for every
ε > 0, there exists a compact convex set K such that µ(K) ⩾ 1 − ε.

Part Two.

(3) Consider

F0 =

{
1[s,1] :

1
4
⩽ s ⩽

3
4

}
.

Justify that F0 is relatively compact in D and co(F0) is not relatively compact in
D.

For F ⊂ D and ε > 0, write

Sε(F) =

{
t ∈ [0, 1] : sup

x∈F
|∆x(t)| > ε

}
.

(4) Assume that K ⊂ D is relatively compact. Show that if co(K) is relatively compact,
then for every ε > 0, Card(Sε(K)) <∞.

Part Three. Let X be a random variable taking values in D. We say that X is continuous
in probability if, for every sequence tn → t, the sequence (X(tn))n⩾1 converges in
probability to X(t) as n→ ∞.

(5) Give an example where ∀ω ∈ Ω, Xω is not continuous but X is continuous in
probability.

(6) Assume that X is continuous in probability and its law is convex-tight. Prove that
X is a.s. continuous.

(7) Is every probability measure on D convex-tight? Does this contradict (2)?

Bonus question: Assume that K ⊂ D is relatively compact. Show that if Card(Sε(K)) <∞ for every ε > 0, then co(K) is relatively compact.

* * *

Problem 6.3. [solution p. 203] Write C for the set of continuous functions from [0, 1] to
R, equipped with the topology of uniform convergence, and D for the set of càdlàg
functions from [0, 1] to R, equipped with the Skorokhod topology introduced in the
lectures. Let (Ui)i⩾1 be i.i.d. random variables uniform on [0, 1]. For n ⩾ 1 and t ∈ [0, 1],
set:

Fn(t) =
1
n

Card({i ∈ {1, 2, . . . ,n} : Ui ⩽ t}), Bn(t) =
√
n(Fn(t) − t).
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The aim of this problem is to show that Bn converges in distribution in D to the
Brownian bridge.

We say that (M1, . . . ,Mn) has the multinomial distribution M(k,p1, . . . ,pn) if k ⩾ 1,
pi ⩾ 0,

∑n
i=1 pi = 1, and, for all integersmi ⩾ 0 such that

∑n
i=1mi = k,

P ((M1, . . . ,Mn) = (m1, . . . ,mn)) =
k!∏n
i=1mi!

n∏
i=1

p
mi
i .

This probability is 0 elsewhere; we use the convention 00 = 1.
For 1 ⩽ j ⩽ n, set:

Nj = Card({i ∈ {1, 2, . . . ,n} : Ui ∈ [(j− 1)/n, j/n]}).

(1) Prove that (N1, . . . ,Nn) has a multinomial distribution and identify its parameters.

Let (Pi)i⩾1 be i.i.d. Poisson random variables with parameter 1. For 0 ⩽ k ⩽ n, set:

Sk =

k∑
i=1

(Pi − 1)

and define St for t ⩾ 0 by linear interpolation. Finally, let B̂n ∈ C be the function
obtained by linearly interpolating Bn at the points {k/n, 0 ⩽ k ⩽ n}, and let Ŝn ∈ C be a
random variable whose law is the conditional law of ( 1√

n
Snt)0⩽t⩽1 given Sn = 0.

(2) Prove that B̂n and Ŝn have the same law.

(3) Justify that B̂n converges in distribution in D to the Brownian bridge.

(4) Prove that sup0⩽t⩽1 |B̂n(t) −Bn(t)| → 0 in probability.

(5) Conclude.

6.2 Solutions

Solution to Exercise 6.1. [statement p. 198]

(1) No. For n ⩾ 4, take L(Xn) =
1
2δ1/2+1/n +

1
2δ1/2+2/n, and set Xn = 1/2 for n < 4.

These variables do take values in [1/2, 1] and converge in distribution to 1/2. If
FXn converged in D to F, convergence at continuity points, right-continuity and
convergence at the terminal point 1 would force F = 1[1/2,1]. Yet, for every time
change λn, there exists tn such that λn(tn) = 1/2 + 1/n, and

|FXn(λn(tn)) − F(tn)| =
1
2

.

Thus J1 convergence is impossible.
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(2) Yes. Let F be the limit in D and choose time changes λn such that FXn ◦ λn → F

uniformly. Since the functions FXn ◦ λn are nondecreasing, F is nondecreasing.
It is càdlàg, and convergence at the endpoints gives F(0) = 0 and F(1) = 1.
Extending F by 0 on ] −∞, 0[ and by 1 on ]1,∞[ therefore yields a distribution
function, still denoted by F, of a probability law ν on R. The J1 convergence
gives FXn(t) → F(t) at every continuity point of F in [0, 1]; outside this interval,
convergence is immediate. The convergence criterion for distribution functions
therefore implies L(Xn) ⇒ ν.

* * *

Solution to Problem 6.2. [statement p. 198]

(1) Let ε > 0. Choose x1, . . . , xN ∈ K such that K ⊂
⋃N
i=1 B(xi, ε). Every convex combi-

nation of elements of K lies at distance strictly less than ε from P = co({x1, . . . , xN}).
Since the simplex of coefficients is compact, P is compact. Thus cover P by finitely
many balls of radius ε: the same centers with radius 2ε cover co(K). Since ε is
arbitrary, co(K) is totally bounded.

(2) Let ε > 0. By Prokhorov’s theorem, there exists a compact set C such that µ(C) ⩾
1 − ε. The desired result follows by taking K = co(C).

(3) We indeed have supx∈F0
∥x∥∞ < ∞. Moreover, for ε > 0, taking δ < 1/4 gives

supx∈F0
ω ′(x, δ) = 0. Thus F0 is relatively compact. On the other hand, taking

xn =
1
2
1[1/2−1/n,1] +

1
2
1[1/2+1/n,1] ∈ co(F0), n ⩾ 4,

the sequence (xn) has no convergent subsequence, so co(F0) is not relatively
compact in D.

(4) Argue by contradiction. If Sε(K) is infinite for some ε > 0, there exist distinct
times un → u0 and functions xn ∈ K such that |∆xn(un)| > ε. We can discard the
possible term un = 1; by convention, un ̸= 0. By relative compactness of K, choose
δ0 > 0 such that

sup
x∈K

ω ′(x, δ0) <
ε

2
.

For each n, choose a partition with intervals of length strictly greater than δ0

whose maximal oscillation for xn is strictly less than ε/2. The jump at un forces
this point to be an interior partition point. The oscillations of xn on [un − δ0,un[
and [un,un + δ0[ are therefore less than ε/2.

Fix 0 < δ < δ0 and choosem ̸= n such that 0 < |um−un| < δ. Each point then lies
in the interior of an interval of the partition chosen for the other function, so that

|∆xm(un)| ⩽
ε

2
, |∆xn(um)| ⩽

ε

2
.
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For z = (xm + xn)/2 ∈ co(K), the reverse triangle inequality therefore gives

|∆z(um)| >
ε

4
, |∆z(un)| >

ε

4
.

A partition with intervals of length strictly greater than δ cannot contain both
points among its partition points. At least one of these jumps lies in the interior
of an interval, whose oscillation is greater than ε/4. Thus ω ′(z, δ) ⩾ ε/4. For
every 0 < δ < δ0, we have constructed such a z ∈ co(K), contradicting relative
compactness of co(K).

(5) TakeΩ =]0, 1[ equipped with Lebesgue measure andU(ω) = ω. Set X(t) = 1{U⩽t}.
Every path has a jump, so is discontinuous. For 0 < ε ⩽ 1,

P (|X(tn) −X(t)| ⩾ ε) ⩽ P (U ∈ [min(tn, t), max(tn, t)]) = |tn − t| −→ 0.

For ε > 1, the probability is zero.

(6) Let η > 0 and let K be a compact convex set such that P (X ∈ K) ⩾ 1 − η. For
ε > 0, the set Dε = Sε(K) is finite by (4). On {X ∈ K}, we have |∆X(t)| ⩽ ε for
every t /∈ Dε. For each fixed t > 0, as s tends to t from below, X(s) → X(t−)

almost surely and X(s) → X(t) in probability. Thus ∆X(t) = 0 almost surely. This
property holds simultaneously on the finite set Dε. Consequently,

P

(
sup

0⩽t⩽1
|∆X(t)| ⩽ ε

)
⩾ 1 − η.

Let ε ↓ 0, then η ↓ 0. A càdlàg function without jumps is continuous, completing
the proof.

(7) Let X be the example in question (5). By questions (5) and (6), its law is not
convex-tight. This does not contradict (2), since D equipped with the Skorokhod
J1 topology does not carry a normed vector space topology.

Remark. This problem is inspired by Remark 2.5 in
Basse-O’Connor, Andreas, and Jan Rosiński. "On the uniform convergence of random

series in Skorohod space and representations of cadlag infinitely divisible processes."
The Annals of Probability 41.6 (2013): 4317-4341.
https://arxiv.org/pdf/1111.1682.pdf

Bonus question. Fix ε > 0. Relative compactness of K yields δ > 0 such that
supx∈Kω

′(x, δ) < ε. Choose a common partition 0 = s0 < · · · < sq = 1 contain-
ing all points of Sε(K) and whose intervals all have length strictly less than δ. This is
possible since Sε(K) is finite.

For each x ∈ K, also choose a partition with intervals of length strictly greater than δ
on which the oscillations of x are less than ε. The open interval ]sj, sj+1[ contains at most
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one partition point of this second partition. If it contains one, the corresponding jump
has size at most ε, since this partition point does not belong to Sε(K). The oscillations
on either side are less than ε, so

sup
x∈K

ω(x, [sj, sj+1[) ⩽ 3ε.

The same bound holds for every convex combination of elements of K. For z ∈ co(K),
set

Tz =

q−1∑
j=0

z(sj)1[sj,sj+1[ + z(1)1{1}.

Then ∥z− Tz∥∞ ⩽ 3ε. Since supx∈K ∥x∥∞ < ∞, the functions Tz, z ∈ co(K), form a
bounded subset of a finite-dimensional space. They are therefore totally bounded for
the uniform norm. Since ε is arbitrary, co(K) itself is totally bounded for this norm.
Since the space (D, ∥ · ∥∞) is complete, its uniform closure is compact. Since uniform
convergence implies J1 convergence, the desired relative compactness follows.

See also Peter Z. Daffer and Robert L. Taylor, “Laws of Large Numbers for D[0, 1]”,
Annals of Probability 7(1), 85–95 (1979), Theorem 6.

* * *

Solution to Problem 6.3. [statement p. 199]

(1) For nonnegative integersm1, . . . ,mn such thatm1 + · · ·+mn = n, we have

P ((N1, . . . ,Nn) = (m1, . . . ,mn)) =

(
n

m1, . . . ,mn

)
1
nn

=
n!∏n
i=1mi!

1
nn

so (N1, . . . ,Nn) has the multinomial distribution M(n, 1/n, . . . , 1/n).

(2) It suffices to check that the following two vectors have the same law:

(B̂n(0), B̂n(1/n), . . . , B̂n(n/n))

and (Ŝn(0), Ŝn(1/n), . . . , Ŝn(n/n))

Note that, for 0 ⩽ k ⩽ n, we have

B̂n(k/n) =
1√
n

k∑
i=1

(Ni − 1), Ŝn(k/n)
d
=

1√
n

k∑
i=1

(Pi − 1) under P( · | Sn = 0).

It therefore suffices to check that, under the conditional probability P( · |Sn = 0),
the vector (P1, . . . ,Pn) has the multinomial distribution

M(n, 1/n, . . . , 1/n).

By the conditioning, the support of its law is indeed the set of nonnegative integers
m1, . . . ,mn such thatm1 + · · ·+mn = n. For such integers, we have

P ((P1, . . . ,Pn) = (m1, . . . ,mn)|Sn = 0) =
1

P (Sn = 0)

n∏
i=1

e−1 1
mi!

.
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Now Sn +n has a Poisson distribution with parameter n, so P (Sn = 0) = e−nn
n

n! .
Thus

P ((P1, . . . ,Pn) = (m1, . . . ,mn)|Sn = 0) =
n!∏n
i=1mi!

1
nn

,

which gives the result.

(3) Since E [P1 − 1] = 0 and Var(P1 − 1) = 1, by the conditional Donsker theorem
proved in the lectures, Ŝn converges in distribution in C to the Brownian bridge.
Since B̂n and Ŝn have the same law, the same holds for B̂n. Next, if fn, f ∈ C satisfy
fn → f in C, then fn → f in D (take the time change to be the identity). In other
words, the inclusion of C into D is continuous. We conclude by the continuous
mapping theorem.

(4) First solution. Begin by writing

sup
0⩽t⩽1

|B̂n(t) −Bn(t)| ⩽
1√
n

max
1⩽k⩽n

Nk.

Noting that the Ni have distributions Bin(n, 1/n), we obtain, for every ε > 0:

P

(
max

1⩽k⩽n
Nk ⩾ ε

√
n

)
⩽ nP

(
N1 ⩾ ε

√
n
)

⩽ nE
[
eN1
]
e−ε

√
n

= n

(
1 +

e− 1
n

)n
e−ε

√
n ∼ nee−1e−ε

√
n

which converges to 0 as n→ ∞.

Second solution. If i
n ⩽ t < i+1

n for 0 ⩽ i ⩽ n− 1, note that

Bn

(
i

n

)
−

1√
n

⩽ Bn(t) ⩽ Bn

(
i+ 1
n

)
+

1√
n

,

min{Bn(i/n),Bn((i+ 1)/n)} ⩽ B̂n(t) ⩽ max{Bn(i/n),Bn((i+ 1)/n)}.

Since B̂n(i/n) = Bn(i/n) for 0 ⩽ i ⩽ n, we deduce that

sup
0⩽t⩽1

|B̂n(t) −Bn(t)| ⩽ max
0⩽i⩽n−1

∣∣∣∣B̂n(i+ 1
n

)
− B̂n

(
i

n

)∣∣∣∣+ 1√
n

.

Now B̂n converges in distribution in C to the Brownian bridge. Thus, for every
ε,η > 0, there exists δ > 0 such that, for all sufficiently large n,

P
(
ω(B̂n, δ) > η

)
⩽ ε.

We deduce that, for n > 1/δ sufficiently large, we have

max
0⩽i⩽n−1

∣∣∣∣B̂n(i+ 1
n

)
− B̂n

(
i

n

)∣∣∣∣ ⩽ η
with probability at least 1 − ε. This completes the proof.
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(5) First, write dS for the Skorokhod metric

dS(f,g) = inf
λ∈Λ

max(∥λ− Id∥∞, ∥f ◦ λ− g∥∞)

where Λ is the set of time changes. Taking λ = Id directly gives

dS(B̂n,Bn) ⩽ ∥B̂n −Bn∥∞ P−→ 0

by (4).

Thus, B̂n converges in distribution to the Brownian bridge in D and dS(B̂n,Bn)
converges in probability to 0. We deduce that Bn converges in distribution to the
Brownian bridge.

Remark. This problem is inspired by the following article:

Jean-François Marckert. "One more approach to the convergence of the empirical
process to the Brownian bridge." Electronic Journal of Statistics, 2 118-126 2008
https://arxiv.org/pdf/0710.3296.pdf
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7 Poisson random measures

Related lecture notes: Chapter 8, p. 81.

7.1 Exercises

Exercise 7.1. [solution p. 208] LetM be a Poisson random measure with intensity dxdy
on R2. WriteMθ andMR for the Poisson random measures on R/2πZ and R+ obtained
from M by considering the angles and distances from the origin of the points of M.
Give the intensities of these two random measures. Are they independent?

* * *

Exercise 7.2. [solution p. 209] Let M be a Poisson random measure on R+ with intensity
λ(t)dt, where λ : R+ → R+ is a continuous function such that

∫∞
0 λ(t)dt = ∞.

(1) Justify that M can be written as M =
∑∞
k=1 δTk , where 0 < T1 < T2 < · · · are

random variables.

(2) Set a(t) =
∫t

0 λ(s)ds. Show that M ′ =
∑
k⩾1 δa(Tk) is a Poisson random measure

on R+ with intensity dx.

From now on, assume that λ(t) = t
1+t for t ⩾ 0.

(3) Compute the law of T1 and that of (T1, T2).

(4) Show that almost surely∑
n⩾1

1
T2
n

<∞ and
∑
n⩾1

1
Tn

= ∞.

(5) Show that Tn+1 − Tn converges in distribution as n→ ∞ and identify the limiting
law.

* * *

Exercise 7.3. [solution p. 210] Let µ be a probability measure on R and N a Poisson
random measure with intensity dx⊗ µ on R × R. Write N =

∑
n∈Z δ(Xn,Vn) with

· · · < X−k < · · · < X0 < 0 < X1 < · · · < Xℓ < · · · ,

and view N as a distribution of particles on the real line, each particle n initially at
position Xn with velocity Vn.

(a) SetNt =
∑
n∈Z δ(Xn+tVn,Vn). Show thatNt is still a Poisson random measure with

intensity dx⊗ µ.
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(b) Assume
∫

R |v|µ(dv) <∞. For each particle with velocity Vn ̸= 0, let

Tn = −
Xn

Vn

be its hitting time of 0, which may be negative. Particles with zero velocity do not
contribute to arrivals. Show that ∑

n∈Z:Vn ̸=0

δ(Tn,Vn)

is a Poisson random measure on R × R and determine its intensity.

(c) Compute P (∀s ∈ [0, t], ∀n ∈ Z,Xn + sVn ̸∈ [a,b]), where [a,b] is a fixed interval,
and determine the law of inf{t ⩾ 0 : ∃s ∈ [0, t], ∃n ∈ Z,Xn + sVn ∈ [a,b]}.

* * *

Exercise 7.4. [solution p. 211] Let M be a Poisson random measure on R2 with inten-
sity λdxdy for λ > 0, written as M =

∑
i⩾1 δXi , where the enumeration (Xi)i⩾1 is a

measurable function ofM fixed in advance.

(1) Compute the law of infi⩾1 |Xi|.

(2) Let (Yn)n⩾1 be i.i.d. random variables taking values in R2, independent of M.
Show thatM ′ =

∑
i⩾1 δXi+Yi has the same law asM.

(3) Now let (Rn)n⩾1 be i.i.d. nonnegative real-valued random variables independent
ofM. Consider the random set

A =
⋃
i⩾1

B(Xi,Ri),

where B(x, r) is the ball with center x and radius r in R2.

(a) Compute the law of the number of balls in A covering a given point x ∈ R2.

(b) Show that if E[R2
1] = ∞, then for every x ∈ R2, almost surely x ∈ A.

(c) Deduce that if E[R2
1] = ∞, then A = R2 almost surely.

(d) Show that if E[R2
1] <∞, then A ̸= R2 almost surely.

(4) Assume that Ri = r > 0. Write C(0) for the cluster of the origin, that is, the points
accessible from the origin by a path that stays in A.

(a) Write Pλ,r for the law of Awith intensity λ > 0 and radius r > 0. Show that

Pλ,r(C(0) unbounded) = P1,
√
λr(C(0) unbounded)

= Pλr2,1(C(0) unbounded).

(b) Show that Pλ,r(C(0) unbounded) is nondecreasing in λ and in r.
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Exercise 7.5. [solution p. 213] (Rényi’s theorem) Let M be a random variable taking
values inMs

atom(R+) (the subset of measures µ ∈Matom(R+) whose atoms are pairwise
distinct), almost surely finite on compact sets. Assume that, for every Borel subset A of
R+,

P (M(A) = 0) = e−λ(A),

where λ is Lebesgue measure on R+.

(1) Let I1, . . . , Im be pairwise disjoint intervals. Show that the events {M(Ij) = 0 : 1 ⩽

j ⩽ m} are independent.

(2) For all n,k ⩾ 0, set Dn,k = [k2−n, (k+ 1)2−n[. Let J be a bounded subinterval of
R+ with nonempty interior. For n ⩾ 0, write Kn = Card{k ⩾ 0 : Dn,k ⊆ J} and

Mn(J) =
∑

k⩾0:Dn,k⊆J
1{M(Dn,k)̸=0}.

Determine the law ofMn(J) in terms of n and Kn.

(3) Show that Mn(J) ↑ M(J) almost surely as n → ∞ (consider the atoms of M in
J and first check that they all differ from inf J and sup J), and deduce the law of
M(J).

(4) Let J1, . . . , Jk be pairwise disjoint bounded subintervals of R+. Show that the
random variablesM(J1), . . . ,M(Jk) are independent.

(5) Write Nt = M([0, t]), t ⩾ 0, for the counting process associated with M. Show
that N is a Poisson process with intensity 1. Deduce thatM is a Poisson random
measure with intensity λ(dx).

* * *

Exercise 7.6. [solution p. 214] Find a sigma-algebra E on [0, 1] and a probability measure
µ on ([0, 1],E) such that µ(B) ∈ {0, 1} for every B ∈ E but µ is not a Dirac measure.

7.2 Solutions

Solution to Exercise 7.1. [statement p. 206] The point 0 almost surely does not belong to
the point cloud. By the mapping theorem and a change to polar coordinates, the desired
intensities are

µR(dr) = 2πrdr, µθ(B) =

∫
B

∫∞
0
rdrdθ =

0 if λ(B) = 0,∞ if λ(B) > 0,

where λ denotes length measure on R/2πZ. The measure µθ is s-finite, since it equals∑
j⩾1 λ, but it is not σ-finite.
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The two random measures are independent. Indeed, for each fixed Borel set B,
Mθ(B) is almost surely equal to 0 or ∞, according as λ(B) = 0 or λ(B) > 0. All events
generating σ(Mθ) therefore have probability 0 or 1. Since events of probability 0 or 1
form a sigma-algebra, the same holds for every event in σ(Mθ). Such a sigma-algebra
is independent of every other sigma-algebra, in particular of σ(MR). Here we use the
sigma-algebra on random measures defined in the lectures, generated by the evaluation
maps.

* * *

Solution to Exercise 7.2. [statement p. 206]

(1) The intensity is atomless and finite on compact sets. The point cloud is therefore
almost surely simple, finite on every compact set and has no point at 0. Moreover,
M(R+) = ∞ almost surely, since its total intensity is infinite. Its atoms can thus
be arranged in increasing order. The variables

Tk = inf{t ⩾ 0 :M([0, t]) ⩾ k}

are measurable, since {Tk ⩽ t} = {M([0, t]) ⩾ k}, and satisfy almost surely 0 <
T1 < T2 < · · · and Tk → ∞.

(2) By the mapping theorem, it suffices to show that the image of λ(t)dt under a is
Lebesgue measure. The map a is continuous and nondecreasing, a(0) = 0 and
a(t) → ∞. For x ⩾ 0, set

b(x) = sup{t ⩾ 0 : a(t) ⩽ x}.

Then b(x) <∞, a(b(x)) = x and a−1([0, x]) = [0,b(x)]. Consequently,∫
a−1([0,x])

λ(t)dt = a(b(x)) = x.

These equalities characterize Lebesgue measure. This argument remains valid
when a is not strictly increasing.

(3) We have a(t) = t− log(1 + t). For t ⩾ 0,

P (T1 > t) = P (M([0, t]) = 0) = e−a(t) = (1 + t)e−t.

Thus T1 has density te−t1{t>0}. By (2), the variables Sk = a(Tk) are the successive
arrival times of a Poisson process with intensity 1. In particular, (S1,S2) has
density e−v1{0<u<v} at (u, v). The change of variables (u, v) = (a(s),a(t)) gives
the density of (T1, T2):

λ(s)λ(t)e−a(t)1{0<s<t} =
st

1 + s
e−t1{0<s<t}.
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(4) Set S0 = 0 and Ek = Sk − Sk−1 for k ⩾ 1. The variables (Ek) are i.i.d. with
exponential distribution of parameter 1. The strong law of large numbers gives
Sn/n→ 1 almost surely. Since Tn → ∞ and a(t)/t→ 1, we deduce

Tn

n
=

Tn

a(Tn)

Sn

n
−→ 1 almost surely.

The two assertions then follow by comparison with
∑
n n

−2 and
∑
n n

−1.

(5) Set Gn = Tn+1 − Tn and En+1 = a(Tn+1) − a(Tn), which has distribution Exp(1).
Since a ′(t) = t/(1 + t) is nondecreasing and bounded above by 1,

Tn

1 + Tn
Gn ⩽ En+1 ⩽ Gn.

Thus
0 ⩽ Gn − En+1 ⩽

En+1

Tn

P−→ 0,

since (En+1) is tight and Tn → ∞ almost surely. Slutsky’s lemma therefore gives

Tn+1 − Tn
d−→ Exp(1).

* * *

Solution to Exercise 7.3. [statement p. 206]

(a) The random measure Nt is the image of N under (x, v) 7→ (x+ tv, v). For every
nonnegative measurable function f, the change of variables y = x+ tv gives∫

R

∫
R

f(x+ tv, v)dxµ(dv) =
∫

R

∫
R

f(y, v)dyµ(dv).

The intensity is therefore unchanged, and the mapping theorem completes the
proof.

(b) First restrict N to R × (R \ {0}), then apply the transformation (x, v) 7→ (−x/v, v).
The restriction and mapping properties show that the resulting measure is Poisson.
The change of variables s = −x/v gives, for measurable f ⩾ 0,∫

R\{0}

∫
R

f(−x/v, v)dxµ(dv) =
∫

R

∫
R

f(s, v)|v|ds µ(dv).

The desired intensity is therefore ds⊗ (|v|µ(dv)). In particular, the arrival times
form a Poisson random measure with intensitym1 ds, wherem1 =

∫
R |v|µ(dv).

(c) Set ℓ = b− a and

At = {(x, v) : there exists s ∈ [0, t] such that x+ sv ∈ [a,b]}.

For a velocity v ⩾ 0, the corresponding initial positions form the interval [a− tv,b];
for v < 0, they form [a,b− tv]. In both cases, its length is ℓ+ t|v|. Thus, for t > 0,

P (∀s ∈ [0, t], ∀n ∈ Z,Xn + sVn /∈ [a,b]) = P (N(At) = 0) = e−ℓ−tm1 .
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For t = 0, this probability equals e−ℓ.

Write H for the time defined in the statement, with the convention inf∅ = ∞. If
m1 <∞, only finitely many particles visit [a,b] during a bounded time interval.
The first visit time is therefore attained whenever it is finite, and

P (H > t) = e−ℓ−tm1 , t ⩾ 0.

For 0 < m1 <∞, we obtain

L(H) = (1 − e−ℓ)δ0 + e
−ℓ Exp(m1).

Ifm1 = 0, all particles are stationary, and the law on [0,∞] is (1 − e−ℓ)δ0 + e
−ℓδ∞.

If the integrability assumption in (b) is dropped andm1 = ∞, the probability of
no visit is 0 for every t > 0. Applying this to the times 1/k gives H = 0 almost
surely, even though the interval may contain no particles at time 0.

* * *

Solution to Exercise 7.4. [statement p. 207]

(1) Set D = infi⩾1 |Xi|. The point cloud is almost surely finite on compact sets. Thus,
for t ⩾ 0,

P (D > t) = P
(
M(B(0, t)) = 0

)
= e−λπt

2
.

In particular, D2 has an exponential distribution with parameter λπ, and D has
density 2λπte−λπt

2
1{t>0}.

(2) Write ν for the law of Y1. Since the enumeration (Xi)i⩾1 is a measurable function of
M, it is independent of (Yi)i⩾1. By the marking theorem,

∑
i⩾1 δ(Xi,Yi) is therefore

a Poisson random measure with intensity λdz⊗ ν(dy). Its image under (z,y) 7→
z+ y is M ′. For every Borel set C ⊂ R2, the intensity of this image is, by Fubini
and translation invariance of Lebesgue measure,

λ

∫
R2
ν(dy)

∫
R2
1{z+y∈C} dz = λArea(C).

The mapping theorem and uniqueness in law of Poisson random measures give
the result.

(3) Now write ρ for the law of R1. Similarly, M̃ =
∑
i⩾1 δ(Xi,Ri) is a Poisson random

measure with intensity µ(dz, dr) = λdz ρ(dr).

(a) For x ∈ R2, set Hx = {(z, r) : x ∈ B(z, r)}. The number of balls containing x is
M̃(Hx), so has a Poisson distribution with parameter

µ(Hx) = λ

∫∞
0
πr2ρ(dr) = λπE

[
R2

1

]
.

This formula also holds for an infinite parameter, in which case this number
is almost surely infinite. It does not depend on the choice of open or closed
balls, since their boundaries have Lebesgue measure zero.
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(b) If E
[
R2

1
]
= ∞, for every fixed x, M̃(Hx) = ∞ almost surely. In particular,

P (x ∈ A) = 1.

(c) Here we must obtain an event of probability 1 on which all points are covered
simultaneously. Fix an integer m ⩾ 1 and consider balls such that Ri >
|Xi|+m. Each contains B(0,m). Their number has a Poisson distribution
with parameter

λ

∫∞
0
π(r−m)2

+ρ(dr) = ∞.

Indeed, (r −m)2
+ ⩾ r2/4 for r ⩾ 2m, and E

[
R2

11{R1⩾2m}

]
= ∞. Thus

B(0,m) ⊂ A almost surely. Intersecting these events form ⩾ 1 gives A = R2

almost surely.

(d) Assume a = λπE
[
R2

1
]
< ∞ and set p = e−a > 0. By (a), a given point is

not covered with probability p. To deduce the almost sure existence of an
uncovered point, we control the dependence between two distant points.

For h ∈ R2, set

c(h) = µ(H0 ∩Hh) = λ
∫∞

0
Area(B(0, r)∩B(h, r)) ρ(dr).

Two balls of radius r are disjoint when 2r < |h|, so

0 ⩽ c(h) ⩽ λπE
[
R2

11{2R1⩾|h|}

]
−→ 0 (|h| → ∞).

The probability that two points x,y are not covered is the probability that
M̃(Hx ∪Hy) = 0, namely

P (x /∈ A, y /∈ A) = e−2a+c(y−x).

Thus, setting Zj = 1{(j,0)/∈A}, we have E
[
Zj
]
= p and

Cov(Zi,Zj) = p2(ec((j−i,0)) − 1
)
.

These covariances are bounded and tend to 0 as |i− j| → ∞. Consequently,

Var

 1
n

n∑
j=1

Zj

 =
p(1 − p)

n
+

2p2

n2

n−1∑
h=1

(n− h)
(
ec((h,0)) − 1

)
−→ 0.

For the last convergence, it suffices to split the sum into h ⩽ H and h > H,
then let first n, then H, tend to infinity. Chebyshev’s inequality then gives

P (Z1 = · · · = Zn = 0) ⩽
1
p2 Var

 1
n

n∑
j=1

Zj

 −→ 0.

Almost surely, at least one of the points (j, 0) therefore does not belong to A,
proving A ̸= R2.
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(4) (a) For s > 0, the image of M under the dilation z 7→ sz is a Poisson random
measure with intensity (λ/s2)dz. The image of A is the union of the balls
B(sXi, sr), and the image of the cluster of the origin is the cluster of the origin
in this set. A dilation preserves unboundedness. Consequently,

Pλ,r(C(0) unbounded) = Pλ/s2,sr(C(0) unbounded).

Choosing s =
√
λ gives the first scaling relation; choosing s = 1/r gives the

second.

(b) For a fixed point cloud, if r ⩽ r ′, then
⋃
i B(Xi, r) ⊂

⋃
i B(Xi, r

′). Every path
in the first set is a path in the second, so the probability under consideration
is nondecreasing in r.

If 0 < λ ⩽ λ ′, take two independent Poisson random measuresM1,M2 with
respective intensities λdz and (λ ′ − λ)dz. By superposition, M1 +M2 has
intensity λ ′ dz. The union of balls of radius r centered at points of M1 is
contained in that associated withM1 +M2. The same argument using paths
proves monotonicity in λ.

* * *

Solution to Exercise 7.5. [statement p. 208]

(1) For every subset A of {1, . . . ,m},

P

⋂
j∈A

{M(Ij) = 0}

 = P

M(⋃
j∈A
Ij

)
= 0

 = e−
∑
j∈A λ(Ij) =

∏
j∈A

P
(
M(Ij) = 0

)
.

This is exactly independence of the events under consideration.

(2) By (1), the indicators being summed are independent, and each has a Bernoulli
distribution with parameter 1 − e−2−n . Consequently,

L(Mn(J)) = Bin(Kn, 1 − e−2−n).

(3) For each fixed x ⩾ 0, P (M({x}) = 0) = 1. Thus there is almost surely no atom at
inf J or sup J. Moreover, there are finitely many atoms in J, and they are distinct.
For every realization satisfying these properties, as soon as n is sufficiently large,
the dyadic cells containing these atoms are contained in J and each contains a
single atom. Thus eventuallyMn(J) =M(J).

On the other hand, a dyadic cell contained in J splits into two cells of the next
level, also contained in J. If it contains an atom, at least one of its two cells contains
one. ThusMn(J) ⩽Mn+1(J) andMn(J) ↑M(J) almost surely.

We have Kn2−n → λ(J) and 1− e−2−n ∼ 2−n. For z ∈ [0, 1], dominated convergence
then gives

E
[
zM(J)

]
= lim
n→∞

(
1 − (1 − z)(1 − e−2−n)

)Kn = e−λ(J)(1−z).
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This is the probability generating function of a Poisson distribution with parameter
λ(J), soM(J) ∼ P(λ(J)).

(4) For fixed n, the dyadic cells contained in the different Ji are pairwise disjoint. By
(1), the variables Mn(J1), . . . ,Mn(Jk) are therefore independent. Letting n tend
to infinity in their joint probability generating function and using (3), we obtain
independence ofM(J1), . . . ,M(Jk). If one of the intervals reduces to a point or is
empty, its mass is almost surely zero, and the conclusion remains valid.

(5) Almost surely, N0 = 0 and the paths of N are nondecreasing, càdlàg, with jumps
of size 1, by simplicity and local finiteness ofM. For 0 = t0 < t1 < · · · < tk,

Nti −Nti−1 =M(]ti−1, ti]), 1 ⩽ i ⩽ k,

and, by (3) and (4), these variables are independent with distributions P(ti − ti−1).
Thus N is a Poisson process with intensity 1.

Finally, the law of a locally finite random measure on R+ is determined by the
joint laws of its masses on the intervals [0, t], t ∈ Q+. Indeed, on each [0,m],
evaluations on intervals with rational endpoints generate all Borel evaluations
by a monotone class argument; we then let m tend to infinity. Here these joint
laws are those of a Poisson random measure with intensity λ. ThusM is a Poisson
random measure with this intensity.

* * *

Solution to Exercise 7.6. [statement p. 208] Take the countable–cocountable sigma-
algebra

E = {B ⊆ [0, 1] : B is countable or [0, 1] \B is countable},

and set

µ(B) =

0 if B is countable,

1 if [0, 1] \B is countable.

The two cases are disjoint since [0, 1] is uncountable. The family E is closed under
complements. A countable union of its elements is countable if they all are, and
cocountable as soon as one is: it is therefore indeed a sigma-algebra.

Let us check countable additivity of µ. In a countable family of pairwise disjoint
elements of E, there is at most one cocountable set. If there is none, the union is
countable and both sides of the additivity identity are zero. If there is one, all the others
are countable and both sides equal 1. Thus µ is a probability measure. Finally, for every
x ∈ [0, 1], {x} ∈ E and µ({x}) = 0 ̸= 1 = δx({x}): thus µ is not a Dirac measure.
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