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Overview

The eight lecture chapters and the seven exercise sheets correspond as shown in the

table below.

Topic Lecture notes Exercises

Weak convergence Chapter 1, p.6  Sheet 1, p. 97

Modes of convergence Chapter 2, p. 14 Sheet 2, p. 110

Measures on a metric space Chapter 3, p. 18 Sheet 3, p. 124

Continuous functions Chapter 4, p. 35 Sheet 4, p. 156

Donsker and Brownian bridge Chapter 5, p. 55 Sheet 5, p. 179
Chapter 6, p. 62

Cadlag paths (Skorokhod) Chapter 7, p. 68  Sheet 6, p. 198

Poisson random measures Chapter 8, p. 81 Sheet 7, p. 206
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Limit theorems and applications Lecture notes Notation and references

Part 1

Lecture notes

Notation

(E, d): metric space.

B or B: Borel sigma-algebra (the smallest sigma-algebra containing the open
sets).

M (E): probability measures on E.

If f : E — R is nonnegative measurable or p-integrable, we write

) = (1) = | fdu.

Cp(E): bounded continuous functions E — IR.
Cc¢(E): compactly supported continuous functions E — R.
C(L, E) (also denoted by C(I, E)): continuous functions from I to E.

ID(I, E): cadlag functions from I to E; the domain is omitted when fixed.

d . . .
Xn — Xor X, = X: convergence in distribution. For measures, p,, = p denotes
weak convergence.

References

P. Billingsley, Convergence of Probability Measures (2nd ed.).
O. Kallenberg, Foundations of Modern Probability (2nd ed.).
A. Klenke, Probability Theory: A Comprehensive Course.

J. Kingman, Poisson Processes.

G. Last, M. Penrose, Lectures on the Poisson Process.

P.-L. Méliot, Convergence of Measures, Poisson Processes and Lévy Processes
(lecture notes; title translated)

G. Miermont, Limit Theorems and Poisson Processes (lecture notes; title translated)

T. Lévy, Convergence of Measures, Large Deviations, Percolation. (lecture notes;
title translated)


https://www.imo.universite-paris-saclay.fr/~pierre-loic.meliot/poisson/poisson.pdf
https://perso.ens-lyon.fr/gregory.miermont/thlim.pdf
https://www.lpsm.paris/_media/users/levyt/cgp2024.pdf
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1 Weak convergence in R®

Related exercises: Sheet 1, p. 97.

In this chapter

1.1 Definition. . . . ... ... 6
1.2 Restricting the class of test functions . . . . ... ... ... ... ... . ... .. 7
1.3 Distribution functions (k = 1) and tightness . . . . . ... .. ............. 8
14  Characteristic functions and Lévy’s theorem . ... ... ... ... ......... 11

1.1 Definition

Definition 1.1. Let (E, d) be a metric space and pn, 1 € M;(E). We say that (pn)
converges weakly to p if

VEeCo(E),  pn(f) — n(f).
We then write pw, = .
Example 1.2. e If x, — x € R¥, then dx,, = Ox.
1

n
® U, = —n+ 1 g 51/11 = Leb[oln.

Probabilistic formulation. If X;, X are random variables with respective distributions

Un, 1L, we say that X, i> Xif uy, = W, thatis,

Vf € Cp(E), E[f(Xn)] — E[f(X)].

Proposition 1.3. Let (E, d) be a metric space and p,, u, v € My (E). If up, = pand
Un = Vv, then u = v.

Proof. Then p(f) = v(f) for every f € Cy,(E). Let F be closed and K > 0. Set
grk(x) = max(1—Kd(x,F),0).

The function equals 1 on F, then decreases linearly as a function of the distance to
F until it vanishes at distance 1/K. Since grx converges pointwise to 1f as K — oo,
dominated convergence gives 1(F) = v(F), and hence p = v by the monotone class
theorem. ]

In the rest of this chapter, we restrict ourselves to R¥, equipped with the Euclidean
metric.
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1.2 Restricting the class of test functions

Theorem 1.4 (A basic portmanteau theorem). Let pn, p € My (R¥). Then p, = pif
and only if, for every bounded measurable function f : R¥ — R, that is continuous
p-almost everywhere (that is, p({x € R¥ : fis continuous atx}) = 1), we have

Hn () — u(f).

See the portmanteau theorem 3.2 for a proof in a more general setting.

Proposition 1.5. Let pn, n € My (R¥). Let H be a set of bounded measurable func-
tions R¥ — R such that C.(R¥) ¢ H, where the closure is taken in the uniform norm.
Then

[Vf € H, pn(f) — u(f)] = pn=p

Proof. Step 1. We show that u, (f) — w(f) for every f € C¢(IR¥) implies p, = . The
idea is a truncation argument. Let x; : R* — [0, 1] be continuous, with x;(x) = 1 for
||| < Tand x(x) =0 for ||x|| > v+ 1. Let f € Cy(IR¥). Then

lun () — u()] < Jun (f) — wn (Fxe) |+ [un (Fxr) — w(fxe) | + [u(fxe) — n(f)l.

Asn — oo, the limit superior of the first term is bounded above by ||f||oo(1 — (X)),
that of the second term is zero, and the third term is bounded above by ||f|| oo (1 — p(Xr))-
Thus

lim sup [pn (f) — p(f)] < 2[|f[|oo (1 — plxr))-

n—oo
Since p(xr) — 1 as v — oo by dominated convergence, this completes step 1.
Step 2. Let f € C.(R¥). Let g € H satisfy ||f — g||oo < €. Then

In (F) = ()T < [pn (F) — pn(g)] + [un (9) — m(g) + |nlg) — p(f)].

<e —0 since geH <e

Therefore p, (f) — p(f). Step 1 completes the proof. H

Application. Let u € M;(R) and let (Xn)n>1 be i.i.d. random variables with distri-
bution pu. Let u, = %Z?:l dx,. Then, almost surely, u, = p. In particular, every
probability measure in M; (R) is a weak limit of atomic measures.

Proof. Let (fy)k>1 be a sequence in C.(IR) that is dense in C.(IR): for example, take
polynomials with rational coefficients multiplied by cutoff functions Ty ,, with K, r €
IN*, equal to 1 on [—K, K], zero outside [-K —1/1,K 4 1/7], and affine on the two
intervening intervals. Set H = {fy : k > 1}. Since

() = = 3 RlX0) 25 EIROG)] = wif)
i=1

n—oo

by the law of large numbers, almost surely p, (f) — pu(f) for every f € H, so the result
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follows from the proposition. O

1.3 Distribution functions (k = 1) and tightness

Definition 1.6. For p € M;(RR), we denote its distribution function by F(x) = u(] —
o0, x]), for x € R.

Remark 1.7. e lim F, = 1, lim_ F, = 0, and F, is nondecreasing and cadlag
(right-continuous with left limits at every point).

* Conversely, if F : R — [0,1] is nondecreasing, right-continuous, and satisfies
lim_o F =0, lim; F =1, then there exists p € M;(R) such that F = F,,. Indeed,
we can take p to be the pushforward of Lebesgue measure on ]0, 1[ under

x — inf{ly € R: F(y) > x}.
This is the Lebesgue-Stieltjes measure associated with F; see the exercises.
* phas an atom at x if and only if AF,(x) = F,(x) — Fu(x—) = u({x}) > 0.
* phas at most countably many atoms, since

vk >1, #x e R:u{x}) >1/k} <k.

* u has no atoms if and only if F, is continuous.

¢ If u has a density g with respect to Lebesgue measure, then F, is differentiable
almost everywhere, with derivative g, and Fy(x) = ffoo g(t)dt.

Caution: F, is always differentiable almost everywhere, but is not always the integral
of its derivative (in fact, this holds if and only if p < Leb). Consider the devil’s staircase,
or Cantor function, whose derivative is zero almost everywhere: it is a continuous
nondecreasing function with plateaus at every scale.

Proposition 1.8. Let p,,, u € M (R). Then p,, = pif and only if

Fu (x) — Fulx) for every x € R such that AF,(x) = 0.

Proof. If un = pand AF,(x) = 0, then f(z) = 1;,,; is continuous p-almost every-
where, so the basic portmanteau theorem gives p, (f) — p(f).
Conversely, we then have p,(g) — p(g) for every function g of the form

T
9= Z 06 Ly 51/
i=1

where x; and y; are not atoms of p. Every function in C.(IR) is a uniform limit of such
functions. The proposition in subsection 2 completes the proof. O
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Definition 1.9. A family (;)ic; of measures in M (R) is said to be tight if

Ve >0, 3JA >0, supu(R\[-AA])<e.
iel

Remark 1.10. A sequence (pin)n>1 in My (R) is tight if and only if

Ve >0, JA >0, limsuppn(R\[-A,A])<e.

n—oo

This follows from the fact that a measure p € M;(IR) is tight, since lima_,o, (R \
[—A,A]) =0.

The following result is a compactness result and is a special case of Prokhorov’s
theorem 3.24, presented in Chapter 3.

Theorem 1.11. Let (pn)n>1 be a sequence in M;(R). Then (pn)n>1 is tight if and
only if, for every subsequence map @, there exists a subsequence map 1 such that

(Hgowp(n)In>1 converges weakly.

By a subsequence map, we mean a map selecting a subsequence or, more formally, an
increasing injection IN* — IN*.

Proof. Reverse implication. Arguing by contradiction, suppose that there exists ¢ > 0
such that, for every n > 1,

u(p(n](]R\ [—Tl, TL]) > E.
We can choose ¢ increasing since, for fixed i > 1, limy o wi(R \ [-m,n]) = 0. By
assumption, let { be a subsequence map such that (Kyoy(n))n>1 converges weakly
to u € Mi(R). Then, for every x > 0 such that u({x}) = u({—x}) = 0, we have
[—x,x] C [—(n),Pp(n)] for all sufficiently large n. Hence
r(l=x,x]) = lim pgopm) ([=x,x])

n—oo

< lmg}f H@ow(n)([—ll)(n)ﬂl)(n)]) <l-—e

Letting x — oo gives u(RR) < 1, a contradiction.

Forward implication. Working with w () if necessary, we may assume ¢ = id.

Step 1: identifying a candidate limit. Set F, = F, . For every q € Q, the sequence
(Fn(q))n>1 is bounded. By a diagonal argument, there exists a subsequence map |
such that, for every q € Q, (Fy,n)(q))n>1 converges to a limit denoted by F.(q). We
then set

F(x) =inf{Fw(q) : @ > x, q € Q}.

One checks that F is nondecreasing and right-continuous. Let ¢ > 0 and let A > 0
satisfy
sup pn(R\ [-A, A]) <.

n>1
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Letq € Q,q > A. Then F(q) > 1 —e. Letting n — oo gives Fo(q) > 1 — ¢, hence
F(A) > 1 —e. Similarly, F(x) < € for x < —A. Thus lim_o F =0, lim, , F = 1. There
therefore exists p € M (R) such that F = Fy: this is the Lebesgue—Stieltjes measure
associated with F; see the preceding remark.

Step 2. We check that w,;) = w. Let x € R satisfy p({x}) = 0. Then

F(x) = sup{F(q) : g <x, g € Q} =inf{Fx(q) : g >x, q € QL

For the first equality, we can use F(x) = limyy F(u). Thus, if ¢ < x < q with
q,9' € Q,
Foo(q) - nlglgo Flb(n](q) < lmg}wa(n) (X)
< limsup Fy, ) (x) < limsup Fyny(q”) = Foolq').

n—oo n—oo

Letting q 1 x, q” | x, we conclude that Fypm) (x) — F(x).
]

Remark 1.12. e It is tempting to reformulate this by saying that {i, : 1 > 1} has
compact closure in M; (R) equipped with a metric that metrizes weak convergence.
This point will be made precise in Section 3.5.

* The extension to IR is similar (see Proposition 5.21 in Kallenberg).

Definition 1.13. A family (X; )i of real-valued random variables is said to be tight
if the family of their distributions is tight.

Example 1.14. If (X;)ic is bounded in L!, that is, if there exists C > 0 such that
sup;.; E[[Xi|] < C, then (Xj)ic1 is tight. Indeed,

ElXill C

< —.
A A

P(IXil > A) <

Lemma 1.15 (Subsequences of subsequences for measures). Let p,, 1 € M;(R). Then
un = pif and only if, for every subsequence map ¢, there exists a subsequence map
P such that pgoym) = 1.

Proof. The forward implication is immediate. For the converse, arguing by contradic-
tion, let e > 0, f € Cy(RR), and a subsequence map ¢ satisfy [w, ) (f) — u(f)| > € for
every n. By assumption, there exists a subsequence map 1 such that pgom) = 1.
Then Wgopm) (f) — 1(f), a contradiction. O

Corollary 1.16. Let (pin)n>1 be a sequence in M (R) and p € My (R). Then p, = p
if and only if

* (Mn)n>1 is tight;

10
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* if uy(m) = v for a subsequence map ¢ and v € M;(R), then p = v.

Proof. The forward implication is clear. For the converse, we argue by contradiction.
By the preceding lemma, there exists a subsequence map ¢ such that, for every
subsequence map U, Woopm) 7 K- But (g m)) is tight, so there exist a subsequence
map P and v € M;(R) such that pyopmn) = v. Thus v = p by assumption, a

contradiction. ]

In practice, the preceding corollary is very useful for proving that p, = p, as follows:

(i) Show that (py) is tight: tightness.

(ii) Take a subsequence map ¢ and v such that py,;,) = v. Show that v = pusing a
property that characterizes a measure: uniqueness of the limit.

1.4 Characteristic functions and Lévy’s theorem

Definition 1.17. For p € M;(R¥), we write
Gulw) = | 0 u(dx),  weR:
Rk

for the characteristic function of u; (u,x) denotes the inner product.

Clearly, un, = pimplies ¢, — ¢ pointwise. For the converse, we have the following
more precise result.

Theorem 1.18 (Lévy). Let w,, € M;(R¥) satisfy
(i) foreveryu € R¥, ¢y, (1) converges to a limit denoted by ¢ (u);
(i) u+— ¢(u) is continuous at 0.

Then there exists (1 € M; (R*) such that ¢ = ¢y and pn = 1.

For simplicity, we restrict the proof to k = 1.

Lemma 1.19 (Injectivity of the characteristic function). Let p,v € M;(IR) satisfy
¢p = ¢v. Then p = v.

Proof idea. We convolve with a Gaussian. Let

1 e—xz/(2£)

2me ’ (e ge)(y) Zju(dX)gs(x—y).

ge(x) =

This is a > probability density; one checks that (p* g¢)(y) dy = pas ¢ — 0. Now

en? 2 1
bol2)=e =gt i) = o=y, (2)

11
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Thus,
d 1
(L*ge)y) = | ul X)Ed)gl/s(x_y)
1 :
— o |l | dze Vg2
27me
Fubini 1 J iz
= —— | dz z)em o, (z).
\/275 91/5( ) d)u( )
Thus p* g¢ can be expressed in terms of ¢, and e. Letting ¢ — 0 completes the
proof. O

Lemma 1.20 (Relation between tails and characteristic functions). There exists ¢ > 0
such that, for every p € M;(IR) and every K > 0,

1/K

(R (K, K) < K | - Redyw) du

Proof. We have

1/K 1/K
KJ (1 -Redy(u))du= KJ (1—J cos(ux)u( dx)) du
—~1/K —~1/K R
. 1/K
Fubini J w(dx)K J (1 —cos(ux))du
R —~1/K
B sin(x/K)
-2 (1=

B sin(x/K)
> ZJR\[K,K} wl dx) (1 x/K )
> 2(1 —sin(1))u(R\ [—K, K]),

since sin(y)/y < sin(1) for [y| > 1. O

Proof of Lévy’s theorem. Step 1: tightness. We have

1/A 1/A

(1—Red)un(u))du—>cAJ (1—Red(u))du.

i (R\ A, Al) < cAJ
—1/A

~1/A
The last quantity tends to 0 as A — oo, since ¢ is continuous at 0 and ¢(0) = 1. It
follows that

lim limsup pn(R\ [-A, A]) = 0.

A=00 nooo

Thus (pn)n>1 is tight. In particular, there exist a subsequence map ¢g and p € M;(IR)
such that pg (n) = 1. Then ‘bu@o(n) — ¢y pointwise. Hence ¢ = ¢, which already
shows that ¢ is the characteristic function of a probability measure.

12
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Step 2: uniqueness of the limit. Let ¢ be a subsequence map and v € M; (RR) satisfy
Hem) = V. Then ¢, — ¢v pointwise. But ¢, — ¢ = ¢, pointwise. Thus
¢, = ¢+, and p = v by injectivity of the characteristic function. O

We again encounter a two-step argument, which is the guiding principle of this course.
There are essentially three ingredients:
(i) Tightness.
(ii) A certain property P passes to the weak limit (for Lévy’s theorem, p,, = pimplies
¢y, — dp pointwise).
(iii) This property P characterizes probability measures.
Points 2 and 3 are often called “identification of the limit” or “uniqueness of the limit”.
For these reasons, in general spaces it is often important to have a “good” charac-
terization of compact sets (for tightness) and a “good” characterization of probability
measures (for uniqueness of the limit).

Interlude: separability

Throughout this course, the notion of separability is crucial. A metric space E (or, more
generally, a topological space) is said to be separable if it has a countable dense sequence.
For example, (C.(R), || - ||oo) and every compact metric space are separable (use the
finite subcover property), whereas (Cy(R), || - ||oo) is not (exercise).
Separability is a very useful property when considering products of spaces. If E, F are
separable metric spaces,
B(ExF) =B(E)® B(F),

which is false in general. In particular, if X, Y are random variables with values in a
separable metric space (E, d), then d(X, Y) is measurable as the composition of

(Q,F) — (ExE,B(E)®B(E)),
w — (X(w), Y(w)),
and
(ExXE,B(ExXE)) —R,
(x,y) — d(x,y),

the second map being measurable because it is continuous, and the two intermediate
sigma-algebras being equal.

Separability is a topological property, in the sense that, if E and F are homeomorphic,
then E is separable if and only if F is. N.B.: completeness is not a topological property.

13
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2 Other modes of convergence

Related exercises: Sheet 2, p. 110.

In this chapter
2.1  Almost sure convergence and convergence in probability . . .. ... ... .. ... 14
22 Uniform integrability and convergencein L' . ... ... ... ... ... ... ... 15

2.1 Almost sure convergence and convergence in probability

Let (Xi)n>1 and X be random variables defined on the same probability space, with
values in a separable metric space (E, d).

Definition 2.1.  ® We say that X,, converges almost surely (a.s.) to X, and write
Xn 225 X, if
P{we Q: Xp(w) — X(w)}) =1.

* We say that X, converges in probability to X, and write X, L X, if

Ve > 0, P(d(Xn, X) > ¢) — 0.
Remark 2.2. e P(X, — X) involves the joint distribution of (X, Xy, Xy, X3,...),
whereas IP(d(Xy, X) > €) involves only the joint distribution of (X, X).

* We will see later that almost sure convergence and convergence in probability
imply convergence in distribution, and that convergence in distribution to a
constant is equivalent to convergence in probability to that constant.

Proposition 2.3. We have X, L, Xif and only if every subsequence (X)) has
a further subsequence (Xoy(n)) that converges almost surely to X. In particular,

Xn 225 X implies X — X.

Proof. First, let us check that

Xn B X =  E[dX,X) A1 — 0,

where /\ denotes the minimum. For the reverse implication, for 0 < ¢ < 1 we have

LR, X) A1) — 0.

P(d(Xn, X) > ¢€) < "

For the forward implication, for ¢ > 0 we write

E[d(Xn, X) A1l = E[(d(Xn, X) A1) Lg(x,, x)<e)]
+E[(d(Xn, X)A D) Ligix,, x)>e)]
< e+ P(d(Xn, X) > ¢).

Thus limsup,, ,  E[d(Xn, X) A1l = 0. Let us return to the proof of the proposition.

14



Limit theorems and applications Lecture notes 2. Modes of convergence

Forward implication. Let @ be a subsequence map. There then exists a subsequence
map 1 such that, for everyn > 1,

E[d(Xgpopm), X) AT <27

We have

o0

E | d(Xgopm) X ZIE X pop(n) X) A 1] <

n=1
Thus, almost surely, 3 | d(Xoyp(n), X) /A1 < 00, and hence X oy (n) 255 X,

Reverse implication. Arguing by contradiction, if X, % X, we find ¢ > 0 and
om) X)A1] > e. Let P be a
subsequence map such that X ) 2%, X. By dominated convergence,

a subsequence map ¢ such that, for every n, E[d(X

E[d(X gop(n), X) AL — 0,

which is a contradiction. ]

2.2 Uniform integrability and convergence in [!

In this section, (Xn)n>1 and X are integrable real-valued random variables defined on
the same probability space.

1
Definition 2.4. We say that (X, ) converges to X in L1, and write X;, L, X, if E[|X,, —
X[l — 0.

The dominated convergence theorem allows us to deduce L! convergence from almost
sure convergence under a domination assumption. Scheffé’s lemma (see Exercise Sheet
1) also states that

1
X, >0, X>0, X, 25 X, E[X,] — EX] =— X, X

The concept of uniform integrability links convergence in probability with L! conver-
gence.

If X € 11, then IE[IXIIL{‘X|>X}] — 0 as x — oo, by dominated convergence. Uniform
integrability extends this to a family of random variables.

Theorem 2.5. Let (Xj)ic1 be integrable real-valued random variables. The following
three conditions are equivalent:
(1) sup E[|Xi|ﬂ{|xi\>x}] — 0as x — oo.
iel
(2) sup E[[Xi]] < oo and, for every e > 0, there exists & > 0 such that, for every
iel
measurable set A,

P(A) <6 = supE[XjlIal <e¢
iel
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(3) There exists a nondecreasing function ¢ : Ry — R} such that

(P(X) — 400 (X N oo), sup ]E[(PUX1|)] < 00

icl

This is the de la Vallée Poussin criterion.

When these conditions hold, (X;)icr is said to be uniformly integrable, or UI for short.

Before proving this, let us mention a useful corollary of (2).

Corollary 2.6. The sum of two Ul families is UL

Proof of the theorem. (1) = (2). For boundedness in 1! for sufficiently large x we write

E[IXi[] < ElXillyx,j<x)) + EIXilLyx,sx] < x+sup E[[Xi[1yx, =) <
iel

Next, fix ¢ > 0. By assumption, there exists x > 0 such that sup; ; E[[Xi|1x,>x.})] < €
Then, if P(A) < ¢/x¢, for i € [ we have

E[IXi|1Al = EIXiTA Tyxj<x ] + EBIXTA Lx >x0 )]
<xeP(A) 4+ ¢ < 2¢e.

(2) = (1). By Markov’s inequality, if x ! sup,_; E[Xi]] < o, then, for every i € [,
P(IXi| = x) < 8 and hence E[[X;|1x,>x)] < €
(3) = (1). Let ¢ > 0 and let x, > 0 satisfy x < e@(x) for every x > x,. Then

sup E[XilTyx,=x] < esup E[o(Xi))Tyx, =« )] < esup Ele(IXil)].

iel iel iel

(1) = (3). Let (xn) be a strictly increasing sequence tending to +oo such that

sup E[Xi[Ljx;zx,) < 27"

iel
We then set @(x) = Y 271 (x — xn)+, for x > 0, which is nondecreasing. Moreover,

Joy (1-3) ke

n=1

by monotone convergence, and

o0
@(IXih)] < Y ElXilLjx,sx,)]) < 1.
n=1

Criterion (3) is often applied with ¢(x) =

16
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Remark 2.7. We have seen (see Exercise Sheet 1) that (Xj)ic; is tight if and only if there
exists ¢ : Ry — IRy such that lim, o, ¢ = 400 and sup,; E[@(|X;|)] < co. Tightness is
therefore weaker than uniform integrability, and

Ul = tightness.

Proposition 2.8. Let (X;,)n>1 be integrable real-valued random variables and let X

1
be a real-valued random variable. Then X € L! and X, L, Xifand only if Xy, LY
and (Xy)n>1 is UL

1
Proof. Forward implication. Suppose that X, Ly X. Then Xp 5 X by Markov’s
inequality. To show that (X )n>1 is Ul it suffices to show that (X, — X)n>1 is Ul, since
the sum of two Ul families is Ul by characterization (2). To this end, given ¢ > 0,
choose ng such that n > ng implies E[|X;, — X|] < ¢. For these n, every truncated
expectation is therefore bounded above by ¢. Next, choose x such that, for x > xq,
E[|X; — X|1Lgy. _ <e.
[max ElIX: = Xx,—xzx] < €
Then SUp; -1 E[IX; — X[1yx,—x=x)) < e
Reverse implication. First, let us check that X € L. Let ¢ be a subsequence map such
that X () 2% X. Then, by Fatou’s lemma,

E[XI < iminfE{|X o(m)[] < oo

by UL Thus, as above, (X;, — X)n>1 is UL. Choosing ¢ as in characterization (2), if
P(|Xn —X| > ¢) < 5, we deduce that

E[[Xn — Xl < E[Xn — X[1yx, —xze)] + EllXn — X|Lx,, —xj<e)] < 2.

17
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3 Probability measures on a metric space

Related exercises: Sheet 3, p. 124.

In this chapter

31 Regularityof measures . . . . .. ... ... . ... 18
3.2  Theportmanteautheorem . ... ... ... ... .. ... ... . ... . ... ... 18
33  Weakconvergencein RN . . . ... 21
3.4  Tightness and Prokhorov’stheorem . . . . . . ... ... ... ... .. ......... 24
3.5  Topological propertiesof My(E) . . . . . ... oo o 29
3.6  Furthertopology . ... ... ... ... . ... .. 32

3.1 Regularity of measures

Theorem 3.1. Let (E, d) be a metric space and p € M;(E). For every A € B(E),

iw(A) =inf{u(O) : O open, A C O} = sup{u(F) : F closed, F C A}. (1)

Proof. This is a measure-theoretic proof. Write
A ={A € B(E) : A satisfies (1)}.

If O is open, then O € A: the infimum is immediate; for the supremum, let F,,
{x € E: d(x,0¢ > 1/n}, which is closed. Since O = U

limy 00 1(Fn).
Let us show that A is a sigma-algebra. We have @ € A; closure under complementa-

Fn., we have n(0O) =

n>1

tion is immediate. Let (A, )n>1 be a sequence in A, and let F,, be closed and O, open
such that F, C Ay C On and p(On \ Fn) < €/2™. Then O = |J,;»; On is an open set
containing ( J,,~1 An such that

p{oNUAn | <) o<

n>1 n=1

However, F' = - Fn need not be closed. To get around this, note that UT]\LJZ1 Fo T F
as N — oo, so there exists N > 1 such that u(F’\ ngl Fn) <& SetF = ngl Fn. We
then have

H(O\F) < u(O\F) 4+ pu(F'\F) <2

]

In particular, a probability measure is characterized by its values on open sets (or
closed sets), which can also be seen directly from the monotone class lemma.

3.2 The portmanteau theorem

Here, (E, d) is a metric space.

18
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Theorem 3.2 (Portmanteau / Alexandrov). Let (pn)n>1 be a sequence in M (E) and
i € My (E). The following properties are equivalent:

(1) pn = 1

(2) For every bounded Lipschitz function f: E = R, pn(f) — p(f).

(3) For every closed set F, limsup, . pun(F) < p(F).

(4) For every open set O, liminfy o tn(O) > p(O).

(5) For every A € B(E) such that u(0A) =0, we have limp_,o pn(A) = p(A).

(6) For every bounded measurable function f : E — R that is continuous at
p-almost every point, we have p, (f) — p(f).

The intuition behind (3) is that mass cannot escape from closed sets.

In probabilistic terms, if £(X;,) = pn and £(X) =,

Xn AX e E[f(Xn)] — E[f(X)] for every bounded Lipschitz f : E — R
<= limsupP(X, € F) < P(X € F) for every closed set F,

n—oo

and so on. Before the proof, let us look at a few applications.

Proposition 3.3. Let X, X be random variables with values in (E, d) such that

Xn 4, X. Let f : E — R be measurable and almost surely continuous at X. Then
d

f(Xn) = f(X).

Proof. Let g : R — R be bounded and continuous. Then gof : E — R is bounded

and measurable, and almost surely continuous at X. Thus, by (6) of the portmanteau

theorem, E[g o f(X,)] — Elg o f(X)], which is precisely the definition of f(Xp) N

f(X). ]

Application. Let (E, d) be a separable metric space, and let X, Y5, be random variables
with values in E such that Xn, = X and d(Xn, Yn) &> 0. Then Yy, = X.

Proof. We apply the portmanteau theorem. Let F be closed, and write F, = {x € E:
d(x, F) < ¢}, which is closed. Then

P(Yn € F) <P(Xy € Fe) +P(d(Xn, Yn) = €).

Hence
limsupP(Yy, € F) < limsupP(X,, € F¢) < P(X € F).
n—oo n—oo
Since Fis closed, IP(X € F¢) — P(X € F) as ¢ — 0, which completes the proof. ]

19



Limit theorems and applications Lecture notes 3. Metric spaces

Corollary 3.4 (Slutsky’s lemma). Let (E, dg) and (E’, dg/) be separable. If X;, = X in
E and X}, P x'in E’, with fixed x’ € E/, then

(Xn, X1) = (X,x)).

Proof. Equip E x E/ with the metric
d((a,a’),(b,b") = de(a,b) + des(a’, b").

Thus (Xn, x') = (X, x’), by composing X, 9, X with the continuous map x — (x,x’).
Moreover,
A((Xn, x"), (Xn, X3)) = e/ (X}, ') 5 0.

The result follows. [

Application. In R, if X;, 9 X and Yn r, 1, then X, /Yn N X, defining the quotient
arbitrarily when Y, = 0. Indeed, (Xy, Yn) i> (X,1) by Slutsky’s lemma, and then
g(Xn, Yn) % g(X,1) with

x/y ify #0,

glx,y) =
0 otherwise,

which is almost surely continuous at (X, 1).

Proof of the portmanteau theorem. (1) = (2). Immediate.
(2) = (3). Let F be closed and K > 0. Set

gr k(x) = max(1—Kd(x, F),0).

This function has a plateau at height 1 on F and vanishes at distance 1/K from F. Thus
grx is K-Lipschitz and satisfies 1 < grx < 1. Hence pu, (F) < pn(grk), and

lim sup pun(F) < pgrx)-
n—o0
By dominated convergence, p(grx) — W(F) as K — oo, giving the result.
(3) = (4). Immediate by taking complements.
(3) and (4) = (5). Let A € B(E) satisfy u(dA) = 0, so that u(A°) = p(A) = p(A).
Then

H(A) = p(A®) < liminf pn (A®) < limsup pn(A)

n— n—oo

< limsup pn(A) < p(A) = p(A).

n—oo

Also inserting lim inf,, pun (A) between the two bounds, we see that all the inequalities
are equalities, giving (5).
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(5) = (6). Let f be continuous p-almost everywhere and bounded by M. Writing
f = f; — f_ if necessary, we may assume f > 0. Then, by Fubini’s theorem,

() = JE () bn (dx) = JE jo Ly <ty Ay pn( dx)

0 M

ST L ﬂ{ygf(x)}un(dx){o dy wn({F > y)) = JO in(Ay) du,

where Ay = {f > y}.
To apply (5), consider 0Ay. Let D be the set of discontinuity points of f. Let us
check that
0Ay C{x € E: f(x) =y}UD.

Example for E = R. In the handwritten figure, the graph of f is drawn in blue, together
with a horizontal line at height y. The set Ay = {x : f(x) > y} is marked in red on
the horizontal axis, and the points of dAy in green. Its boundary points occur where
the graph crosses level y or at discontinuities; an isolated point of A can also be a
boundary point.

Indeed, let x,, € Ay satisfy x, — x € 0Ay. If x € D, there is nothing to prove.
If x ¢ D, since f(xn) > y for every n, we have f(x) > y. Then either f(x) =y, or
f(x) >y, in which case x € Ay, which is impossible.

There are at most countably many y such that p({f =y}) > 0: for an integer r > 1,
there are at most r values of y such that u({f = y}) > 1/r, since p is a probability
measure. Thus, for Lebesgue-almost every y, u(0Ay) = 0 and pn(Ay) — u(Ay). By
dominated convergence, we conclude that

M
Hn () — JO H(Ay) dy = p(f).

(6) = (1). Immediate. O

3.3 Weak convergence in RN

Write RN = {(x1,%p,...) : ¥i > 1, x; € R} for the set of real sequences.

3.3.1 Sigma-algebra on RN

Definition 3.5. The product sigma-algebra on RN, denoted by B(R)®N, is the smallest
sigma-algebra on RN making the maps

m : RN — (R, B(R)),

(Xi)iz1 — Xk

measurable for every k > 1. It is sometimes called the cylinder sigma-algebra.
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Remark 3.6. One checks that:

e Sets of the form
{(xi)iz1 :x4;, € Aq,..0, X, € Ax) = 7Ti_11(A1) n--- ﬂﬂil(/z\k),

for Aj,...,Ax € B(R)and 1 < i < ip < -+ < iy, called cylinder sets, form a
generating 7-system for B(R)*N,

e A function (Q, %) — (RN, B(R)®N), w — (xi(w))i>1, is measurable if and only if,
forevery k > 1, w — x(w) is measurable. In particular, (Xj)i>1 is an RN-valued
random variable if and only if each X; is a random variable.

Definition 3.7. Let 0 € M;(RN). For1 < i; < -+ < iy, write Wi,,..i, for the
pushforward of p under the map

RN — IRk/ (Xi)iEl L— (Xill oo /Xik)'

If (Xi)i>1 has distribution y, this is the distribution of (Xj,, ..., X;, ). The measures
{4 01 <1y < -+ < iy} are called the k-dimensional marginals of . The family of

all k-dimensional marginals, k > 1, is called the family of finite-dimensional marginals
of u (fidi for short).

Proposition 3.8. A measure p € M, (RN) is characterized by its finite-dimensional
marginals. In particular, the distribution of a random variable (X;)i> € RN is
characterized by its finite-dimensional distributions.

Proof. This follows from the fact that cylinder sets form a generating m-system for
B(R)®N; two measures in M (RN) that agree on these sets are therefore equal by the
monotone class lemma. O

In probabilistic terms,

d

. . d
Xi)iz1 = Miz1 = Vk>21, VI<ip<---<i, Xy, Xy ) =Y, -oo, Yy )

3.3.2 Metric on RN
To discuss weak convergence in RN, we define a metric on R™N.

Definition 3.9. For (x;)i>1, (yi)i>1 € RY, set

o0
xi—yil 1
d((x1)i>1, (Ui i>1) = 14+ s —u:| 20
Viz1, (Yi)iz1) ; 1 [ — g 21

If (xi)i>1 and (yi)i>1 agree on their first K terms (that is, x; = y; for i < K), then
1
d((xi)iz1, (Yi)iz1) < KT
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In particular, the eventually zero sequences of rational numbers are dense in RN, which
is therefore separable.
One also checks (exercise) that, if (xI')i>1 € RN and (xi)i>1 € RN,
dx",x) 20 <<= Viz1l x'—x.
Remark 3.10 (Optional). The metric d metrizes the product topology on RN, in the sense

that the open sets defined by d coincide with the smallest topology (that is, collection of
open sets) for which all the projections 7 are continuous.

Lemma 3.11. The Borel sigma-algebra B(RN) coincides with the product sigma-
algebra B(R)*N,

Proof. Continuity of the projections . gives B(R)®N < B(RN). For the reverse
inclusion, fix z € RN. The function

K

x — d(x,z) = lim p AL .
Koo = T4 xi — 2z

Xy — zi

is measurable with respect to the product sigma-algebra, as a limit of measurable
functions. Every open ball B(z, 1) therefore belongs to this sigma-algebra. Finally, RN
is separable: balls with centers in a countable dense subset and strictly positive rational
radii form a countable base of open sets. Every open set is therefore a countable union
of such balls, proving B(RN) ¢ B(R)*N. N

3.3.3 Weak convergence in RN

In RN, convergence in distribution is equivalent to convergence of finite-dimensional
marginals.

Theorem 3.12. Let (X");>1 and X be RN-valued random variables. Then

X"EX e kL VISh << O XD (X, X!

1’ 117

Proof. The forward implication is clear from the continuity of

K
T, 4 RY — R, (Xt)iz1 > (Xip, e e e s X4, )

For the converse, let f : RN — R be bounded and Lipschitz. Let ¢ > 0, and let 6 > 0
be such that d(x,y) < & implies [f(x) — f(y)| < ¢, for x,y € RN. Choose K such that
27K < 5. Writing Tyx = (x1,...,%x,0,0,...), we have

IE[f(X™)] — Ef(X)]]
< E[f(X") = f(TXM)[] + [E[f(TeX™)] = E[f(Tk X)) + E[f (T X) — £(X)]].

~~

<e —0 by assumption <e

The portmanteau theorem completes the proof. O
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3.4 Tightness and Prokhorov’s theorem

In the general metric setting, tightness involves the notion of compactness. We need a
few topological results.

Definition 3.13. Let (E, d) be a metric space and A C E. We say that A is relatively
compact if A is compact.

Remark 3.14. A is relatively compact if and only if every sequence in A has a convergent
subsequence. In particular, {x,, : n > 1} is relatively compact if and only if, for every
subsequence map ¢, there exists a subsequence map 1 such that (x oy m))Jn>1 converges.

Definition 3.15. Let (E, d) be a metric space and A C E. We say that A is totally
bounded if, for every € > 0, A can be covered by finitely many balls of radius «.

Lemma 3.16. A is totally bounded if and only if A is totally bounded.

Proof. The reverse implication is clear. For the forward implication, if A C
UM, B(xn, €), let us check that A  [JY_; B(xn,2¢). Lety € A and y,, — y with
Ym € A. Let my satisfy d(y,ym,) < ¢, and let n; satisfy ym, € B(xn,, €). Then
Yy € B(xn,,2¢) by the triangle inequality. O

Along with separability, completeness plays an important role in Prokhorov’s theorem.
Unlike separability, completeness is not a topological property: (E, d;) and (E, dz) can
be homeomorphic, with (E, d;) complete and (E, d;) incomplete. For example, take
E =R, di(x,y) =[x —y|and dy(x,y) = |arctan(x) — arctan(y)]|.

In a complete space, total boundedness characterizes relatively compact subsets.
Example 3.17. A compact metric space is totally bounded and complete.

The following result will be very useful; see the exercise for the proof.

Proposition 3.18. Let (E, d) be complete and A C E. Then

A totally bounded <= A relatively compact.

Definition 3.19. Let (E, d) be a metric space.

e A measure p € M;(E) is said to be tight if, for every ¢ > 0, there exists a
compact set K such that p(K) > 1 —e.

e A family (p)ier of measures is said to be tight if
Ve >0, JK compact, in{ w(K)>1—e.
e

A family of random variables is tight if the family of their distributions is tight.
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Proposition 3.20. Let (;)ic be a tight family on (E,d) and let f : (E, d) — (F, d’) be
continuous. Then (f.;)ic is tight, where f,; is the pushforward of p; under f.

Proof. Let ¢ > 0 and a compact set K satisfy inficy i (K) > 1 — €. Since f is continuous,
f(K) is compact. Moreover, f~1(f(K)) D K, so

inf f.u (F(K)) = inf i (F1((K))) > inf i (K) > 1—e,
iel iel iel

]

Definition 3.21 (Slightly simplified). We say that (E, d) is Polish if it is separable and
complete.

Remark 3.22. The “true” definition of a Polish space is a separable topological space
that is metrizable by a complete metric (see Part 4). For simplicity, however, in this
course Polish means metric, complete, and separable.

Proposition 3.23. Let (E, d) be Polish and p € M; (E). Then p is tight.

Proof. Let (xi)x>1 be a dense sequence. Let ¢ > 0. For every n > 1, choose Ny, such

that N
n (U §(xk,1/n)> 1— 2_T1

k=1
Set K =21 Uk 1 B(xx, 1/n). Then K is closed and totally bounded, hence compact.
Moreover,
00 Nn 00
— €
u(KC)<Z<1—u<UB(xk,1/n>> 2 n=¢
n=1 k=1 n=1

]

Theorem 3.24 (Prokhorov). Let (E, d) be a metric space and let (i, )n>1 be a sequence
in Ml (E) .

(i) If (un)n>1 is tight, then, for every subsequence map ¢, there exists a subse-
quence map 1 such that (Lyoyn))n>1 converges weakly.

(ii) If (E,d) is Polish, the converse holds.

We begin with a lemma.

Proposition 3.25. Let (E, dg) be a separable metric space. Then E is homeomorphic
to a subset of (RN, d).
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Proof. Let (z');>1 be a dense sequence in E. Set
O:E— RN, x— (de(x,2Y)is1-
* @ is continuous because convergence in RN is coordinatewise convergence.

* Suppose that ®(x) = @ (y). If x # y, choose z' such that dg (x, z') < de(x,y)/2.
By the triangle inequality, we cannot have dg(x, z') = dg(y, z%).

* Suppose that ®(x") — O(x). Arguing by contradiction, suppose that x™ /4 x.
There then exist ¢ > 0 and a subsequence map ¢ such that de (x?™ x) > ¢
for every n. Choose z' such that dg(z},x) < &/2. Then dg (x®™, z}) > /2. But
de (x®™, 21 — dg(x,z1), a contradiction.

Thus @ is a homeomorphism onto its image. O

Let us return to the proof of Prokhorov’s theorem.

Proof of the first assertion. This is the most useful direction, but also the most difficult.
The idea is to handle successively the cases R¢, RN, E ¢ RN, and E.

e Cuse E = R. This was covered in Section 1.3; the case RY is treated similarly (see
the exercise sheet or Kallenberg, second edition, Proposition 5.21).

e Case E = RN, Write
M : RN — R, (xi)iz1 —> (X1,...,%x),

which is continuous. Since the image of a compact set under a continuous
function is compact, for every k > 1, (ﬁkun)n>1 is tight in RX. By a diagonal
argument, for every subsequence map ¢, there exists a subsequence map 1
such that, writing 0 = @ o1, for every k > 1, (ﬁkuo(n))n>1 converges weakly
to a measure vy € M;(RR¥). Since (Vi)k>1 is consistent (that is, ﬁkka = Vi),
Kolmogorov’s extension theorem gives v & M; (RN) such that ﬁkv = vy for
every k > 1. It follows that ;) weak, v, since in RN weak convergence is
equivalent to weak convergence of finite-dimensional marginals.

* Case of o-compact E (E is a countable union of compact sets). Since E is separable,
it is homeomorphic to a subset of RN that is o-compact (the image of a compact
set under a continuous function is compact), and hence measurable in RN,

Since weak convergence and tightness are preserved under continuous maps,
we may assume that E C RN with E measurable. One checks that

B(E) ={A € B(RN): A C E} (exercise).

Extend 1, to RN by setting tin(A) = un(A NE) for A € B(RN); that is, {i, is the
pushforward of w, under the continuous inclusion map I: E — RN, x - x.
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a) Then ([in)n>1 is tight as the image of (pn)n>1 under I. Let ¢ be a subse-
quence map. By the preceding step, there exists a subsequence map 1 such
that, writing 0 = @ o, ({is(n))n>1 converges weakly to it € M (RN).

b) Let us check that fi(E) = 1. Let K; be a compact subset of E such that
Hom)(Ki) = 1—1/ifor every n > 1. Since K; is closed in RN (exercise), the
portmanteau theorem gives

~ ~ . ~ . 1
H(E) > 1(Ky) = limsup fgm) (Ki) = lim sup pgn) (Ki) > 1— .
n—o0 n—o0 1
Letting i — oo gives H(E) = 1. We then define p on E by setting p(A) =
1(A) for A € B(E).

c) Let us check that p;q weak, p. We use the portmanteau theorem. Let O

be an open subset of E. Then O = EN O, where O is open in RN (exercise),
and

~

lim inf 11y (0) = lim inf fig(n) (O) > B(0) = KO NE) = u(0),

n—oo n—oo
since (k) = 1.

* General case. Let K; be compact such that pu,(K;) > 1—1/i for every n > 1.

Set By = (U2 Ky, so that un(Eg) = 1 for every n > 1. Apply the preceding
case to [in, defined on Ey by 1, (A) = pn(A). In particular, since pun(Eg) = 1,
Hn(A) = pn(A N Ep) for A € B(E). The family (1in)n>1 is indeed tight since, for
every i,n > 1, un(Ky) > 1 —1/1, with K; compact.
Let ¢ be a subsequence map; there exists a subsequence map 1 such that,
writing 0 = ¢ o, we have g weak, n € My(Ep). Define u by nu(A) =
(A NEp) for A € B(E). We conclude that iy, weak, U, since Wq(y) and p are
the pushforwards of i) and p under the continuous inclusion map I: Eg — E,
X X,

O

Proof of the second assertion. Suppose that (E, d) is Polish and that, for every subse-
quence map @, there exists a subsequence map 1 such that p,c () converges weakly.
Fix ¢ > 0 and a dense sequence (x;)i>1. First, let us check that

3

k=1, 3Ne=1 ovn>1 o | [UBGe1/K) | 21—

Otherwise, there exists k > 1 for which this property fails. For every fixed measure
u;, the mass of U{il B(xi,1/k) tends to 1 as N — oo. Set ¢(0) = 0. At step n, choose
N > n sufficiently large that all indices j < @(n — 1) satisfy the bound with this
N. Since the property fails, some index @(n) violates this bound at index N; it is
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necessarily strictly greater than ¢ (n —1). By inclusion of the coverings, it also violates
the bound at index n. Thus, for every n,

n) (szl B(xi, 1/k)> “1- 2_k

Let { be a subsequence map such that pgoyn) weak, . By the portmanteau theorem,
for everym > 1,

¢ P(n)
1——= T hnnlg}fu(pow( ) LJl B(xi,1/k)
1=
hmmfu(pow (U B(xi,1/k) ) (U B(xq,1/k) >
i=1

Thus, letting m — oo, we obtain u(E) <1—¢/ 2%, a contradiction. Set

Ny
K= UBx1/%).

k>11i=1

As in the earlier proof that a probability measure on a Polish space is tight, we see
that K is compact and pn (K) > 1 — ¢ forevery n > 1. O

Corollary 3.26. Let (E, d) be Polish, let (1n)n>1 be a sequence in M;(E), and let

weak

p € My (E). Then pp, — pif and only if

* (Mn)n>1 is tight;

* if ¢ is a subsequence map and v € M (E) satisfies ) weak, v, then u = v.

The proof is the same as that of Corollary 1.16 for E = R.
Probabilistic reformulation. Let (X),>1 and X be random variables with values in a
Polish space. Then X, 4 Xif and only if
* (X,) is tight, that is, Ve > 0, 3K, compact, limsup,, . P(Xn ¢ K¢) <¢;
© if Xpm SV, then X LY.
Application. Let (X, )n>1 and (Yn)n>1 be random Varlables with values in Polish
spaces (E,d) and (E’, d’). Suppose that Xy, 4, X, Yn 4 Y, and X, L Yy for every n.

Then
oY) S (XY), X<x vey, xuvV.
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Proof. Step 1: ((Xn, Yn))n>1 is tight. Indeed, since X;, 4, X and Yn N Y, for ¢ > 0 there
exist compact subsets K, K’ of E, E’ such that P(X, € K) > 1—¢ and P(Y, € K') >
1—¢. Then P((Xyn, Yn) € K x K') > 1—2¢, with K x K/ compactin E x E'.
Step 2: uniqueness of the limit. If (X ), Yom)) LN ()?, \7), then, for every f € Cy(E),
g € Cy(E),
]E[f(X(p(n))g(Yq)(n))] = lE[f(X(p(n))]lE[g(Y(p(n))].

Passing to the limit as n — oo, we obtain

As in the proof of the portmanteau theorem, approximate L./, with F, F’ closed, and
conclude by the monotone class theorem. O

3.5 Topological properties of M; (E)
Let (E, d) be a metric space.
Definition 3.27. For w, v € M;(E), set
dip(n,v) =inf{e > 0: VA € B, u(A) < v(A®) +eand v(A) < u(Af) + ¢},

where A® = {x € E: d(x,A) < ¢} is the open e-neighborhood of A. The metric dyp is
called the Lévy—Prokhorov metric on My (E).

Proposition 3.28. dip is a metric.

Proof. Symmetry is immediate. The triangle inequality follows from (Af)" ¢ A&,
For separation, if dip(p, v) = 0, then, for every closed set F,

1 1
n(F) <YFY™) 4=, v < u(F™) o+

Since F = (1,51 Fi/m, letting n — oo gives u(F) < v(F) and v(F) < u(F). Thusp =v
on closed sets, hence 1 = v. ]

It can sometimes be useful to use an asymmetric definition of dpp.

Lemma 3.29. We have

dip(w, v) =inf{e > 0:VA € Bg, u(A) < v(A®) + ¢l

Proof. Let ¢ > 0 satisfy u(A) < v(A*®) + ¢ for every A € Bg. Let A € Bg. One checks
that ((Af)€)¢ C A€, so that

V(A) =1—=v(A%) <T=v(((A%)9)") < 1T—p{(A%)") + e = pn(A%) + e

29



Limit theorems and applications Lecture notes 3. Metric spaces

Lemma 3.30. If E is separable, for every probability measure u € M;(E) and every
n > 0, there exist finitely many functions fy, ..., fm € Cy(E) such that, for every
v e My(E),

max [v(fj) —u(f;)l<n = drp(w,v) <3n.
1<<m

Proof. Fix a dense sequence (x;)i>1 in E. Choose N such that

N
n <U B(XM)) >1-mn.
i=1

For nonempty I C {1,..., N}, set

BI = UB(Xi/T])/ fI(X) = max (1 — d(X%BI),()) ,

i€l

and set By = @, 5 = 0. These 2N functions are continuous and take values between 0
and 1. Suppose that |[v(f;) — u(f1)| < n for every I. For a Borel set A, set

In={ie{l,...,N}: AnB(xy,n) # 9}

Then A \ By, is contained in the complement of the covering and {f;, > 0} C A3,
Consequently,

w(A) < w(Br,) +1 < wlfr,) +m < v(fr,) +2n < v(A®) +2n.

The asymmetric definition of the Lévy—-Prokhorov metric, established in the preceding

lemma, gives dyp(n, v) < 3n. O

The Lévy-Prokhorov metric is related to weak convergence.

Proposition 3.31. Let (in)n>1 be a sequence in My (E) and p € My (E).
(1) dip(pn, 1) — 0 implies iy, 2225 .

(2) If E is separable, weak, pimplies drp(pn, u) — 0.

Thus, when E is separable, d p metrizes weak convergence on M; (E).

Proof. (1) Suppose that dip(pn, ) — 0. Let F be closed and ¢ > 0. Let ng be such that
n > ng implies un (F) < w(F¢) +&. Thus limsup,, ,  un(F) < u(F¢) + €. Letting e — 0

gives limsup, ,__ un(F) < u(F). Hence, by the portmanteau theorem, p, weak, 8

(2) Let E be separable and p,, weak, w. Fixn > 0 and choose the functions fy, ..., fiy
from Lemma 3.30. Since there are finitely many of them,

max |un (fj) — u(fj)] — 0.
1<gsm
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For sufficiently large n, the lemma therefore gives dyp(pn, 1) < 31. Sincen > 0is
arbitrary, drp(pn, u) — 0.
O

Corollary 3.32 (Consequence of Prokhorov’s theorem). If (E, d) is compact, then
(M4 (E), drp) is compact.

Proof. Let (un)n>1 be a sequence in M;(E). It suffices to show that (p,)n>1 has a

subsequential limit. Since E is compact, (tn)n>1 is tight. There therefore exist a

subsequence map ¢ and p € My (E) such that py ) weak, . Since E is separable,

Hom) — win (Mq(E), drp). O

Remark 3.33. When (E, d) is Polish, Prokhorov’s theorem can be reformulated as follows:
if A C My(E), the family {n : u € A} is tight if and only if A is relatively compact in
(M1 (E), drp). Under the sole assumption of separability, tightness still implies relative
compactness.

Theorem 3.34. Let (E, d) be a metric space.
(1) If E is separable, then (M;(E), drp) is separable.

(2) If E is complete and separable, then (M;(E), dip) is complete and separable.

Proof. (1) Let (xi)i>1 be a dense sequence in E. We show that the set of measures of the
formv =} . cm Tmdx,, with finite M C IN*, 7, € Qy,and ) ..\ Tm = 1, is dense.

Let u € My(E). Let e > 0and M C IN*, Card M < oo, satisfy u({Jepm B(xm, €)) >
1 — ¢. Replacing the B(xm, €) by disjoint subsets of these balls, write

U B(xm, &) = |_| B, Xm € Bm C B(xm, €).

meM meM

Set v =) . cmTmOx,,, with the () chosen so that } | . [rm — u(Bm)l < e. For

A € B(E), set
A= |J Bm

Then w(A) < u(A)+ u(A\A) < p(A) +e. But[u(A) — v(A)| < eand A C A%, s0
(A) < v(A%) +2¢, hence dip(p, v) < 2¢.

(2) Let (pn)n>1 be a Cauchy sequence for dip. It suffices to show that (pn)n>1
is tight (it will then converge to a subsequential limit, by the properties of Cauchy
sequences). Let ¢ > 0 and a subsequence map ¢ satisfy

_ €
Vi> @(n), drp (K, He(m)) < PLES R
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By tightness of Wy, ..., Lym), there exists a compact set K;, such that p;(Ky) > 1—
y tig ®(n) P

e/2" 1 fori=1,...,@(n). Then, fori > @(n),
(K£/2n+1 £

£
n ) P FL(p(n)(Kn) - il > 1_2_n

Hi

This also holds fori =1, 2,..., @(n). Setting
K=k,
n>1

one checks that K is compact (since it is totally bounded and closed) and has measure
> 1 — ¢. This completes the proof. O

3.6 Further topology

A few reminders of topology (see, for example, Frédéric Paulin’s lecture notes Topology,
Analysis and Differential Calculus (title translated), available on his webpage).

* A topology on a set E is a collection O of subsets of E, called open sets, such that:

(i) every finite intersection of elements of O belongs to O;

(ii) every union of elements of O belongs to O.
A topological space is a set equipped with a topology.

* A base of open sets of a topological space (E, O) is a subset B of O such that every
open subset of E is a union of elements of B, that is,

Yyue O, v¥xeld, IFVeB, xeVcClU

One can show that if (E, O) has a countable base of open sets, then E is separable.
The converse holds in a metric space, but is false in general (for example, take
E = R equipped with the cofinite topology, whose open sets are @ and sets of the
form R \ F with finite F C R).

¢ In general, a collection of subsets of a set is not automatically a base of open sets
for some topology. However, we have the following criterion: if B is a subset of
P(E) such that | JB = E and

vU,VeB, vYxelUunV, WeB, xewWcuny,

then the collection O of unions of elements of B is the topology generated by B.
In particular, B is a base of open sets for the topology it generates (the smallest
topology containing B).

e If (E, O) is a topological space, a sequence (xn) of elements of E is said to converge
to x € Eif, for every U € O such that x € U, there exists N such thatn > N =
xXn € U.
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Caution: two different topologies can have the same convergent sequences (for
example, take IN equipped with the discrete topology, which is metrizable, 11, and

1
THp=¢(ACN:1¢ Aor Z E<OO ).
nelN\A

e If d is a metric on E, the collection O of subsets U of E such that Vx € U, 3¢ > 0,
B(x,€) C U, is a topology on E, called the topology induced by d. A topological
space (E, O) is said to be metrizable if such a metric d exists.

i /Ay

¢ The notions of “having a countable base of open sets”, “separability”, “conver-
gence”, and “metrizability” are invariant under homeomorphisms.

It is sometimes more natural to define a topology directly without referring to a met-
ric, which may be unnatural, inconvenient to use, or rarely canonical. Moreover, a
topological space can be complete or incomplete under different metrics that metrize it.

This is why the “right” definition of a Polish space is: a separable topological space that
is metrizable by a complete metric. Let us apply the preceding ideas to a topology on the
space of probability measures.

Let E be a metrizable topological space. In view of the definition of weak convergence,
it is natural to consider the smallest topology on M (E) for which the functions p — p(f)
are continuous for f € Cy,(E) (that is, the initial topology on M, (E) defined by the maps
p — p(f) for f € Cy(E)), called the weak-star topology on My (E) (also abbreviated as
weak-x).

Lemma 3.35. The family of sets

By, ) =1V € Mi(E) @ [u(fi) — v(fi)| < e forevery 1 <i< n},

fore >0, f,...,fn € Cp(E), and p € M (E), forms a base of open sets for the weak-*
topology on Mj (E).

Proof. These sets are indeed open in the weak-* topology. The topology generated by
this family makes the functions p — p(f), for f € Cy(E), continuous, so it contains the
weak-* topology. O

Proposition 3.36. (1) Let pun, u € My(E). Then p, weak, pif and only if w, — p
in the weak-* topology.

(2) When E is separable, d; p metrizes the weak-* topology.

weak

Proof. (1) Suppose that u, —— . Let U be a weak-* open set containing p. There
then exists an open set of the form B, . ¢, ) contained in U. Since p, weak, I,

maxicick [Mn (fi) — 1(fi)| — 0, and hence un € By ¢ 1, ¢, ) for all sufficiently large n.
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Conversely, suppose that p, — pin the weak-* topology. Then, for every f € Cy(E)
and every ¢ > 0, un € B, . f) for all sufficiently large n, that is, [w, (f) — u(f)| < e.

(2) Let U be a weak-+ open set and p € U. Arguing by contradiction, suppose that,
for every e > 0, Bg, (1, €) ¢ U. There then exists a sequence u, € M;(E) such that
un — pfor drp and p, € U for every n > 0. But we have seen that p, — p for dip
implies pn weak, i, and by (1) this implies that u, — p in the weak-* topology, a
contradiction.

Conversely, fix p € My(E) and ¢ > 0. Choose 0 < 11 < ¢/3 and the functions
f1,...,fm from Lemma 3.30. The set

V ={veM(E): |[v(fj) — u(fj)| <nforevery 1 <j < m}
is a weak-* neighborhood of 1, and the lemma gives
V C{v:dip(p,v) <3n} C Bg,p(w, €).

Every ball centered at p is therefore a weak-* neighborhood of . The two topologies

coincide. O

When E is a metrizable topological space and M;(E) is equipped with the weak-x*
topology, one can show that

E compact <= M;(E) compact,
E separable <= M;j(E) separable,
E Polish <= M;(E) Polish.
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4 The space of continuous functions on a compact set

Related exercises: Sheet 4, p. 156.

In this chapter

41  ThePolishspaceproperty . ... .. ... .. . ... .. 35
42  Finite-dimensional marginals . . . . ... ... ... ... .. .. . o L. 36
43  Convergence in distributionin thisspace . . .. ... ... .. ............ 38
44 Compactnessin C . . . . . . . .. e 39
45 Tightness . . . . . . . . . e 41
4.6  Kolmogorov’s tightness criterion . . . . ... ... .. ... ... . ... . 0. 43
4.7 Continuous functionson Ry . . . . . . . . . . ... 46

Notation. If K, E are metric spaces with K compact, write (K, E) for the set of continu-
ous functions from K to E, equipped with the metric d(f, g) = sup, . de(f(x), g(x)).

4.1 The Polish space property

Proposition 4.1. Let (K, p) be a compact metric space and (E, dg) a Polish space.
Then (C(K, E), d) is Polish.

Proof. Completeness. If (fn)n>1 is Cauchy in C(K, E), then, for every x € K, (fr(x))n>1
is Cauchy in E, hence converges to a limit denoted by f(x). One then checks that
d(fn,f) > 0and f € C(K, E).

Separability. For m,n > 1, set

Cmn =1{f€CKE):Vx,y €K, p(x,y) <1/m = de(f(x),f(y)) <1/n}k

Since K is compact, for every m > 1 there exists a finite set K, such that K =
Ukxex,, B(x,1/(2m)). Write Ky = {xT", ..., x* }. Also, by separability of E, for every
n > 1 there exists a countable collection U, = {UF, U3, ...} of open sets covering E,
each of diameter < 1/n. For a ky-tuple (iy,..., 1, ) of integers > 1, write

F‘:T-L--,ikm) ={fe Cqun: f(x}“) € U{; forevery 1 <j < km}.
mmn . mn mmn
Whenever F (it i) =+ &, choose a function f (it i) cF (it i)’ Let Dyyn be the set

of these functions.
Let us check that, for every f € Cn, there exists g € Dpnn such that
dE(f(x]T“), g(x}“)) <1/nforevery 1l <j < kp. Let f € Cppy n. Observe that

o m,n
Cinn = U F(il,...,ikm)'

i1 ik 21
Choose iy, ..., ix,, such that f (XJT“) € U.{; for 1 < j < k. In particular, FETillln ) +
..... m
_ (mn - : .
@. We can therefore take g = f(iln-«/ikm)’ which has the required property since

diam(U}') < 1/n for every i.
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Now let D = Um,n D n, which is countable. Let us check that D is dense in C(K, E).
Let f € €(K,E) and ¢ > 0. Fix n > 3/e. Since f is uniformly continuous, there exists
m > 1 such that f € Cy,,,,. Let g € Dy satisfy dE(f(x}“),g(x]T“)) < 1/n for every
1< < k.

By the triangle inequality, for every x € K, with x}“ chosen so thatx € B (x]T“, 1/(2m)),
we deduce

< E.

Slw

de (F(x), g(x)) < de (F0x), (™) + de (M), g(6M) + de (g (x™), g (x)) <

4.2 Finite-dimensional marginals
4.2.1 The space of functions

Let (E, d) be a Polish space and I an arbitrary set. The set E! of functions from I to E is
naturally equipped with the product sigma-algebra (as for RN in Section 3.3).

Definition 4.2. The product sigma-algebra on E!, denoted by B(E)*!, is the smallest
sigma-algebra on E! making the maps

Tt - F—I — (E/B(E))/ (Xi)iGI = Xt,
measurable for every t € 1. It is sometimes called the cylinder sigma-algebra.
Remark 4.3. One checks that:

e sets of the form
{(xi)ier i %y, € A1, xy, € Al = (A1) NN (A,

for Ay,...,Ax € B(E) and ty,...,tx € I, called cylinder sets, form a generating
n-system for B(E)%%;

e a function (Q,A) — (EL, B(E)®!), w — (xi(w))ic], is measurable if and only if,
for every i € I, w — xi(w) is measurable. In particular, (Xj)ic; is an El-valued
random variable if and only if X; is a random variable for every i € L.

Definition 4.4. Let u € M;(ED). Foriy,...,ix € I, write Hi,,.i, for the pushforward
of wonto (EX, B(E)®*) under the map

EI S Ek, (Xi)iel — (Xiy' "/Xik)'

If (Xi)ic1 has distribution y, this is the distribution of (X, ..., X;, ). The measures
{Wiy,i, 2 11,..., 1k € I} are called the k-dimensional marginals of u. The family of all
k-dimensional marginals, k > 1, is called the family of finite-dimensional marginals of p
(fidi for short).
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Proposition 4.5. A measure p € M, (ED) is characterized by its finite-dimensional
marginals. In particular, the distribution of a random variable (Xi)ic1 € El is
characterized by its finite-dimensional distributions.

Proof. This follows from the fact that cylinder sets form a generating n-system for
B(E)®!, so two measures in M; (E!) that agree on these sets are equal by the monotone
class lemma. n

The advantage of this point of view is the existence of random variables.

Theorem 4.6 (Kolmogorov’s extension theorem). Let E be a Polish space and I an
arbitrary set. For each nonempty finite subset ] C I, suppose that a probability
measure (i on EJ is given. Assume that this family is consistent: for all nonempty
finite subsets ] C K C I, the projection 7y j : EX — EJ satisfies

(7TK,) ) ik = 1.

Then there exists a unique probability measure p on (E!, B(E)®!) whose projection
onto E is p; for every nonempty finite subset ] C 1.

This allows us, for example, to define (pre-)Brownian motion as an RR+-valued
random variable.

Problem: in general, E! is not Polish. This setting is not well suited to weak conver-
gence!

4.2.2 The space of continuous functions

Here, write C = C(K, E), with K compact and (E, d) a Polish space, and let B¢ be the
Borel sigma-algebra on C. Write Pc for the trace on C of the product sigma-algebra
B(E)¥K, that is,

Pc={ANC:A € B(E)?

Equivalently, it is the smallest sigma-algebra on C making all the projections 7ty : C — E,
f — f(t), measurable (exercise).

Proposition 4.7. The sigma-algebras B¢ and P¢ coincide.

Proof. Since, for every x € K, m, : C — E is continuous, it is measurable with respect
to Bc. Hence P C Be.

There are two steps to proving B¢ C Pc.

Step 1: open balls in C are measurable with respect to Pc. To see this, fix fp € C and
consider F: C — R, f — d(f, fp). Since K is compact, there exists a countable dense
subset D C K. By continuity,

d(f, fo) = sup d(f(x), fo(x)).

xeD
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Since, for every x € D, the map (C,Pc) — R, f — d(f(x),fo(x)), is measurable (it is
the composition ¢ o, with ¢ : E — R, y — d(y, fo(x)), which is continuous and
hence measurable), F : (C, Pc) — R is measurable as the supremum of a countable
family of measurable maps. Thus, for every r > 0, F1([0,7)) € Pc, thatis, {f € C:
d(f, fy) < v} € Pc.

Step 2. By separability of C, every open subset of C is a countable union of open
balls (exercise). This completes the proof. O

By the preceding results, the finite-dimensional marginals {p,, 1, : t1,...,tx € K} of
a measure u € Mj(C) characterize it.

Caution: the set {f € RO : fiscontinuous} is not measurable with respect to
B(R)®OV (exercise).

4.3 Convergence in distribution in this space

Definition 4.8. Let pn, p € M;(C). We say that p, converges to w in finite-dimensional

. ) k . f.d.
marginals if, for every t1,...,tx € K, (Hn)t,,... 1, weax, Wiy, .- We write py, i> LL.

Similarly, a sequence (Xy,)n>1 of C-valued random variables converges to X in finite-
dimensional distributions if, for every ty,...,tx € K,

(Xn(t1), ..., Xn(t)) S (X(t), ..., X(t)).

Caution! By continuity of the projections, weak convergence in C implies convergence
of finite-dimensional marginals. However, unlike in RN, the converse is false: let U be
uniform on [0, 1] and X;,(t) = max(0,1 —n|U—t|) for0 <t < 1.

(VAN

| u

Then X, fd, 0, but X, 79—> 0 in C. Indeed, if this were the case, since sup : C — R is

continuous, we would have 1 = sup X, i> 0, a contradiction.
However, we have the following result.

Theorem 4.9. Let w,,, u € M;(C).

(1) un weak, p if and only if py, td, pand (pn)n>1 is tight.

(2) If the finite-dimensional marginals of (p,) converge and (pn )n>1 is tight, then
it converges weakly.
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Proof. (1) The forward implication follows from continuity of the projections and
Prokhorov’s theorem. Conversely, by Prokhorov’s theorem, it suffices to show that if

Ko m) weak, v, then pu = v. But then p ) fd. . Thus i and v have the same finite-
dimensional marginals, so they are equal. (2) By tightness, there exist a subsequence

map ¢ and p € My (C) such that pg ) weak, . Then pg ) LN i, and hence i, fd, L.
Thus py &ak> uby (1). 0

Thus, in €([0,1], E), (Xn(t))o<t<1 4 (X(t))oct<t if and only if, forevery 0 <t < -+ <
t, < 1, we have
d
(Xn(tl)/ R4 Xn(tk)) — (X(tl)/ sy X(tk))/

and (Xn)n>1 is tight.

Remark 4.10. Given a consistent family J of finite-dimensional marginals, Kol-
mogorov’s extension theorem gives 1 € My (RI%Y) whose finite-dimensional marginals
are J. But nothing guarantees that such a p € M, (C) exists. By the preceding theorem,
this holds if the finite-dimensional marginals J are limits of the finite-dimensional
marginals of a tight family in M; (C).

To apply the preceding theorem, we now need to identify the compact subsets of C.

4.4 Compactnessin C
The notion of equicontinuity is fundamental.
Definition 4.11. A family F C C(X, Y) is said to be equicontinuous if
Ve>0, In>0, Yx,yeX, VFedF, dx(x,y)<n=dy(f(x)fly)) <e.
Writing, for f € 3 and n > 0,
w(f,n) = sup{dy(f(x), f(y)) : x,y € X, dx(x,y) <n},
for the modulus of continuity of f, this is equivalent to

Ve >0, In>0, supw(f,n)<e.
feF

Remark 4.12. For compact K:
e for f € C(K,Y), limy_,o w(f, h) =0, since f is uniformly continuous;

e forevery h > 0, the map C(K,Y) — R, f — w(f, h), is continuous.
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Theorem 4.13 (Arzela—Ascoli). Let (K, dx) be compact and (E, dg) a complete metric
space. Let 7 C C(K, E). Then J is relatively compact in €(K, E) if and only if

* Jis equicontinuous;

¢ there exists a countable dense subset D C K such that, for every x € D,

F(x) ={f(x) : f € F}is relatively compact in E.

Proof. < Let (fn)n>1 be a sequence in F. We find a uniformly convergent subsequence.
Write D = {an : n > 1}. Since (fn(ax))n>1 lies in F(ay), which is compact in E, a
diagonal argument gives a subsequence map ¢ such that (f,y)(ax))n>1 converges
for every k > 1. Set gn(x) = f(n)(x) to simplify the notation.

Let us check that, for every x € K, (gn(x))n>1 converges. Since E is complete,
it suffices to show that it is Cauchy. To this end, fix ¢ > 0 and n > 0 such that
sup;.; w(f,M) < . By compactness, there exists L > 1 such that K = UiL:1 B(aiy,n).
For 1 <1i <L, since (gn(ai))n>1 converges, it is Cauchy. There therefore exists N such
that

p,.gq=2N, 1<k<L = delgplax), gqlay)) <e.
<L

Fixx € K. Let1 <k satisfy dx(x, ax) <m. Then, forp,q > N,

de(gp(x),gq(x)) < delgp(x), gplax)) + de(gp(ax), gq(ax))
+ dE(Qq(ak)r gq(x)) < 3e.

Moreover, writing g(x) = limn_ . gn(x) and passing to the limit ¢ — oo in the
preceding inequality, we obtain

Vx €K, Vp=N, de(gp(x), g(x)) < 3e.

Thus convergence is uniform and g € C(K, E).
= Let x € K. Let us show that F(x) is compact. The map 7, : C(K,E) = E, f — f(x),
is 1-Lipschitz and hence continuous. Thus 7, (F) = F(x) is compact. But F C F, so
F(x) C F(x), hence F(x) € F(x). Thus F(x), being closed in a compact set, is compact.
Let ¢ > 0. By total boundedness of J, there exist fi,...,fy € F such that F C

UEZI B(fy, ¢). By uniform continuity, we can find n > 0 such that
Vx,yeK, VI<k<N, dk(xy)<n= de(f(x), fily)) <e.

Then, for every f € F and every x,y € K such that dx(x,y) <m, choose1 < k < N
such that d(f, fi) < ¢ in C(K, E), and then

de (f(x), f(y)) < de(f(x), fi(x)) + de(fi(x), fi(y)) + de(fi(y), fly)) < 3e.

Thus J is equicontinuous. O
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Remark 4.14. If closed balls in E are compact (as in R¥) and K is a compact convex
subset of a normed vector space, equipped with the metric induced by the norm, then &
is relatively compact if and only if it is equicontinuous and F(xg) is relatively compact
for some x( € K.

Indeed, choose n > 0 such that sup,_5 w(f,n) < 1. For every x € K, divide the
segment [xp, x| into at most 1 + [diam(K)/n| pieces of length at most n. The triangle
inequality gives a uniform bound on dg (f(x), f(xo)), for f € F and x € K. The sets J(x)
are therefore bounded, hence relatively compact in E, and the Arzela—Ascoli theorem
applies.

A typical application is in C([0, 1], R¥), taking xo = 0.

4.5 Tightness

Let us now look at a probabilistic application.

Theorem 4.15. Let (X"),>1 be a sequence of random variables with values in
C([0,1], E), where E is Polish. It is tight if and only if

(1) for every e > 0,m > 0, there exists 6 > 0 such that limsup, ,  P(w(X™,8) >
n) < g

(2) forevery t € [0,1]1NQ, (X™(t))n>1 is tight.

If closed bounded subsets of E are compact, we can replace (2) by (2): (X™(0))n>1 is
tight.

Remark 4.16. If (X™),>1 converges in finite-dimensional distributions, condition (2)
holds.

Example 4.17. If U is uniform on [0, 1] and X" (t) = max(0,1 —n|U—1t|) for0 <t < 1,
the sequence (X™),>1 is not tight.

e

u

1 1
n n
Proof of the theorem. = Let ¢ > 0 and let K be a compact subset of C such that IP(X" ¢
K) < e foreveryn > 1. Letn > 0.
(1) By Arzela—Ascoli, we can find 6 such that sup; w(f,8) <n. ThenP(w(X™, ) >
n) <P(X" ¢ K) <e.
(2) Let t € [0, 1]. There exists a compact subset A of E such that f(t) € A for every
f e K. Then P(X"(t) ¢ A) < P(X™ ¢ K) < &. Thus (X™(t))n>1 is tight.
< Fix € > 0. Let (t;);>1 be an enumeration of the rational numbers in [0, 1]. We can
find compact subsets A; of E such that P(X™(t;) ¢ Ai) < ¢/ 211 for every n > 1. For
each k > 1, condition (1), applied withn = 2% and ¢/2%t2, gives 5, > 0 and Ny such
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that
13

n>Ny = Pw(X%5)>2")< ST
For each index n < Ny, continuity of the sample paths implies w(X™,8) — 0 almost

surely as § | 0. By decreasing 5, we therefore obtain 5, > 0 such that

_ £
vn>1,  Plw(X" ) >27% < ST

Setting
Ke={feC:Vi>1, f(t;) € Ay Yk =1, w(f,d¢) <275,

we see that P(X™ ¢ K;) < ¢, that K; is closed (f — w(f, dy) is continuous), and that K,
is compact by Arzela—Ascoli.

If closed bounded subsets of E are compact and we assume only (2’), choose a
compact set A C E such that sup,, P(X™(0) ¢ A) < ¢/2. With the same &y, the set

Kl={feC:f0)eA; Vk>1, w(f,d) <275

is compact by the remark following Arzela—Ascoli, and sup, IP(X™ ¢ K{) < e. This
also proves the final assertion. O]

Remark 4.18. Condition (1) is equivalent to the following: for every sequence & — 0

and every sequence (1), w(X™, 8y) L) (exercise).

Corollary 4.19. Let (X")>1 be C-valued random variables such that

(1) for every ¢ > 0,1 > 0, there exists 0 < & < 1 such that, for every t € [0,1],

1
lim sup -IP ( sup  d(X§,X{) > n) <g;

n—00 t<s<(t48)A1

(2) forevery t € [0,1]1 N Q, (X{')n>1 is tight.

Then (X™),>1 is tight in C.

Proof. We check condition (1) of the theorem. To this end, divide [0, 1] into intervals of
length 5.

4
+

0 11/5)6 1

Let f € C. Let us check that
[1/3]
{w(f,8) >3 c sup  d(f(s),f(i8)) > 7 p .
i=0 Ld0s<((i+1)0)AT

Suppose that, for every 0 <1i < |1/5], SUPis<s((it1)5)A1 d(f(s), f(i8)) <n. If|s —t| <
0, there are two cases.
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o Case 1: s,t lie in the same interval [i5, ((1+ 1)) A 1]. Then

d(f(s), f(t)) < d(f(t), £(i8)) + d(f(s), (i8)) < 2n.

e Case 2: s,t lie in two consecutive intervals, with s € [15,(1+1)d] and t € [(i +
1)8, (1 +2)8) A1]. Then

d(f(s), f(t)) < d(f(s),f(1d)) + d(f((1+1)d), f(1d))
+d(f(t), f((1+1)8)) < 3n.

Thus,
Plw(X™,8) >3n) < ([1/8] +1)
X max P su dXH, X)) >n .
t€(0,5,25,...,[1/5]35) (tésg(tg—)) A
The limit superior is < 2¢, since |1/5| +1<1/0+1 < 2/6. ]

4.6 Kolmogorov’s tightness criterion

The problem with the preceding characterizations of tightness is that they involve
random variables that are difficult to study. Effective tightness criteria can involve the
distribution of X™ in the simplest possible way, for example through finite-dimensional
marginals. Kolmogorov’s criterion involves only marginals of dimension 2 (!).

We first introduce some notation.

Notation.

* Let D, ={i/2™" : 0 < i < 2"} be the set of dyadic points of level n in [0, 1], and

e For X = (Xt)o<i<1 € EOV and y > 0, write

d(Xs, Xt)

MV(X) = sup ﬁ
s,teD
s#t

Thus, if X is y-Holder continuous, M, (X) < oo.

Theorem 4.20 (Kolmogorov’s tightness criterion). (1) Let X = (X{)o<t<1 be an
E0U_valued random variable. Suppose that there exist «, 3, ¢ > 0 such that

Vs,t € (0,11,  E[d(Xs, X% < c|s —t/' B, (%)
Then, for every 0 < v < 3/, E[M,(X)*] < C(e, B,7,c).

(2) Let (X")n>1 be C-valued random variables. Suppose that
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a) forevery t € [0,1], (X{')n>1 is tight;
b) there exist o, 3,c > 0 such that, for every n > 1 and every s,t € [0,1],
E[d(XT, XM < c|s —t[' TP,

Then (X™)n>1 is tight, and every subsequential limit is almost surely y-Holder
continuous for every 0 <y < f3/«.

7

The first part of the proof is deterministic. The idea is to control d(X;, X;) “uniformly
in s, t € D, using the triangle inequality along a path of “consecutive” dyadic points.
Write

Ay = max d(Xyp—, X(iq0-k), Ky =sup2A,.
KT ocicak Xt Xiynp+) Y k;()) y
2y+1
Lemma 4.21. For every y > 0, My (X) < 12 Ky.

Proof. We begin by grouping pairs of dyadic points according to their distance:

My (X) < sup 2 sup  d(X, Xo). ()
m2=0 s,teD
[s—tj<2™™

Dyadic chaining gives, for every m > 0,

o0
sup  d(Xe, Xe) <2 ) A (% % %)
s,teD k=m

ls—t]<2™™

Indeed, fors,t € D,s <tand t—s <27 ™, set s, =27%|2%s| and t, = 27%|2*t|. The
points sy, tim are equal or adjacent in Dy,,. Two successive approximations of s are
equal or adjacent in Dy, 1, and sy = s for all sufficiently large k. Thus d(X;, , Xs) <
> om A, and similarly for t. The triangle inequality proves (x = ). If K, = oo, the
result is immediate. Otherwise,

2Z < 2Ky Zz‘W = gyz my.
k=m

Substituting this bound into (+x) gives the result. ]

Proof of the theorem. (1) Assumption (x) gives

2k 1
Z E[d(Xip-x, 1+1)2*k)a] < Qe IR = c27KP,

For every o > 0, we deduce

K3 <D 2EAF] <c) 27 HF) < oo

k>0 =

44



Limit theorems and applications Lecture notes 4. Continuous functions

since Yy < 3/x. The preceding lemma then yields E[M, (X)*] < C(«, 3,7, c).

(2) For tightness, it suffices to check that, for every ¢ > 0,11 > 0, there exists & > 0
such that P(w(X™,8) >n) < ¢

By definition of M, (X"), for every s,t € D we have d(X}, X{') < M, (X™)|s —t[Y. By
continuity, this also holds for every s, t € [0, 1]. Thus, if [s — t| < §, then d(X}, X{') <
M, (X™)8Y, so w(X™,8) < M, (X™)8Y. By Markov’s inequality,

P(w(X™,5) > 1) <1 “Y*E[M, (X™)%.

The result follows from (1).
Finally, suppose that X®(™ 4 Xin C. For s, t € [0,1] and R > 0, the map f
min{d(f(s), f(t))* R} is bounded and continuous. By convergence in distribution,

Elmin{d(X, X¢)%, Rl = lim Efmin{d(X?™, x?™) R
n—oo
< cls — /P,
Letting R 1 0o, monotone convergence shows that X satisfies (x). Assertion (1) and

continuity of X therefore give almost sure y-Holder continuity for each 0 <y < 3/cx.
Taking a sequence of exponents increasing to 3/« and a countable intersection, this

regularity holds simultaneously for all these exponents. O

Remark 4.22. Assertion (1) also proves Kolmogorov’s continuity criterion: if (Xi)o<t<1 €
E0Y satisfies (x), then, for every 0 <y < 3/«, there exists a y-Holder continuous process
(Xt)0<t<1 such that, for every t € [0,1], P(X; = Xt) =1.

Indeed, since E[M,, (X)%] < oo, there exists an event A of probability 1 such that, for
every w € A, X is y-Holder continuous on D. For w € A, we can therefore extend X to
a y-Holder continuous function, denoted by X. For w ¢ A, set X=0 (or a fixed point of
E).

Let us check that, for t € [0, 1] P(X; = X;) = 1. By (+) and Markov’s 1nequa11ty, if
sn — tand s, € D, then X; r, Xt. On the other hand, by construction, X; a5 Xt

Hence X > X;. Thus P(X; = X;) = 1.

Application. Let (X;)i>1 be ii.d. real-valued random variables such that E[X;] =0
and ]E[X‘ll] <00.5tS)=0,Sh =X+ -+ Xpforn>1and

St = (1—{thS +{t}S {41, t>0.

WV

Finally, define S = S,/v/n for 0 < t < 1, so that S™ € C = €([0,1], R). Then
(S("))n>1 is tight in C.

We will see later that this result remains true under the weaker assumption [E [X%] < 00,
but the proof is more delicate.
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Proof. Setv = ]E[X%], my = IE[X‘%], and C =1+my+3v2 For0 < s <t <1and
1 <1< n,write
a; = Leb([ns,ntjNni—1,1]).

By definition of the interpolation, Syt — Sns = Y - aiX;, with 0 < a; < 1 and
> i ai =n(t—s). Independence and centering give

EllSnt—SnslT =m4 ) af +6v > afa]
i

i<
2
<C (Z a%) < Cn?(t—s)%
i
In particular, taking s =0and t =1,
E[S%] < Cn?. (1)
The same calculation gives, without restrictions on the endpoints s, t,
E[|Snt — Snsl*] < Cn?Jt — s/ (1)

Dividing by n2, we obtain IE[ISin) — Sﬁ") 4 < Clt—sf Finally, for s = 0, independence
and centering also give
v
E[S{MP = - Z a? < vt.
1

The marginals are therefore tight by Markov’s inequality. Kolmogorov’s criterion
applies with o« = 4 and 3 = 1, and proves tightness of (S™),>1. O

4.7 Continuous functions on R,

In practice, stochastic processes are often indexed by R, rather than [0, 1]. Since the
uniform distance Dy (f,g) = Sup; > d(f(t),g(t)) on C(R4, E) can equal +o0, care is
needed. We will always equip C(Ry, E) with a different topology, that of uniform
convergence on compact sets, induced by the metric

o (sup ggnd(f(t),g(t)) A1
D(f/ g) - Z ( =t on ) .

n=1

Remark 4.23 (Optional). In topological terms, this is the compact-open topology on
C(R4, E), a subbase for which is given by the sets

{feC(Ry,E):f(K)C O},

with K compact in R, and O open in E.

One readily checks that:

e f, — fin C(Ry, E) if and only if f;, — f uniformly on compact sets;
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e C(R., E)is Polish;

¢ finite-dimensional marginals characterize measures in M; (C(IRy, E)), since the
Borel sigma-algebra on C(IR, E) again coincides with the trace on €(IR, E) of the
product sigma-algebra on ER+,

An important advantage of this space is that relative compactness is a local property;
see the following proposition (proof left as an exercise).

Proposition 4.24. ¢ A subset J of C(IR4, E) is relatively compact if and only if,
for every N > 1, the sets Iy = {flgn) : f € T} are relatively compact in
C([0, N], E), where f||y Nj is the restriction of f to [0, N].

¢ Asequence (X")n>1 of C(R4, E)-valued random variables is tight if and only if,
for every N > 1, the sequence of restrictions (X"[jo nj)n>1 is tight in C([0, N], E).

Thus, convergence in distribution in (IR, E) reduces, by restriction, to convergence
in distribution in the spaces C(I, E), where I is a compact interval, and the preceding
results can be applied.

Interlude: couplings

A coupling of two random variables X and Y (not necessarily defined on the same
probability space) is a random variable (X', Y’) such that X’ 4 XandY' 2.

Example C.1. Let n > 1 be an integer and 0 < p < q < 1. Then, for every integer
0<k<n,
]P(Bin(n,p) > k) < ]P(Bin(n, q) = k).

Proof. We construct a coupling in which Bin(n,p) < Bin(n, q) by taking (U;)1<i<n
i.i.d. uniform on [0, 1] and setting

n n
X'=) Ty Y =D Lu<q
i=1 i=1

]

Outline. Skorokhod'’s representation theorem; total variation distance; Lévy-Prokhorov
metric; monotonicity and stochastic order.

References for a survey of metrics on M (E).
¢ Alison L. Gibbs, Francis Edward Su, On choosing and bounding probability metrics.

¢ Svante Janson, Probability distances.
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C.1 Skorokhod’s representation theorem

Theorem C.2 (Skorokhod representation). Let (E, d) be separable, and let (X;)i>1

and X be E-valued random variables such that X, i> X. We can define random
variables (X{)i>1 and X’ on a common probability space such that, for everyn > 1,

Xn 2x:, x2

X, X=X

See the exercise sheet for the proof when E = IR. In practice, this theorem is used
to reduce a convergence-in-distribution argument to a “deterministic argument” (we
proceed “as if” X, — X deterministically).

Caution. All information about the joint distributions of the X; is lost for the
X{.
1

Proposition C.3 (Application). Let X, X1, Xy, ... be real-valued random variables
such that X;, 94X Suppose that

lim sup E[[Xn/1ix,>a] = 0. (%)

a—00 | o1

Then E[X,,] — E[X].

Proof. By Skorokhod’s representation theorem, we may assume that X, =% X and
that () holds (since this is a property of the individual distributions of the X;). Then
Xn LI X, and the conclusion follows from the fact that

1
Xn r, X,  (Xu)n>1 uniformly integrable — X, Ix

]

For the proof, we assume the existence of independent random variables with prescribed
distributions and use the following lemma.

Lemma C.4. Let (E, d) be separable and u € M (E). For every ¢ > 0, there exists a
partition E = [ |;-; A; into measurable sets such that

Vi>1, diam(A;) <e, w(0A;) = 0.

Proof. Let (xi)i>1 be a countable dense sequence. For every i > 1,
{T‘ € le/4,¢/2] : u(0B(xq, 1)) > 0}

is countable. Choose ¢/4 < 1; < ¢/2 such that u(oB(xi,ri)) = 0, and write B; =
B(x;, 11). Define recursively

A1 =B, Ai:B({ﬂ---ﬂBf_lﬂBi,
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and check that u(0A;) = 0. Indeed, 0A = 0(A°€) and 0(A UB) C 0A U 0B, so
wW(0A) =0 = u(oA®) =0, w(0A) =u(0B) =0= u(o(AUB)) =0.

O

Proof of Skorokhod's representation theorem. Write uy for the distribution of X;, and p for
the distribution of X.

Step 1. Letp > 1 and let (A?);>1 be a partition given by the lemma for ¢, =277 and
. Let k, satisfy

o0

i U AP | < ep.
i=kp+1

Set Aj = U{’ikp 1AL, so that u(Af) < €, and p(dA]) = 0. In particular,
AP, AY, ..., AT isa partition of E. By convergence in distribution, we can find a,, such
0\ Kp p
that
n>a, = pn(Al) > (1—¢p)u(Al) for0<i<ky. ()

In particular, un(Af) =0= u(Af) = 0. Without loss of generality, assume a; <
ap <--- andn > ay. Let pp > 1 be the unique integer such that a,, <n < Qp,+1- As
n — oo, we have p,, — oo.

Step 2. The idea is essentially to define X/, = X, | Xn € AP™ when X € AP™. However,

a small adjustment is needed to ensure that X/, 4 Xn. We define X;, as follows:

Yni/ u g 1 - e‘pn/ X/ c A?n’ H’TI(AE)“) > O/

X, =
Y zZe, Us1-—¢,,

where (Yni), (Zn)n>1, U, and X’ are independent random variables defined on the
same probability space such that

e U is uniform on [0, 1];

o x4 x/

o L(Yni) = pal- A7)

* the distribution of Z, is defined by

1
P(Zn€A)= — > (A TAPY) (i (APY) — (1 —gp, Ju(AP™)).
P 0<i<kpn,
i (AP™)>0

This quantity indeed defines a positive measure by (x), with total mass 1, since

un(AP™) =0 = p(Al™) =0.
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d

We check that X/, = Xy:

P(XpeA)= Y PlU<Sl—¢g,, X €Al V€A
0<i<kpy,
hn (AP™)>0

+P(U>1—¢p,, Zn €A)
=(1—¢p,) > PX €A™ un(A|AM") + ¢, P(Zy € A)
ﬁ_/

0<i<kpy,

Pn
hn(APm)sg  HATT

= un(A),

since

1
P(ZneA)=— [m(A) =(1-gp,) D> wAMum(A AP
Pn 0<i<kpn
Hn (AP™)>0

a.s.

Step 3. We check that X/, = X’. Let

We have 1

P(Ey) < P(X' € Af) +P(U>1—¢p) < T
Thus ) ,~1 P(E;) < co. By Borel-Cantelli, almost surely, E;, occurs for all sufficiently
large indices. Thus, almost surely, E;,, occurs for all sufficiently large n. By definition
of X, this implies that there exists 1 < i < kp,, such that X/, X], € Af“, and hence

d(X’,X!) < ep,,. Thus X}, 2% X/ O

Remark C.5. When E is Polish, one can show that the common probability space can be
taken to be [0, 1] equipped with Lebesgue measure.

C.2 Total variation distance

Let (S, B) be a measurable space. For statements involving P(X =Y) or P(X # Y), we
also assume that the diagonal

As ={(x,x):x € S}

belongs to B @ B. This holds, in particular, when S is a separable metric space equipped
with its Borel sigma-algebra.

Definition C.6. For p, v € M;(S), set

dyr(y, v) = sup [u(A) —v(A)|.
AcB
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For S-valued random variables X, Y, set

dyt(X,Y) =sup|P(X € A) —P(Y € A).
AeB

The following results can be proved:

¢ dyr is a metric on Mj (S) under which it is complete.

e If pand v are absolutely continuous with respect to a o-finite measure p on (S, B),
then

du dv
dp dp d

1
dyr(p,v) = 5 L

This allows us to show that

1
dvr(w,v) = 5 Sup {Uf du—Jf dv|:f:S — R measurable, |f||c < 1} ,

and that, if X and Y have distributions u and v, respectively,
dyr(w,v) = inf{P(X" # Y") : (X, Y') is a coupling of X, Y},
with the infimum attained.
* When S is a metric space equipped with its Borel sigma-algebra, dip < dyr.

* When S is countable, equipped with the discrete metric, and B = P(S), conver-
gence in dyr is equivalent to weak convergence (caution: this is false in general),
and

vr(n, ) = 5 3 () V(O

xX€S

Remark C.7. A p-metric on S is a function & with values in [0, oo], defined on the set of
joint distributions of S-valued random variables (X, Y), such that, for random variables
X,Y, Z defined on the same space:

(i) if X =Y almost surely, then 5(X,Y) = 0;
(i) o8(X,Y) =5(Y,X);
(i) 8(X,Y) < 8(X,Z) +8(ZY).

The quantity
5(X,Y) =inf[5(X,Y): X' LXx, Y Lv)

is called the minimal metric associated with 8. Thus dyr is the minimal metric associated
with (X, Y) = P(X #Y).

Remark C.8. For a nonempty set J of bounded measurable functions S — R, and
S-valued random variables X, Y, set

dg(X,Y) = sup{|E[f(X)] = E[f(Y)]|: f € T
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This quantity is a dual pseudometric, possibly infinite, that depends only on the distri-
butions of X and Y. It defines a metric between the distributions under consideration
when it is finite and J separates them. Thus dyr is the dual metric defined by any of
the three families

F ={f:S — R measurable, ||f|c < %},
F ={f:S — Rmeasurable, 0 < f <1
F={la:A € B}

Reference. Frank den Hollander’s lecture notes Probability Theory: The Coupling Method
(Section 2):

http://websites.math.leidenuniv.nl/probability/lecturenotes/Couplinglectures.pdf.

C.3 The Lévy-Prokhorov metric

Let (E, d) be a separable metric space. Recall that, for p, v € M;(E),
dip(n,v) =inf{e > 0: VA € B(E), n(A) < v(A?) + ¢},

where A® ={x € E:d(x,A) < ¢}.

Definition C.9. For random variables X, Y defined on the same probability space
and taking values in E, set

a(X,Y) =infle > 0:P(d(X,Y) > ¢) < ¢}.

This is the Ky Fan metric, and one can check that it metrizes convergence in proba-
bility.

Theorem C.10 (Strassen). Let (E, d) be separable, and let i, v € My (E). Then
drp(w, v) =inf{a(X,Y) : (X,Y) is a coupling with £(X) = u, L(Y) =v}.

If pand v are tight (which is always the case if E is complete), then the infimum is
attained.

Proof of one inequality. Let (X,Y) be such a coupling. We show that dip(p, v) < «(X,Y).
Lete > (X, Y),so thatP(d(X,Y) > ¢) < e. Then

HA)=P(XeA)<PXeA dXY)<e)+P(XeA,dXY)>¢)
<P(YeAf)+e=v(A®) +¢,

hence dip(w, v) < €. O

The other inequality is delicate and can be proved using Hall’s marriage theorem; see
Billingsley, Convergence of Probability Measures, second edition, Theorem 6.9, or Dudley,
Real Analysis and Probability, Corollary 11.6.4.
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Remark C.11. Thus dj p is the minimal metric associated with «.

We end this section with a useful coupling result in the spirit of Skorokhod’s theorem.

Theorem C.12 (Dudley). Let (E, d) be separable, and let X,, Y, be E-valued random
variables such that dip(X,,Yn) — 0. Then there exist a probability space and
random variables (X}, Y/ )n>1 defined on it such that

wm>1, X 29X, Y 2y,  dX,Y)—0 as.

See Dudley, Real Analysis and Probability, Theorem 11.7.1.

C.4 Monotonicity and stochastic order
Here, (E, d) is a Polish space.
Definition C.13. A relation < is a partial order if, for every x,y,z € E:
i) x =2 x;
(i) x 2y y=xz=x=z
(ii)) x Y,y x=x=1y.
Example C.14. ¢ R equipped with the usual order.

e {0, 1}‘22, with (ai)icz2 = (bi)icp if, forevery i, ai =1=b; =1. If a; = 1, site i
is said to be occupied, and vacant otherwise.

Definition C.15. An event A is said to be increasingif x ¢ A = {y € E: x <y} C A.
Example C.16. For E = {0, 1}22, the event
A = {there exists an infinite path of adjacent occupied sites}
is increasing.

Definition C.17. Let u, v € My (E). We say that v stochastically dominates p, and write
n =, if
VA € B(E) increasing, u(A) < v(A),

or, equivalently,
J fdup < J fdv Vf: E — R measurable, bounded, nondecreasing.
E E

By nondecreasing, we mean x <y = f(x) < f(y).

Example C.18. For E = R, p < v if and only if, for every x € R, pu(] —oo,x]) >
V(] — 00, X])
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Theorem C.19 (Strassen). Suppose that {(x,y) € E2:x < y}isclosed. Let u,v €
M1 (E). Then the following two assertions are equivalent:

1) u=xv;

(ii) there exists a coupling (X, Y) such that £(X) =, £(Y) =v,and P(X <Y) = 1.

The proof relies on functional analysis; see Lindvall, Lectures on the Coupling Method,
Chapter 1V, or Lindvall, On Strassen’s Theorem on Stochastic Domination, ECP 4 (1999),
51-59.
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5 Donsker’s theorem and applications

Related exercises: Sheet 5, p. 179.

In this chapter

5.1 Donsker’s theorem . . . . . . . . . e e e e e e 55
5.2 The arcsine law . . . . . . . e e 58
53 Lévy'stheorem . . ... ... .. . .. ... e 60

5.1 Donsker’s theorem

The following inequality will be useful in proving Donsker’s invariance principle.

Proposition 5.1 (Skorokhod’s inequality). Let (Xj)i>1 be i.i.d. random variables
taking values in R4, with mean zero, such that ¢ = E[X;]?] < co. Set Sg = 0 and
Sh=Xi+---+X,forn>1. Then, forallA >0and n > 1,

1<i<n

P (rn<x S| > wﬁ) < 2P (|sn| > (A— @)ﬁ) ,

where | - | denotes the Euclidean norm.

Proof. If ¢ =0, then X; = 0 almost surely for every i, and the inequality is immediate.
Assume ¢ > 0. If 0 < A < v/2c, the right-hand side equals 2. It therefore remains to
consider A > v2c. Let T = inf{k > 1:|Sy| > Ay/n}; we write

P (113<x |S;| > M/ﬁ) =P(T<n)
<P(ISnl > (A= V2c)vn) + P(T <1, ISn| < (A= v2c)v/n).

Now, for 1 < j < n, on the event {T = j}, we have [Sj| > Ay/n; and if also [S,| <
(A—+v2c)/n, then |S,, — Sj| > v2cn by the triangle inequality. By independence and
Markov’s inequality,

P(T =j,I1Sn —§;| > v2en) = P(T =j)P(|Sn—j| > v2cn)
(n—JEDGP] _ P(T=j)

( j) 2cn 2

We conclude that

1<i<n

PP <m<x 1Si| > Aﬁ) <P(ISnl > (A—v2c)vn) + 1P(T < n),

which gives the result. O

We begin with some notation. Let (X;);>1 be i.i.d. random variables in RY such that
E[X;] = 0 and Cov(Xj) = I4, the identity matrix in RY. SetSp =0,Sn = X1+ -+ Xn
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forn > 1, and, by linear interpolation,

S¢=(1 —{t})SLtJ +{t}SM+1 (t>0).

Finally, for n > 1, set

so that S™ is a random variable taking values in (IR, RY).

Theorem 5.2 (Donsker). The sequence sm) converges in distribution in ¢(RR,, R%)
to a process (Bi)i>o called standard d-dimensional Brownian motion. Its law is
characterized by the following properties: By = 0 almost surely and, for all
0=ty <t <--- < ty, the random variables (B, — B¢, ,)i<i<k are independent,
with respective Gaussian distributions N(0, (t; — ti_1)Iq4).

Proof. Step 1: convergence of finite-dimensional distributions. Fix 0 =t < t; <
-+ < ty. By the CLT,

Sint;] = Sint 4
N

where Ny, ..., Ny are independent and N; has distribution N(0, (t; —ti_1)I4). By the
continuous mapping theorem,

01 <1<k> i} (NllNZI--'INk)/

S
T i) S (N Ny + Ny, oo Ny -4+ Ny
Jn

To remove the integer parts, note that

_ < |XLntJ+1’
n n
Covn T e

which converges in probability to 0 for fixed t. Thus

g _ Siny

Sint,
(sg‘)— i)y <ig k) Lo
By Slutsky’s lemma, we deduce that

(S 1 <i<k) D (N, N+ Ny, .., Ny 4+ Ny),

1

which proves convergence of the finite-dimensional distributions.

Step 2: tightness. We must check that, for every N > 1, the restrictions (S‘(ES’)N] Jn>1 are
tight. To simplify notation, we do this for N = 1 (the general case is identical). Under
additional moment assumptions, one can use Kolmogorov’s criterion. In the general
case, we will show that

1
Ve,m >0, 36 €]0,1[, vt € [0,1], limsup -P ( sup |S£“) —Sin)l > n) < g,

n—0o0 t<s<(t+0)A1

56



Limit theorems and applications Lecture notes 5. Donsker’s theorem

using Skorokhod’s maximal inequality.
a) To this end, first note that, for0 < d <land 0 <t <1,

sup [Sps—Sntl <2 max  [Singj44— Sinyl-
t<s<t+d 0<ig|nd[+2 [nt] [nt]

Indeed, we write
|Sns - Snt| < |Sns - SLntJ| + |Snt - SLntJ |

On the one hand,
ISt — Syl < Spnej+1 — Sinyyl,

since (S|ngj4u : 0 < u < 1) traces a line segment. On the other hand,

[Sns — SLntJ‘ < max(’SLnsj - S[nt] s |SLnsJ+l - SLntJ D/

since (S|nsj+yu : 0 < u < 1) traces a line segment. Since [ns| +1 < [nt| + [nd] +2,
the desired inequality follows.

b) Thus, foralln > 0,5 €]0,1[and t € [0, 1],

n) <M nvn
P siM s 1l <P Sl — Singll > ——
(P' s “> (o max  Sinss=Sing > 57 )

nyn
=P S; —\/|Ind| + 2
(1@21@)55“2’ il > 2,/[n8] +2 [n] + )

Sinsj+2l . m 1 —
<\/Ln6j+2 2./8+2/n

by Skorokhod’s inequality, since IE[[X;|*] = d. By the CLT,

limsupP [ sup [S{” —s™|>n ]| <2p (IZN(O, I)| > —_ \/2d> .
n—o00 t<s<t+5 2V/8

Now IP(IN(0,I4)| > x) decays exponentially fast as x — oco. We can therefore find

0 < & < 1 such that

1
glimsuplP ( sup st —Sin)l >n> < e.

n—oo t<s<t+d

]

Corollary 5.3. Let (X;)i>1 be i.i.d. real-valued random variables with mean zero.
Write 02 = ]E[X%] €10, ool. Then, for every a > 0,

> 1 —x2/2
P (o@%ﬁ S; > a0'\/T_‘L) — 2L Ee dx.
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Proof. Writing Sgn) = Snt/(oy/n) for 0 < t < 1, we have
(m) d
(S¢7:0<t<1) = (Bi)ostt

by Donsker’s theorem, where (B¢)p<t<1 is a standard Brownian motion. Since

(n)
sup S\ = —— max S;

and the map sup : €([0, 1], R) = R, f — supf, is continuous, the result follows using
the fact that

d
sup By = |B4]
0<t«1

(which can be seen using the reflection principle). O

A property of the “continuous” setting (the explicit law of sup, ., Bt) has been
used to obtain an asymptotic result in the discrete setting (the distribution function of
maxp<k<n Sk)- In the next two examples, passing to the limit in a discrete result yields
interesting information about Brownian motion.

5.2 The arcsine law

Theorem 5.4. Let (B)o<t<1 be a standard Brownian motion. Set

T =sup{t € [0,1] : By =0}.

1
Then T has density ———=—=19.x<1), O1, equivalently,
T

x(1—x)

2
P(T<t) = Earcsin(\/{) 0<t<1).

Proof. Step 1. Set S, = Xj + - -+ + Xy. The variables (X;);>1 are i.i.d., with distribution
P(X; = +1) = 1/2, and we write

Ton =max{0 < k <2n: S, =0}

Let us show that T,,,/(2n) converges in distribution to a random variable with density

1

—1 .
. x(l—x) {0<x<1}

For 0 < j < m, we have

Now

Vk>1, P(S1+#0,...,Sx #0) =P(Sp =0). (%)
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Let us prove this surprising identity by a neat combinatorial argument.
First,

]P(Sl #0,...,Szk750) 221[)(51 >O,...,Szk>0)
=2x3P(S1>0,...,5x1 > 0)
=P(51>0,...,5x = 0).

The second equality follows by moving the origin to (1, 1); the last follows by parity,
since Spx—1 = 0 = Sy > 0. We now construct a bijection between paths (Sy, ..., Sy)
such that Sy = 0 and those such that S; > 0,...,Sy > 0.

reflection
then
concatenation

w ”
new 6rigin

first minimum

Take the part before the first time the infimum is attained. Remove it and reflect
it across the (Oy) axis. Concatenate it to the right of the remaining part (in blue)
and place the origin at the first point of the blue part (see the figure). After the
transformation, we obtain a path such that S; > 0, ..., Sy > 0. One checks that this is
a bijection (the inverse transformation is easily described). This proves (x). Thus,

P(Tan = 2j) = P(Sg; = 0)P(Syn—j) = 0).

Now 2k\ 1 1
P(Syr =0) = — o~ —.
(52 =0) <k>2ﬂk4wyﬁﬁ
Hence, for0 < c < 1,
1 1

P(Ton =2[en]) ~ N/l —c)

Apply Lemma 6.3 with k =1, Xy, = Ton/2 and o, = 1. The local limit above holds for
c €]0,1[; for c ¢ [0, 1], the probability under consideration is zero for all sufficiently
large n. Thus, for almost every ¢ € R, we obtain the density ¢(c) = (7,/c(1 —c)) !
on ]0,1[, extended by 0 elsewhere. Since its integral equals 1, the lemma gives the
claimed convergence in distribution of Tp, /(21).

Step 2. We work on the closed subspace
Co = {f € €([0,1],R) : f(0) = 0}.

For f € €y, set
T(f) =max{t € [0,1] : f(t) = 0}.
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This map is well defined and measurable: for a € [0,1], the set {f : T(f) > a}is
closed. It is not continuous everywhere: for f;,(x) = x/n, we have T(f,) = 0, whereas
T(0) =1.

However, it is continuous at every function f such that 0 < T(f) < 1 and which takes
both signs in every neighborhood of T(f). Indeed, a pair of values with opposite signs
near T(f) retains its opposite signs after a sufficiently small uniform perturbation,
yielding a nearby zero by the intermediate value theorem. On the other hand, for
every € > 0 such that T(f) + ¢ < 1, the minimum of |f| on [T(f) + ¢, 1] is strictly positive:
no small uniform perturbation can have a zero in this interval.

Almost surely, B; # 0 and B takes both signs arbitrarily close to 0, so 0 < T(B) < 1.
Moreover, 0 is not the value of any interior local extremum. Indeed, for rational
numbers 0 < p < q < 1, the minimum of B on [p, q] can be written as

By + ogigg_p(Bp”Lu —Bp).
The two terms are independent and By, has a density: this minimum therefore has
no atom at 0. The same holds for the maximum. A countable union over intervals
with rational endpoints then rules out any interior local extremum with value 0. Thus
B takes both signs in every neighborhood of T(B), and almost surely satisfies the
preceding continuity condition. By Donsker’s theorem and the continuous mapping

SZnt, d
(S 0sin)) Lo

For the simple random walk considered in Step 1, the zeros of the linear interpolation

theorem,

occur at integer times. The left-hand side therefore equals T, /(2n), identifying the
law of T(B). H

Corollary 5.5. Let (X;)i>1 be i.i.d. real-valued random variables such that E[X;] =0
and IE[X%] €]0, oo[. Set Sg =0, Sx = X1 + - - - + X, and extend S by linear interpola-
tion. Then

P <% max{u € [0,2n]: S, =0} < t) — %arcsin(x/%) 0<t<1).

5.3 Lévy’s theorem

Let (Bt)¢>0 be a Brownian motion and I; = infy y B its running infimum.

d

Theorem 5.6 (Lévy). We have (Bt — I)i>0 = (|Btl)t=o0-

Proof. Let (Xi)i>1 be ii.d. random variables such that IP(X; = £1) = 1/2. Set S, =
X1+ +Xqpand I = minpci<n Sk.
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(Sn—In)

oA /"

Comparing the transition probabilities of S, — I,, and [Sy,|, we see that they agree away

from state 0, where S;, — I, can remain with probability 1/2. Set R, = S;, — I, and
On =#{1 <k <R # R}, 6o = 0.

A step is deleted exactly when the walk reaches a new strict minimum, so that

The strong law of large numbers implies I,,/n — 0 almost surely. Extending 0 by
linear interpolation, we therefore obtain, almost surely, for every T > 0,

sup
0<t<T

0
it—t' — 0.
n

Indeed, this supremum is bounded above by n! maxg<k<nT] ISk|, which tends to 0.
For m € N, set

Tm = inf{k € N : 6, = m}, Ym = Re,,-

These times are almost surely finite since 6, /1 — 1. The chain (Y )m>0 has the same
transitions as (|Sm|)m>o, including at 0; their laws are therefore equal. Extend R and Y
by linear interpolation. Then, for every t > 0,

Ry = Yp,.
By Donsker’s theorem,

d
(Ynt/vM)iz0 = (IBtl)e=0-
Convergence of the time change to the identity, Slutsky’s lemma and continuity of
composition give
d
(Rut/v)iz0 = (IBtl)tz0-

On the other hand, Ry = S¢ — infy< <t Sy for the interpolated simple random walk.
The map subtracting the running infimum is continuous for uniform convergence on
compact sets; Donsker’s theorem therefore also gives

d
(Rnt/vM)t=0 = (Bt — It) >0

Uniqueness of the limit in distribution completes the proof. O
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6 The Brownian bridge

Related exercises: Sheet 5, p. 179.

In this chapter

6.1  Definition of the Brownianbridge . . . . . .. ... ... ... ... ... ... 62
6.2  Thelocal limittheorem . . . . . ... ... .. ... ... . .. . . 63
6.3  Convergence to the Brownianbridge . . . . . ... ... ... ... ... .... 66

6.1 Definition of the Brownian bridge

Let (Bt)o<t<1 be a standard Brownian motion.

Theorem 6.1 (Definition of the Brownian bridge). As ¢ | 0, the law of (Bs)o<s<1
conditional on {|B;| < €} converges weakly to a probability measure IPy on C([0, 1], R),
called the Brownian bridge law. Moreover, the law of (Bs — sB1)o<s<1 is Po.

Informally, the Brownian bridge is “(B+)o<t<1 conditional on B; = 0".

Proof. Set by = Bs — sBj for 0 < s < 1. The family ((bs)o<s<1, B1) is Gaussian and, by
the covariance of Brownian motion,

Cov(bs,B1) = Cov(Bs,B1) —s Var(By) =s—s =0.

Thus b is independent of By. Let F : C([0,1],R) — R be bounded and Lipschitz, with
constant L. Since ||B — b|| = |B1l, independence gives, for every ¢ > 0,

IE[F(B) | [B1] < el = E[F(b)l| = [E[F(B) — F(b) | [B1| < el
S LE[|B—bllo | [B1] < €] < Le.

The characterization of convergence in distribution by bounded Lipschitz functions

completes the proof: the limit is the law of b. O
1
In what follows, write pt(x) = 5 te_"z/ (2 for the density of By, for t > 0.
T

Proposition 6.2. The Brownian bridge law is characterized by the following absolute
continuity relation: for 0 < t < 1 and F: €([0, t], R) — R bounded continuous or
nonnegative measurable,

P1—t(—B¢)

E[F(by:0<s<t)] = |F(By:0< s <t
p1(0)

Proof. 1t suffices to prove the result for bounded continuous F : €([0, t], R) — IR. This
yields the result for F = 15 with A closed by approximation, then for F = 15 with A
Borel by a monotone class argument, then for simple F by linearity, and finally for
measurable F > 0 by approximation and monotone convergence. Set W,, = B, — By,
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so that (Wy)o<u<i—t is @ Brownian motion independent of (B, )o<u<t.- Then

E[F(Bs:0<s<t)||Byl <eél

1
T P(Bil < E)E[F(BS 10 <8 < OLgpwy <o)
1
= P < o BB 10 < s SULw_el-pie,-ie)]
1 —Bt+e
- E|FBs:0<s<t x) dxl
Joepx) dx (Bs s )JBt€ p1-¢(x) dx
Now
1 (¢ 1 (~Btte
ZJ P1(x) dx — p1(0), 2_€J 5 P1-t(x) dx — p1_(—B4).
e B

Moreover, since p1_t is bounded,

1 —Bi+e
3| P ax < o
e

By dominated convergence,

]E[F(Bs¢0<5<t)||Bl|<€]—>1E[F(Bs:0<s<t)%(_mw .
1

Since also E[F(Bs : 0 < s < t) | |B1] < ¢] — E[F(bs : 0 < s < t)], the result follows. [

6.2 The local limit theorem

Lemma 6.3. Let k > 1 be an integer; for 1 <1i <k, let (o, ) be a sequence of strictly
positive real numbers such that i, — co. Consider a random variable (X}, ..., X¥)
taking values in Z¥ such that, for Lebesgue-almost every (Aq,...,Ay) € Rk,

ohol ok P((XE, ..., XE) = ([AMoh ], oo, (M ) — bAoA,

where ¢ is a probability density on R¥. Then
XL XK
(—*;—;g) 4x,
Xn Xn

Proof. We will use Scheffé’s lemma (see Exercise 1.4): if X;, has density f;, on R* and

where X has density ¢.

fn — f almost everywhere, where f is a probability density, then X, 4 X, where X
has density f. Let (Y}, ..., YX) be a random variable with density

dn(A, e M) = o -k P((XL, .., XE) = ([(Mod ], .., [Akak])
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on R¥, and let
(Zyy -, Z3) = (Lo Yal, -, L YR ]),
which has the same law as (X}, ..., XX). Since ¢, — ¢ almost everywhere, Scheffé’s

. d .
lemma gives (Y}L, .. ,Yﬁ) — X; and since

o Zy 1 :
the result follows. O

Definition 6.4. A real-valued random variable X is called lattice if there exist b € R
and h € RY such that P(X € b +hZ) = 1. If X is not almost surely constant, there
is a largest such h, called the span of X. If it equals 1, X is called aperiodic. In the
degenerate case where X = b almost surely, every h > 0 works and there is no
maximal finite span.

Example 6.5. If P(X =1) =P(X = —1) =1/2, X has span 2.

Lemma 6.6. Let X be a real-valued random variable and ¢ its characteristic function.

(1) Xis lattice if and only if there exists t € R* such that |[p(t)] = 1.

(2) Xhasspan h > 0if and only if [p(27t/h)| =1 and [p(t)| < 1 for t €]0, 27t/hl[.

Proof. 1) If P(X € b4+hZ) =1, then P((X—b)/h € Z) = 1, so that
E [eZin(be)/h} —1, ‘IE [eZinX/h} ‘ — |e2imb/hy — 1,

Conversely, if [p(tg)] = 1 for tg € R*, let a € R be such that ¢p(ty) = e'®. Then
E[ettoX=9)] = 1. Hence E[cos(tyX — a)] = 1. Since cos < 1, we deduce that, almost
surely, cos(tgX — a) = 1. Thus, almost surely, t¢pX — a € 2nZ, and

]P(Xe g+2—”Z> ~1.
ty 1o

(2) The proof of (1) shows that there existb € Rand h > OsuchthatlP(X € b+hZ) =1

if and only if [p(27t/h)| = 1, which gives the result. O

Theorem 6.7 (Local limit theorem). Let (X;)i>1 bei.i.d. aperiodic real-valued random
variables taking values in Z, such that a = E[X;] and 0% = IE[X%] —E[X4]? €]0, ool
Write S;, = X + - - + Xi. Then

sup [vVnP(Sp =k) — ! ex L (kzan i
b o 2702 Pl ™2 oyn

keZ

— 0.
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Proof. Set X! = X{—a, S, = Sy — an. Write ¢(t) = E[e™Xi]. Since E[e'Sn] =
Y icz—an e'IP(S! =j), we obtain, for k € Z — an,

1 ™ e 1 (™ .
IP(S;L = k,) = _J e—ltkIE[eltSn] dt = _J e—ltk(b(t)n dt.
21 - 27t o
Thus, choosing u € R so that uoy/n € Z — an,
/ 1 T[G\/TT' it t n
IP = —_ —1tu )
ovnP(S; =uoyn) o J_mﬁe ® <—G\/ﬁ> dt

But, for every u € R,

1 e—uz/z_ 1 ro efituftz/Z dt.

Set q(t) = e—t/2 and

t n
In(t) = Lo ym) P (a—\/ﬁ) '

The two inversion formulas above give

1 (k — an)? 1
P(Sn = k) — ——exp [ ——— )| < g0 — .
iglz) 0‘\/1’_L (Sn ) \/2—7_[exp ( no2 ) ’ 27_[||9T1 qHLlUR)

It therefore suffices to show that g, — q in L!(IR). The zero mean and finite second

moment give
t?0?
$(t) =1— - 7t t2g(t), g(0) =0, g continuous. (%)

Indeed, the Taylor remainder satisfies
e — 1 —1ix +x*/2| < min(|x]*/6,%).

Thus |g(t)] < lE[min(ItIIX{!3/6, (X{)z)] — 0 by dominated convergence. Moreover, ()
implies |p(1)]? =1 — 0t% + o(t?). We can therefore choose 0 < & < 7t such that

P <e T4 (1t < 5).

Set N
t
hn(t) = Lig<soym @ (U—\/ﬁ> :

For every t € IR, the expansion (x) gives hn(t) — q(t), while [hn(t)| < e t/4, By
dominated convergence, |[hn — q|[(1(g) — 0. Finally, aperiodicity and continuity of ¢
give

p= sup |p(t) <1, gn — hallpiRr) < 20yn ™ — 0.

dtI<m

The triangle inequality proves |[gn — q||{1(gr) — 0. The bound obtained by inversion,
divided by o, completes the proof. O
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Corollary 6.8. Under the assumptions of the local limit theorem, assuming [E[X;] =0,

we have:
1 1
1) P(S,=0)~ —;
WP =0~ e Ve

(2) there exists C > 0 such that, forallm > 1and k € Z, P(S,, = k) < C//n;

(3) if (xn) is a sequence of integers such that x,/(0y/n) — x € R, then

1

V2m

Remark 6.9. One can prove the following refinement, which is useful for large [k

supmax | 1 (ﬂ)z ovnP(S :k)—iexp 1 (ﬂ)z —0
KeZ N vn " V2m 2\ oyn '

See Spitzer, Principles of Random Walk, Chapter 1I, Section 7, p. 90.

6.3 Convergence to the Brownian bridge

1
Recall the notation p¢(x) = /2y,

27t

Theorem 6.10 (Conditional Donsker theorem). Let (X;)i>1 be ii.d. aperiodic random
variables taking values in Z, such that E[X;] = 0 and 02 = ]E[X%] €]0, 0o[. Set
Sn = X1 + - -+ Xy, and define S; by linear interpolation. Then

( Snt 0<t< 1) under IP(-| S, =0) 4, (bt)o<t<1-

oyn’

Remark 6.11. Aperiodicity implies that IP(S,, = 0) > 0 for all sufficiently large n (a
consequence of the local limit theorem, for example).

Proof. Step 1: convergence on [0, s, for fixed 0 < s < 1.
Let F: C([0, s], R) — R be bounded continuous. Then

IE[F(ST“ :0<t<s) snzo]

oyn
_ Snt . anAIns](_"SFnﬂ)
_JE{F(G\/T_L.Ogtgs) On(0) },

where Qn (k) =P(Sn = k). Fix s’ €]s, 1[. By Donsker’s theorem and the Skorokhod
representation theorem, we can construct copies of the paths on [0, s’] such that

Snt

sup | —=—B¢| — 0 almost surely.

o<<tgs!
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We retain the same notation for these copies. Since [ns]/n — s and B is continuous,

in particular we have

S
L RN s almost surely.

oyn
Using the local limit theorem, we obtain:

(i) there exists C > 0 such that, for all sufficiently large n,

an [ns] (=S [ns] )
Qn(0)

(using assertions (1) and (2) of Corollary 6.8);

<C

(ii) almost surely,

Qn—[nsw (_S[nﬂ) . P1 (—BS/\/l — S) _ P1_s(—Bs)
Qn(0) V1—sp1(0) p1(0)

(using assertion (3) of Corollary 6.8).

By dominated convergence, we conclude that

JE[F(S*“ :0<t<s>
ov/MNn

—>1E{F(Bt:0<t<s)

P1—s (_Bs)
p1(0)

Step 2: convergence of finite-dimensional distributions on [0, 1]. This follows from
Step 1 and the fact that both processes equal 0 at t = 1.

] =E[F(by: 0 <t <s)l.

Step 3: tightness on [0, 1]. We use a time-reversal argument: setting §{‘ =S,—Sn_4,
we clearly have

and this equality in distribution remains true conditional on S;, = 0. We deduce that,
conditional on S, =0,

51'“:=<S“t -0<t<§>$<bt:0<t<§),

oyn’ 4 4
S -

§2m .= ni t):O<t<§ 4, bt:0<t<§ ,
ovn 4 4

where b is a Brownian bridge. These are two separate marginal convergences, which
suffice to establish tightness of both sequences. We deduce that S'™ and S?>™ are tight.
Since, for 6 < 1/4,

w ((;n; 0<t< 1) ,6) = max(w(Sl’“,6),w(82’“,6)),

we conclude that (Sn¢/(0y/n): 0 < t < 1) under P(- | S, = 0) is tight. O
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7 Discontinuous processes: Skorokhod space

Related exercises: Sheet 6, p. 198.

In this chapter

71  Basicproperties . . . . . .. ... 69
7.2 Skorokhod (J1) topologyonID . . . . .. ... L Lo 70
73  Weak convergenceinD . .. ... ... ... ... . o o o 73
74 Tightnesscriteria . ... ... ... ... .. ... 75
7.5  Optional further material . . . . . ... ... ... .. ... ... ... . . .. 77

Write D (or ID([0, 1], RY)) for the set of functions x : [0,1] — RY that
e are right-continuous: for every t < 1, x(t+) = limg x(s) = x(t);
* have left limits: for every 0 < t <1, x(t—) = limg¢ x(s) exists.

For x € D, we say that x is cadlag and write Ax(t) = x(t) —x(t—) for0 <t < 1, and
Ax(0) = 0. Cadlag functions and processes arise naturally in probability:

e distribution functions;
¢ Poisson processes;

¢ Lévy processes (cadlag, with stationary independent increments), which arise in
particular in the extension of Donsker’s theorem to certain random variables with
infinite variance;

* every martingale with respect to a complete right-continuous filtration admits a
cadlag modification.

Caution. (D, || - ||«) is a Banach space, but it is not separable. Take x*) =
INNETE [x(W — x| oo =1 for u # v.

We must look for another topology on ID.

References.
¢ Billingsley, Convergence of Probability Measures, second edition.
* Jacod-Shiryaev, Limit Theorems for Stochastic Processes, Chapter VI.

e Kallenberg, Foundations of Modern Probability, second edition.

Remark 7.1. We work in ID([0, 1], R9) for simplicity, but what follows extends readily
to ID([0,1],S), with (S, d) Polish.

68



Limit theorems and applications Lecture notes 7. Skorokhod space

7.1 Basic properties
Example 7.2. Let (1;)i>1 be an enumeration of the rationals in ]0, 1[. We have
=1
x(t) = Z _]l{rigt} e D.

21
i=1

Proposition 7.3. Let x € D.
(1) Forevery e > 0, #{t € [0,1] : |Ax(t)| > €} < o0.
(2) {t €10,1] : Ax(t) # 0} is countable.
(3) xis bounded.

(4) xis a uniform limit of step functions.

Proof sketch. (1) If the set is infinite, take a sequence (t,,) in it. Passing to a subsequence,
assume t,, — t. Consider the two cases t,, | t and t,, T t to obtain a contradiction.

(2) This follows from (1).

(3) By contradiction: if [x(t, )| > n, extract a subsequence t,, — t with (t,,) monotone,
and obtain max(|x(t)|, [x(t—)|) = oo, a contradiction.

(4) Introduce w(x, A) = SUP; 1 Ix(t) — x(s)| for A C [0, 1]. We then use the follow-
ing lemma. O

Lemma 7.4. For every € > 0, there exists 0 =ty < t; < --- < t; =1 such that

max wi(x, [t;, t; < e
0<isr1 ( /[ ir Yi+1 D S

Proof sketch. Let € > 0. Write

T =sup {t €0,1]:30=tg<t1 <--- <ty =t, max w(x, [ty ti1) < e}.
0<i<r—1

Then x(0) = x(0+) = T > 0; existence of x(T—) implies that the supremum is
attained; and x(T) = x(T+) implies that T < 1 is impossible. ]

We conclude the proof of (4) by taking
r—1
Xn =) x(t)lg e, onl01[  xn(1) =x(1),
i=0
with a partition associated with ¢ | 0. We now define the “modified modulus of
continuity”.
Notation. Forx:[0,1] > R%and 0 < 5 < 1, set

/ .

w'(x,6) = inf max w(x, [ti, tiq[).

(x/8) 121, 0=tg<t;<--<tr=10<i<r—1 Ot tiga )
tip1—ti >0

69



Limit theorems and applications Lecture notes 7. Skorokhod space

Example 7.5. Let 0 < ¢ < 1and x, =nlpy_, . For0 <6 <1, we have

, 0, &< min(e,1—¢),
w (an 5) =
n, 6 >min(e, 1—¢).

Proposition 7.6. Let x,y : [0,1] — R4,

(1) x € D if and only if w/(x,8) — 0 as & — 0 (compare with: x is continuous if
and only if w(x, d) — 0).

(2) w'(x,8) <2[x—Ylloo + w'(y, d).
B) fxeDand 0 < 6 <1, then

(@) w'(x,8) < w(x,298),

<
(b) w(x,8) <2w'(x,8) + sup |[Ax(t)].
o<t<1

The proof is left as an exercise (we have already proved the forward implication in
(1)); see Billingsley, p. 123.

7.2 Skorokhod (J;) topology on ID

Two functions x and y are close in the uniform norm if the graph of x(t) can be trans-
formed into that of y(t) by a small perturbation of the vertical coordinates, keeping the
horizontal coordinates fixed. In ID, we will also allow a small time deformation.

Definition 7.7. A time change is a function A : [0,1] — [0,1] such that A(0) = O,
A(1) =1, and A is strictly increasing and continuous. Write A for the set of time
changes.

Definition 7.8. Let x,, € ID and x € ID. We say that x,, — x in the Skorokhod topology
if, for every n > 1, there exists A,, € A such that

Ay —Id|lcc — O, |Xn 0 An —X||c0 — O.

. . . D
Equivalently, we can require ||Xn, — X 0 An|jcc — 0. We write x, — x.

Example 7.9. The first graphs illustrate convergence in ID: a slightly shifted jump,
whose size tends to 1, is followed by a small continuous variation. The second graphs
illustrate the failure of convergence in ID when two jumps of size 1/2 approach each
other to form a jump of size 1.
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Xn X Yn Y
11 | 1 11 1,1 1
2" n 2 27 n 2+ n 2
D

Remark 7.10. For Ay, A € A, ||An —Allso — 0if and only if A,, converges pointwise to A
(Dini’s theorem).
Remark 7.11. If we set, for x,y € D,

ds(x,y) = )%rel/f\max(H?\—IdHoo, [xoA—ylle),

one checks that ds is a metric on ID that metrizes the preceding notion of convergence,
and that (ID, ds) is a separable metric space.
Caution. (ID, ds) does not carry a normed vector space topology: if x,, =

Lo,1/2—1/nf and x = 1y 1o, we have xy D, x, but X, +x % 2x.

Xn + X 2x
2—— 2
1 —
1_1 1 1
27 n 2 2

However, one checks that, if x;, D, x and Yn D, y with y continuous, then x,, + yn D,

X+y.
For t € [0,1], write TT; : D — RY, x — x(t).

Proposition 7.12 (Examples of continuous functionals). (1) x — ||x||« is continu-

ous for ds.
(2) x = suppciq |Ax(t)| is continuous for ds.
(3) TTp and TT; are continuous.
(4) Lett €]0, 1[. TT; is continuous at every function x that is continuous at t.

(5) Let f: RY — R be continuous. x — fé f(x(s)) ds is continuous for ds.

Proof. Let xy, D, x and An € A be such that x, o Ay — x uniformly and A, — Id

uniformly.
(1) We have

[nlloo = Xlloo| = [l%n © Anlloo = Ix]loo| < lIXn 0 An —x[|0o — 0.
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(2) We have [Ax(t)| = |x(t) — x(t—)| < 2||x||00, and since

sup [Axn(t)] = sup |A(xn o An)(t)],

0<t<1 0<t<1
we obtain

sup |[Axn(t)|— sup |[Ax(t)]| < sup |A(xn oAy —x)(t)]
0<t<1 te[0,1] tel0,1]

(3) This follows from the fact that, for every A € A, we have A(0) = 0and A(1) = 1.
(4) We write

xn (1) = x(1)] < |[xn —x 0 Ar oo 4 X 0 AL (1) — x(t)] — 0

by continuity of x at t.

(5) Let xn D, X. Since sup,, [[xnlloo V [|X|lco < 00, we can assume f is bounded. Set
Dy ={t € [0,1] : Ax(t) # 0}, which is countable. Then

b b
|| txatt) dt = | 1) 100, <t

a

a VT

—f(x(t)) LrgDyy

We conclude by dominated convergence. O

Remark 7.13. In general, the functions fi : x — x(t), f2 : x — w’(x,§) and

fz:x = sup |Ax(t)] 0<a<b«ll)
agst<hb

are not continuous (although x — w(x, 8) is continuous for x € €([0, 1])). For example,
fix 0 < & < 1/2 and consider, for n sufficiently large that  +2™™ <1 -8, xn = 1 |g 540-n]

and x = 1 5;. Then x;, D, x, but
xn(8) =1 /= x(8) =0,
w'(xn,8) =0 /= w'(x,8) =1,
Xn(8) —xn(6—) =0 7= x(8) —x(6—) = —1.

However, one can show that f; and f3 are upper semicontinuous.

Example 7.14. Let x, = 1jg »-n[. Considering the time change A, depicted below, we
see that dg(xn, xne1) <27™
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2—n—1 7777777

In particular, (x,) is Cauchy but does not converge (the only possible limit is the zero
function). Thus, (D, ds) is not complete.

However:

Theorem 7.15. There exists a metric dg on ID such that the topologies induced by ds
and dg coincide, and (ID, dg) is complete.

See Billingsley, Theorem 12.2.

7.3 Weak convergence in D

Proposition 7.16. The product sigma-algebra on ID (the smallest sigma-algebra
making the maps IT; : x — x(t) measurable) is the Borel sigma-algebra of (ID, ds).

For t < 1 and integers p sufficiently large thatt +1/p < 1, the map

t+1/p
nf:XHpJ x(s) ds
t

is continuous, hence measurable. Since Ty = limy, ﬂf by right-continuity, TT; is
measurable. Finally, TT; is continuous. For the reverse inclusion, write J for the product
sigma-algebra and set

Anx(t) =x(k2™™) ifk2 " <t< (k+1)27T, Anx(1) =x(1).

The map A, : (ID,7) — (D, B(ID)) is measurable: it depends on only finitely many
coordinates, and the map assigning the corresponding step function to these values is
continuous for the uniform norm, hence for the J; topology.

Let us check that Ayx — x in ID for every x € ID. Fix ¢ > 0 and choose a partition
0 =1tp < --- <t =1such that w(x, [t;, ti+1[) < € for every i. For all sufficiently large n,
the points sgn] = 27"[2™ty] are distinct. Let A,, be the piecewise affine time change that
maps each t; to sgn). Then || Aq —Id||ec < 27™ If t € [ty, tit1], the grid coordinate used
by Anx(An(t)) still belongs to [t;, ti+1[; thus

|AnXx o Aqn — X0 < €.

At time 1, we also have A, x(An(1)) = Anx(1) = x(1). We deduce that ds(Anx,x) — 0.
The identity map from (ID, T) to (ID, B(ID)) is therefore a pointwise limit of measurable
maps taking values in a metric space, which gives B(ID) C 7.
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Remark 7.17. The product sigma-algebra is also the smallest sigma-algebra making the
maps (IT¢)tep measurable, where D C [0, 1] is dense and contains 1. Indeed,

Ty = im TT pointwise.
seD
slt
Thus, finite-dimensional distributions characterize the measures in M (D). However:

Caution. Convergence in distribution does not imply convergence of finite-
dimensional distributions (the maps TT; are not continuous).

Definition 7.18. Let X be a random variable in ID. We say that t € [0,1] is a fixed
discontinuity of X if IP(|AX¢| > 0) > 0. Write Dy for the set of these points.

Proposition 7.19. If X is a random variable in ID, Dx is at most countable.

Proof. For e, 6 > 0, set
DY =1{t € [0,1]: P(IAX¢| > €) > &}

If this set were infinite, it would contain a sequence of distinct deterministic times
(tn). Each cadlag path has only finitely many jumps of size greater than ¢; thus

Lyaxe, ey — 0 almost surely.

By dominated convergence, P(|AXy, | > ¢) — 0, contradicting the lower bound 5. All
the sets D§<’6 are therefore finite, and

1/p,1
DX: U DX/P /4
pq=1

is at most countable. O

Theorem 7.20. Let X", X be random variables taking values in ID. Then X" 4 X if
and only if:

(i) X™ £ X outside Dy \ {1}, that is, for all t, ..., t, € ([0,1]\ Dyx) U{1},
d
(XE,,XE{) — (th,...,th);

(i) (X™)is tight in M; (D).

Proof. The forward implication for (ii) follows from Prokhorov’s theorem. For (i),
if t ¢ Dy, then TT; is continuous Px-almost everywhere. The map [Ty, in turn, is
continuous on all of D, even when 1 € Dx. The continuous mapping theorem
therefore gives the claimed finite-dimensional convergences.

Conversely, by Prokhorov’s theorem, it suffices to show that if X" 4, Y, then

74



Limit theorems and applications Lecture notes 7. Skorokhod space

X LY. To this end, by (i), X and Y have the same finite-dimensional distributions on
([0,1]\ (Dx UDy)) U{1}, and therefore have the same law. O

7.4 Tightness criteria

The analogue of the Arzela—Ascoli theorem in D is the following.

Theorem 7.21. A family .# C D is relatively compact if and only if
(1) sup [[x|[o < c0;
xeF

(2) Ve >0, 36 >0, supw’(x,8) <e.

XEF

As for continuous functions, we deduce:

Theorem 7.22. A sequence (X"),>1 of random variables in D is tight if and only if
(1) (IX™| oo )nz1 is tight in R;

(2) Ve,n >0, 36 >0, limsupP(w’(X™,8) >1n) <e.

n—oo

Remark 7.23. Condition (1) cannot be replaced by “(X™(0))n>1 is tight”, as in €([0, 1], R):
take, for example, X™ = nlp, 1, with U uniform on [0, 1].
However, one can prove that, when (2) holds, (1) <= (1') <= (1”), where

(1’) There exists a dense set T C [0, 1] containing 1 such that, for every t € T, (X™(t))n>1
is tight.

(1) The sequences (X™(0))n>1 and (supy,<; !AX”(t)I)n>1 are tight.

See Billingsley, second edition, corollary to Theorem 13.2, p. 140.

Application. Let (U;);>; be ii.d. random variables uniform on [0, 1] and let A > 0. For

t <1, set
[nt]

XM =Y Lo
k=1

Then (Xﬁn) Jo<t<1 4, (NMo<i<1, where N? is a Poisson process with intensity A.

Proof sketch. It suffices to consider integers n > A. Finite-dimensional distributions.
N? has no fixed discontinuities. Let 0 = tyg < t; < --- < t, < 1. The increments
Xgﬂl — X,E?), 0 < i <k, are independent for fixed n and have distributions

Bin (LntiHJ — LntiJ, %) i> POi(?\(tH_l — ti)).
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Tightness. First,

xm H 4 Bin(n,A/n) converges in distribution, hence is tight.
(o.¢]

For 0 < & < 1/2, write A,(d) for the event that two distinct jumps of XM are at
most 0 apart, and B, (8) for the event that a jump occurs in ]0,5] U [1 — 9, 1]. On the
complement of A, (8) UBn(8), the partition formed by 0, the jump times and 1 has all
its intervals of length strictly greater than 5. Consequently, w’(X(™, §) = 0.

For n > A, independence of the indicators gives

)\2
P(An(8)) < Y P(U; <A/m, Uy < A/n) <nnd|— < A%.
n
1<i<j<n
j—i<nd

There are at most 2nd + 2 grid points in |0, 6] U [1 —§,1], so

2
P(B,(5)) < 2A6 + %‘

Thus, for everyn > 0,

limsup]P(w'(X(“),é) >1‘|) < (A2 +27)8 —510—> 0,

n—oo

which completes the proof of tightness. O

We conclude with several other tightness criteria. The first is an analogue of Kol-
mogorov’s criterion adapted to cadlag paths (see Billingsley, second edition, Section 13,
in particular the proof of Theorem 13.5).

Theorem 7.24 (Billingsley’s criterion). Let (X™),>1 be a sequence of random variables
in ID. Assume that:

D) (XMoo nz1 1s tight;

(2) there exist a,b > 0 and a continuous nondecreasing function F : [0,1] — R
such that, foreveryn > landall0 <r <s <t <1,

E[IX™(t) — X™(s)[*X"(s) — X" ()*] < (F(t) —F(r))'";

(3) for every e >0,

lg?oﬂim sup (P(IX™(8) = X™(0)] = &) + P(IX™(1) = X™(1—23)| > ¢)) =0.

n—oo

Then (X™),>1 is tight.

Remark 7.25. Conditions (1) and (2) alone do not suffice: the sequence X™ = 1y 1y
satisfies them, but is not tight in ID. However, condition (3) is not necessary for every
tight sequence: in particular, it excludes the constant sequence X™ = 1.

Under assumption (2), with F continuous, condition (3) is satisfied if, for some random
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variable X taking values in ID, we have X" fd % on [0, 1] \ Dx and X is almost surely
continuous at 1. The bound in (2) allows us to compare the boundary increments with
those computed at nearby times outside Dx; continuity of F then allows these times to
tend to the endpoints.

We conclude with Aldous’s criterion, which is particularly useful for random walks
or, more generally, martingales.
For X" € D, write (.#{")o<t<1 for its natural filtration and

J" = {stopping times for .#" that are < 1}.

Theorem 7.26 (Aldous). Assume that
1) (X"l oo nz1 is tight;
(2) for every sequence h;, | 0 and every sequence t,, € I,

n

P
n
(tnthn)Al — X1 | — 0

Then (X™),>1 is tight.

See, for example, Kallenberg, Theorem 16.11, for a proof.
For example, this theorem can be used to prove the following striking result.

Theorem 7.27. Let (X'); ,>1 be random variables such that, for every n > 1, (X')i>1
are i.i.d. Set S} = XI'+ .-+ X} and assume there exists a sequence of integers
my — oo such that ST, converges in distribution to a limit denoted by X.

Then there exists (X)o<t<1 € ID with stationary independent increments (that is,
a Lévy process) such that X; 4 X and

d
(Srfmntj 10 <t<1) = (Xe)ost<t-

See Kallenberg, Theorem 16.14.
If (Xi)i>1 are ii.d., with mean zero and finite variance, taking X' = X;/y/n and
my = N gives essentially Donsker’s theorem.

7.5 Optional further material
7.5.1 The space D(RR;,R)

Write D, = D([0, m],RY), m > 0, and d., for the Skorokhod metric naturally defined
on it. Let Dy, = ID([0, co[, RY).

Definition 7.28. We say that x, D—°°> x if, for every n > 1, there exists A, € A,
where
Ao = {increasing homeomorphisms from R onto R},
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such that
1) [An—Id|| =0

2) for every m >

(Xn o }\n — X)H[O,m] ”oo — 0.

Remark 7.29. The restriction map Do, — Dy, x — x1[p m), 18 not continuous in D, if x
has a jump at m.

To define a metric do, such that deo(xn, x) — 0 if and only if x,, Do, x, introduce, for
every m > 1, the function

1, 0<t<m,
gm(t)={m+1—-t, m<t<m+1,
0, m+ 1.
1j
m m4+1

For x,y € D, set

ZZ dm1 gmx)|0m—0—l (gmy)|0m+1])/\1).

m>1
This metric metrizes the convergence defined above. The resulting topology is Polish: it

admits a compatible complete separable metric.

Tightness criteria. For m > 1and 0 < 8§ < m, define

/ .
w- (x,08) = inf max w(x, [t ti1]).
m(x,8) O=ty<t;<--<tr=m 0<i<r—1 Bl il
tip1—ti>0, 0<i<r—1

A sequence (X") is tight in D, if and only if, for each integer m > 1, the sequence
((gmX™)ljo,m+17) is tight in D, 1. We therefore apply the preceding criteria with
|gmX™[|oo and w;, 1 (gmX™, 8). See Billingsley, Section 16.

7.5.2 C-tightness

Note that € = €([0, 1], R4) is a closed subset of D, since it is

{x e DD: sup |Ax(t)| = O}.

0<t<1
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Definition 7.30. A sequence (X™) of random variables in D is called C-tight if it is

tight in ID (ID-tight) and every subsequential limit is supported on €: if X®™ d, X,
thenP(X € @) = 1.

Proposition 7.31. Let X", X be random variables in D such that X" 9 X. Assume
that

sup |AX™(t)] 2 0.

0<t<1

ThenP(X € ) = 1.

Proof. The map
J:D—R., J(x)= sup |Ax(t)]
0<t<1
is continuous, as proved in the proposition on continuous functionals. Thus J(X™) 4

J(X). Now J(X™) L) by assumption; by uniqueness of the limit in distribution,
J(X) = 0 almost surely. Since a cadlag function without jumps is continuous, we
obtain P(X € €) =1. ]

See also Billingsley, Theorem 13.4, p. 142.

Theorem 7.32. Let (X™) be a sequence of random variables in ID. It is C-tight if and
only if

(1) (X})ns1is tight in RY;
(2) for all ¢, > 0, there exists 6 > 0 such that

limsup P(w(X™,8) >n) <.

n—oo

See Billingsley, corollary on p. 142.
We readily deduce a cadlag version of Donsker’s theorem: if (X;)i>; are i.i.d., with
mean zero and variance o2 €]0, oo, writing S, = X1 +--- 4+ X;,, we have

Sint d
—:0<t«1 B::0<t<1),
(o4 ) 4 |

where convergence is in distribution in ID.
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7.5.3 Point processes

For point processes, convergence of finite-dimensional distributions implies conver-
gence in distribution.

Theorem 7.33. Write D, for the set of counting functions on [0, 1], that is, nonde-
creasing cadlag functions taking values in Z, whose jumps equal 1 at points of
discontinuity. Let X", X be random variables taking values in ID.. Assume that
P(X(1-) =X(1)) =1.

Then X" i> Xif and only if there exists a countable dense set T C [0, 1] containing
0 and 1, such that, forall t1,...,t, € T,

d
(X{ll”X?k) — (th,...,th).

See Billingsley, Theorem 12.6.

7.5.4 Other topologies

We have considered the Skorokhod J; topology on ID([0, 1], R), but there are three others
(J2, M1, My) in which the following convergences hold, with

1 1 1 1 1 3
- = = — — = - — — - — — > .
x = 1p/1, Un =75 —75" by > , Cn (n > 4)

3

=2
3
= NI= -
=2
3
ZN\H
iy

not J;, not ],

|
|
|
|
b, Gn 1 Cn b, Qn
n 3 n

N|— - ===

J2 M,
not J;, not My not J,, not My, not J;

See W. Whitt, Stochastic Process Limits, Chapter 11.5.
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8 Poisson random measures

Related exercises: Sheet 7, p. 206.

In this chapter

8.1 Review of Poisson distributions . . . . . . . ... ... ... ... ... .. . .. 81
8.2 Poisson random measures . . . . . . . . . . it e e e e e e e e e 82
83  Multiplepoints . . .. ... ... e 87
84  Campbell’s formulas (additive and exponential) . . ... ... ... ... ...... 89
8.5 Transformations of Poisson random measures. . . . . . . . . . . . ... ... .... 91
8.6 Poisson random measures with a time parameter . . . . . . ... ... ... ... .. 92
8.7 Palm’sformula . ... .. . . . . ... e e 94

One objective is to define a notion of “rain” in a fairly general space, where drops
arrive independently and rarely according to a distribution described by a measure .
When p is infinite, the expression “a point chosen at random according to u” has no
real meaning. However, we will be able to give meaning to “infinitely many points
chosen according to n” through Poisson random measures (we will see that Poisson
distributions arise naturally).

References. Kingman, Poisson Processes; Last and Penrose, Lectures on the Poisson
Process.

8.1 Review of Poisson distributions

For A € [0, o0, a random variable X taking values in IN U {+o0} is said to have a Poisson
distribution with parameter A, written X ~ P(A), if

e for A =0, X = 0 almost surely;
e for A = 0o, X = oo almost surely;
* for 0 < A < oo, P(X =k) = e A¥/k!, for k > 0.

We have E[e X] = exp(—A(1 —e™)) for u > 0 (with the convention 0 x co = 0). The
following two properties will be very useful.
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Proposition 8.1. * Superposition. If (A;)ic] is an at most countable family in [0, oo
and (X;)ie are independent random variables with Xj ~ P(A;), then

> Xi~7? (Z 7\i> :
iel iel

® Thinning. Let X ~ P(A) with A € [0, oo]. Let (Uy)y>1 be i.i.d. random variables
taking values in IN, independent of X, with IP(Uy = i) = p; for i > 1. Then the
variables

X
Xi — Z H{Ukzi}l i 2 1,
k=1

are independent and X; ~ P(Ap;) (with 0 x co = 0).

The proof, which can be carried out using characteristic functions, is left as an exercise.

8.2 Poisson random measures
We work in the fairly general setting of a measurable space (E, £).

Definition 8.2. Write M;(E) for the set of measures 1 on E that can be written as
i = ) i1 Mi, Where I is countable and each y; is a finite measure. The elements of
M;(E) are called s-finite measures.

Example 8.3. A o-finite measure is s-finite, but the converse is false (take p = Y 2 87).
The advantage of working with M;s(E) is closure under countable sums (which fails for
o-finite measures).

Remark 8.4. One can check that Fubini’s theorems apply to s-finite measures using the

monotone convergence theorem (see Theorem A.13 in Last and Penrose).

Definition 8.5. Write M,iom(E) for the set of countable sums of atoms of the form
Y ic1 Ox;, where I is countable and (xi)ic1 € EL Equip Matom (E) with the smallest
sigma-algebra making the following maps measurable:

Matom (E) — IN U {+o00}, u— u(A), Acét.

Example 8.6. 1) N : QO — Mstom(E) is a random variable if and only if, for every
A € € and every k > 0, {N(A) = k} is measurable, since

C

{N(A) = oo} = [ [JIN(A) =1)

k=0

2) The map E — Matom(E), X — 8, is measurable.

3) For A € &, the map Matom(E) = Matom(E), 1 — pla, is measurable, where
wa(B) =u(ANB) forB e &.
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Before defining a Poisson random measure, here is some motivation: to define “uni-
form” rain on R?, it is natural to discretize IR? using a grid of mesh size 1/n and choose

a point in each cell, independently, with probability 1/n?.

1/n7

1/n
Then the number of points falling in a region A has approximately distribution
Bin(n? Area(A),1/n?), which converges in distribution to P(Area(A)), and the num-

bers of points falling in disjoint regions are independent.

Definition 8.7. Let (E, £) be a measurable space and p an s-finite measure on E. A
Poisson random measure (or Poisson point cloud) with intensity p is a random variable

N taking values in Matom (E) such that

@ forevery A € &, N(A) ~ P(u(A));
@ if (Ai)i<i<k is a family of disjoint measurable subsets of E, the variables
(N(Ai))1<i<k are independent.

Remark 8.8. e For each fixed A, almost surely, N(A) = co <= pu(A) = oo.

¢ If singletons are measurable in E and p({x}) > 0, then P(N({x}) > 2) > 0.

e Ele WA = e HA)1—e 7).

Theorem 8.9. For every measure p € Ms(E), there exists a Poisson random measure

with intensity p, unique in law in Matom (E).

To prove this theorem, we use the following useful lemma.

Lemma 8.10 (Closure under sums). Let (N;);>1 be a countable family of independent
Poisson random measures with intensities ;. Then N = 3 .-, N; is a Poisson

random measure with intensity = ;-4 .

Proof. Let A € E. By the superposition principle for Poisson distributions,

NA) ~P | Y wilA) | =P((A).

i1

If (Aj)1<j<x are disjoint measurable subsets, the variables (N;(A;))i>1,1<j<k are inde-

pendent. Grouping them into blocks, the variables (}_°; Ni(A;)), <j<k are indepen-
O

dent.
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Proof of existence of Poisson random measures. By the preceding lemma, it suffices to
consider the case where p is finite. If u(E) = 0, the empty point cloud M = 0 works.
Thus assume 0 < p(E) < co. Let L ~ P(u(E)) and let (X;)i>1 be i.i.d. random variables
with law p(-)/u(E), independent of L. Set

Let us check that M works. It is indeed a random variable (see the example on
measurability of x — 0y).

Let (Aj)1<j<k be disjoint measurable subsets of E and set B = (U};l A;)¢. Fori>1,
define

j if X; € Aj ,
U; =
0 if X; € B.
The variables (U;);>1 are i.i.d. By the thinning principle for Poisson distributions, the
variables
L L
M(Aj) = Z ]]'{XieAj} - Z :H'{U—i:j}
i=1 i=1
are independent and M(A;) ~ P(w(E)u(A;)/u(E)) = P(u(A; ). H

Proof of uniqueness in law of Poisson random measures. Sets of the form
{v € Matom (E) : V(A1) =kq,..., V(A =k},

with measurable A; and k; > 0, form a 7-system generating the sigma-algebra on
Matom (E). Any such set can be written as a finite disjoint union of sets of the form

{v € Matom(E) : v(B1) =j1,..., v(Bn) =jn}, (7)

with disjoint measurable (B;) and j; > 0. Thus a probability measure on Matom (E) is
characterized by its values on sets of the form (7).

If two Poisson random measures satisfy the two defining conditions with the same
intensity, their laws agree on the sets (7), and therefore coincide. ]

Remark 8.11. The preceding proof shows that, if p is s-finite, we can construct a Poisson
random measure of the form

K
M=> bx )
i=1

where K takes values in N U{+o0o} and the X; are random variables taking values in E.
When p(E) = oo, we have K = co almost surely. In general, the positions X; are neither
independent nor identically distributed.

If M is a Poisson random measure, in general it cannot be written in the form (8),
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since in general the atoms cannot be enumerated measurably.
Indeed, let E = [0, 1] and suppose there exist measurable maps 7t; : Matom(E) — E
and L : Matom (E) — IN U{+00} such that

Vv € Matom(E)/ vV = 6711(\/)'

Let A be Lebesgue measure on [0, 1], p = }_ -1 A and M a Poisson random measure with
intensity p. For each fixed Borel set A, M(A) is almost surely equal to 0 if A(A) = 0 and
to oo otherwise. The sigma-algebra o(M) therefore consists of events with probability 0
or 1: its generators have this property, and events of probability 0 or 1 form a sigma-
algebra.

Since M(E) = oo almost surely, we have L(M) = oo almost surely. The variable
Z =m (M) € [0,1] is independent of itself, so

Var(Z) = E[Z%] — E[Z]?> = 0.

Thus Z = c almost surely for some deterministic ¢ € [0, 1]. The enumeration then forces
M({c}) > 1 almost surely, whereas p({c}) = 0 forces M({c}) = 0 almost surely. This is a
contradiction: additional “finiteness” assumptions are therefore necessary.

If E is a measurable subset of a Polish metric space, writing M5, (E) for the finite

<% (E) can be enumerated measur-

measures in Maiom (E), the atoms of measures in M50,

ably (Proposition 6.2 in Last and Penrose). We deduce that, if M is a Poisson random
measure with o-finite intensity u on a Polish space E, then we can write

L(M)

M= 8,
i=1

with L and the 7ty measurable (Corollary 6.5 in Last and Penrose).
Important consequence. To prove a property that depends only on the law of M, we

may assume without loss of generality that M has the form (8), constructed as in the
existence proof for Poisson random measures.

Example 8.12 (A Poisson process is a Poisson random measure). Let A > 0 and let
(Xi)i>1 be ii.d. random variables with distribution Exp(A). Set

0
M - Z 6X1+...+Xk.
k=1
Then M is a Poisson random measure with intensity Al dx.

Proof. Set Sy, = X1 + - - - + Xy. The strong law gives S,,/n — 1/A almost surely, hence
Sn — oo. Fix T > 0 and set Nt = M([0, T]). For n > 1, the change of variables
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si = X1 + - - - + x4, followed by independence of X, 1, gives

]P(NT =n, Sl c dSl,...,Sn S dSn)

AN —Asn ,—A(T—s
== A e e ( n)ﬂ'{0<sl<"'<8n<T} dsl e dSTL

AT(AT)™ n!
= (e )\TT ﬁﬂ{0<51<“'<5n<T} dS] s dSn.

The second factor is the density of the order statistics of n independent uniform
random variables on [0, T]. The case n = 0 gives P(Nyt =0) =P(X; > T) = e M.
Thus Nt ~ P(AT) and, conditional on Nt = n, the ordered positions have the law of
these order statistics. The finite-intensity construction therefore shows that M|y 1 is a
Poisson random measure with intensity Al 1)(t) dt.

To conclude, let A4, ..., A; be disjoint Borel subsets of Ry and ki, ..., k; € IN. Since
M(A; N[0, T]) T M(A;), continuity from above of probabilities gives

T

kj
]P(M(Aj) < kj for every )) = lim e 9T Z
T—o0 i1 =

{
ej—'T, ejT:)\Leb(A)’ﬂ[O,T]).

4l '
Each factor tends to the distribution function at k; of a P(A Leb(A;)) law; it tends to
zero if this parameter is infinite. The same equalities apply to every subfamily of
the A;. They yield the Poisson distributions of the counts and their independence,
including when some counts are almost surely infinite. This completes the proof. [

Proposition 8.13 (Closure under restriction). Let M be a Poisson random measure
with intensity p. Let (A;)ict be disjoint measurable subsets of E. Then (M|, )ic1 are
independent Poisson random measures, and M|4, has intensity ua;.

This is an immediate consequence of the definition.
We deduce the following result, which is important in practice for reducing to a finite
intensity measure.

Corollary 8.14. Let M be a Poisson random measure with intensity u, assumed
o-finite. Then we can write M = }_2; M;, where (M, );>1 are independent Poisson
random measures with finite intensities.

Proof. Write E = | J;i2; A; with (A;)i>1 disjoint elements of & of finite p-measure. Then
M = Y 2, MJa,, where (M|a, )i>1 are independent Poisson random measures with
finite intensities p/x; . O

Remark 8.15. If p is s-finite, it is unclear whether M can be decomposed “measurably”
as M = Y 1 My, where (M, );>1 are independent Poisson random measures with finite
intensities. But when p is o-finite, we have just seen that this is possible.
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8.3 Multiple points

Assume that {x} € € for every x € E. The atoms of a measure ) ;_;dx;, € Matom(E) are
not necessarily distinct.
If M is a Poisson random measure with intensity p, M({x}) ~ P(u({x})). Thus

Vx ek, u{x}) =0 <= VxekE, P(M({x}) €{0,1}) =
In fact, we will see that
Vx€E u({x}) =0 < P(¥xeE M({x}) €{0,1}) =1,

under suitable assumptions ensuring measurability of the event.

Definition 8.16. Write

impl 2 g
letr;lrﬁe(E) = {PL = Z Ox; € Matom (E) : xi # x; for i # ]} .
iel
Recall that Matom (E) is equipped with the smallest sigma-algebra for which the maps
u— p(A), taking values in IN U {+o0}, are measurable for every A € €.

51mple

Remark 8.17. In general, M, .,
let (Xi)i>1 be i.i.d. random variables uniform on [0,1] = E. Set My = } ., 8x, and
M, = Zn>1 20x,,. Then M and M, are two Poisson random measures with s-finite

(E) is not a measurable subset of M,iom (E). Indeed,

intensity p given by

0 if A(A 0,
w(A) = AN
oo ifA(A) >0,

where A is Lebesgue measure on [0,1]. The measure p is s-finite since u = 3 771 A.
The variables M; and M, have the same law, M; € let?gle(E) almost surely and

M, ¢ Mzitr;ﬂle( E); hence letr;ﬁe(E) is not measurable.

Finiteness and measurability assumptions are necessary.

Lemma 8.18. Assume that D ={(x,x):x € E} € £ ® . Then

MEMPIeT (B — (e METPI(E) 1 (E) < oo}

atom atom

is measurable in Matom (E).

Proof. Set Matom( ) ={n € Matom(E) : L(E) < oo}, a measurable subset of Matom (E),
and
@M (B) — ME L (E XCE), Z e = D Bixi)-

1<ij<m

i#j
Since MSlmplef( E) = {p € Mf n(E) : ©(n)(D) = 0}, it suffices to check that pu +

atom
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®(u)(D) is measurable. To this end, consider
¢ ={Ceé®E&:ur O(u)(C) is measurable on M;tom(E)}.

For finite pand A,B € &, ®(u)(A x B) = u(A)u(B) — u(A N B). One checks that ¢
is a monotone class containing the measurable rectangles. This completes the proof.
One can similarly show that @ is measurable. O

Proposition 8.19. Assume that pis o-finiteand D ={(x,x) : x e E} € E® E. Let M
be a Poisson random measure with intensity u. Then

Vx ek u{x) =0 «— Me¢e Msjmple(E) almost surely.

atom

This means there exists an event A such that P(A) = land w € A = M(w) €

Mzit?rﬁle(li). If IP is complete (every subset of an event of probability zero is measur-

able), this is therefore equivalent to € . — 1. In this case, M is sai
ble), this is therefore equival P(M € MS™P(E)) = 1. In th M is said

atom
to be simple, or to have no multiple points.

simple

atom (E) is not measurable in Matom (E).

Recall that in general M

Proof. For the reverse implication, suppose that p({x}) = ¢ > 0 for some x € E. Then
PM{x}) >2)=1—e “—ce © >0,

which contradicts the almost sure absence of multiple points.

For the forward implication, first consider the case where p is finite. If u(E) = 0,
then M(E) = 0 almost surely, so M is almost surely simple. From now on, assume
i(E) > 0. By the lemma, P(M € letglrﬂle’f(E)) depends only on the law of M. Thus,
we may assume that M is constructed from random variables as in the existence proof

for Poisson random measures:
L
M= Z OXy/
i=1

where L ~ P(u(E)) and (X;)i>1 are ii.d. with law p(-)/pu(E), independent of L. Then,

for1 <i#j,
1

Hence P(M € MS™Pef(g)) — 1,

atom

In the general o-finite case, write E = [ J{Z; A; with disjoint A; and p(A;) < oo for
every i > 1. We have seen that M = ) °; M|, where (M|, )i>1 are independent
Poisson random measures with respective intensities p/a,, which are finite. Now let

o0
A = Ml € Vb (E)).

atom
i=1

By the finite case, P(A) = 1. Moreover, w € A = M(w) € MSimple(E). H

atom
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8.4 Campbell’s formulas (additive and exponential)

Throughout this section, 1 € M;(E) is fixed and M is a Poisson random measure with
intensity p, on an arbitrary measurable space (E, €).

Theorem 8.20 (Additive formula). 1) Nonnegative case. Let f : E — R, be mea-
surable. Then the random variable M(f) = [ f(x)M( dx) has expectation

Jmen=Lﬂdem.

2) Integrable case. Let f : E — R be p-integrable. Then M(f) = [¢ f(x)M(dx) is
integrable and

JHMﬁﬂzLﬂmmdw-

Proof. 1) Write f > 0 as an increasing limit of simple functions f,, = Zli“l cila,. In
particular,

Nn
= Z citt(Ay) = u(fn).
o1

Then M(fn) T M(f). Thus M(f) is measurable and, by monotone convergence,
E[M(f)] = p(f).
2) Write f = f* —f~ and apply 1) to f™ and . O

Theorem 8.21 (Exponential formula). 1) Nonnegative case. Let f : E — R be
measurable. We have

Ele M) = exp (—J (1—e )y dx)) )
E
2) Integrable case. Let f : E — R be p-integrable. We have

E[eMf)] = exp (J (el — 1) p( dx)) .
E

Proof. 1) Write f > 0 as an increasing limit of simple functions f,, = Z]i\':*‘l cila,, with
disjoint A;. Then M(f,) = Zan ciM(A4) is a linear combination of independent
Poisson random variables, and we conclude using the form of the Laplace transform
of a Poisson random variable and monotone convergence.

2) Write f = limp_yo0 fn, with f = £t —f~, fy = f1 —f, 0 < £+ 5,0 < f5; 1~
and f}}, f; simple. As in 1), an explicit calculation gives

E[eMifn)] = exp (J (effn () — 1) dx)) :
E

On the one hand, the right-hand side converges to exp( [ E (elf™) —1)u(dx)) by domi-
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nated convergence, using
lelfn ™) 1] < [ (x)] = £ (x) + (%) < (%) 4+ 1 (x) = [f(x)].

On the other hand, M(f,,) = M(f}) — M(f;), with M(f}) + M(fT) and M(f;;) 1

iM(fn

M(f~) by monotone convergence. Thus M(f,) — M(f). Since |e )| =1, we also

have E[eM(fn)] — E[eM ()] by dominated convergence, completing the proof. O

Remark 8.22 (Characterization by the Laplace transform). Let i be an s-finite measure.
A random variable N taking values in Matom(E) is a Poisson random measure with
intensity p if and only if, for every measurable function f: E — R,

Ele N = exp (—J (1—e ¥y dx)) :
E

It suffices to use the functions f = ) " ; ¢i1a,, with ¢; > 0 and disjoint measurable A;,
followed by uniqueness of the joint Laplace transform.

If u is o-finite, we can also use the following characterization: for every real-valued
p-integrable function f, we have N(|f|) < co almost surely and

E[eNF)] = exp (J (") — 1) pu( dx)) .
E

First apply this identity to linear combinations of indicators of sets of finite p-measure,
then exhaust E by such sets. This second characterization does not extend to measures
that are merely s-finite.

For measurable f : E — R, by the additive formula,
E Uf(x)M(dx)} <00 <= deu < 00.

The following result gives a necessary and sufficient condition for [ f(x)M(dx) < oo
almost surely.

Proposition 8.23. Let f : E — IR be measurable. The following alternative holds:
(a) if [ min(1, f) dp < oo, then almost surely [ f(x)M(dx) < oo;

(b) if [ min(1,f) dp = oo, then almost surely [ f(x)M(dx) = oc.

Proof. Note that, for x € [0, 00}, x < 00 <= lim, | e

formula,

= 1. Thus, by the exponential

P < J f(x)M(dx) < oo) = lim E[e"M(f)]
ALO

= l)%ﬂr)l exp (— J(l — e M) dx)) .

If IE min(1,f)dp < oo, for A < 1, we have 1 — e M < min(1, f(x)), and the result
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follows by dominated convergence.
If fE min(1, f) du = oo, note that C min(1,y) < 1 —e ™Y for the constant C =1 —e L.

Thus, for0 < A < 1,
Ju —e MM u(dx) > CJmin(l,Af(X))u( dx) > AC J min(1, f(x))u( dx) = oco.

Hence P([ f(x)M(dx) < o0) =0. O

Example 8.24. If p(dx) = x~/ 21{X>0} dx and f(x) = x, then M(f) < oo almost surely,
but EIM(f)] = oo.

8.5 Transformations of Poisson random measures

Proposition 8.25 (Mapping theorem). Let M be a Poisson random measure with
s-finite intensity pon (E,€) and let f : (E, ) — (F, §) be measurable. Then f.M is a
Poisson random measure with intensity f,p on F.

Proof. First, let us check that f, is the map

Matom (E) — Matom (F), Z Ox, — Z 6f(xi)/

iel iel

and that it is measurable. For B € G, we indeed have

(Z 6f(xi)) (B) = #{l cl: X € f_l(B)} = <Z 6xi> (f_l(B))

i€l iel
ForBe Gand k > 0,

f*_l ({V € Matom(F) : v(B) = k}) ={v € Matom(E) : (fxv)(B) = k}
={v € Matom(E) : V(fil(B)) =k},

which is measurable. Thus f.M € M,iom(F) and, if B € G,
(£:M)(B) = M(f 1(B)) ~ P(u(f 1(B))) = P((f.1)(B)).

Moreover, if By, ..., By € G are disjoint, their preimages f1(By),...,f 1(By) are dis-
joint, so the variables (f.M)(B;) = M(f1(B;)) are independent. O

Remark 8.26. Another advantage of working here with s-finite measures rather than
o-finite ones is that the image of a o-finite measure need not be o-finite.

91



Limit theorems and applications Lecture notes 8. Poisson measures

Proposition 8.27 (Marking theorem). Assume that M = thl dx,, where L ¢
IN U{+oc0} and Xy € E are random variables, is a Poisson random measure with
intensity p € Ms(E). Let (Y;)i>1 be i.i.d. random variables in (F, §), with law p’,
independent of (L, Xy, Xy, ...). Then

M=) dx.v)

L
=1

is a Poisson random measure on E x F with intensity p @ p'.

Proof. Let f: E x F — R4 be measurable. We compute
L
exp (— Z f(Xk, Yk)>
L k=1
L

—E || exp(-0xun'(dy)

[k=1"F

Elexp(—M(f))] = E |E

L (Xk)k>1”

= Elexp(—M(F))],

where F(x) = —In [ e ¥ p/(dy) > 0. Thus, by the exponential formula,

Elexp(—M(f))] = exp (— R dx))
e (<[ e ™ um ) avay)).

This gives the result. O

Example 8.28. Let M = thl dx, be a Poisson random measure with intensity u on
E, given with this random enumeration, and let (Y;)i>; be an i.i.d. sequence with
distribution Bernoulli(p), independent of (L, X1, X5, ...). Then

L
Mp =) Yidx,
k=1

is a Poisson random measure with intensity pu, since M,, is identified with the restriction
toEx{1}of M = Zl&:l d(x,,v,)» Which has intensity u ® Bernoulli(p).
8.6 Poisson random measures with a time parameter

We work with a measurable space (E, £), with {x} € € for every x € E. Assume that IP is
complete and p is o-finite on E.

Definition 8.29. A Poisson point process on E with intensity p is a Poisson random
measure M on IR} x E with intensity dt ® p.
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Proposition 8.30. Almost surely, for every t > 0, M({t} x E) < 1.

Proof. Choose measurable sets E;, 1 E such that u(E,) < oo, and set 7t(t,x) = t. For
m,n > 1, the restriction and mapping properties show that

Nm,n = Tl (M|[O,m]><En)

is a Poisson random measure on R | with intensity w(En)1p ) (t) dt. This intensity is
finite and has no atoms, so Ny, , is almost surely simple.

On the countable intersection of these events of probability 1, we have, for all
mn=>1landt € [0, m],

M({t} x En) = Nma({t)) < 1.

Letting n — oo and then choosing m > t, we obtain M({t} x E) < 1 for every
t>0. O

Definition 8.31. For t > 0, set

x i M{(t,x)}) =1,

e(t) =
0 otherwise, where 0 is a cemetery state.

Proposition 8.32. 1) For every t > 0, e(t) is a random variable.
2) If u(E) = oo, {t : e(t) # 0} is almost surely dense.

3) If 0 < u(E) < oo, almost surely, {t : e(t) # 0} is infinite and discrete and can be
ordered using random variables 0 < Ty < T, < -- - satisfying;:

(@) Ty, T, =Ty, T3 —Tp,... are i.i.d. with distribution Exp(u(E));
(b) the variables (e(T;))i>1 are i.i.d. with law p(-)/u(E);
(c) (e(Tq))i>1 is independent of (T;)i>1.

Proof. 1) For A € €,
le(t) e A} =M({t} xA) =1}, {e(t) =0} = {M({t} x E) = 0}.

2) If u(E) = oo, for all a < b in Q4, M([a, b] x E) ~ P(c0), hence equals co almost
surely.
3) The law of (T, e(T;))i>1 depends only on the law of M. For example,

Ty =inf{t > 0: M([0,t] x E) > 1}, {e(Ty) e A} ={M({Ti} x A) =1}

The property to be proved therefore depends only on the law of M. Now construct M
as follows. Let P = ), 61, be a Poisson random measure with intensity p(E) dt on
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R; and let (Y;)i>; be ii.d. variables with law p(-)/u(E), independent of P. Then, by
marking,

o0
M = Z 6(T11Y1J
i=1

is a Poisson random measure with intensity dt ® u. Moreover, we have seen that
(P([0, t]))=0 is a Poisson process with intensity p(E), and we can indeed order Ty <
T, < --- satisfying (a). Properties (b) and (c) follow from e(T;) =Y. O

Example 8.33. Take p(dx) = x’3/21{x>0} dx on E = R%. We have u(E) = co. Fort > 0,
set
Xt = Z e(s)Lie(s)20) = M(ft), fi(s,x) = xLs<qy-
s<t

Since LR+X]R*+(1 N fi(s,x))dsp(dx) < oo, for every t > 0, almost surely X; < oo; by
monotonicity, almost surely, X; < oo for every t > 0. Nevertheless, for every t > 0,
IR+XR1 fi(s,x) ds pu(dx) = oo, so E[X{] = oo.

Using the properties of Poisson random measures, one can check that (X;)>o is a
process with stationary independent increments, and it is cadlag by construction: it is a
nondecreasing Lévy process (a subordinator).

8.7 Palm’s formula

Theorem 8.34 (Palm’s formula / Mecke equation). Let u be o-finite and M a Poisson
random measure with intensity p. Let f : E X Matom(E) — R+ be measurable. Then

E U f(x, M)M(dx)} :J E[f(x, M + 0y)]t( dx). )
E E

Palm’s formula describes the point cloud seen from a distinguished point: the left-
hand side sums over all points of the cloud, with their multiplicities, while the right-
hand side adds a point at x to a Poisson point cloud with the original law and integrates
against u( dx). In general, this identity does not correspond to ordinary conditioning
on M({x}) > 1; the distinction is essential when p has atoms. This result can be viewed
as an extension of the additive formula that takes the atoms into account.

Proof. The map (x,Vv) — Vv + 8y is jointly measurable, since, for every A € €,
(v+0x)(A) =v(A)+ 1a(x).
Choose E;, 1 E such that u(E,,) < oo, and set
H ={v € Matom(E) : v(En) < oo for every n}.

This set is measurable and IP(M € H) = 1. Replacing M by the zero measure on the
null event {M ¢ H} if necessary, we can work with a version taking values in H. On
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H, the map v — V[, is a finite kernel. A monotone class argument therefore gives
measurability of

V— J f(x,v) v(dx).

Letting n increase yields measurability of the integral over E. These observations,
together with joint measurability of adding an atom and Tonelli’s theorem, justify
both sides of (9) and show that they depend only on the law of M.

Step 1: u finite. If u(E) = 0, then M = 0 almost surely and both sides of the formula
vanish. Thus assume p(E) > 0. Write M = ZiL:1 ox,, where L ~ P(u(E)) and (Xi)i>1
are i.i.d. with law p(-)/p(E), independent of L. Then

(E)k k k
e MUE Y X e,
) i=1 j=1

M

E U f(x, M)M( dx)}
E

Step 2: w ofinite. Write E = [ ];>1 Ay, with u(A;) < oo, and set M; = M|, and
Ri = M| AS- These two restrictions are independent. For each fixed atomic measure
1, apply the finite case to M; and the function (x,v) — f(x, v+ 1), then integrate in r
with respect to the law of R;. Independence and Tonelli’s theorem give

]EU f(x,M)M(dx)}:J E[f(x, M + 5, )]1( dx).
Aj Ay

Summing over i > 1 and applying Tonelli again, we obtain (9). O

Remark 8.35. If the atoms of M can be enumerated measurably (as is the case if p is
o-finite and E is Polish), Palm’s formula can be written as

E U f(x,M—éx)M(dx)} :J E[f(x, M) e( dx).
E E
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1 Weak convergence in R®

Related lecture notes: Chapter 1, p. 6.

We write M (R*) for the set of probability measures on R*, where k > 1 is a fixed
integer, and = denotes weak convergence in this space.

1.1 Exercises

Exercise 1.1. [solution p. 100] Let (pn)n>1 be a sequence of measures in M;(IR) and
p € My(R). Assume that p,, = p. Are there any implications between the following
assertions?

(@) pun has a density for all sufficiently  (c) p, is atomic for all sufficiently large
large n n

(b) phas a density (d) pisatomic.

Recall that an atomic measure is a measure of the form ) a;dy, for sequences a; € R
and b; € R, and that in R" saying that a measure has a density means that it has one
with respect to Lebesgue measure (the usual convention is simply to say that it has a
density).

* % *

Exercise 1.2. [solution p. 101] Show that a family (u;)ic; of measures in M (IR) is tight
if and only if there exists a measurable function f : R — [0, c0) such that f(x) — oo as
x| = oo and sup;; [ fdu; < oo.

* % F

Exercise 1.3. [solution p. 101] Let (Xy)n>1 be real-valued random variables. Show that
the sequence (Xn)n>1 is tight if and only if, for every ¢ > 0 and every sequence (cn)n>1
of strictly positive real numbers such that ¢, — 0, we have P(cn|Xy| > €) — 0.

* % %

Exercise 1.4. [solution p. 102] (Riesz’s theorem and Scheffé’s lemma) Let (E, A, 1) be a
measure space, where |1 is a positive measure (not necessarily finite). Let (f)n>1 be a
sequence of measurable functions from E to R such that:

fn — f p—almost everywhere. (1)

(1) Let p € [1,00[. Assume that the convergence (1) holds, that for every n > 1,
fn € LP(n), f € LP(p) and |[fullp — ||f|lp as 1 — oo. Prove that f, — fin LP(p)
(Riesz’s theorem).

You may introduce the function gn = 2P (|fn P + [f|P) — |[fn, — fIP.
(2) Prove Scheffé’s lemma:

if (1), fn, and f are p-integrable, f, >0 and andu — deu
E E

n—oo
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thenJ |fno—fldp — 0.
E n—oo

(3) Let (Xn)n>1 be a sequence of nonnegative integrable random variables converging
almost surely to X. Assume that E [X,,] — E [X] < co. Show that X, converges to
Xin L

(4) In this question, assume that E = R and A = B(IR). Let (Xn)n>1 be a sequence of
real-valued random variables such that X, has distribution f, du. Show that if f;,
converges u-almost everywhere to a probability density f, then X, = X, where X
has distribution f d.

* ok o

Exercise 1.5. [solution p. 102] (Laplace transform) Let u € M; (R4 ). Its Laplace trans-
form is defined by the integral L, (t) = [ e~™p(dx) for t > 0.

(1) Verity that L, is of class C* on ]0, col.
(2) Show that for every x > 0 we have

[tx] k

([0, xD) + Smlx) = Z

where L ) denotes the kth derivative of L. Deduce that if u, v € M; (R4 ) have
the same Laplace transform, then p = v.

(3) Let (1n)n>1 be a sequence of measures in M; (R ). Assume that L, converges
pointwise on R, to a function L that is right-continuous at 0. Show that there
exists p € Mj(R4) such that L =L, and pn = p.

You may draw inspiration from the proof of Lévy’s theorem.

* % F

Exercise 1.6. [solution p. 104] Let (un)n>1 be a sequence of measures in M;(R) and
n e M (R).

(1) Assume that (pn)n>1 is tight. Show that
Ve>0, 36>0, m=>1 x—yl<d = [y, (x)—du, (YY) <e
(in other words, the sequence (¢, Jn>1 is uniformly equicontinuous).

(2) Assume that pu, = p. Show that ¢, converges to ¢, uniformly on every compact
set. Give an example in which the convergence is not uniform.

(3) Is the converse of the statement in the first question true? In other words, if the
sequence (P, Jn>1 is uniformly equicontinuous, is the sequence (pin)n>1 tight?
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Exercise 1.7. [solution p. 105] Let (pn)n>1 be a sequence of measures in M;(IR) and let
1 € My (R) have no atoms. Show that p, = pif and only if sup . [Fy, (s) — Fu(s)| — 0.

* 0% *

Exercise 1.8. [solution p. 106] (Glivenko—Cantelli theorem) Let (X,,)n>1 be a sequence
of independent real-valued random variables with common distribution pu. Consider

1 n
U = - Z dx,, the empirical measure of these random variables. Write F;, for the

i=1
distribution function of w,, and F for that of p. The aim of this exercise is to prove the

Glivenko—Cantelli theorem:

almost surely, nlgn sup |Fn(s) —F(s)| = 0. (%)
© seR

(1) Prove (%) when p is the uniform distribution on [0, 1].

For 0 < x < 1, set G(x) = inf{s € R : F(s) > x} (called the generalized inverse of F).
One can verify that G is nondecreasing and left-continuous on ]0, 1[. Let (Y;)i>1 be a
sequence of independent random variables uniformly distributed on ]0, 1[.

(2) (a) Show that for every t € R and x €]0, 1[ we have

F(t) > x <= t> G(x). )

(b) Show that (G(Y;))i>1 are independent random variables with common distri-
bution .

(c) Show that the sequences of functions (Fn)n>1 and (An o F)>1 have the same
distribution, where A,, is the empirical distribution function of Yy, ..., Yn.

(3) Deduce (*).

EOE

Exercise 1.9. [solution p. 107] (Characterization of distribution functions on R*.) For
x = (x1,...,x) € Rfandy = (y1,...,yx) € RX, write x < y if x; < y; for every
1 <i< k LetF: RK — [0,1] be a function. Tt is said to be right-continuous if
F(x") — F(x) whenever x™ | x. It is said to be proper if F(x) — 1 as min; x; — oo and
F(x) — 0 as min; x; — —oo. It is said to be a distribution function if there exists a measure
1 € Mq(R¥) such that F(x) = u({y € R*:y < x}).

(1) Give an example of a function F: R? — [0,1] that is right-continuous, proper and
nondecreasing in each variable, but is not a distribution function.

We say that F has nonnegative increments if, for every rectangle |x,yl =Jx1,y1] x
-+ X]xk, yxl, we have F(Ix, y]) == Y, s(u)F(u) > 0, where the sum runs over all corners
uof Jx,yl and s(u) = (—1)P withp = Zlle Ly —x;-
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(2) Show that F : R* — [0,1] is a distribution function if and only if it is right-
continuous, proper and has nonnegative increments.

For a probabilistic proof of the converse, you may set 1 = (1,...,1) and justify the
existence, for every n > 1, of a probability measure w,, supported on (2-"Z)* such that

(27"} =F(2 ™ (x—1),27 ™)), xeZ~

Then construct random variables X™ with distribution uyn such that X™ —27™1 < X™ <
X™ coordinatewise for m < n, and consider X = lim,, X™

* % F

Exercise 1.10. [solution p.108] Let (E, d) be a metric space equipped with its Borel sigma-
algebra, and let f : E — R be measurable. Show that the set of discontinuity points of f
is measurable.

Hint. For ¢,6 > 0, you may verify that U, s :={x € E: Jy,z € B(x, ¢),f(y) — f(z)| > &}
is open.

* % F

Exercise 1.11. [solution p. 108] Let pn, u be probability measures on R. Write A for
Lebesgue measure on R and ¢+ (t) = | ey (dx) for a probability measure v on IR.

(1) Prove that un, = p if and only if the characteristic function of u,, converges
pointwise to the characteristic function of p at Lebesgue-almost every point.

(2) Isit true that py, = pif and only if the characteristic function of p,, converges
pointwise on a countable dense set to the characteristic function of pu?

* % F

Exercise 1.12. [solution p. 109] Let (Xn)n>1 and X be real-valued random variables. Let
D be a countable dense subset of R.

(1) Alix says: “if X;, converges in distribution to X as n — oo, then for every u € D
we have P (X;, <u) = P (X <u)asn — co0.” Is he right? Justify your answer.

(2) Billie says: “if for every u € D we have P (X, < u) — P (X < u)asn — oo, then
Xn converges in distribution to X as n — 00.” Is she right? Justify your answer.

1.2 Solutions

Solution to Exercise 1.1. [statement p.97] No:

— if py has a density, p may either have a density (take u = p,), be atomic (take
tn(dx) = F1{_1/n,1/n)(x)dx, which converges weakly to &y), or even be singular
with respect to Lebesgue measure (consider the devil’s staircase).

— if py, is atomic, p may either be atomic (take p = pn,) or have a density (take
Uy = Tll Y iqd /m, which converges weakly to Lebesgue measure on [0, 1]).
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Solution to Exercise 1.2. [statement p. 97] Set C =1+ sup;; [k fdu. Lete >0
and choose A > 0 such that f(x) > C/¢ for |x| > A. For i € I, we write

C
C> J fdp; > J fdu > — dp,
R R\[—A,A]

€ J R\[—A,A]
so that w;(R\[—A, A]) < &.
Let (An)n>1 be a sequence of strictly positive real numbers such that for every

n>1and i€ I wehave

i (R\=An, An]) < %

Without loss of generality, we may assume that the sequence (Ay) is strictly increasing
and A, — oo. Define f by f(x) = 0if [x| < Aj and f(x) =nif A, < [x] < Anyq, so that f
is measurable, f(x) — oo, and fori € I,

(o)

diy = i
T

n=1 [_An+1/An+1}\[_An/An}

Z nui( [—An+1, An+1]\[_An/ An])
n=1

N

Z nui (R\[-An, Anl)
n=1

= 1

>

n=1

N

N

which proves the result.

EE

Solution to Exercise 1.3. [statement p. 97] Assume that the sequence (X, )n>1 is tight.
Let ¢ > 0 and let (cn)n>1 be a sequence of strictly positive real numbers such that
cn — 0. Let 1 > 0. By tightness, there exists M > 0 such that P (|X,| > M) < n. For
sufficiently large n, ¢/cn > M, and then

P(cnlXnl =€) <P (Xnl > M) < n,

which proves the result.

Conversely, argue by contradiction, assuming that the sequence (X )n>1 is not tight.
We can then find ¢ > 0 and a subsequence indexed by ¢(n) such that IP (|X¢(n)| > n) > €
for every n. Definec; =1for1 < i< ¢(1) and ¢; = 1/k for p(k) < i< ¢(k+1). This
sequence is strictly positive, tends to 0 and satisfies c ) = 1/k. Then, for every n > 1,

P (comXom! =1) > ¢,

contradiction.
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Solution to Exercise 1.4. [statement p. 97]
(1) By the triangle inequality, we observe that

[fn — ﬂp (Ifnl + |ﬂ)p < 2P max(’fn|p/ |f|p)

<
< 2P(IfnfP +IF7),

so that gn > 0. Apply Fatou’s lemma to gn:

2P+1J Iflpdu:J (1iminf gn> du
E E n—oo

< liminf J 2P (P + [FP)dpt
E

n—oo

—limsup J [fn — fPdp.
E

n—oo

We deduce that
lim supJ [fn — f[Pdu <0,
n—oo JE
which proves the result.
(2) This is simply Riesz’s theorem for p = 1.
(3) This is simply Scheffé’s lemma.

(4) Lets € R. We show that P (X, < s) = IP (X < s). To this end, writing A =] — o0, s],
observe that

J fndu—J fdu’ SJ [fn—fldp  — 0,
which completes the proof.

Remark. The same proof shows that in fact P (X, € A) — [P (X € A) for every
Borel set A. This implies convergence in distribution, but the converse is false
(take, for example, pn = 81/ = 89 with A ={0}).

* % F

Solution to Exercise 1.5. [statement p. 98]
(1) On every compact interval [a, b] C]0, oo and for every integer k > 0,
ak
'me

—tu| _ LLke—tu < uke—au.

The upper bound is bounded on IR and hence p-integrable. Differentiation under
the integral sign, to every order, gives L,, € C*(]0, oo[) and

L) = (1) LR uke ™ p(du).
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(2) Let x > 0. By the previous question and Fubini’s theorem,

[tx)
S o= S et

Kkt k!
k=0 k=0
Now ™
tx k
(t;) e ™ = IP (Poisson(tu) < |tx]).
k=0 ’
Let us show that
0 ifx<u
P (Poisson(tu) < [tx]) — % ifx=u
t—o0
1 ifx>u

by distinguishing three cases:

— x = u: Let (Yj)i>1 be ii.d. Poisson random variables with parameter x, set
m = |t], and take a Poisson random variable Z; with parameter (t — m)x,
independent of the Y;. Then

IP (Poisson(tx) < |tx])
_p (Y1+-~-+Y —mx+Z¢— (t—m)x o | tx] —tx)
Vix S Vi )
The CLT gives (Y1 + -+ Y — mx)/vtx = N(0,1). Moreover, Var(Z) =
(t—m)x < x, s0 (Zy — (t —m)x)/vtx — 0 in probability, while (|tx] —
tx)/v/tx — 0. Slutsky’s lemma and continuity of the normal distribution

function at 0 give the limit 1/2.

- x < w then
IP (Poisson(tu) < |[tx]|) = — |tx] < tu— Poisson(tu))
< — |tx] < [tu — Poisson(tu)[)
Var(Pmsson(tu))
< 2
— [tx])
L
t(u—x)?
as t — oo, which therefore tends to 0.
— X > w: similarly,
IP (Poisson(tu) < |[tx]) = 1—IP (Poisson(tu) > |tx])

= 1—1P (Poisson(tu) —tu > [tx] —tu)

> 1—1P (|Poisson(tu) — tu| > [tx] —tu)
and if u = 0, the probability under consideration is 0. If u > 0, for sufficiently
large t,

Var(Poisson(tu)) u

([tx] —tu)? T t(x—u)?2 -0

IP (|Poisson(tu) — tu] > |[tx]| —tu) <
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Thus,

(tw)k _ 1
W € t = ﬂ[o,x[(u)+§ﬂ{x}(u)-
—0

Using the dominated convergence theorem, we conclude that
\_tXJ k
(tw)* 4
e u(du)
bz

~

+ k=0
1
hed LR+ (ﬂ[o,x[(u) + El{x}(u)) p(du)

— w(0,xD) + %m{x}).

Now suppose that p, v € M;(IR+) have the same Laplace transform. Write D for
the set of atoms of p and v, which is at most countable. By the previous result,
w(lx,yl) = v([x, yl) for all x,y € R\D. Since R\D is dense, we deduce that p and
v agree on every open interval, and hence p = v by the monotone class lemma.

(3) Firstobserve thatif p, = p, then L, converges pointwise to L, (since the function
x — e~ % is bounded and continuous on R).

It suffices to show that (pun)n>1 is tight. Every weak subsequential limit is

tx

supported on Ry and has Laplace transform L, since x +— e~ ** is bounded and

continuous on R;.. Question (2) shows that all these limits are equal. Tightness
and uniqueness of subsequential limits therefore give the existence of u € M; (R4)
such that py = pand L = L.

To prove tightness, we use, for every K > 0,
(1= pn(lK, 00 < | (1= €] () = 1= Ly, (1/K)
Ry
By pointwise convergence of the Laplace transforms,

lim sup pn (K, oof) < LWK)

n—00 1—et

—0 (K — 00),

since L(0) = 1 and L is right-continuous at zero. We absorb the finitely many
initial terms by increasing K: the sequence (1 )n>1 is therefore tight.

Solution to Exercise 1.6. [statement p. 98]
(1) Let ¢ > 0 and choose M > 0 such that for every n > 1, pn (R\[-M, M]) < e. By
uniform continuity, there exists & > 0 such that [x —y| < d and t € [-M, M] imply
lett® — eltY| < ¢. We then write:

b (%) — . (y)] J |e“X—e“y|un(dt)+J € — ity (dp)
[—M,M] R\[—M,M]

N

< e+ 2un (R\[-M, M])
< 3¢
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(2) We know that ¢,,, converges pointwise to ¢ .. This is then a general result: if a se-
quence of real-valued functions on a compact set is uniformly equicontinuous and
converges pointwise, then it converges uniformly. To prove this in our particular
case, let ¢ > 0 and let K be a compact set. Let 8 > 0 be such that the implication
in the first question holds. Passing to the limit, first observe that [x —y| < 6 im-
plies [pu(x) — du(y)| < e. By compactness, we can cover K by finitely many balls
(B(xi,8))1<i<k- Let N be such that n > N implies maxj<i<k [$p,, (X1) — Pp(xi)| < e.
Then, forn > N, let x € K. Writing 1 < i < k for an integer such that x € B(x;, d):

|d)un (x)— d)u(x)’ < ’d)un(x) - d)pn(xi” + ’d)p.n(xi) - d)u(xi” + ’d)p(xi) - d)u(x)’ < 3g,
which completes the proof.

Taking, for example, X, = 1/n and X = 0, we have ¢x, (t) = elt/m s dx(t) for
every t € R, but ||dx,, — dx|/cc =2 for everyn > 1.

(3) Yes. The tail bound used in the proof of Lévy’s theorem gives, for a universal
constant ¢ > 0,

1/K
sup pn(R\ [-K, K]) < cK supJ 1/K(l —Re ¢y, (1)) du

<2csup sup [1—dy, () —0 (K = o0).
nul<1/K
Indeed, ¢, (0) = 1 for every n and the family is equicontinuous at zero. This
proves tightness directly.

* ok %

Solution to Exercise 1.7. [statement p. 99] The converse is clear. The forward implication
follows from Dini’s second theorem. Here is an approach in the context of this exercise.
Fix k > 2. Since the function F, is continuous and nondecreasing, with limit zero at
—oo and limit 1 at oo, there exist points s; < - - < si_; such that F(s;) = % for every
1 <1 < k—1. By pointwise convergence, for sufficiently large n, forevery 1 <i < k—1,

i—1 i+1
K <Fun(si)< K

By convention, set s) = —oo and sy = oo. It follows that for all sufficiently large n and

every s € IR, choosing s; such that s; < s < sj41:

i+2
Fuo(s) <Fu(sir1) < = Fu(si) +

and similarly

F >F ) =
un(s) un(sl) K

Thus, for sufficiently large n,

2
sup [Fy,, (s) —Fu(s)] < E’
s€R
which completes the proof.
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Solution to Exercise 1.8. [statement p. 99]

(1) We follow the same approach as in Exercise 7. Fix k > 2. There exist points
$1 < -++ < sy_1 such that F(s;) =  for every 1 < i < k—1. By the law of large
numbers, almost surely, for sufficiently large n, for every 1 <i <k —1,

- kl < Fun(s1) < %
By convention, set s) = —oco and sy = oo. It follows that for all sufficiently large n
and every s € R, choosing s; such that s; <'s < sj41:
i4+2

Fu.(s) < Fpu (si41) < K Ful(si) +— < Fuls) +

and similarly

i—1
k

Thus, almost surely, for sufficiently large n,

2
Fu (s) > Fu (si) > = Fulsit1) — X > Fu(s) —

2
sup |Fy, (s) —F(s)] < ”
s€R

Since this holds for every k > 2, the proof is complete.

(2) (a) If F(t) > x, then clearly inf{s € R : F(s) > x} < t, and hence G(x) < t.
Conversely, let us show that F(t) < x implies t < G(x). Since F is right-
continuous, there exists ¢ > 0 such that F(t + ¢) < x. We then have G(x) >
t+e>t.

(b) They are independent and identically distributed and, for every t € R, the
previous question gives

P(G(Y1) <t) =P (Y1 <F(t)) =F(t),

which proves the result.

(c) The sequences (X;j)i>1 and (G(Yj))i>1 have the same distribution. Thus, to
study a property of the whole sequence, we may work with X; = G(Y;) for
every i. Then, simultaneously for every n and every t,

1 o 1 w
Fn(t) = o Z Levi<y = Z Liv,<r(r)y = An(F(t)).
i1 im1

(3) By (1), almost surely,

lim sup |An(u)—ul=0.
%0 11€00,1]

Since F(s) € [0, 1], we then have almost surely
sup |An(F(s)) —F(s)| < sup |[An(u) —u| — 0.
s€ER uel0,1]

The equality in distribution of the entire sequences established in (c) transfers this
almost sure property to (Fn)n>1. The event is measurable because distribution
functions are right-continuous and each supremum over R can be taken over Q.
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Solution to Exercise 1.9. [statement p. 99]

(1)

2)

Take F(x1,%2) = Lix;>0, x,>0, xq+x,>1}- Lhis function is right-continuous, proper and
nondecreasing in each variable. If it were the distribution function of a measure
1 € My (RR?), we would have

u(0,1]x]J0,1]) = F(1,1) — F(1,0) — F(0, 1) + F(0,0) = —1,
which is impossible.

The forward implication is clear (if F is the distribution function of p € M; (R¥),
nonnegativity of the increments follows from the fact that ), s(u)F(u) = p(lx, yl)
— using the notation of the statement).

Set1=(1,...,1). Since F is proper and has nonnegative increments, there do exist
probability measures p, supported on (27"Z)* such that p, ({2 ™x}) = F(]27 ™ (x —
1),27x]) for x € Zk.
Next, by construction, F is finitely additive on rectangles, so that for x € Z* and
I<m<n

Un(27™x —1,x]) = un (27 ™x —1,x]).

Construct X! with distribution p;, and then, conditionally on X™ = z, choose
Xl =z 2™ ie{0,1)

with probability
Mo ({z —27"1))
bn ({z})

The denominator is strictly positive for pn-almost every z. Finite additivity of the

increments gives
D nallz—27M) = ({2,
ief{0,1}*
so these probabilities do define a transition. By induction, we obtain X™ with
distribution u,, and, coordinatewise, X™ — 271 < X" < X™ for m < n. The
sequence is nonincreasing and bounded below by X! — 2711, so it converges to a
random variable X € R¥.

Let us verify that the distribution function of X is F. For a dyadic point x € R¥
and sufficiently large n, IP (X™ < x) = F(x). Since X" | X coordinatewise, we
obtain

P(X<x)<Fx)<P(X<x).

Applying this inequality also at the dyadic point x +-27™1, we have, for every
m>=1,
Fix) SP(X<x) <P (X<x+2 ™) <Fx+2"1).

Right-continuity gives IP (X < x) = F(x) at dyadic points. Approximating an
arbitrary point by a nonincreasing sequence of dyadic points, we conclude by
right-continuity of F and continuity from above of probability measures.
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Solution to Exercise 1.10. [statement p. 100] First verify that U, ;5 is indeed open. If
x € Ug s and y,z € B(x, €) satisfy [f(y) — f(z)| > §, then for every x’ such that d(x,x’) <
¢ —max(d(x,y),d(x,z)) we have x’ € U,s. In particular, U, ;5 is measurable. We
conclude by observing that the set of discontinuity points of f is

U [ tes.

5>0 >0
5eQ e€Q

* ok %

Solution to Exercise 1.11. [statement p. 100]

(1) The forward implication is clear. For the converse, we adapt the proof of Lévy’s
theorem 1.18. As in that proof, there exists a constant ¢ > 0 such that for every

A>0
1/A

i (R\[—A, Al) < cAJ (1 - Redy, (w))du
—1/A

1/A
— CAJ (1 —Red, (u))du

— 0,
A—00

where the first convergence follows from the almost everywhere convergence
of ¢, to ¢, and the dominated convergence theorem, and the second from
continuity of ¢, at 0.

Thus (pn)n>1 is tight. Suppose that ;) = v. By Prokhorov’s theorem, it
suffices to verify that p = v. We then have Py (t) = &y (t) for every t € R. But
Py (t) = ¢du(t) for almost every t € R. Hence ¢,, = ¢ almost everywhere.
Since these two functions are continuous, they are equal everywhere, which
completes the proof.

(2) This is false; for example, take wn = doym1-
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Solution to Exercise 1.12. [statement p. 100]

(1) Alix is wrong. For example, if D = Q, X, = 1/n and X = 0, then X,, converges in
distribution to X, but P (X < 0) A P (X <0)asn — oo.

(2) Billie is right.

First solution. Writing E for the set of functions of the form } i ; ;14 p,] with
o € Rand q;,b; € D with a; < b;, we have E [f(X,,)] — EI[f(X)] for every
f € E. By uniform continuity, every continuous function with compact support is
a uniform limit of functions in E, which shows that X, converges in distribution
to X by Proposition 1.5.

Second solution. Write F and F,, for the distribution functions of X and X,
respectively. Let x be a continuity point of F. By monotonicity, for u < x < v with
u,v € D we have:

Thus, letting n — oo:

F(x) — F(v) < liminf(F(x) — Fn(x)) < limsup(F(x) — Fn(x)) < F(x) — F(u).

n—00 n—00

We conclude by continuity of F at x, letting u, v tend to x.
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2 Modes of convergence (almost sure, in probability, [!)

Related lecture notes: Chapter 2, p. 14.

2.1 Exercises

Exercise 2.1. [solution p. 114] (Method of moments) Let X be a real-valued random
variable with moments of all orders. Assume that the distribution of X is determined by
its moments, meaning that if Y is a random variable with moments of all orders satisfying
E[X*] = E[Y] for every integer k > 1, then X and Y have the same distribution.

(1) Let (Z)n>1 be a uniformly integrable sequence of real-valued random variables
converging in distribution to Z. Show that E [Z,] — E [Z].

(2) Let (Xn)n>1 be a sequence of real-valued random variables with moments of all
orders. Assume that for every integer k > 1, E [XX] — E [X*]. Show that X, = X.

Remark. See Exercise 2.5 for sufficient conditions for a random variable to be deter-
mined by its moments.

* % F

Exercise 2.2. [solution p. 114] Let (E, d) be a separable metric space and let X, X1, Xy, ...
be random variables defined on the same probability space and taking values in E.
Show that if X, — X almost surely or in probability, then X,, = X.

L

Exercise 2.3. [solution p. 115] Let (X;)i>1 be independent identically distributed real-
valued random variables.

(1) Show that if E[|X;]] < oo, the sequence (max(Xj,...,Xn)/n)n>2 is uniformly
integrable.
(2) Is the converse true?

Exercise 2.4. [solution p. 115] (Skorokhod’s representation theorem on IR) Let X be a
real-valued random variable. Write F for its distribution function and set, for 0 < u < 1,
Fl(u) = inf{x € R : F(x) > u}. Recall (see Exercise Sheet 1) that F}(u) < x <
u < F(x). Let (Xy)n>1 be a sequence of real-valued random variables converging in
distribution to X.

(1) Verify that F~! is a nondecreasing left-continuous function from ]0, 1[ to R.
(2) Show that for every u €]0, 1[ we have

F1(u) < liminf F;l (u) < limsup F;l(u) < Fl(u+),

n—oo n—oo

where F~!(u+) is the right-hand limit of F~! at u.
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(3) Deduce that if X, X1, Xy, ... are real-valued random variables such that X;, = X,
there exist a probability space and random variables X', X{, X}, ... defined on it
such that X =4 X/, X; =4 X! for every i > 1, and X/, converges almost surely to X’
asn — oo.

ECE

Exercise 2.5. [solution p. 116] Let X be a real-valued random variable with moments of
all orders. Set my = E [X¥], My = E [[X[*] fork > 1 and ¢(t) = E [e"X] for t € R.

(1) Show that the power series ) oo T mz" a5 a nonzero radius of convergence if and

only if } 2, M]‘g, has a nonzero radlus of convergence.

In what follows, assume that these radii of convergence are nonzero, and write R for the

radius of convergence of ) Mk,z

(2) Show that for every h € R,

|h|K+1
(K+1)!

-y Bl o

k=0

(3) Show that for every t € R and |h| < R we have the power series expansion

(4) Deduce that the distribution of X is determined by its moments.

* 0% F

Exercise 2.6. [solution p. 117] Let (Xj)ie1 be a uniformly integrable family of random
variables. Revisiting the construction of the nondecreasing function ¢ : R — R4
such that limy_ o @ = oo and sup;; E [ (Xi])] < oo (proof of the de la Vallée Poussin
criterion), verify that ¢ can be chosen so that for every x > 1, $'(2x) < 2¢’(x), and then
that ¢ can be chosen so that ¢(x) < x? for x > 1.

* ok %

Exercise 2.7. [solution p. 118] Let (Xy)n>1 be a uniformly integrable sequence of real-
valued random variables.

(1) Forn > 1,set Sq = (X1 + - -+ Xy )/n. Show that the sequence of random variables
(Sn)n>1is uniformly mtegrable.

(2) Show that the closure of {X;, : 1. > 1} in L! is a uniformly integrable family.

* % F

Exercise 2.8. [solution p. 118] Let (E, d) be a metric space and let (xn)n>1 be a sequence
in E. Assume that (84, )n>1 converges weakly to the distribution of a random variable
X. What can be said about X?
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Exercise 2.9. [solution p. 118] Let (Xy)n>1 and X be random variables taking values in a
separable metric space. For each mode of convergence you know, determine whether
the fact that every subsequence of (X )n>1 has a further subsequence converging to X
implies that X, converges to X.

* 0% F

Exercise 2.10. [solution p. 119] Let (X;,) and (Yy) be real-valued random variables such
that 0 < X;, < Yn. Assume that X;, converges in probability and that Y, converges in L.
Show that X,, converges in L!.

EE

Exercise 2.11. [solution p. 119] Letp,q > 1satisfy 1/p+1/q =1. Let X € L9(Q, A, IP),
and let (Y;)ic1 be a family of random variables bounded in L (that is, sup;; IE [IYilp]l/ P <
00). Prove that the family (XYj)ic1 is uniformly integrable.

* % F

Exercise 2.12. [solution p. 120] Let A > 0 and let X be a random variable whose distri-
bution is givenby P (X > a) = a= for every a > 1. Let (Xy)n>1 be a sequence of i.i.d.
random variables with the same distribution as X, and set

n 1/n
T, = <H xi> .
i=1

Determine the integers n for which T, € L!. Do we have
E|T—eN| —0 asn— o0

Justify your answer.

EE

Exercise 2.13. [solution p. 120] Let (Xy)n>1 and (Yn)n>1 be two sequences of real-valued
random variables defined on the same probability space such that Y, > X, > 0 and
E [Yn] =1 for every n > 1. Assume that the sequence of random variables (Xp)n>1
converges in distribution to a nonnegative random variable X such that E [X] = 1.

(1) Show that the sequence of random variables ((Xy, Yn))n>1 converges in distribu-
tion to (X, X).

(2) Show that the sequence of random variables (Y )n>1 is uniformly integrable.

L

Exercise 2.14. [solution p. 121] Let (Xy)n>1 be a sequence of random variables taking
values in [0, 1] and let p > 0.

(1) Assume that E [X,] — 1 as n — oco. Show that for every p > 0, E [[X;, —1]P] — 0
asm — oo.
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(2) Assume that E [X;,] - «and E [X%J — o2 with « € [0,1[ as n — oo. Show that

E[X,—oP] — 0 asmn — oo.

Hint. In both cases, you may first show that X, converges in probability.

Exercise 2.15. [solution p. 121] Let (X)i>1 and X be real-valued random variables. Set
Sn=(X1+ -+ Xy)/nforn > 1. Consider the following assertion:

(A): if Xp — X then S, — X

n—oo n—oo

Is assertion (A) true for the following modes of convergence?

Almost sure convergence m L! convergence
Convergence in probability Convergence in distribution.

Justify your answers.

* % *

Exercise 2.16. [solution p.122] Let (Xn)n>1 and (Yn)n>1 be real-valued random variables.
Assume that for every n > 1, the distribution of Xy, is absolutely continuous with respect
to the distribution of Y;,, with density f;,. This means that f, : R — R} is a measurable
function such that for every nonnegative measurable function F : R — R} or every
bounded measurable function F : R — R we have:

E [F(Xn)] =E [fn(Yn)F(Yn)] .

Assume that f,,(Yn) converges in probability to 1 as n — co and that Y;, converges
in distribution to a random variable Y. Show that X;, converges in distribution to
Y.

Assume that f,, is continuous for every n > 1, that the sequence (fy,)n>1 converges
uniformly on R to a function f, that Y, converges almost surely to Y, and finally
that E [f(Y)] = 1. Prove that X, converges in distribution.

* % F

Exercise 2.17. [solution p. 123] Let (X?})xn>1 and (Xi)x>1 be random variables defined
on the same probability space, taking values in a separable metric space E, such that, for
every k > 1, almost surely, X}! = X for all sufficiently large n. Prove that there exists a
deterministic sequence of integers A, — oo such that

P (forevery k € {1,2,..., A} wehave Xy =X) — 1.

n—oo

2.2 Solutions
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Solution to Exercise 2.1. [statement p. 110]

(1) First approach. By Skorokhod’s representation theorem (Exercise 2.4), since uniform
integrability depends only on the individual distributions, we may assume that
the convergence Z,, — Z holds almost surely (and hence in probability). By
Proposition 2.8, this convergence also holds in L!, which proves the lemma.

Second approach. For K > 0, define hy(x) = max(—K, min(x, K)). This function is

bounded and continuous. Uniform integrability gives C = sup,, E [|Z,|] < co. By
convergence in distribution,

E [hg(1Z])] = Jim B [hy(1Zs))] < C.

Monotone convergence as K — oo yields E [[Z]] < C. Moreover, |x —hg(x)| <
X| Lk, 80
IE [Zn] — E [Z]| < E [|Zn|1yz, 5x3] + [E hi(Zn)] — E [hx (2)]| + E [|Z|1z5x)] -
For fixed K, the middle term tends to 0. Thus,
limsup [E [Z,,] — E [Z]| < sup E [|Zn|1z,510] + E [|1ZI11z51] -
n—oo n

Letting K — oo, we conclude by uniform integrability and integrability of Z.

(2) We prove tightness and then uniqueness of the limit.
First step: tightness. Since (IE [X?J Jn>2 converges, the sequence (X;,)n>1 is tight.

Second step: uniqueness of the limit. Let ¢ index a subsequence and let Y be a random
variable such that Xy, = Y. Let k > 1 be an integer. Since (E [(Xg(n))**])n>1
converges, (X‘cé(n) Jn>1 is uniformly integrable. Let us verify that

E [mk} <00 and E [x‘(;(n)} S E [Yk] : 3)

The lemma implies (3), and we obtain E [X*| = E [Y¥]. Since X is determined by
its moments, we deduce that X and Y have the same distribution, which completes
the proof.

* % F

Solution to Exercise 2.2. [statement p. 110] If X;, — X almost surely and f : E — R is
a bounded continuous function, then f(X,) — f(X) almost surely, and since [f(Xy)| <
|[fllcc < 00, the dominated convergence theorem implies E [f(Xy,)] — E [f(X)].

If X, = X in probability, let f : E — R be a bounded continuous function. Argue
by contradiction and suppose that E [f(X,)] /4 E [f(X)]. There then exist € > 0 and
a subsequence indexed by ¢ such that [E [f(Xd,(n))] —E[f(X)]| > € for every n > 1.
Since X () converges in probability to X, there exists a further subsequence indexed
by 1 such that Xy ,n)) — X almost surely. Then f(Xypm))) — f(X) almost surely.
Since [f(X¢(p(n)))| < [|f]loo, dominated convergence gives E [f(Xpupm)))] — E [f(X)], a
contradiction.
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Solution to Exercise 2.3. [statement p. 110]
(1) If E [[X1]] < oo, we write

maX(Xl, o /XT‘L) < ZE:l |Xk|
n = n

w converges in L! to IE [|[X4]]. It is

therefore uniformly integrable, which implies that the sequence (w)n%

By the law of large numbers, the sequence

is uniformly integrable.

(2) Yes, if the random variables are nonnegative: in that case, 0 < X;/2 <
max(Xq,X>)/2, and hence E [X;] < oo.

Not in general: for example, taking X; to be a random variable with density

#ﬂxg_l, we see that max(Xj, ..., Xy ) has density WLﬂﬂxg_l, so that
E max(Xq,..., Xn) 3/2 1 0 nx3/2 1 2n
n T2, = 32m_3

max(Xq,...,.Xn)
()

although X is not integrable.

Since the sequence n>2 is bounded in 13/2, it is uniformly integrable,

* % F

Solution to Exercise 2.4. [statement p. 110]

(1) To prove that F~! is nondecreasing, if u < v and F(x) > v, then F(x) > u, so that
F1(v).
For left-continuity, suppose that u,, 1 ubut F1(u,) 4 F1(u). There then exists
e > 0 such that F1(u,) < F1(u) —¢ for every n > 1. Hence u, < F(F(u) —
¢). Passing to the limit, u < F(F1(u) —¢), and hence F1(u) < Fl(u)—¢, a
contradiction.

Fllu) <x; taking the infimum over x gives Flu) <

(2) LetO<u< 1.

To show that limsup, . Fil(w) < Fl(u+), it suffices to verify that

F(x) >u+e¢ = limsup F;l(u) < X

n—oo
We prove the contrapositive: suppose there exist a subsequence indexed by ¢
and n > 0 such that x +1 < Fg(ln) (u) for sufficiently large n. Choose a point xy €
[x, x +nl at which F is continuous. Then Fg,,)(xo) < u for sufficiently large n, and
convergence in distribution of X, to X therefore gives F(x) < F(xg) <u<u+e.

To show that

FYu) < liminf Fr_11 (u),
n—oo
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consider a continuity point x of F such that x > liminfy, o, F5!(1t). There then
exists a subsequence indexed by ¢ such that x > F q)(ln)( u) for every n > 1. Thus,

Fym)(x) > u, and passing to the limit gives F(x) > u, hence x > F~ L(w). This
shows that F~1(u) < iminf, e Fil(w).

(3) Let U be a random variable uniformly distributed on ]0, 1[. Set X’ = F1(U) and
X! = F;1(U). By Exercise Sheet 1, X =9 X' and X; =4 X! for every i > 1. By
the previous question, X/ (w) — X'(w) if F1 is continuous at U(w). Since F~1
has at most countably many discontinuities, it follows that F~! is almost surely
continuous at U, and the desired result follows.

* % *

Solution to Exercise 2.5. [statement p. 111]

(1) The implication is clear because [my| < M. For the implication[ = ], the
idea is to show that the radii of convergence of

> Mka d > Mka
2 an PR
k=0 k=0
k even k odd

are nonzero. For the first, this follows from m; = My for even k, and for the
second from the inequality Ix[P~1 <14 x% for everyx € Randj >1

(2) Taylor’s formula with integral remainder gives, for h € Rand K > 1:

K . . 1
- i)k (ih)*H! .
M=) St Lu—u)Kethu,

k=0

so that

K
|h|K+1 1 K B |h|K+1
Z k' Jo(l—u) du = KD

k=0

(3) By the previous question, we may write

K .
Gt _ Z (ihx) .

1
with [Rk(x, h)| < m In particular,

(K+D)!
K sy 1k pitX
E [(iX)*e
b(t+h) =) %h‘%ﬁ [Rx(X, )]
k=0
Now ¢M(t) = E [(iX) “X} and by definition of R, if [h| < R, then %ﬁ“ — 0,

and the result follows.
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(4) Since ¢ determines the distribution of X, it suffices to show that ¢ can be expressed
in terms of the moments of X. By the previous question, taking t = 0, ¢ can be
expressed in terms of the moments of X on ] — R, R[. Then, expanding again as a
power series around points close to R and —R, we deduce that ¢ can be expressed
in terms of the moments of X on ] — 2R, 2R[, and then on | —nR, nR[for everyn > 1
by induction, which proves the result.

Remark. It is possible to find random variables X and Y with moments of all orders
such that [E [Xk] =E [Yk} for every k > 1 but whose distributions differ. An explicit
example is given by the densities

— 2 _ 2
X\}z_n exp <$) Iy-o and (1 —|—sin(27tlnx))X 127t exp (%) Ly~o-

* 0% *

Solution to Exercise 2.6. [statement p. 111] By uniform integrability, choose thresholds
(Xm)m>1 such that x;, > 2m, X;41 > 4xm and

sup E [IXil Ljx;zxy] <27

iel

Seth(t) =0fort<1,h(t)=t—1forl1 <t<2,andh(t) =1fort > 2, and then

o0x) =1+ Y h0v/xn),  bx) = | gluidu

m>1 0

The sums are locally finite. Thus g is continuous and nondecreasing and tends to infinity,
and ¢ is of class C!, nondecreasing and convex, with ¢(x)/x — oco. Moreover,

d(x) <x+ Z Xﬂ{x)xm}/

m>1

so sup; E [¢(Xi])] < sup; E[IXi[l + ) ,,,27™ < oo. A term h(2x/xm) —h(x/xm) can be
nonzero only if x/2 < x;, < 2x. The spacing of the thresholds ensures that there is at
most one such term. Consequently,

$’(2x) = g(2x) < g(x) +1 < 2g(x) = 2¢(x).

Finally, g(x) =10n [0,2], and for x > 2, g(x) < 1+#m:2m < x} <1+x/2 < x. Thus,

forx > 1,

X X 2 1

g(u)dugl—l—J udu:X;_ < X2
1

¢(X)=1+J

1
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Solution to Exercise 2.7. [statement p. 111] For both questions, we use the “¢-5” char-
acterization of uniform integrability. First, since (Xy,)n>1 is uniformly integrable, it is
bounded in L!: there exists C > 0 such that E [[X,,]] < C for every n > 1. Also, for
fixed ¢ > 0, there exists & > 0 such that for every event A with IP (A) < 6 we have
E [[Xn|La] < € for everyn > 1.

(1) By the triangle inequality and linearity of expectation, for every n > 1 we have
E [|Snl] < C, and for every event A with IP (A) < 6 we have

;s

which shows that the sequence of random variables (Sy)n>1 is uniformly inte-
grable.

(2) Let X belong to the closure of {X;, : n > 1} in the L! norm. There exists a sequence
(Z;)j»1 of elements of this set such that E [|Z; — X|] — 0. For every event A with
P(A) <3,

E[IXI<E[X—-Zl]+C,  EIXIAI<E[X-Z]] +e¢

Letting j — oo, we obtain E [|X|] < C and E [[X|LA] < €. The same constants C and
d work for the entire closure, which is therefore umforrnly integrable.

* % F

Solution to Exercise 2.8. [statement p. 111] Write p = £(X) and, for N > 1,
Fny ={xn:n > N}

The Portmanteau theorem gives p(Fy) = 1, since 0, (Fn) = 1 for n > N. Thus
w((n Fn) = 1: this intersection is nonempty. Choose x in this intersection. By definition
of the Fy, there exists a subsequence Xn; = X. We then have 6an = 0y, hence pu = 8, by
uniqueness of the weak limit. Thus X = x almost surely. Finally, for every ¢ > 0, the
Portmanteau theorem gives liminf, 1y cp(xe) = 1,80 xn — x.

* % F

Solution to Exercise 2.9. [statement p. 112] This is true for modes of convergence defined
through a metric: thus it holds for LP convergence, convergence in distribution and
convergence in probability; X;, — X in probability iff [E [min(d(Xy, X),1)] — 0.

However, it is false for almost sure convergence. For example, if (X;,)>1 is a sequence
of independent Bernoulli random variables such that P (X, =1) =1—-P (Xp =0) =
1/n, the sequence (Xn)n>1 almost surely takes the values 0 and 1 infinitely often by
Borel-Cantelli. But clearly, from every subsequence indexed by ¢, extracting a further
subsequence indexed by 1 such that ¢ o (n) > n? yields a sequence (Xpop(n))n>1
converging almost surely to 0.
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Solution to Exercise 2.10. [statement p. 112] Since Y, converges in L1, the family (Yn) is
uniformly integrable. For every A > 0, the domination 0 < X, < Yy, gives

sup]E [Xnly, >ay] < supIE [Ynly,sa] — 0 (A — o0).

The family (X ) is therefore uniformly integrable. Its convergence in probability implies
its convergence in L! by Proposition 2.8.

* ok o

Solution to Exercise 2.11. [statement p. 112] First solution. We use the ¢ — 6 character-
ization of uniform integrability. First, the family (XY,)ic] is bounded in L}, since by
Holder’s inequality:
E [XYi[] < E[X|%"9E [|v;P]"/P

and (Yj)ic1 is bounded in LP.

Next, let ¢ > 0 and C = sup; E [IYilp]l/ P.If C = 0, all products XY; vanish almost
surely. Otherwise, since [X|1 € L1, there exists & > 0 such that P (A) < & implies

E [X|914] < €9/CY. By Holder’s inequality, we then have for every i € I:

E [IXYi|1A] < E[X|912]Y9E[[V;P1P <&,

which proves the result.
Second solution. Let i € 1. We first use the inequality ab < aP /p +b9/q for a,b > 0:

E[XYi[Lxy; >l < EIXYillxa,qvip p>al
< ElXYil(Lixja/q>a/2 + Lvyp psay2)]
= E[lYillX[1jxja /g>a /2] + EIXIYi Ty, jp /psa ol

To control the first term, we use Holder’s inequality:

1 1/
E[YillX[Ljxja/q>a/2) < EYil] 1P E (X190 xja /q=n 2]

The first term is bounded uniformly in i, and the second term tends to 0 by dominated
convergence, since X € L9(Q, A, P).

Controlling E[|X|[Yi|T}y,jp /p>a 2] is slightly more delicate. For R > 0, using Holder’s
inequality, we write

E(IXYilTyv,p p>a,2)
< RE([YilLy,p /p>as2) + E(XYilljxsr)
< RE(|YilLy,p psas2) + I XLxsrllglYillp-
Since the family (Y;)ie1 is uniformly integrable and bounded in LP, we have
sup E(IXYi[Ljy,p/p>a/2) < R sup E([YilLyp fp>a/2) +[XLxi>rllq sup 1Yillp -
€ €

iel
~ ——
—0 asA — <00

Finally, as above,
X1 — 0
|| \X\>R||q R

by dominated convergence. This completes the proof.
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n
Solution to Exercise 2.12. [statement p. 112] By independence, E [T,,] = E [Xl/ “] , and
computing the moment gives

An " A >1
E[T,)=<¢ \An—1) ~ ’

400, An < 1.

Thus, T,, € L' precisely when n > 1/A. The requested convergence holds for every
A > 0; it therefore concerns a tail of the sequence.

By computing its distribution function, for example, we verify that In(X) has an
exponential distribution with parameter A, so that T, converges almost surely to e'/* by
the strong law of large numbers.

The formula already obtained gives

1 -1
E[T,] = (1 — —> — el/A,
An

On the tail n > 1/A, the random variables T,, are nonnegative and integrable. Since
T, — e!/* almost surely, Scheffé’s lemma gives directly

E [|Tn - emq 0.

EOE

Solution to Exercise 2.13. [statement p. 112]

(1) Since the sequence of random variables (Yn)n>1 is bounded in L1, itis tight. The
sequence of random variables (Xy ),>1 is also tight (by Prokhorov’s theorem, since
it converges in distribution). The sequence of random variables ((Xy, Yn))n>1
is therefore tight. Thus there exist a subsequence indexed by ¢ and a random
variable (U, V) such that (Xgm), Yom)) — (U, V) in distribution, with U = X in
distribution. By Skorokhod’s representation theorem, we may assume that this
convergence holds almost surely. We also have X, <Y,

property depends only on the distribution of (X ), Yom)))- In particular, U <V

(n) almost surely (this

almost surely. By Fatou’s lemma, we have E [V] < 1, and since E [U] = 1, we
deduce that E [V] = 1. Thus E[U] = E [V] with U < V almost surely, which
implies U = V almost surely. The same argument applies to every convergent
subsequence: every subsequential limit therefore has the distribution of (X, X).
Tightness then implies convergence of the entire sequence to this distribution.

Alternative solution. Convergence in distribution and nonnegativity give
1 = E[X] < liminf, E [X;], while E [X;,] < E[Y,] = 1. Hence E [X,] — 1. By
Markov’s inequality, for every ¢ > 0,

1
P ([Yn—Xnl>€) < Z]E [Yn —Xnl — 0.

By Slutsky’s lemma, (Yn — Xy, Xn) = (0, X). Continuity of (a,b) — (b, a4+ b) then
gives (Xn, Yn) = (X, X).
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(2) By Skorokhod’s representation theorem, we may assume that Y;, converges almost
surely to X. Since E [Y,] — 1 = [E [X] (by the proof of (1)), Scheffé’s lemma yields
Y, — X in L!, which implies, by a result from the lectures, that the sequence
(Yn)n>1 is uniformly integrable.

EE

Solution to Exercise 2.14. [statement p. 112] In both cases, first show that X, converges
in probability to o (setting o« = 1 in the first question).
Case (1): we have

P(Xn—=12¢e)=P(1-Xn2e)<-(1-E[X4]) — 0.

n—oo

1
€
Case (2): we have
E [(Xy — «)?
P (o — ol > &) = P ((Xo— o > &7) < EL0 2]

E [X2] —2aE [Xn] + o oZ — 202 + o
= ) — ) =0.

To conclude, observe that the sequence (E [[X, — «|P]);,>1 is bounded; it suffices
to show that 0 is its only subsequential limit. Let ¢ index a subsequence such that
(E [X¢(n) — &lP]Jn=1 converges. Since Xy converges in probability to «, there exists
a further subsequence indexed by 1 such that Xy converges almost surely to a.
By dominated convergence, (I [|Xgoypm) — IP]Jn>1 converges to 0, which completes
the proof. Alternatively, one may use the Vitali convergence theorem, observing that
[Xn — ofP is uniformly integrable because it is bounded.

* ¥ ¥k
Solution to Exercise 2.15. [statement p. 113]

(1) True by Cesaro’s lemma.

(2) True, for example by writing

E[ISn— X[ <

2 i1 E X = XI]
n

and using Cesaro’s lemma.

(3) False, for example if (Xy,)n>1 are independent random variables withIP (X;, =n) =
Tll and P (X, =0) =1—1/n. Then X, — 0in probability. Let us verify that S,, /4 0
in probability. For ¢ €]0,1/2[, observe that

P(Syn>2e)>P(Fke{n,n+1,...,2n}: Xy =k).

For n > 2, by independence,

2n
P(er{n,...,zn}:xk:k):1—]‘[(1—1) =1—

k
k=n

Thus IP (Sy,, > €) 4 0.

(4) False, for example by taking Xon = —Xon4+1 = N where N has distribution N(0, 1).
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Solution to Exercise 2.16. [statement p. 113]

1)

()

Let F: R — R be bounded and continuous, and set gn, = f;,(Yn). We have g, > 0
and E [gn] = 1. For every ¢ > 0,

Ellgn —1l] =2E[(1 —gn)+] <2e+2P (lgn —1| > €).

Convergence in probability therefore gives E [|gn, — 1] — 0. By the change-of-
measure identity,

IE [F(Xy)] —E[F(Y)] | =|E [(gn —1F(Yn)]l < ”FHOOIE [|9n —1|] — 0.

Since Y, = Y, we conclude that X;;, = Y.

Alternative solution. Let F be closed, 0 < ¢ < 1, gn = fn(Yn) and By ={|gn — 1| >
¢}. The change-of-measure identity gives

P (Xn € F) = E [gnlyy,cp] < (1+€)P (Yn € F) +Elgnls,].
Since E [gn] =1and gn > 1—¢ on B§,
E [gnlp,] =1—E [gnlp:| < e+ (By).
Thus, by convergence in probability and the Portmanteau theorem,

limsupP (Xn € F) < (1+¢)P(YeF)+e.
n

Let ¢ tend to 0 to conclude.

Alternative solution. Let F : R — IR be bounded and continuous. Let ¢ > 0. Since
E [F(Yn)] — E [F(Y)], it suffices to show that |IE [F(X;,)] — E [F(Yn)]| — 0. To do so,
we write

[E [F(Xn)] = E [F(Yn)][ = [E [(fa(Yn) = DF(YR)] [ < [[FlloolE [[fn(Yn) — 1[I

It therefore suffices to prove that f(Y,) — 1in L. This follows from Skorokhod’s
representation theorem combined with Scheffé’s lemma, since E [, (Yn)] = 1.

The function f is continuous as a uniform limit of continuous functions. Set
gn = fn(Yn) and g = f(Y). Since Y;, — Y almost surely,

lgn — gl < [|[fn — flloo + [f(Yn) —f(Y)] — O almost surely.

Moreover, gn,g > 0 and E[gn] = E[g] = 1. Scheffé’s lemma therefore gives
E [l|gn — gl — 0. For every bounded continuous function F : R — R, the change-
of-measure identity yields

|E [F(Xn)] —E [gF(Y)]| = [E [gnF(Yn)] — E [gF(Y)]|
< |FllooE llgn — gll + E [gIF(Yn) — F(Y)[] — 0.

The last term tends to zero by dominated convergence, with integrable bound
2||Fllscg. Thus, X, converges in distribution to the probability measure with
density f with respect to the distribution of Y.
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Solution to Exercise 2.17. [statement p. 113] By assumption, for every k > 1

Pl X=XJ|=1

ﬂo}l nz=ny

Since the union over ny is increasing, we therefore have IP (XTk1 = Xk) — lasn — oo,
for every k > 1.

There therefore exists a sequence (iym)pm>1 of integers, which we may assume to be
strictly increasing, such that for every M > 1 and n > iy we have

1

M
P (X} # Xy) € —.
% (X # %) < 1

For1l <n <1ij,set A, =1. Forn > i, set A, = M if iy <1 < ipmzq. Let us verify that
this sequence works. First, clearly A, — co. We write

An
P ({forevery k € {1,2,..., An} we have X} = XiJ°) < Z]P (X% # Xk)
k=1
1
< A7/
n

which tends to 0.
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3 Probability measures on a metric space

Related lecture notes: Chapter 3, p. 18.

3.1 Exercises

Exercise 3.1. [solution p. 133] Let (xn)n>1 be a sequence of real numbers and p € M; (IR)
such that 8x, = p. Show that there exists x € R such that p = 8.

* %k %

Exercise 3.2. [solution p. 133] Let (E, d) be a metric space, x € E a fixed element and
(Xn)n>1 random variables taking values in E. Show that X, = x if and only if X;, — x
in probability.

Exercise 3.3. [solution p. 133] (Slutsky’s lemma) Let E and F be two separable metric
spaces, y € F a fixed element, and X, Xy, Xy, ... and (Yj)i>1 random variables taking
values in E and F, respectively, such that X, = X and Y;, = y. Show that (X, Y5) =
(X,y).

* ok o

Exercise 3.4. [solution p. 134] (Countable products of metric spaces) Let ((E;, di))i>1 be
a sequence of separable metric spaces. Set E = E; x E; x --- and

dn anyn)
+ dn Xn, Un)

Vx = (xi)iz1,y = (Yi)iz1 € £, Z T

(1) Show that (E, d) is separable.

(2) Show that a sequence (x™)n>1 € E converges to x € E if and only if for every k > 1,
X} — Xk as . — 00.

(3) Show that (E, d) is complete if all the E; are complete.
(4) Show that (E, d) is compact if all the E; are compact.

* ok %

Exercise 3.5. [solution p. 134] (An example of a nonseparable metric space) Show that
Cp(R), the space of bounded continuous functions from R to R equipped with the
uniform norm, is not separable.

L

Exercise 3.6. [solution p. 134] (Converging together theorem) On the same probability
space, consider random variables (Y k)n k>1 and (X, )n>1 taking values in a separable
metric space (E, d).
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Assume that for every k > 1, the sequence (Yy i, n > 1) converges in distribution to a
limit Y. Finally, assume that for every ¢ > 0,

lim limsup P (d(Xn, Ynx) =€) =0.

—®0 n—oco

(1) Assume that Yy = Y as k — oco. Show that X;, = Y.

(2) Assume in addition that (E, d) is complete. Show that (Yy)k>1 converges in distri-
bution.

You may find the Lévy—Prokhorov metric useful.

EE

Exercise 3.7. [solution p. 135] Let (E, d) be a complete metric space and A C E. Show
that A is totally bounded if and only if A is relatively compact.

* % F

Exercise 3.8. [solution p. 136] Let X, X1, Xy, ... be real-valued random variables such that
Xn = Xand X, > 0. Show that E [X] < liminf,, ,o E [X,].

* % F

Exercise 3.9. [solution p. 136] Let (E, d) be a separable metric space.

(1) Show that the map F: x = 8y is a homeomorphism from E onto Eg := {6y : y € E},
where the latter is viewed as a subspace of M; (E) equipped with the topology of
weak convergence.

Let un = 84, be a sequence in Ey converging weakly to p. Suppose, for a contradiction,
that (xn)n>1 has no convergent subsequence.

(2) Show that {x,,n > 1}is closed, as are all its subsets (finite or infinite). Show that
this contradicts weak convergence of w,,. Deduce that E is closed in M (E).

(3) Deduce that if M (E) is compact, then E is compact.

ECE

Exercise 3.10. [solution p. 137] Let (E;)i>1 be a sequence of Polish spaces. Set E =
E; x Ep x - -+, equipped with the same metric d as in Exercise 3.4:

TSRS ar
X,y ’ X, Y) = 2“1—}—dn(xn,yn)'

n=1

Show that a family I' C M;(E) is tight if and only if for every i > 1, {mjp: p € T'}is
tight, where 71; : E — E; is the canonical projection and 7t is the pushforward of n
under ;.
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Exercise 3.11. [solution p. 137] Let (E, d) be a metric space and A C E. View A as a
metric space equipped with the metric d.

(1) Show that the open subsets of (A, d) are of the form A N O with O openin (E, d).
(2) Show that the elements of B(A) are of the form A N B with B € B(E).

(3) Let K C A be compactin (A, d). Show that K is closed in E.

* % *

Exercise 3.12. [solution p. 138] Show that no metric on R/ metrizes almost everywhere
convergence (you may show the existence of a sequence of functions that does not
converge almost surely, but such that every subsequence has a further subsequence
converging almost surely to 0).

* ok o

Exercise 3.13. [solution p. 138] Let (E, d) be a metric space.

(1) Assume that E is separable. Show that every open subset of E is a countable union
of open balls.

(2—) Is the converse true?

ECE

Exercise 3.14. [solution p. 139] Let (E, d) be a separable complete metric space. Let
[: E — [0, 0o] be a function such that for every c € [0, co[, {x € E : I(x) < c}is compact.
Let (IP;,)n>1 be a sequence in M (E). Consider the following properties (A), (B) and (C):

(A) For every closed subset F of E, we have

lim sup 1 InP,(F) < —infI(x).

nooco N x€F

(B) For every compact subset K of E, we have

lim sup 1 InP,(K) < —inf I(x).

nooco N xeK

(C) For every M > 0, there exists a compact subset Ky of E such that

lim sup % InP,, (E\Kpm) < —M.

n—o0
(1) Prove that (C) and (B) imply (A).

(2) Prove that (A) implies (C).
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Exercise 3.15. [solution p. 140] Let d > 1 be an integer. Let u, v € My (R9).

(1) Prove that the family F of probability measures in M; (R x R?) of the form P(x v,
where X and Y are random variables defined on the same probability space, with
X having distribution p and Y having distribution v, is compact in M; (R4 x R¢)
equipped with the Lévy-Prokhorov metric dip (here Py denotes the distribution
of a random variable U).

(2) Assume that [q [x|(dx) < oo and [Ra [X|v(dx) < co. Prove that the infimum
[ = inf{IE[|X — Y]] : X has distribution p and Y has distribution v}

is attained.

* % *

Exercise 3.16. [solution p. 141] Let (E, d) be a separable metric space. Prove that there
exists a countable set H of bounded continuous functions from E to R such that for every
1 € My (E) and every sequence (fin)n>1 of elements of M;(E), u, converges weakly to
u if and only if for every f € H we have p, (f) — u(f).

* 0% F

Exercise 3.17. [solution p. 141] For x = (x1,%p,...) € RN, write sup(x) = sup;-q Xi-
This supremum takes values in R U {400}, equipped with its usual topology.

(1) Let X, X!, X2,... be random variables taking values in RN (equipped with the
sigma-algebra and metric defined in Section 3.3) such that X" = X. Alexandra
says: we then have sup(X™) = sup(X). Is she right? Justify your answer.

(2) Consider ¢! = {x € RN : 3%, |xi| < oo}, equipped with the metric d(x,y) =
> 21 Ixi —yil and its associated Borel sigma-algebra. Let X, X1, X2, ... be random
variables taking values in {! such that X™ = X. Béatrice says: we then have
sup(X™) = sup(X). Is she right? Justify your answer.

* % F

Exercise 3.18. [solution p. 142] Let (E, d) be a metric space and write d;p for the Lévy—
Prokhorov metric on M (E).

(1) Show that
dip(n,v) =inf{r > 0:VFclosed in E, u(F) < v(F') + 1}
where FF ={x € E:d(x,F) <1}
(2) What happens if “closed” is replaced by “open”? In other words, do we have

dip(p,v) =inf{r >0: VO openin E, u(O) < v(O") +r}?
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Exercise 3.19. [solution p. 142] Let p be a tight probability measure on a metric space
(E,d). Show that there exists a Borel set A C E such that (A, d) is separable and
wA) =1.

* % F

Exercise 3.20. [solution p. 143] Consider a sequence (En, dn)n>1 of metric spaces
equipped with their Borel sigma-algebras. For every n > 1, let u,, be a probability
measure on Ey, and (X (k))x>1 a sequence of i.i.d. random variables taking values in
E, with distribution p,,. Assume that for every n > 1, the map (x,y) — dn(x,y) is
measurable with respect to the product sigma-algebra B(E,,) ® B(En) (this holds in
particular if E,, is separable).

Write My (R) = RN NT — {(aij)ij=1: aij € Rfori,j > 1} for the set of “infinite”
real matrices, equipped with the metric

e lai;— byl 1

X ——
— lai;—byl+1 20
i,j=1 . ,

d ((aij)ij=1, (bijij=1) =
and its associated Borel sigma-algebra.
Show that the following three assertions are equivalent:
(i) the sequence ((dn(Xn(i), Xn(j))i,j>1)n>1 is tight in Mo (R);
(ii) the sequence (dn(Xn(1),Xn(2))), 51 is tightin R;

(iii) for every n > 1, there exists xn € Ey such that the sequence (dn (xn, Xn(1))),,>q is
tight in R.

* % F

Exercise 3.21. [solution p. 144] Let (E,d) be a metric space and (u,) a sequence of
probability measures on E. Assume that for every bounded continuous function f : E —
R, the sequence ([ fdpn)n>1 converges.

(1) Assume that E is compact. Show that (p1n)n>1 converges weakly.
(2) (*) Assume that E is Polish. Show that (i, )n>1 converges weakly.

EE

Exercise 3.22. [solution p. 145] Let E be a separable normed vector space, n > 2 an
integer and (Xj)i<i<n i.i.d. random variables.

(1) Assume that the random variable X; is tight. Show that the random variable
X1+ -+ -+ Xy is tight.

(2) Is the converse true? Justify your answer.
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Exercise 3.23. [solution p. 146] Let (E, d) be a Polish metric space. Equip the set M; (E)
of probability measures on E with the Lévy—Prokhorov metric dip. Let (Mp)n>1 be a
sequence of random variables taking values in M; (E).

(1) Let M be a random variable taking values in M;(E). Show that the following
properties are equivalent:

(@) drp(My, M) — 0 in probability.

(b) for every bounded continuous function f : E — R we have [ fdM, — [ fdM
in probability.

(c) for every subsequence indexed by ¢, there exists a further subsequence in-
dexed by 1 such that almost surely M ,.,(n) converges to M in (M1 (E),drp).

You may use the following fact (a consequence of the construction in the finite
control lemma, taking radii 1/N): there exists a countable set 5 C Cy(E, R) such

that for every p € My (E) and every ¢ > 0, there exist fy,..., fx € Fand & > 0 such
that

{v € My(E): Hfidv—indu‘ < dforevery1l <i< K} C B(w,¢),

where B(, ¢) denotes the open ball in M (E) centered at p with radius ¢ for dyp.

(2) Let p € My (E) be a (deterministic) probability measure. Conditionally on M, let
T} and T2 be two independent random variables with distribution M,, (that is,
E [f (TTh) !Mn] = [ fdM,, for every nonnegative measurable function f). Assume
that (T}, T12) converges in distribution as n — oo to (TT!,T12), where IT! and T1? are
two independent random variables with distribution . Prove that dyp(Mp, ) —
0 in probability.

* % F

Exercise 3.24. [solution p. 147] Let (E, d) be a separable metric space and X, Y;, random
variables taking values in E. Assume that X, converges almost surely and that Ve > 0,
P (d(Xn, Yn) =€) = 0.

(1) Show that Yy, converges in probability.

(2) Is it true that Y;, converges almost surely? Justify your answer (if the answer is
yes, give a proof; if it is no, give a counterexample with a space E of your choice).

EE

Problem 3.25. [solution p. 147]

(1) Prove that there exists a countable set D of compactly supported Lipschitz func-
tions from RR to R such that for every sequence (pin)n>1 of elements of M; (IR) and
€ Mi(R), pn converges weakly to p if and only if for every f € D we have
n (f) — w(f).
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(2) Prove that every compactly supported Lipschitz function f : R — R can be written
as the difference of two bounded nondecreasing Lipschitz functions.

Hint. Choose a < b such that supp(f) Cla, b[ and, if f is L-Lipschitz, consider the
truncated ramp H(x) = Lmin(max(x —a,0),b —a).

(3) Let Z be a real-valued random variable with a density. Let (Z;);>1 be i.i.d. real-
valued random variables with the same distribution as Z, and P;, the polynomial
Pr(X) = [[is1 (X — Z;) € R[X]. Write (Y]")1<i<n—1 for the roots of P},. Prove that
almost surely, — Z{‘:_ll dyn converges weakly as n tends to infinity.

(4) Let € = {ay,...,ax} C C be a finite set. Let (Z;)i>1 be ii.d. complex-valued
random variables taking values in &. Let Py, be the polynomial P, (X) = [[iL; (X —
Z;) € C[X]. Write (Y')1<i<n—1 for the complex roots of P}. Prove that almost
surely, % Z{:ll Syn converges weakly as n tends to infinity.

* % *

Problem 3.26. [solution p. 148] Consider U = U ,(IN*)™, where (N*)? = {2} by con-
vention. An element u € U is thus a finite sequence of strictly positive integers, also
called a word. If u € (IN*)", write |u| = n for its length. Define 0U = (N*)N" and
set U = U UOU. For u € U and v € U, write uv for the concatenation of uwand v (in
particular @u = u@ for every word u), and write u < uv.

For u,v € U with u # v, write uAv € U for the longest word for which there exist
x,y € U such that u = (uAv)xand v = (WA v)y. Finally, set uAu = u.

(1) Foru,v € U, define:

0 ifu=v,

d(u,v) =
e WV otherwise.

Show that d is a metric on U satisfying d(u,w) < max(d(u,v),d(v,w)) for all
u,v,w € U and making this space Polish.
(2) Show that open balls in U are closed.

(3) For u € U, write T(w) = {uv : v € U}. Let (1n)n>1 be a sequence of probabil-
ity measures on U equipped with its Borel sigma-algebra. Show that (5 )n>1
converges weakly to a probability measure p on U if and only if for every u € U,

in(w) = u(fu)  and  pa(T(w)) = w(T(w).
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Problem 3.27. [solution p. 149] Let (E, d) be a separable metric space. Equip M (E) with
the Lévy-Prokhorov metric dpp.

You may use the following fact (a consequence of the finite control lemma): for every
n € My (E) and every € > 0, there exist fy, ..., fx € Cy(E,IR) and & > 0 such that

{v e My(E): ”fidv—indp‘ < dforevery1l <i< K} C B(w, ¢),

where B(, ¢) denotes the open ball in M (E) centered at p with radius ¢ for dip.
Let p € M;(E) be a fixed (deterministic) probability measure, and (Mn),>1 a sequence
of random variables taking values in M (E).

Part One.

(1) Prove that the following assertions are equivalent:

(a) for every f € Cy(E,R), [ fdM;, — [fdpin L1,

(b) M, converges in distribution to p (viewed as a random variable taking values
in My (E));

(c) My, converges in probability to u (viewed as a random variable taking values
in My (E));

(d) for every f € Cy(E,R), [ f{dMy converges in probability to [ fdy;
(e) when E = R, writing ®n(t) = [e™ My(dx) and ®(t) = [e'™* p(dx), we
have @, (t) — ®(t) in probability for every t € RR.
(2) In this question, assume that E = R and that p is determined by its moments.
(a) Assume that for every k > 1, [ x*dM,, converges in probability to [ x*dp.
Show that M,, converges in distribution to p.

(b) Assume that for every k > 1, E[[x*dMy] converges to [x*du and
Var( [ xkdM,,) — 0. Show that M, converges in distribution to p.

Part Two. In what follows, assume that the random variables (M, ),,>1 are defined on
the same probability space (Q, F, IP).

(3) Prove that the following four assertions are equivalent:
(a) for almost every w € O, M;, converges weakly to u;
(b) for almost every w € Q, for every f € C,(E,R), [ fdMn — [ fdy;

(c) forevery f € Cy(E,R), for almost every w € Q, [ fdMy — [ fdy;
(d) when E =R, for every t € R, almost surely [ e®™*dM,,(dx) — [ e'™p(dx).

(4) In this question, assume that E = R and that p is determined by its moments.
Assume that for every k > 1, [x*dM,, converges for almost every w € Q to
[x*dp. Show that for almost every w € Q, My, converges weakly to .
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(5) Let (Xn)n>1 be a sequence of i.i.d. random variables with distribution p. What
can be said about the behavior, asn — oo, of M, = % > 1 0x, ?

L

Problem 3.28. [solution p. 152] Let (E,d) be a compact metric space equipped with
its Borel sigma-algebra. Write M;(E) for the set of probability measures on E. For
uwe Mi(E)and e > 0, set

Iu(e) = inf w(B(x, e)),

where B(x, &) ={y € E: d(x,y) < ¢} denotes the closed ball of radius ¢ centered at x.
Part One.

(1) Compute limp_00 [;,(M).

(2) Show that I, is cadlag.

(3) Show that if for every x € E we have p({x}) = 0, then lim o I, (¢) = 0.

(4) Camille says: “The converse of the statement in question (3) is also true.” Is he

right? Justify your answer.

Part Two. Let (pn)n>1 be a sequence in M;(E) and pu € My (E).

(5) Assume that p, converges weakly to p. Show that for every ¢ > 0 we have

limsup I, (&) < I,(e).
n—oo

A probability measure on E is said to have full support if it assigns strictly positive mass
to every nonempty open set.

(6) Assume that p, converges weakly to p. Show that the following three assertions
are equivalent:

(@) phas full support;
(b) I.(e) > 0 for every e > 0;

(c) liminfn o I, (€) > O for every € > 0.

Part Three. In what follows, assume that (M;,),>; is a sequence of random vari-
ables taking values in (M;(E), dip) and that M is a random variable taking values in
(M1 (E), drp)-

(7) Assume that M,, converges in distribution to M. Prove that the following two
assertions are equivalent:

(a) M almost surely has full support;
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(b) forall ¢, ¢’ > 0, there exist , N > 0 such that
m>=N, P(Iy, (e) <8) <e.

(8) Dominique says: “M,, converges in distribution to M if and only if, on every
compact interval of R, Iy, converges in distribution to Iy for the Skorokhod
topology.” Is she right? Justify your answer.

3.2 Solutions

Solution to Exercise 3.1. [statement p. 124] First, the sequence (x; ) is bounded. Indeed,
otherwise there exists a subsequence indexed by ¢ such that [x4)| — oo. By the
Portmanteau theorem, for every A > 0 we then have 0 = liminf,,_, 8x o(n) (1—AA[) >
n(l —A, Al), hence nu(] — A, Af) = 0 for every A > 0, a contradiction.

Let us verify that (x,) has only one subsequential limit. If x4r) — %, then by
the Portmanteau theorem, for every € > 0, 1 = limsup, () (x—e,x+€) <
i([x — €, x + €]). Since this holds for every e > 0, we deduce that u({x}) = 1. Since there
cannot be x # y such that u({x}) = n({y}) = 1, this shows that u = 8y, where x is the
unique subsequential limit of (Xn)n>1.

ECE

Solution to Exercise 3.2. [statement p. 124]
Suppose that X;, — x in probability. Let f € Cy(E) and ¢ > 0. By continuity of
f at x, there exists & > 0 such that d(y, x) < & implies |f(y) — f(x)| < €. Then

[E [F(Xa)] — F(x)] < &+ 20[f]looP (d(Xn,x) = 5).

Letting n — oo and then ¢ | 0, we obtain E [f(X,,)] — f(x), hence X, = x. Since
distance to a fixed point is continuous and hence measurable, this argument is valid on
every metric space.

For € > 0, writing B(x, €) for the open ball centered at x with radius ¢, so that
its complement is closed, the Portmanteau theorem gives:

limsupP (X, € B(x,¢)) <P (x € B(x,¢)) =0.

n—oo

Thus for every € > 0, IP (d(Xn,x) > €) — 0, hence X,, — x in probability.

* ok ok

Solution to Exercise 3.3. [statement p. 124] By assumption, (X, y) = (X,y). Equip the
product with the metric

d((x1,%2), (Y1,Y2)) = de(x1, Y1) + dr(x2, Y2).
By assumption,
d((Xn,y), Xn, Yn)) = dr(Yn,y) — 0 in probability.

It follows that (Xy, Yn) = (X,y) by a result from the lectures.
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Solution to Exercise 3.4. [statement p. 124] First, one readily verifies that d is a metric
and that forall N > 1,x,y € E,

i i dn Xn/yn) < 1
e 21 4 dp(xn,yn) - 2N-1°

(1) Let D; be a countable dense subset of E; and a; € E; a fixed element of E;. Write
D for the set of sequences of the form (xq,...,xk, ak+1,...), where K > 1is an
integer, x; € Dq,...,xx € Dx. Lete > 0and y = (y1,y2,...) € E. Choose N

such that 1/2N1 < ¢ and an element x = (X1,.-.,XN,QN41, - --) € D such that
di(xi,yi) < ¢/Nforevery 1 <i < N. We then have d(x,y) < 2e.

(2) [= ]Foreveryi> 1, we have

1 dilxi,yi)

———=—— < d(x,y).
2t 1+ di(xi,yi) b y)

Thus d(x", x) — 0 implies d;(x{*,x;) — 0 for every i > 1.

Suppose that x} — xi for every k > 1 asn — oo. Choose N such that
1/2N"1 < ¢ and an integer ng such that n > ng implies d;(xI', x;) < ¢/N for every
1 <1< N. Then d(x™,x) < 2¢ forn > ny.

(3) Let (x")n>1 be a Cauchy sequence in (E,d). Then for every i > 1, (x]')n>1 is a
Cauchy sequence in (E;, d;) and hence converges to an element denoted by x;. We
deduce that x™ — (x1, Xy, ...) by the previous question.

(4) Let (x")n>1 be a sequence in (E,d). For i > 1, each sequence (x{'),>1 takes values
in E; and therefore has a subsequential limit. By a diagonal argument there exists

$(n ))

a subsequence indexed by ¢ such that (x;” " )n>1 converges for every i > 1to a

value denoted by x;. By question (2), we deduce that x®™ — (x1,xy,...).

L

Solution to Exercise 3.5. [statement p. 124] Consider the subset K of Cy,(IR) consisting of
functions that are affine on every interval [m, m + 1], m € Z, and take values 0 or 1 on
Z. Each sequence in {0, 1} defines exactly one such function, so K is uncountable. If
f, g € K are distinct, their values differ at an integer and ||f — g||cc = 1. The open balls
(B(f,1/2))¢ex are therefore pairwise disjoint. Every countable subset of Cy, (IR) misses
one of these balls: this space is not separable.

* % F

Solution to Exercise 3.6. [statement p. 124]

(1) We apply the Portmanteau theorem. Let F be closed and € > 0. Write Fe ={x € E:
d(x, F) < ¢}, which is closed. Then

P(X,eF) <P (Yn,k € Fe) + P (d(Xy, Yn,k) >e).
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Since Yy x = Yy, the Portmanteau theorem gives

limsupP (Xn € F) <P (Yx € Fe) +limsup P (d(Xn, Yni) > €).

n—oo n—oo

Now Y =Y, so taking the lim sup as k — oo, the Portmanteau theorem gives:

limsupP (Xn € F) <P (Y eF,).

n—oo

Letting € | 0, we conclude that

limsupP (Xn, € F) <P (Y€ETF),

n—oo

and hence X;, = Y by the Portmanteau theorem.

(2) Since (E, d) is separable and complete, (M;(E), dip) is separable and complete.
It therefore suffices to show that (Yy)x>1 is Cauchy in (Mj(E), drp). To this end,
write

dLP(sz Yq) < dLP(Yp/ Yn,p) + dLP(Yn,p; Yn,q) + dLP(Yn,q; Yq)/

so that
drp (Yp/ Yq ) < lim sup drp (Yn,p/ Yn,q ).

n—o0
Next, write
dLP (Yn,p/ Yn,q) < dLP (Yn,p; Xn) + dLP (Yn,q/ Xn) .

For every Borel set A,
P (Xn€A) <P (Ynx € AT+ P (d(Xn, Vi) =€)
Choosing K such that

k>K = limsupP (d(Xn, Ynk) =€) < €/2,

n—oo

we deduce that for k > K, limsup, . dip(Xn, Yni) < €. Thus, forall p,q > K,

limsup dip(Ynp, Yn,q) < 2¢,

n—oo

which completes the proof.

* % F

Solution to Exercise 3.7. [statement p. 125]
If A is compact, for every & > 0 it can be covered by finitely many balls of
radius ¢, and this is therefore also true of A.

First, observe that A is also totally bounded (if A is contained in a union
of balls of radius ¢, then A is contained in a union of balls of radius 2¢). By the
sequential characterization of compactness in a metric space, it suffices to show that
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every sequence (xn)n>1 in A has a subsequential limit. By total boundedness, we can
inductively construct subsequences indexed by 1,1, ... and elements z;, z, ... such
that for everyn > 1,

Xy (n) € B(z1, 8),...,X¢10...¢k[n) € B(zy, 8/2k),...

and B(zi.1, /2%1) € Bz, e/25 ). By a diagonal argument, set $(n) = Ppjo---o
Pn(n) and verify that the sequence (x¢n))n>1 is Cauchy, hence convergent since E is
complete.

* % *

Solution to Exercise 3.8. [statement p. 125] By Skorokhod’s representation theorem,
after changing the probability space if necessary, we may assume that the convergence
Xn — X holds almost surely. In particular, X > 0 almost surely, and the desired result
follows from Fatou’s lemma.

* ok ok

Solution to Exercise 3.9. [statement p. 125]

(1) Clearly, if x, — x, then f(xn) — f(x) for every bounded continuous function
f:E — IR, so Fis continuous. Moreover, F is clearly injective: if 8y = &, withx # y,
then 1 = 8x({x}) = 6y({x}) = 0. Finally, if 6, — 0y, considering the functions
fx(u) = max(1 — Kd(x,u),0) and observing that 6,(fx) = 0 if d(z,x) > 1/K, we
see that x, — x. This completes the proof.

(2) Every subset of {x,, : 1 > 1} is closed: a point in its closure that did not belong to it
would yield a convergent subsequence of (x). Moreover, each value is taken only
finitely many times, since otherwise there would be a constant subsequence. We
can therefore extract a sequence (x4y)) of pairwise distinct values. The closed sets

Fo = {Xd)(Zn) 'n>1}, F = {X¢(2n,1) 'n > 1}

are disjoint. By the Portmanteau theorem, for j = 0,1, 1 = limsup, 8 o) (F) <
w(F;), which is impossible.

To show that Eg is closed in M (E), consider a sequence p, = dy,, in Eg converg-
ing weakly to p. By the preceding argument, there exists a subsequence such that
(X¢(n))n>1 converges to a limit denoted by x. Then &4 o) = dx, and hence 1 = 0.
Thus, E is closed.

(3) Let (xn)n>1 beasequencein E. Then (84, )n>1 is a sequence in Ey, which is compact
(being closed in the compact space M (E)). There therefore exists a subsequence
indexed by ¢ such that (3x, ) converges weakly, and by the preceding argument
there exists x € E such that x4,) — x, which proves the result.
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Solution to Exercise 3.10. [statement p. 125]
<= | Suppose that for every i > 1, {mjp : p € '} is tight. Let ¢ > 0, and for every
i > 1 choose a compact set K; C E; such that for every u € I we have mu(°K;) < ¢/ 2t

Set -
K=]]x
i=1

A diagonal argument shows that K is compact in E. Moreover, for every p € I’

[e.9]

ﬂ (Ki).

i_

o0 o0

Z 7 (Ky))) = Z(l —miu(K;)) <e.

i=1 i=1

Let ¢ > 0 and let K be a compact subset of E such that u(K) > 1 — ¢ for every
p € I'. By continuity of the canonical projections, the sets Ki = 71;(K) are compact.
Moreover, fori > 1and u € T, since K C 7 1(K;), we have

mp(Ki) = p(K) > 1—e.

Solution to Exercise 3.11. [statement p. 126]
(1) Since the inclusion I : (A, d) — (E, d) is continuous, the inverse image of every
open set is open, so sets of the form A N O with O open in (E, d) are openin (A, d).

Conversely, let U be open in (A, d). For every x € U, there then exists vy > 0
such that Ba(x, r¢) C U. Then

U = U Ba(x, Tx).
xeu

Now Ba(x,1x) = Be(x, 1) NA. Hence

u= UBEXTXHA (UBEXTx>

xel xel

the result follows by taking O = UycyBe(x, rx), which is open in E.

(2) Since the inclusion I: (A, d) — (E, d) is continuous and hence measurable, sets of
the form A N B with B € B(E) belong to B(A).

Conversely, sets of the form A N B with B € B(E) include the open subsets of A

(by the previous question) and form a sigma-algebra, so they include all elements
of B(A).

(3) Let (xn)n>1 be a sequence of elements of K converging to x € E. By compactness
of K, there exist a subsequence indexed by ¢ and y € K such that x4,) — y. Thus
y =x € K, so K is closed.
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Solution to Exercise 3.12. [statement p. 126] Forn > 1, write n = 2N +k with 0 <
2N and set

fn(x) = l[kz—N/(k+1)2—N](X).
At each level N, every point of [0, 1] belongs to at least one interval in the sweep and, for
N > 2, does not belong to all of them. The sequence (f(x)) therefore keeps taking both
values 0 and 1: it does not converge at any point. However, Leb({f, =1}) = 27N 0.
From every subsequence, we can therefore extract (fnj ) such that Zj Leb({fn]. =1} <
co. By Borel-Cantelli, fn; — 0 almost everywhere. The subsequence criterion for
convergence in a metric space therefore rules out any metric that metrizes almost
everywhere convergence. This argument remains valid on the quotient of measurable
functions modulo almost everywhere equality.

* % F

Solution to Exercise 3.13. [statement p. 126]

(1) Let (xi)i>1 be a countable dense sequence in E. If U is open, write

U= U B(xy, 1/m).

1,m>1:B(xq,1/m)cU

Indeed, the inclusion D is clear. For the inclusion C, let x € U and choose ¢ > 0
such that B(x, e) C U. Choose an integer m > 2/, then x; such that d(x, x;) <
1/(2m). Then x € B(x;,1/m) and, for z € B(x;,1/m), d(z,x) < 3/(2m) < ¢, so
B(xi,1/m) C U.

(2) Yes! Suppose that every open subset of E is a countable union of open balls. Argue
by contradiction, assuming that (E, d) is nonseparable.

First verify that there exist r > 0 and an uncountable subset E; C E such that
for all x # y in E; we have d(x,y) > r. For each r = 1/n, consider a subset of E
maximal under inclusion with this property (which exists by Zorn’s lemma). If all
these subsets are countable, then clearly E is separable.

Now consider the set E; C E; of points x € E; for which there exists a pointyy € E
such that 0 < d(x,yx) < r/10.

Case 1. E, is uncountable. Set
U= U (x, d(x,yx))

x€ky

which is a disjoint union. Consider an open ball B(z, a) C U. Since z € U,
there exists x € E such that d(z,x) < d(x,yx). But

a< d(Z/yx) < d(z,x) + d(x,yx) < 2d(x,yx) <r/5

because yx ¢ U and hence yyx ¢ B(z, a). Consequently, B(z, a) is contained in
a unique ball B(x, d(x,yy)), so uncountably many open balls are needed to
cover U, a contradiction.
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Case 2. E3 = Eq\E; is uncountable. Every point of Ej is isolated in E, so every subset

of E3 is open in E. For x € Ej3, set
R(x) = sup{a > 0: B(x, a) N E3 is countable}.

Then 0 < R(x) < oo and B(x,R(x)) N E3 is countable. For every countable
subset S C E3 and every x € E3\S, one can choose distinct points z; €
E3\(S U{x}) such that R(x) < d(x,z;) < R(x)+1/j: every ball of radius
strictly greater than R(x) is uncountable, while the ball of radius R(x) is
countable. Call a set {x}U{z; : j > 1} constructed in this way a star centered
at x. By Zorn’s lemma, there exists a maximal family of pairwise disjoint
stars. It is uncountable: otherwise their union would be countable and the
preceding construction would allow us to add a disjoint star. Let U be the set
of their centers. If U = ;- B(x;, i), the centers x; belong to U. For at least
one i, 1y > R(x;), since otherwise each ball, being contained in U C E3z, would
be countable. But this ball then contains points z; of the star centered at x;,
whereas that star meets U only at x;. A contradiction.

* % F

Solution to Exercise 3.14. [statement p. 126]

(1) Assume (B) and (C). Let F be closed and a = inf ¢ I(x). If a = 0, the required

()

bound follows from IP;,(F) < 1. Otherwise, fix 0 < ¢ < a and a compact set K,
supplied by (C). Since FN K, is compact, (B) implies

1
limsup — InP,(FNK.) < —a < —c.
hoimn

Moreover, lim sup n ' nP,(E\K.) < —c. The bound

Pr(F) < Pr(FNKe) 4+ Pr(E\Ke)

therefore gives limsup, n1 InIP,,(F) < —c. Letting ¢ tend to a if a < oo, or to
+o0 if a = 400, completes the proof.

Let (xi)i>1 be a dense sequence in E and fix M > 0. For k, { > 1, set

¢

Owe = | JBlxi, 1/K).
i=1

Fix M’ > M. By compactness of {I < kM'}, there exists ji such that{I < kM'} C
Ox,j.- By (A),

1
lim sup - InPr(E\Oy;j, ) < —kM'.
n

There therefore exists ny such that IP;, (E\Oy 5, ) < e ™M forn > n,. Since Oy TE
as { — oo, we may increase ji to { to obtain

P (E\Oxpe, ) < e M for every n > 1.
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Set Km = (k1 Ox ¢, This set is closed and totally bounded, since for each k it is
contained in a finite union of closed balls of radius 1/k. It is therefore compact in
the complete space E. Finally,

e~ M

Pr(E\Km) < Z e MM = 1— e M’
k>1

hence limsup,, n! InIP,, (E\Ky) < —M. For the level M = 0, the compact set
obtained at level 1 works.

Remark. Property (C) is called exponential tightness. This exercise is inspired by

Lemmas 2.5 and 2.6 in James Lynch and Jayaram Sethuraman, "Large Deviations for
Processes with Independent Increments." Ann. Probab. 15 (2) 610 - 627, April, 1987.
https://doi.org/10.1214/a0p/1176992161 and is now a basic building block of large
deviation theory.

EE

Solution to Exercise 3.15. [statement p. 127]

(1)

(2)

Let (IP(x, v, ))n>1 be a sequence of elements of F. We show that this sequence has a
subsequence converging weakly to an element of J. First show that this sequence
is tight.

Let ¢ > 0. Let K; and K, be two compact subsets of R¢ such that u(K;) > 1—¢
and v(Ky) > 1 — . Then for every n > 1:

P ((Xn,Yn) € K; xKy) > 1—2¢.

Thus, by Prokhorov’s theorem, there exist a subsequence indexed by ¢ and a
random variable (U, V) such that (X ), Yom))
It suffices to verify that U and X have the same distribution, as do V and Y. To

converges in distribution to (U, V).

this end, continuity of (x,y) — x and (x,y) — y implies that X,,,,) converges in
distribution to U and Y, ,,) converges in distribution to V. Since X, has the
same distribution as X and Y, () has the same distribution as Y, the result follows.

Let P(x, v, be a sequence of elements of F such that
E[Xn—Ynll = L

By question (1), there exist a subsequence indexed by ¢ and an element P v,

of F such that (X, (), Ye(n))

subsequence if necessary, assume that (X;,, Yn) converges in distribution to (X, Y).
Let us show that

converges in distribution to (X, Y). Reindexing this

E[X-Y]=1

For every R > 0, since the function (x,y) — [x —y[ /A Ris bounded and continuous,

E[Xn—Yal ARl  — E[X—=Y AR].
n—oo
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Since E [|X;, — Yn| AR] < E [|X;, — Ynll, we deduce that
E[X—-Y AR <L

Letting R — oo, we obtain E [[X —Y|] < I. Clearly I < E [|[X — Y/|] by definition of I,
which proves the result.

Remark. The family J is called the set of couplings of X and Y, and the coupling in
question (2) is called an optimal coupling (or transport) for the L! cost. This exercise is
inspired by Section 5.4.3 of this document.

EE

Solution to Exercise 3.16. [statement p. 127] Let (x;)i>1 be a dense sequence in E. For
K,;N>land o #1C{l,...,K}, set

flf'N(x) = max (1 —Nd (X,UB(Xizl/N)) ,0> /

icl

and set fé’N = (. The family H of these functions is countable and contained in Cy(E).
Weak convergence implies convergence of the integrals of its elements. Conversely,
suppose that pu, (f) — p(f) for every f € H. Fix ¢ > 0, choose an integer N > 3 /¢, then

K such that ‘
m (U B(xi,l/N)> >1—1/N.
i=1

The functions f]f’N are exactly those constructed in the finite control lemma, with
n = 1/N. For sufficiently large n, the 2K differences Iun(f]f’N) — u(flf’N )| are all less than
1/N. The lemma therefore gives

dip(pn, 1) <3/N < e.

Thus dip(un, 1) — 0, hence iy, weak, w

* ok ok

Solution to Exercise 3.17. [statement p. 127]

(1) No. Take deterministic X™ = e, where (en)x = ljx—n). Every coordinate of e,
tends to 0, so e, — 0in RN, and hence X™ = 0. Yet sup(X™) = 1 for every n,
whereas sup(0) = 0.

(2) Yes! One verifies that the function

sup : ! — R
(Xi)iz1 — supisixi
is continuous (this is a deterministic argument), and the result follows from

preservation of convergence in distribution under composition with a continuous
function.
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Solution to Exercise 3.18. [statement p. 127]

(1) Write
dr(w, v) =inf{r > 0: VF closed in E, u(F) < v(F") +r}

First, we have dip(u,v) > dr(w, v). Indeed, if we choose v > dip(u, v), then
A) < v(AT) +r

for every Borel set A, and hence for every closed set A, which implies that
dF(}l,'V) ST Thus dLP(H/V) P dF(P—/V)-

Now choose r > df(u, v), so that
w(F) < v(F)+r
for every closed set F. For a Borel set A, we then have
B(A) < R(A) < VAT) 71 =v(AT) +7

because A' = AT (indeed, the inclusion A" C A is clear, and for the other inclusion,
if x € A, we find y € A such that d(x,y) < r, then z € A such that d(y,z) <
r—d(x,y), so that d(x,z) < r). This yields dip(n, v) < 1, which completes the
proof.

(2) Yes! As in the previous question, we have d;p(u,v) > do(u, v). For the reverse
inequality, let r > do(u, v), so that

n(O) < v(O") +r

for every open set O. Let A be a Borel set; we will verify that p(A) < v(A™") +
T 41 for every 1 > 0, which will imply dip(u, v) < r+n and complete the proof.
To this end, write

w(A) < WA < V((AN) +1 < V(ATT) 4141,

* % F

Solution to Exercise 3.19. [statement p. 128] By tightness, for every n > 1, there exists a
compact set K;, C E such that p(K;,) > 1—1/n. Set

o0
A={JKn
n=1

Then foreveryn > 1, u(A) > 1 —1/n, so letting n — oo gives u(A) = 1. Moreover, A is
separable, being a countable union of separable sets (since they are compact).
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Solution to Exercise 3.20. [statement p. 128]

(i) = (ii) | This follows from continuity of the map

Mo(R) — R
(aijlij=1 — a2

(ii) = (i)|Lete > 0. For1i,j > 1, let C;; > 0 be such that for every n > 1 we have

€
P (dn(Xn(l)zXn(z)) P Ci,j) < ﬁ
We verity (using a diagonal subsequence argument) that

K = {(ai,j)i,];l € Ms(R): |C11,j| < Ci,j for all 1,2 1}

is a compact subset of M, (IR), and that

P ((dn(Xn(D), Xn()ijz1 £K) < D P (dn(Xn(i), Xn(j)) > Cyj)

/N
M3
=
a
jly
X
3
=
o
2
N
WV
on

<3

= E&.

(iii) = (ii)|Let xn € En be such that the sequence (dn(xn, Xn(1))),>; is tight in
R. Fix ¢ > 0 and C > 0 such that IP (dn(xn, Xn(1)) > C/2) < ¢/2. Then by the triangle
inequality
P (dn(Xn(1),Xn(2)) > C) < P (dn(xn, Xn(1)) > C/2) + P (dn(xn, Xn(2)) > C/2)

= 2P (dn(xn,Xn(1)) > C/2)

< €

(i) = (iii) |Forevery ¢ > 0,let C¢ > 0 be such that IP (dn (X (1), Xn(2)) > C¢) < ¢
foreveryn > 1

Since Fubini’s theorem gives

P (dn(Xn(1), Xn(2)) > C) :J Hn (dX)P (dn(x, Xn(1)) > C),

n

there exists x}, € E;, such that P (dn(x§, Xn(1)) > C) < ¢ for everyn > 1.
1/4

Let us verify that x, = x;y ~ works. For ¢ < 1/2, the event
(dn e, Xa(1)) < Cryab N {dn(xf, Xa(1)) < Co)
is nonempty because it has probability at least 1 — e —1/4. We deduce that dn (x/ %, x5) <

Cg + C1/4. Thus,
P (dne®, X (1)) > 2Cc + Crja) < P (dnlx, Xa(1)) > C) < ¢,

which completes the proof.
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Solution to Exercise 3.21. [statement p. 128]

(1)

()

For bounded continuous f, write £(f) for the limit of ([ fdun)n>1. Since E is
compact, (tn)n>1 is tight. Let 1\ index a subsequence and let i be a probability
measure on E such that p,,,) = w. In particular, {(f) = | fdp.

Let us verify that i, = p. By Prokhorov’s theorem, it suffices to verify that if
Hpm) = V, then v = . By assumption, pym)(f) — £(f), hence [fdv =((f) =
| fdp. We conclude that v = .

Set £(f) = limy, pn (f) for f € Cy(E). We will show that (uy, ) is tight. The conclusion
will then follow exactly as in (1), by Prokhorov’s theorem and uniqueness of the
limit.

Suppose, for a contradiction, that (p,) is not tight. There then exist r > 0 and
n > 0 such that, for every finite subset I C E, there exists n satisfying

L <E\ U B(x,r)) > 1.

xeF

Indeed, if this property were false, for every ¢ > 0 and every k > 1, one could
choose a finite union of balls of radius 27* whose mass is at least 1 — e27* for all
tn. The intersection of the corresponding unions of closed balls would be closed
and totally bounded, hence compact since E is complete, and would have mass
at least 1 — ¢ for all pu,. Moreover, the index n witnessing this property may be
chosen arbitrarily large: the finitely many measures corresponding to the initial
indices are tight and can be absorbed by adding finitely many balls to the union.

Set ng = 0 and inductively construct a subsequence indexed by (n;), compact sets
Kj, H; and functions h; : E — [0, 1]. Suppose the objects with indices strictly less
than j have been constructed. Choose a finite union A; of open balls of radius
T whose centers form an r/4-net of Ky U---UK;_q; forj = 1, set A; = @. Then
choose nj > n;_1 large enough that

g (AS) >m, D g () — €(hy)l < /8.

i<

This is possible by the preceding property and convergence of the integrals of the
functions h; already constructed. Take a compact set K; such that Hn; (ch) <n/8,
and set

Hj :K]‘\Aj, hj(X): (1—%d(X,Hj)>+
Then H; is compact and i, (hy) > 7n/8. By construction, H; is at distance at least
3r/4 from the K;, i < j. The sets {h; > 0} are therefore pairwise at distance at least
v/4,and, for j > 1, {h; > 0}NK; = @.
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The functions h; are nonnegative and the sets where they are positive are disjoint.
Thus Z)"ll h; < 1 for every m, and then ) ;-; £(h;) < 1by positivity of {. Choose
] such that ZJ’>J £(h;) <n/8 and set

f=> h

R
j even

Since the sets where the functions are positive are disjoint, this sum is also the
supremum of the functions considered. It is therefore 4/r-Lipschitz and takes
values between 0 and 1. For even j > J, Hn; (f) > 7n/8. For odd j > J, on the other
hand, we have

Hn (f) < Z Hn (hy) + Hn (K)C)

J<i<i
reven

<) Uh)+ ) luny (hi) — €(ho)l + pn; (K) < 3n/8.
iz] i

The sequence (p,(f)) therefore does not converge, a contradiction. The family
(1n) is tight, which completes the proof.

This result is due to Alexandrov. See Ramamoorthi, R.V,, Rao, B.V. & Sethuraman,
J., A note on weak convergence, Sankhya A 74, 269-276 (2012), https://doi.org/10.
1007/s13171-012-0016-6.

* 0% F

Solution to Exercise 3.22. [statement p. 128]

1)

()

Let ¢ > 0 and let K be a compact subset of E such that P (X; € K) > 1—¢/n. Let
o EM — E
(Xll"'lxn) = X1+ -+ Xn ’
which is continuous. Then, writing K,, = @ (K x K x - - - x K), which is compact as
the continuous image of a compact set, we have

n

n
PXi+ Xn €K SPEISi<niXi ¢ <Y PG EKI <Y — =,
i=1 i=1

so that IP (X; + - -- X € Ky) = 1 — ¢, which proves the result.

The answer is yes. It suffices to prove that if X and Y are two independent random
variables such that X 4- Y is tight, then X and Y are tight. The desired result then
follows by induction.

To this end, let ¢ > 0 and let K be compact such that P (X+Y € K) > 1 —¢. Write
Px and Py for the distributions of X and Y, respectively, so that Fubini’s theorem
gives

1—e< L ; Ik (x +y)Px(dx)Py(dy) = L Py (K —x)Px(dx).
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It follows that there exists x € E such that Py(K—x) > 1—¢. Since K —x is
compact as the image of a compact set under the map z — z — x, this shows that Y
is tight, and by symmetry X is tight as well. This completes the proof.

* X ¥k
Solution to Exercise 3.23. [statement p. 129]

(1) The equivalence between (a) and (c) follows from the general fact that X,, — Xin
probability if and only if every subsequence has a further subsequence converging
almost surely to X.

Let us show that (c) implies (b). Let f : E — IR be bounded and continuous. It
suffices to show that for every subsequence indexed by ¢, there exists a further
subsequence indexed by 1 such that [ fdMyeyn) — J fdM almost surely. Let
¢ index a subsequence. By (c), let \ index a further subsequence such that
almost surely M gqy,(n) converges to M in (M (E), dpp). Since the metric space E is
Polish, convergence in dpp implies weak convergence; thus almost surely Mg op(n)
converges weakly to M, and hence [ fdMyoym) — [ fdM almost surely.

Finally, let us show that (b) implies (a). Let ¢ index a subsequence. We show
that there exists a further subsequence indexed by \{ such that almost surely
drp(Mgoyp(n), M) — 0. First, for every function f € F, we have [fdMym) —
| fdM in probability, so there exists a further subsequence indexed by 1 such that
J fdMgoypn) — [ fdM almost surely. Since J is countable, a diagonal argument
yields a further subsequence indexed by 1 such that

almost surely, Vf e S",dequp(n) — deM. 4)

n—oo

Let us verify that almost surely di.p(Mgoypn), M) — 0. Let ¢ > 0. By the recalled
fact, there exist f,...,fx € Fand & > 0 such that

{v e My(E) : )Jﬂdv—indM‘ < sforevery1 <i< K} C B(M, ¢).

@ Caution. The functions f1,...,fx, as well as K and §, may depend on the realiza-
tion of M. We argue pathwise on the event of probability 1 in (4); no measurable
selection is needed.

By (4), almost surely, for sufficiently large n we have

indeDOIb(n) — JfldM' <d

for every 1 < i < K. It follows that almost surely, for sufficiently large n we have
dLp(Mgoyn), M) < ¢, and the result follows.

(2) Let f € Cy(E,R) and set m = [ fdu and My (f) = [ fdM,. Conditional inde-
pendence of the two samples gives directly

E |[(Mn(f) = m)2] = B | (f(IT}) = m)(F(TT3) —m)] ©)
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The function (x,y) — (f(x) —m)(f(y) — m) is bounded and continuous. By con-
vergence in distribution of the pair, the right-hand side therefore converges to

E [ (£(1) — m) (f(112) —m)] —E [fml) —m} E [f(ﬁz) —m] —0,

because the limiting random variables are independent with distribution p. Thus
M, (f) = u(f) in L%, hence in probability. Question (1) gives dip(My, 1) — 0 in
probability.

Remark. The first question is inspired by Proposition 2.2 of this article, and the second
question comes from Lemma 3.1 in this article.

* % o

Solution to Exercise 3.24. [statement p. 129]

(1) Write X for the almost sure limit of X,,. For ¢ > 0, write:
P (d(Yn, X) > 2¢) < P (d(Yn, Xn) = &) + P (d(Xn, X) > €).

The first term of the sum converges to 0 by assumption, and the second also tends
to 0 because almost sure convergence implies convergence in probability.

(2) No: taking X,, = X, it suffices to choose a case in which convergence in probability
holds without almost sure convergence. For example, take E = IR, X;, = X = 0 and
(Yn)n>1 a sequence of independent random variables such that P (Y, =1) =1/n
and P (Y, =0)=1—1/n.

* % ok

Solution to Problem 3.25. [statement p. 129]

(1) One may use polynomials with rational coefficients multiplied by smooth cutoff
functions, in the spirit of the families of test functions in Section 1.2.

(2) Let L be a Lipschitz constant of f, and choose a < b such that supp(f) Cla, b[. Set

c¢(x) = max(a, min(x, b)), H(x) = L(c(x) —a),
H+f H-—f
F=—% &=

Since f(x) = f(c(x)), forall x <y,

[fy) = f(x)] < Lle(y) —c(x)) = H(y) — H(x).

Thus F and G are nondecreasing. They are bounded and L-Lipschitz, since H and
fare,and f = F— G.

(3) Since Z has a density, the roots of P;, are almost surely distinct. By Rolle’s theorem,
the roots of P}, are real and lie between the zeros of P,. Thus write Z < Z} <
-+ < Ly for the roots of Py; reindexing the Y{* if necessary, we may assume that

Iy <Y< Zy<---<Yh <Zp.
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4)

By questions (1) and (2), it suffices to consider each bounded nondecreasing Lips-
chitz function f appearing in the decompositions of the elements of the countable
set D. By interlacing,

2 i1 F(Zy) _f(zn) Zk 1 f(Zy) — f(Z7)
n—1 n 1Z]CYIT<l n—l '

Both bounds converge almost surely to E [f(Z)] by the strong law of large numbers
and boundedness of f. Taking the intersection of the probability-one events for this
countable family shows that the empirical measures of the roots of P} converge
almost surely to the distribution of Z.

Set NI' =3 11 Lz,—q}, Jn = {i : N[ > 0} and Ky = [Jn|. The polynomial

Pu(X) = [T (X=a)¢
i€]n
has a derivative with a root of multiplicity N* —1 at each a;, i € Jn, as well
as K — 1 other roots, counted with multiplicity, denoted by \/\/]” For bounded
continuous f: C — R,

1 n—1 1 Kn—1
me(an):a Z(N?_l)f(ai)‘f‘ Z f(W]n)
j=1 i€]n j=1

Consequently, forn > 2,

—1 n
1 % | ZKHfHOO
n—1 ]Zl fl Y n Z -1

By the strong law of large numbers, almost surely, simultaneously for 1 <1i < K,
Ni'/n — P (Z; = a;). On this event, the empirical measure of the Z; converges
weakly to the distribution of Z;, and the preceding estimate shows the same
convergence for the empirical measure of the roots of P;,.

* %k %

Solution to Problem 3.26. [statement p. 130]

(1)

The identity of indiscernibles and symmetry of d are clear. For the triangle
inequality, observe that for u,v,w € U we have d(u,w) < max(d(u,v), d(v,w)).
Indeed, if d(uw,w) > d(u,v), then u/Aw < u/Av, sothatvAw = u/Aw and
d(u,w) =d(v,w).

For separability, U is dense in U. Indeed, if u € 90U and [u]y € U denotes the
first k integers of u, clearly d([u]y,u) — 0 as k — oo.

For every u € U and k > 1, write [u]y for its prefix of length k if u has at least
k letters, and for u itself otherwise. Let (un) be a Cauchy sequence. Truncation
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(2)

(3)

is 1-Lipschitz; two distinct words of length at most k are at distance at least e .
Thus, for each k, [unly is eventually constant, with value v(k). These values are
compatible: [v(£)]x = v(k) for k < {. They define a unique finite or infinite word v
of which they are the truncations, and u, — v. The space is therefore complete
and, being separable, Polish.

Letu € Uand r > 0. Let us verify that B(u,r) ={v € U : d(u,V) < r}is closed. To
this end, letv € U\B(u, 1), so that d(u,v) > T, and verify that B(v,7) N B(u, 1) = @.
Indeed, arguing by contradiction, if w € B(v,r) N B(u, 1), we have d(w,v) < r and
d(w,u) < r, and then d(u,v) < max(d(u, w), d(w,v)) < 1, a contradiction.

First verify that the sets of the form {u} and T(u) for u € U are both open and
closed. This follows from the previous question, observing that for u € (IN*)™ we
have {u} = B(u,e ™ 1) and T(u) = B(u, e ™1/2).

The forward implication then follows immediately from the Portmanteau theo-
rem.

For the converse, by separability, every open set can be written as a countable
union of open balls. Observe that the open balls in U are precisely of the form {u}
and T(u) for u € U, and that two open balls are either disjoint or one contains
the other. Consequently, every open subset O of U can be written as a countable
disjoint union of sets of the preceding form (open and closed). Thus, writing
O = [ i1 Ok, Fatou’s lemma gives:

w(0) =) w(Ox) =) liminfun(Ok) < liminf } pn(Ox) = liminf un(0),
k=1 k=1 k=1

which completes the proof.

* % ok

Solution to Problem 3.27. [statement p. 131]

(1)

The equivalence between (b) and (c) follows from the fact that convergence in
distribution and convergence in probability to a constant are equivalent.

Let us show that (c) implies (d). Let f € C,(E,R). To show that [ fdM, con-
verges in probability to [ fdu, we will show that for every subsequence indexed
by ¢, there exists a further subsequence indexed by 1 such that [ fdMyey,x) con-
verges almost surely to [ fdu. Let ¢ index a subsequence. Since M, converges in
probability to p, there exists a further subsequence indexed by \{ such that almost
surely M yoy,(n) converges (in dpp) to p. Then almost surely Mq,n) converges
weakly to 1, so almost surely [ fdM oy, ) converges to [ fdp.

Alternatively, to show that (c) implies (d), one may observe that for f € Cy(E,R),
the map v — [ fdv is continuous, and that convergence in probability is preserved
under composition with a continuous function.
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Let us show that (d) implies (c). Let ¢ > 0. We need to show that
]P (dLP(Mn/ ll) 2 E) — 0/

thatis, P (M;,, € B(u, €)) — 0. By the fact given at the beginning of the exercise,
there exist f1, ..., fx € Cp(E,IR) and & > 0 such that

{v e My(E): ”ﬂdv—Jﬂdu‘ < dforevery1l < i< K} C B(y, ¢).

Then
K

P (Mo # B0 < 3P (| Mo — [ | > 5)

i=1
which tends to 0 by assumption.

The fact that (a) implies (d) follows immediately from Markov’s inequality.

The fact that (d) implies (a) follows from the fact that the sequence ([ fdMn)n>1
is uniformly integrable (being bounded by ||f||).

The implication (c)=>(e) follows from continuity of v — [ et™ v(dx), considering
the real and imaginary parts separately.

Let us show (e)=-(c). As explained in the following remark, we may work on
a common probability space. For every t, convergence in probability and the
bound |®;,(t) — ©(t)| < 2 imply E [|®,(t) — ©(t)]] — 0. By Fubini’s theorem and
dominated convergence,

E U e @, (1) — CD(t)Idt] — 0.
R

The integrands are jointly measurable because they are measurable in w and
continuous in t. From every subsequence, we can therefore extract (n;) such that

o, (1) - d .
)ZIEU]Re @y, (1) — @(1)] t1<oo

By Tonelli’s theorem, almost surely, Oy, (t) — @(t) for Lebesgue-almost every

t. Exercise 1.11(1) then gives M. ﬂ) u almost surely, hence dip(Mn., 1) — 0
g j y )

almost surely. The subsequence criterion yields (c).

In particular, for every compact set K C R, sup, .y |On(t) — @(t)| converges
in probability to zero: apply Exercise 1.6(2) along the further subsequences that
converge almost surely.

Remark. Strictly speaking, care is needed because the random variables (M, )n>1
need not be defined on the same probability space, so one cannot speak of al-
most sure convergence (this point was brought to my attention by Dimitri Faure).
However, without loss of generality, we may assume that the random variables
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(Mn)n>1 are defined on the same probability space, for example by considering a
sequence (M/ )n>1 of independent random variables defined on the same prob-
ability space such that for every n > 1, M, and M, have the same distribution
(using the existence of product measures), and working with M/, in place of My,
(the properties considered depend only on the individual distributions).

(2) (a) Let us prove that M,, converges in probability to p by showing that for

every subsequence indexed by ¢, there exists a further subsequence indexed
by 1V such that almost surely Mg.n) converges to p (i.e., almost surely
drp(Mgoyn), 1) — 0). Let ¢ index a subsequence. By a diagonal argument,
there exists a further subsequence indexed by 1 such that almost surely,
for every k > 1, [ x*dMoy(n) converges to [ x*dp. By an exercise on the
exercise sheet, almost surely M) converges weakly to u, hence almost
surely dLP(Md)od)(n)/ },L) — 0.
Alternatively, without redefining the random variables on the same prob-
ability space, one can verify that (M) is tight and identify the limit us-
ing the converging together theorem, by considering the functional v —
[ max(min(x¥, K), —=K)dv with K — co.

(b) By Chebyshev’s inequality, for ¢ > 0 we have

P ( Jxden — Jxkdu‘ > 25)
<P ( J x*dMy — E U xden] > e)
+P ( E kadmn] —Jxkdu’ > £>

Var( [ x*dMy,)
€2 + 1|IEU XkdMup ][ xkdp|>e

<
which tends to 0 by assumption, and we may apply question (a).

(3) The equivalence between (a) and (b) is simply the definition of weak convergence.
The fact that (b) implies (c) is clear.

To show that (c) implies (b), fix ¢ > 0 and show that almost surely, for sufficiently
large n, drp(My, 1) < €. By the fact given at the beginning of the exercise, there
exist f1,...,fx € C,(E,R) and 6 > 0 such that

{v e Mq(E): ‘indv—indu‘ < dforevery1l <i< K} C B(y, ¢).
By assumption, almost surely, for sufficiently large n
‘ indMn —indp.’ < dforeveryl <i<K
Thus, almost surely, for sufficiently large n, dip(Mn, 1) < €.
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The fact that (b) implies (d) is clear: on the event of probability 1 on which, for
every f € Co(E,R), [fdMy, — [fdu, we have [e'™dMy(dx) — [e'*p(dx) for
every t € R.

To show that (d) implies (b), the idea is to use Fubini’s theorem to interchange
the quantifiers. Write

A= {(w,t) eEQXxR: JemdMn(w)(dx) Ve Jemu(dx)}
and its sections

Av={teR:(w,t) € A}, Al={weQ:(w,t)e AL

By assumption, for every t € R we have P(A') = 0. Apply Fubini’s theorem,
writing A for Lebesgue measure:

0= J]RIP(At)A(dt) - JQ 1AdP ® dA = J AAw)dP.

xR Q

We deduce that A(Ay) = 0 for almost every w € Q. Thus, almost surely, for
A-almost every t € R we have [e'™dM,(w)(dx) — [e'™u(dx). We conclude
using question (1) of Exercise 1.11 (Lévy’s theorem under almost everywhere
convergence in frequency).

(4) This is a direct application of the exercise on the exercise sheet mentioned above.

(5) By the strong law of large numbers, for every f € Cy(E,R), for almost every
weQ,

deMn = %Z f(Xy) — E[f(X1)] = deu.
k=1

By question (3), we deduce that almost surely M,, converges weakly to p (and
hence M,, converges in probability and in distribution to p).

EE

Solution to Problem 3.28. [statement p. 132]

(1) By compactness, E is bounded. There therefore exists M > 0 such that for every
x € E we have B(x, M) = E. Thus limp_,e [L(M) =1.

(2) Clearly I, is nondecreasing, which implies existence of the left-hand limits. To
prove right-continuity, argue by contradiction, assuming that I, is not right-
continuous at ¢g > 0. Then by monotonicity

I.(go) < limIy(e).

eleg
We can therefore find xp € E and 6 > 0 such that for every n > 1,

w(B(xo, 0)) + 8 < Iy (eo +1/n).
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In particular, for every n > 1 we have
(B (xo, €0)) + & < w(B(xo, €0 +1/n)).
Since p(B(xg, £g +1/1n)) — u(B(xg, €9)) as n — oo, we obtain a contradiction.
(3) For every x € Eand every r > 0,

inf u({y}) < Iu(r) < pu(B(x, 7).

yek
Letting v | 0 and then taking the infimum over x, we obtain

lrl?ol L(r) = 32{ r({x}).

The limit is therefore zero if i has no atoms. In fact, it is always zero when E is
infinite: otherwise infinitely many distinct points would all have mass bounded
below by the same strictly positive constant.

(4) Camille is wrong: for example, if E = [0, 1] and A denotes Lebesgue measure, then
W= 180 + A satisfies lim, o I, (¢) = 0 but p({0}) > 0.

(5) Fix ¢ > 0. For every x € E, the Portmanteau theorem applied to the closed set

B(x, ¢) gives

limsup I, (¢) < limsup pun(B(x,¢)) < n(B(x, €)).

n—oo n—oo

Taking the infimum over x, we obtain limsup, I, (&) < Iy(e).

(6) Assume (a). If I,(e) = 0, choose x; such that u(B(x;,¢)) — 0. By compactness,
W j j y p
passing to a subsequence if necessary, x; — x. For sufficiently large j,

B(x,¢e/2) C E(xj, £).

Thus n(B(x, €/2)) = 0, contradicting full support. Hence (a) implies (b).
Assume (b) and fix ¢ > 0. Choose x4, ...,xx such that E = U]le B(xi, €/2). By the

Portmanteau theorem,

lim inf pn (B(xi, e/2)) > u(B(xi, e/2)) > w(B(xi, €/4)) > Iu(e/4) > 0.
For every x € E, some index i satisfies d(x, x;) < €/2, s0 B(x, £/2) C B(x, ¢). Thus

I, (€) = min un(B(xy, €/2)),

1<i<k
and its limit inferior is strictly positive. This proves (c).
Finally, assume (c). Let O be a nonempty open set and choose x € E, r > 0 such

that B(x,r) C O. By (5),

w(O) > Iu(r) = limsup I, (r) > liminf I, (v) > 0.
n

n

Hence (c) implies (a), which completes the proof.
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(7)

(8)

Since E is separable, (M;(E), dp) is also separable. We may therefore use Sko-
rokhod’s representation theorem and assume that M,, converges to M almost
surely in (M (E), drp).

Assume (a) and fix ¢, ¢’ > 0. By (6), on the almost surely convergent representation,

liminfIp, (e) >0 almost surely.
n

Asj and N increase, the events {Ip,, (¢) > 1/j for every n > N} therefore cover an
event of probability one. Thus there exist j, N such that this event has probability
strictly greater than 1 —¢’. With § = 1/j, we obtain IP (In, (¢) < 8) < ¢’ for every
n > N.

Conversely, assume (b). Fix k > 1 and ¢’ > 0, then choose 5, N as in (b) for ¢ = 1/k.
By (5), the map v — I, (1/k) is upper semicontinuous, so {v : I, (1/k) < 8} is open.
By the Portmanteau theorem,

P (Im(1/k) < 8) < liminf P (Iy, (1/k) < 8) < €.

Thus P (Ipm(1/k) =0) < ¢’. Since ¢’ > 0 is arbitrary, this probability is zero.
Almost surely, In1(1/k) > 0 for every k > 1; by monotonicity and (6), M has full
support.

No, both implications are false. Here are counterexamples in the deterministic
case. If E = [0,1], pon = 89 and ppn 41 = 81, the sequence (I, )n>1 is constant but
(n)n>1 does not converge in distribution.

If E =[0,2], take, forn > 2,

1 1 1
Hn = 550 + 551/2 + 561/2+1/n-

Then

(

0 if0<e<3/2—1/n,
1/3 if3/2—1/n<e<3/2
2/3 if3/2< <2,

1 if2<e.

Iun(s) =

These minimum values are attained by the ball centered at 2; for the radii in the
last three lines, every ball contains at least, respectively, the last atom, the last two
atoms, and then all the atoms. Now p, converges weakly to u = %60 + %61 /2, for
which
0 if0<e<3/2,
Iu(e) =42/3 if3/2<e<?2,
1 if2<e.

On the compact interval [1,7/4], 1,,,, takes the value 1/3 for all sufficiently large
n, while I, takes only the values 0 and 2/3. For every increasing bijective time
change A of this compact interval, ||I,,, o An —Iu||cc = 1/3. Hence J; convergence
is impossible.
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Remark. This problem is inspired by the following article:

Benedikt Stufler, Mass and radius of balls in Gromov-Hausdorff-Prokhorov conver-
gent sequences, preprint available on arXiv, arxiv:2201.12251
https://arxiv.org/abs/2201.12251

This problem shows how to verify that a limiting measure has full support using
estimates on the measures approximating it. However, the condition I;(r) - 0Oast | 0
does not characterize the absence of atoms, as illustrated by question (4).
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4 The space of continuous functions on a compact set

Related lecture notes: Chapter 4, p. 35.

4.1 Exercises

Exercise 4.1. [solution p. 162] For each n > 0, let X™, Y™ be two processes in C([0,1],R),
defined on the same probability space (which may depend on n). Suppose that X™ — X
and Y™ — Y in distribution.

(1) Alix says: the sequence ((X™, Y™))n>o is tight in C([0, 1], R)2. Is she right?
(2) We now view the pair (X", Y™*) as a single process
t— (X{, YY), telo1]

in €([0,1],R?). Billie says: the sequence (X™, Y™),,>¢ is tight in C([0, 1], R2). Is he
right?

(3) We now view the pair (X", Y") as a function (Xg, Y{')s e in €([0, 1]2, R?).
Camille says: the sequence (X™, Y"),,> is tight in C([0, 112, R2). Is she right?

* % F

Exercise 4.2. [solution p. 163] Let (X™),>1 be a sequence of processes in C([0, 1], R*).
Suppose that X™ = Xin C([0, 1], R¥). Let f : R* — R be a continuous function. Set
1

1
Yy = J f(XMds, Y= J £(Xs)ds.
0 0

Show that (X™, Yn) = (X,Y).

* 0% F

Exercise 4.3. [solution p. 163] Let X™, X be nondecreasing continuous processes from
[0,1] to R. Show that X™ = X if and only if X™ converges to X in finite-dimensional
distributions.

Exercise 4.4. [solution p. 164]

(1) For a > 0, is the map f — to(f) = inf{t > 0 : f(t) > a} from € = C(R4, R) to
R+ U{oo} continuous? If not, does it have any points of continuity, and if so, which
ones?

(2) Let (X™,n > 0) be a sequence of processes in €. Suppose that X" converges in
distribution to X for the topology of uniform convergence on compact sets. Also
suppose that Xy = 0 for every n > 1. For a > 0, write

Tn - ta(Xn)/ T(l = ta(X)'

a
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Discuss whether T} converges to T,. Discuss the special case where X is standard
Brownian motion (this last question is best addressed using the strong Markov
property of Brownian motion; see the stochastic calculus course).

EOE

Exercise 4.5. [solution p. 165] Show that {f € RO : £ is continuous} is not an element of
the product sigma-algebra B(IR)®01,

Hint. Consider a random variable U uniformly distributed on [0, 1] and the function
X(t) = Lizufor0 <t < 1

* % ok

Exercise 4.6. [solution p. 165] Consider a probability space (Q, F,IP) equipped with a
filtration, that is, a family (J¢,t > 0) of sigma-algebras such that Fs C J forall s < t.
Recall that a martingale is a family of random variables (X, t > 0) such that X; € ! for
every t > 0 and such that, for all s < t, we have E [X{|F] = X,.

Let (X", n > 0) be a sequence of integrable processes in € = €([0, 1], R) adapted to
filtrations (J7'), that is, X' is measurable with respect to I} for every t € [0, 1]. Suppose
that X" is an J"-martingale and that X" converges in distribution to X in €. Also
suppose that, for every t € [0, 1], (X{')n>1 is uniformly integrable.

Show that (X, 0 < t < 1) is an (J;)-martingale, where J; = o(X;,0 < s < t).

EE

Exercise 4.7. [solution p. 166] Let € denote the set of continuous functions from [0, 1]
to R. Let (X, (t) : 0
Xn=Xn(t):0<t

< t < 1)1 be a sequence of C-valued random variables. Write
<1).

(1) Prove that the sequence (X, )n>1 is tight in € if and only if the following two
conditions hold:

(a) the sequence (X (0))n>1 is tight in IR;
(b) for every sequence & — 0 and every sequence (ny)i>1, we have

w(XTLk/ 6k) — OI

where w(f,d) = SUP|s_t<5,0<s,t<1 [f(s) — f(t)| denotes the modulus of conti-
nuity.

2) Let (X} )51 1<i<n be a sequence of C-valued random variables such that, for ever
n =z L, 1Ixlx q . y
n > 1, the random variables (X}, )1<i<n have the same distribution as X;, (but are
not assumed to be independent). Suppose that:

(I) the sequence of random variables (X )n>1 is tight in C;

(II) the sequence of random variables sup, |y 1 [Xn(t)| is uniformly integrable.
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Prove that the sequence of random variables (Yy,)n>1 is tight in €, where Yy, is
defined by

Yn(t) = %ng(t), te[0,1].

(3) Does the result of question (2) remain true if (II) is replaced by (II'), defined by
(II’) the sequence of random variables sup, cl01] X, ()] is bounded in L1?

Justify your answer.

* % F

Exercise 4.8. [solution p. 167] Let (Xi)i>1 be i.i.d. random variables taking values in
C([0,1]), the space of continuous functions from [0, 1] to R equipped with the uniform
norm. Suppose that there exist C, ¢ > 0 such that

V0o <s,t

N

1, E[(X(s) = Xa(1)?] < Cls — 4"+,
V0<s<1, E[X(s)=0 and E [Xl(s)z] < 0.

Set

B X1+Xo+- -+ X
— 7 .
(1) For 0 < s,t < 1, compute E [(Zn(s) — Zn(t))?].

Zn

(2) Show that (Z,,)n>1 converges in distribution in €([0, 1]).

* % *

Exercise 4.9. [solution p. 168] For x € IR, let Py denote the law of standard real-valued
Brownian motion started at x. Let (xn)n>1 be a sequence of real numbers.

(1) If (xn)n>1 is bounded, show that the sequence (Py,, )n>1 is tight in ([0, 1], R).

(2) Does the result remain true if the sequence (xn)n>1 is no longer assumed to be
bounded? Justify your answer.

ECE

Exercise 4.10. [solution p. 168] Let X and Y be two random variables taking values in
C([0,1],R), the set of continuous functions from [0, 1] to R equipped with the topology
of uniform convergence. Suppose that, for every ¢ > 0, there exists a pair of random
variables (X, Y¢) taking values in C([0, 1], R)? such that X, has the same distribution as
X, Y¢ has the same distribution as Y, and P (||X; — Ye|/co > €) < €. Show that X and Y
have the same distribution.
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Problem 4.11. [solution p. 169] In this exercise, let RO denote the set of functions from
[0,1] to R equipped with the product sigma-algebra B(R)®*!, and let € = €([0, 1], R)
denote the vector space of real-valued continuous functions on [0, 1] equipped with the
uniform norm and its Borel sigma-algebra. Consider a probability space (Q, J,P).

(1) Show that the Borel sigma-algebra of C is the set of all A of the form A =B N C for
B € B(R)®0L.

IfX,Y: Q — RO are two random variables, we say that Y is a modification (or version)
of X if, for every t € [0,1], we have P(X(t) = Y(t)) = 1.

2) Let X, Y : Q — RO be two random variables.

(a) Check thatif Y is a modification of X, then X and Y have the same distribution.

(b) Billie says: the converse of (a) is true. Is he right? Justify your answer.

’ For the rest of this exercise, fix a random variable Y : Q — C. ‘ (Thus Yy, is a continuous
function for every w € Q.)

(3) Let X : Q — ROV be a random variable. Suppose that X and Y have the same
distribution.

(a) Let Y* denote the random variable Y viewed as a function taking values in
ROU. Prove that there exists a measurable map F : RO — @ such that
Y=FoY"

Hint. You may use the Doob-Dynkin lemma, which states the following.
If f, g are two measurable functions defined on (Q), F) and taking values in
(S,8) and (T, T), respectively, if f : (Q, o(g)) — (S,8) is measurable and if
(S,8) is a Polish space equipped with its Borel sigma-algebra, then there
exists a measurable map h: (T,7T) — (S,8) such thatf =hog.

(b) Prove that there exists a random variable X’ : Q — @ such that X’ is a
modification of X.

(4) (a) Let (Up)n>1 and (Vi )n>1 be two sequences of random variables taking val-
ues in a complete separable metric space (E,d). Suppose that the two
sequences (Un)n>1 and (Vin)n>1 have the same distribution. Show that
{(Un)n>1 converges} (that is, the set {w € Q : U, (w) converges asn — oo})
is an event (i.e. is measurable) and that

P ((Up)n>1 converges) = P ((Vn)n>1 converges) .

(b) Consider a sequence of random variables (X )>1 taking values in RO such
that X,, converges to Y in finite-dimensional distributions. Also suppose that,
for every q € [0,1] N Q, the sequence (X, (q))n>1 converges almost surely.
Show that there exists a random variable X : 3 — € such that, for every
q € [0,1] N Q, the sequence (X, (q))n>1 converges almost surely to X(q).
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Problem 4.12. [solution p. 170]

Part one. Let (E, d) be a separable metric space and (x,)n>1 a dense sequence. Let
M;(E) denote the set of probability measures on E equipped with its Borel sigma-
algebra, and Lip,(E) the set of 1-Lipschitz functions from E to R (that is, functions
satisfying [f(x) — f(y)| < d(x,y) for all x,y € E).

Let pun, u € My(E). The aim of this part is to show that u, == p if and only if
[ fdpn — [ fdu for every function f of the form

f(X) = maX(CO, c1— d(xl Xl)/ ey, Cn— d(xl Xﬂ))
withn >1andcy,...,cn € R.

(1) Justify the forward implication.

(2) Check that, to show that u, = , it suffices to check that [ fdp, — [ fdu for
every bounded function f € Lip, (E).

(3) Prove the converse.

Hint. For a bounded function f € Lip, (E) satisfying f > cg, check that, for every
x € E, we have
f(x) = sup max(co, f(xn) — d(x, xn)).
n>1
(4) If E is bounded (that is, if SUP, ek d(x,y) < 00), show that n,, = pif and only
if [fdun — [fdp for every function f(x) that is a polynomial in the variables
d(x,x1),...,d(x,xn), for every n > 1.

Part two. Consider the set E of measurable functions [0, 1] — IR, identified up to equal-
ity almost everywhere (that is, two functions equal almost everywhere are identified),
equipped with the metric

1
d(f, g) = L min(1, If(t) — g(t)])dt. 6)

(5) Writing A for Lebesgue measure, show that f,, — f in E if and only if, for every
e >0,wehave A({x € [0,1] : [fn(x) —f(x)| > €}) = 0asn — co.

(6) Suppose that f, — fin E. Show that there exists a subsequence indexed by ¢ such
that f4,,) converges almost everywhere to f.

(7) Prove that E is Polish.
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Part three. Consider the metric space C of continuous functions [0, 1] — R equipped
with the metric d defined by (6).

(8) Check that (C, d) is separable and bounded. Is it complete? Justify your answer.

Let (Xn)n>1 be random variables taking values in € and X a random variable taking
values in C.

(9) Prove that if X,, converges in distribution to X, then, for every k > 1, if (U;)1<i<k
are i.i.d. uniform random variables on [0,1] (also independent of X, X), then
(Xn(Uq), ..., Xn(Uy)) converges in distribution to (X(U;),..., X(Uy)).

(10) Suppose that the finite-dimensional distributions of X, converge weakly to those
of X. Prove that X;, converges in distribution to X.

(11) [Unmarked bonus question] Prove that X;, converges in distribution to X if and
only if, for every k > 1, writing VK, ..., ij for the increasing rearrangement of k
ii.d. uniform random variables on [0, 1] (also independent of X, and X), we have
convergence in distribution of (Xn(Vf), .. .,Xn(Vl]j)) to (X(V}Q), .. .,X(Vl]j)).

L

Problem 4.13. [solution p.176] Let (E;)i>1 be independent exponential random variables
with rate 1. Set S =0and S; =E;+---+Eifori > 1. Fort > 0,set P(t) = Card{i > 1:
Si < t}, so that P is a Poisson process with rate 1.

Part one.
P(un) a.s.
(1) Show that, for every T > 0, we have sup —ul — 0
O<u<T n n—00

un) _ u' 2% 0? Justify your answer.

n—oo

P
(2) Isit true that sup
u=0

Part two. Let (Yy)n>1 be a sequence of random variables taking values in C(R4,R),
equipped with the topology of uniform convergence on compact sets. Suppose that there
exists a random variable Y € (R4, R) such that, forevery T > 0, (Yn(t) : 0 <t < T)
converges in distribution to (Y(t) : 0 < t < T) in €([0, T],R) as n — oo.

(3) Prove that, for every T > 0, the following convergence holds in probability:

Y, (P(tn))—Yn(t)' P
n n

sup

0<t<T 00
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Part three. LetT >0, let 3 : R — Ry be a Lipschitz function, and let zy € R;..

(4) Justify that the differential equation z/(t) = (z(t)) with z(0) = z; has a unique
solution on [0, T], denoted by z below.

Forn > 1, fix Z,,(0) € R and suppose that (Z,(t))o<t<T satisfies, for every 0 <t < T:

Z.(t) = Z,(0) +P (nJ; B (Z“TES)) ds) )

Set Zn(t) = Zn(t)/n and suppose that Z,,(0) — zp as n — oco.

(5) Show that

sup |Zn(t) —z(t)] =3 0.
0<t<T n—soco

Hint. You may use Gronwall’s lemma.

* % F

Exercise 4.14. [solution p. 178] Let K be a compact metric space and E a metric space. Let
C(K, E) denote the space of continuous functions from K to E equipped with the metric
d(f, g) = sup, ¢ de(f(x),g(x)). Show that {BN C(K,E) : B € B(E)®K} is the smallest
sigma-algebra on C(K, E) making all the projections

M: CKE) — E
f = f(x)

for x € K measurable (in other words, the trace of the product sigma-algebra B(E)®¥ on

C(K, E) is the product sigma-algebra on C(K, E)).

4.2 Solutions

Solution to Exercise 4.1. [statement p. 156]

(1) Yes! Let ¢ > 0. By Prokhorov’s theorem, there exist two compact subsets
Ki,Ky of C([0,1],R) such that P(X" € Ky) > 1—¢and P (Y* € Ky) > 1—¢ for
every integer n > 0. Then K; x K; is a compact subset of C([0, 1],R)?, and
P ((X™,Y") € K1 xKp) > 1—2¢, which shows that ((X™, Y"))n>o is a tight se-
quence in €([0, 1], R)2.

(2) Yes! First, it is clear that, for every t € [0,1], (X{, Y{*)n>1 is tight. To control the
modulus of continuity, equip R? with the norm || - ||;. For a function f = (f1,;) €
e([o,1],R?),

w(f,8) = sup{lfi(s) — f1(t)| +[fa(s) — fa(t)[ : |s —t] < 8} < w(fq,8) + w(fy,d).
Thus,
P (w((X™,Y"),8) 2n) <P (w(X",8) 2n/2) + P (w(Y",8) >n/2),
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which implies tightness.

Remark. Alternatively, use the fact that the function

(0,1, R)*> —  e([0,1],R?)
(f,9) = (f(t), g(t))o<t<a

is continuous and that tightness is preserved under composition with a continuous
function.

(3) Yes! It suffices to check that the function

® : ¢([0,1,R? —  €(0,1?R?
(f, g) = (f(s), 9(t))os<r,0<t<1
is continuous; the result then follows because tightness is preserved under com-
position with a continuous function. To this end, equipping R? with the norm
| - 1|1, and writing d(F, G) = SUP (5 1)c[0,1]2 |F(s,t) — G(s,t)||s for F, G € C([0,1]%,R?),

observe that
d(@(f,g), @(f',9") = If = f'llcc + 119 — 9'llco-

It follows that if f,, = f and gn — g, then O (fy, gn) — ©(f, g), proving the result.

* % F

Solution to Exercise 4.2. [statement p. 156] By the Skorokhod representation theorem,
we may assume that X — X holds almost surely. By continuity of the map

e(0,1], R¥) — R
g — [af(g(s))ds,

we deduce that Y;, — Y almost surely. Thus (X", Y;,) — (X,Y) almost surely, and hence
in distribution.

Remark. We can also directly observe that the map

®: ¢(0,1,R*) — €([0,1],R*) xR
g — (g, [y f(g(s))ds)

is continuous, and hence that ®(X™) converges in distribution to ®(X).

* % F

Solution to Exercise 4.3. [statement p. 156] This implication always holds.

Since (X™(0))n>1 converges in distribution, it suffices to check that the sequence
(X™)n>1 is tight. The partition used in the proof of Corollary 4.19, with 6 = 1/k, gives,
for every function f € €([0, 1], R),

w(f,1/k) <3 max sup |[f(r+1i/k)—f(i/k)l.
Osisk=lrepo,1/k
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In particular, if f is nondecreasing, we have

w(f,1/k) <3 max [f((i+1)/k)—f(i/k)|.

0<igk—1

Moreover, by convergence of the finite-dimensional distributions of X™ to those of X,

we have
max XM((i41)/k) — XAk D max X([A+1)/k) — X(i/k)].
0<igk—1 n—oo 0<igk—1

By continuity of X, for every n > 0, we have

11)( max |X((i+1)/k)—X(i/k)|>n> — o

0<igk—1 k—o0

We deduce that, for every ¢,1 > 0, there exists k > 1 such that

limsup P (w(X™,1/k) >n) < e.

n—oo

* ok ok

Solution to Exercise 4.4. [statement p. 156]

(1) No, it is not continuous. In the example below, f, — f uniformly on compact
sets, but 3 = tq(fn) /4 ta(f) = 1. Equipping [0, co] with its usual topology, the
points of continuity are exactly the functions f such that t,(f) = oo, or f(0) > aq,
or else t4(f) < co and, for every ¢ > 0, there exists t € [tq(f), to(f) + €] such that
f(t) > a. When t4(f) > 0, this last condition is equivalent to the absence of a local
maximum at tq(f).

Figure 1: Discontinuity of the first hitting time: f;, converges to f, but t,(fn,) =
3#tq(f) =1

(2) First, it is clear that 0 = Tj' converges to Ty = 0. We therefore assume that a > 0.
By the previous question, if almost surely X has no local maximum at T, when
Ty < 00, then T converges in distribution to T, (use, for instance, the Skorokhod
representation theorem). When X is standard Brownian motion, we know that

Tq < oo almost surely, and since, for every € > 0, P (sup[ole] X > O) =1, the
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strong Markov property applied at the stopping time T, shows that almost surely
X has no local maximum at T,. Thus, in this case, T' converges in distribution to
Tan

Now, if with strictly positive probability T, < oo and X has a local maximum at

Tq, then we can find X™ such that T' does not converge in distribution to T,. Since
a > 0and Xy =0, we have T, > 0 and

{Tq < 0o and X has a local maximum at T}

= LJ{T(1 <k, Xy < aforeveryt e [Ty, Tq +1/kl}
k>1

Choose k such that the event A appearing in this union has strictly positive

probability, and set

X1 = X, — wh-

Then Xy = 0 and X™ — X uniformly on compact sets. On A, T > T +1/k, and
outside A, T' = T,. For M > 2k, we therefore obtain

E [T AM] —E [T AM] > P(A)/k > 0.

Since the function u — u /A M is bounded and continuous on [0, co], this rules out
convergence in distribution of T to T.

* % F

Solution to Exercise 4.5. [statement p. 157] We argue by contradiction, assuming that
A = {f € ROV tis continuous} € B(R)®0U. The random variable X = (X(t): 0 < t <
1) has the same finite-dimensional distributions as the constant function equal to 1. It
therefore has the same distribution as the constant function equal to 1. Thus

P(XeA)=P(1eA)=1.
This is a contradiction, since X is not continuous.

* % %

Solution to Exercise 4.6. [statement p. 157] First, observe that uniform integrability
implies that, for every t € [0, 1], X; is integrable and E [X¢] = E [Xg].

Fix 0 < s <t < 1. Foreveryinteger m > 1,all 0 < t; < - <t < s and every
bounded continuous function h : R™ — R, the martingale property gives

E [XMh(XE, ..., X2 )] = E [XFh(X},..., X2 )],

because h(Xg, ..., X ) is F¢-measurable. By the Skorokhod representation theorem,
we may assume that X™ — X almost surely in C. Both products then converge almost
surely to the corresponding products for X. They are uniformly integrable, since h is
bounded and the sequences (X{') and (X{') are uniformly integrable. Thus,

E [XSh(thl s /Xtm)] =E [Xth(th, sy Xtm)] .
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The functional monotone class theorem extends this identity to every bounded J-
measurable random variable, since bounded continuous cylinder functions generate J.
In particular, for every A € J,

E [Xs1a]l =E [X{1a]l.

Since X is adapted and integrable, it is a martingale with respect to its natural filtration.

* ok ok

Solution to Exercise 4.7. [statement p. 157]

(1) By the lecture notes, the sequence (Xy,)n>1 is tight in € if and only if the sequence
(Xn(0))n>1 is tight in R and

Ve >0,vn >0,356 >0, limsup P (w(Xy,8) >1) <e. (7)

n—oo

We therefore need to prove that (7) is equivalent to (b). We prove that their
negations are equivalent:

— The negation of (7) is: there exist ¢, > 0 such that, for every & > 0,

limsup P (w(Xy,8) >n) > «.

n—oo

— The negation of (b) is: there exist a sequence oy — 0 and a sequence ny — oo
such that w(Xy, , 8x) does not converge in probability to 0.

Assuming the negation of (7), there exist ¢, > 0 and a sequence (ny) such that,
for every k > 1:

P (w(Xn,,1/k) =7n) > e.

Thus, taking 6, = 1/k, we see that w(Xy, , dx) does not converge in probability to
0.

Assuming the negation of (b), there exist a sequence &y — 0, n,¢ > 0 and a
sequence (1) tending to infinity (after passing to a subsequence; for a finite set of
indices, the moduli converge in probability to zero) such that, for every k > 1,

P (w(XnL, 5k) > T]) > E.
Thus, for every 6 > 0 and every sufficiently large k such that 6, < 6, we have

P (w(Xn]Q,é) > n) > €

We therefore obtain a limit superior at least equal to ¢, hence strictly greater than
¢/2, proving the negation of (7).
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(2) We use the result of question (1). We first prove that (Y;,(0)),,>1 is tight by showing
that it is bounded in L'. This follows because, by linearity,

E [Yn (0l < E[Xn(0)] < E | sup [Xn(t)|

te[0,1]

4

and, since the sequence of random variables SUPc(o,1] IXn(t)] is uniformly inte-
grable, it is bounded in L.

For tightness, let 6 — 0 and (ny)x>1 be sequences. Let us check that w(Yy, , 8x)
converges in probability to 0. First, since the sequence (X;)n>1 is tight in C,
w(Xn, , 0x) converges in probability to 0. By assumption (II), this sequence is also
uniformly integrable, and hence E [w (X, , 8x)] — 0. Thus:

1 .
W(Yn, 0 < — ) w(XE,, 8,

Ny “
so that
E[w(Yn, )] <E[w(Xn,, )] — 0.

k—o0

It follows that w(Yy, , 8x) converges in L! to 0, and hence in probability.

(3) No. For example, take a sequence (Bn)n>1 of Bernoulli random variables with
respective parameters 1/n, and take (X.}L)lgign i.i.d. with the same distribution as
Xy, defined by
X, (1) = n2Bnt %ft <1/n
nB, ift>1/n.
We have P (|| Xn|looc > €) < 1/n for every € > 0. Thus X;, — 0 in probability in
C, and the sequence (X, ) is tight: condition (I) holds. Moreover, E [|| Xy ||co] =1,
which gives (II'). However, the probability that exactly one of the X}, is nonzero is
(1—1/n)"! — e71; on this event, w(Yy,1/n) = 1. Condition (1b) therefore fails,
and (Yy) is not tight in C.

Remark. This exercise is inspired by Appendix A of the paper Berzunza Ojeda G,
Janson S. The distance profile of rooted and unrooted simply generated trees. Combina-
torics, Probability and Computing. 2022;31(3):368-410. doi:10.1017 /50963548321000304.

* % F

Solution to Exercise 4.8. [statement p. 158]
(1) We find that E [(Zn(s) — Zn(t))?] = E [(Xq(s) — X1(1))?].

(2) We first check tightness using Kolmogorov’s tightness criterion. On the one hand,
for every s € [0,1],

E [Zn(s)z} _E [Xl(s)z] < o0,
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so the sequence (Z,,(s))n>1 is bounded in [2, and hence tight. On the other hand,
by the previous question, for all s, t € [0, 1], we indeed have

E |(Zn(s) = Zn(t))?] < Cls —t™**.

To identify the limit, let us check convergence of the finite-dimensional distribu-
tions of Z,,. For 0 < t1 < -+ < tx < 1, we can write

Y+ +Y
(Zaltr), s Zalt) = ==,
where Y1 = (Xi(t1),...,X1(tx)) and the (Yi)i<i<n are ii.d. random variables
taking values in R¥. By the multivariate central limit theorem, (Z,(t1), ..., Zn(t))
converges in distribution, as n — oo, to a centered Gaussian vector in R* with

covariance matrix (E [Xq (t;)X1 (tj)])1<i j<k-

This completes the proof.

EE

Solution to Exercise 4.9. [statement p. 158]

(1) Set M = sup,, |xn| < oo and, for € > 0, choose a compact set K C €([0, 1], R) such
that Py(K) > 1 — ¢. The map

[—M, M] x K — €([0,1], R), (x,f) — x+f

is continuous. Its image K’ is therefore compact, and Py, (K’) > Py(K) > 1 — ¢ for
every n. The family (IPy, ) is tight.

(2) No. Arguing by contradiction, if (IPy, )n>1 were tight, taking the continuous image
under evaluation at time 0 would imply that the sequence of measures (dx, )n>1 is
tight in IR, which fails upon taking an unbounded subsequence.

* % *

Solution to Exercise 4.10. [statement p. 158] Let F : €([0,1],R) — R be a bounded
Lipschitz function, with Lipschitz constant L for the uniform norm. For € > 0, use the
pair (X¢, Ye) given in the statement. Since its marginals have the laws of X and Y, we

have

[E [F(X)] = E [F(Y)]| < E[IF(Xe) — F(Ye)[l
< Le 4+ 2||F||ooP (|| Xe — Yeloo > €)
< (L4 2f[Ffloo)e.
The second inequality follows by splitting over the event {||X; — Y¢||co < €} and its com-
plement. Letting ¢ tend to zero gives E [F(X)] = [E [F(Y)] for every bounded Lipschitz
function F. Such functions determine probability measures by the portmanteau theorem,
so X and Y have the same distribution.
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Solution to Problem 4.11. [statement p. 159]

(1) We saw in the lecture notes that the Borel sigma-algebra of C equals its product
sigma-algebra, i.e. the smallest sigma-algebra making the projections 7ty : € — R
measurable for t € [0,1]. Let us check thatitequals F ={BNC:B ¢ B(R)®01},

First, F is indeed a sigma-algebra. Next, for every t € [0,1] and A € B(RR),
(fee:f(t)e A}={f e ROV : f(t) € A}NC, so the sigma-algebra J makes all the
projections measurable.

Finally, let G be a sigma-algebra on € making all the projections measurable,

and consider
(B e B(R)®POV.Bneeg)

This is a sigma-algebra on RV containing the cylinder sets of R, so it equals
B(R)®01, which completes the proof.

(2) (a) IfYis amodification of X, then, for 0 < t; <t < --- < tp, <1, we have
(X(t1),..., X(tn)) = (Y(t1),...,Y(tn)) almost surely,

so these two random vectors indeed have the same distribution.

(b) No, he is wrong: for example, take ¢ to be a Bernoulli random variable with
parameter 1/2 and set X(t) =eand Y(t) =1—efor0 <t < 1.

(3) (a) WritingI:C — RO for the inclusion map (measurable by (1)), observe that
Y* = I oY (in particular, Y* is measurable as a composition of measurable
maps). Let us check that Y : (Q,o(Y*)) — C is measurable. Let A be a
measurable subset of C. By (1), it can be writtenas A = BN C = I-1(B) for
B € B(R)®0U so that

YHA) = (V)7 (B)

indeed belongs to o(Y*).
By the Doob-Dynkin lemma, since € is Polish, there exists a measurable map
F:ROY — @such that Y = FoY*.

(b) Set X’ = Fo X, which is indeed a random variable taking values in C. Let us
check that, for every t € [0, 1], P(X(t) = X'(t)) = 1. Observe that, since X and
Y have the same distribution, X and Y* have the same distribution. Hence
(X, X") = (X, F(X)) and (Y*,Y) = (Y*, F(Y*)) have the same distribution. Thus,
for every t € [0,1],

P(X(t) = X'(t)) = P(Y*(t) = Y(t)) = 1.

(4) (a) Since E is complete, a sequence of elements of E converges if and only if it is
Cauchy. Thus,

{(Un)n>1 converges} = ﬂ U ﬂ { (Up, Ug) < 1},

n>1N>1p,q=N

and the desired results follow.

169



Limit theorems and applications Exercises 4. Continuous functions

(b) For g € [0,1]1 N Q, let Z(q) denote the almost sure limit of (X, (q)), defined

arbitrarily on the null event where it does not exist. The finite-dimensional
distributions of Z at rational times coincide with those of Y. For each t €
[0, 1]\ Q, fix a rational sequence (qj(t)) converging to t. By (4a) and continuity
of Y, (Z(qj(t))); converges almost surely; define Z(t) to be this limit, and
zero if the limit does not exist. Each Z(t) is measurable. For every finite
collection of times, simultaneous almost sure convergence of these rational
approximations shows that the corresponding joint distributions of Z and Y
coincide. Thus Z is a random variable in R with the same distribution as
Y.

By (3b), there exists a random variable X : () — € that is a modification of
Z. For every rational q, X (q) — Z(q) = X(q) almost surely, which completes
the proof.

Remark. The result remains true if Y is not defined on the same probabil-
ity space as the sequence (X;,)n>1: we can still extend Z to [0, 1] as a random
variable in R with the same finite-dimensional distributions as Y, using
question (4a).

Indeed, for every t € [0, 1]\Q, consider a sequence of rational numbers
qn — t. By continuity of Y, Y(qy) converges a.s. to Y(t). Since Z and Y have
the same finite-dimensional distributions, the two sequences (Y(qn))n>1
and (Z(qn))n>1 have the same distribution. By (4a), there therefore exists
a random variable denoted by Z(t), the almost sure limit of (Z(qn))n>1. It
follows that Z has the same finite-dimensional distributions as Y.

Remark. This exercise is inspired by Theorem 3.24 in O. Kallenberg, Foundations of
Modern Probability (2nd Edition), Springer.

* ok %

Solution to Problem 4.12. [statement p. 160]

Part one.

(1) This follows simply from the fact that a function of the form

f(x) = max(cg, c1 — d(x,x1),...,cn— d(x,%xn))

is bounded and continuous.

(2) By linearity of the integral, we then have [fdp, — [fdu for every bounded

Lipschitz function f, which implies that p, = p by the portmanteau theorem.

(3) We start by checking the hint. Let f € Lip, (E) be bounded and satisfy f > co.

If n > 1, we have f(x) > cg and f(x) > f(xn) — d(x, xn) because f is 1-Lipschitz.

Thus f(x) > sup,,, max(co, f(xn) — d(x,xn)).
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Next, fix ¢ > 0 and check that we can find n > 1 such that f(x) < max(cg, f(xn) —
d(x,xn)) + €. By density, let x satisfy d(x, xn) < ¢/2. Then

(xn) +f(x) —f(xn) — ¢
+d(x, xn) —2d(x, xn)

(xn) — d(x,xn),

which proves the result.

To prove the converse, let f € Lip, (E) be bounded and let ¢y satisfy f > cg. For
i>1,set
fi(X) = maX(COI f(Xl) - d(X/ Xl)/ s f(xi) - d(X/ Xi)) .

The sequence (f;) increases pointwise to f. Each f; is exactly of the form of the test
functions in the assumption; hence, for fixed i, the assumption gives

in dlin — indu.
Since [ fidun < [ fdpn, we deduce that
J fidp < liminf J fdn.
n—oo
By monotone convergence, letting i — oo gives

J fdu < l1m mf J fdun.

Replacing f by —f yields the desired result.

(4) Asin (1), the forward implication is immediate. For the converse, let A > 0 be
such that d(x,y) < A for every x,y € E. Observe that the map

D: 0,A]™ — R
(t1,...,tn) — max(cg,c1—t1,...,cn—tn)

can be approximated uniformly by polynomials in ti,...,t, by the Stone-
Weierstrass theorem, which completes the proof.
Part two.

(5) For the forward implication, for e €]0, 1], Markov’s inequality gives:

Mx € [0,1] : [fn(x) — f(x)| = €}
=AMx € [0,1] : min(1, [fn(x) — f(x)]) > €}

1
< 1] min(1, [fa(t) — FOdt,
€ Jo

which tends to 0.
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For the converse, suppose that A({x € [0,1] : |[fn(x) —f(x)| > €}) — O for every
e > 0. Lete €]0,1[ and write A = {x € [0,1] : [fn(x) — f(x)| > €}. Then

1
J min(1, | (t) — f(t)])dt < J

1dt+J edt < A(A) +¢,
0 A

AC
so that d(fy, f) < 2¢ for sufficiently large n.

(6) Suppose that f, — fin E. Choose a subsequence indexed by ¢ such that, for every
n>1,

1 1
M({re 01y - iz 1o} < o

By the Borel-Cantelli lemma, fg,,,) converges almost everywhere to f.

(7) The space L([0, 1], dt) is separable, and d(f, g) < ||f— g||1. Itis dense in E: the trun-
cations f™ = (—m) V (f Am) belong to L! and converge to f for d by dominated
convergence. A countable dense subset of L! is therefore dense in E.

For completeness, let (f;) be a Cauchy sequence in E. Choose a subsequence
indexed by ¢ such that d(f 1), fg(5)) < 272 Then

MIfgi41) — fopl > 271 <27,

By Borel-Cantelli, the successive differences are eventually bounded by 277 al-
most everywhere. The subsequence is therefore Cauchy almost everywhere and
converges to a measurable real-valued function f, defined arbitrarily on the excep-
tional set. By dominated convergence, d(fy;), f) — 0. The Cauchy property then
implies d(fn,f) — 0.

Part three. Fort e [0,1]and ¢ > 0,set I, =[0,1]N[t—¢,t+ €] and
1
}\(It,e)

Since |arctan x — arctany| < mmin(1,[x —yl), the map Ay, is continuous for d. For

Are(f) = L arctan(f(u)) du.

every f € C, continuity of f gives A1, (f) — arctan(f(t)). Thus the evaluation map
T (f) = f(t) = tan(limy, At /m(f)) is measurable. The map (f, t) — f(t) is then jointly
measurable, since the paths are continuous. This also justifies evaluations at random
times and the applications of Fubini below.

(8) Separability follows, for example, from separability of the metric space of continu-
ous functions from [0, 1] to R equipped with the uniform norm, together with the
fact that d(f, g) < ||f — gl|co for every f,g € C.

Next, clearly d(f, g) < 1forallf,g € C.

Finally, (C, d) is not complete. Indeed, if we set

0 ifx <31,
fn(x) = n(x—%) if%<x<%+%,
1 ifx>1+1
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©)

(10)

the sequence fy, is Cauchy for || - ||, hence for d, but does not converge. Indeed, if
it converged to a continuous function f € C, it would also converge to f in E. But
fn — L1/, for || - ||1, hence in E. Thus f = 1 s 1) almost everywhere, which is a
contradiction.

Let F: R*¥ — R be bounded and continuous. It suffices to show that

n—oo

To this end, write

E [F(Xn(ul)/ oo /Xn(uk))]

_E “ FXa(t1), -, Xn(t0))dty - - dbi
011
—E[D(X,)],
where
o: ¢ — R

f — f[o,l]k F(f(tq),...,f(ty))dty -~ - dty

It then suffices to observe that @ is bounded and continuous. It is bounded
because F is bounded. If f, — f for d, every subsequence has, by (6), a further
subsequence converging almost everywhere to f. By dominated convergence on
[0,1]%, the images of this further subsequence under ® converge to ®(f). The
subsequence criterion for convergence therefore gives @ (f,,) — @(f).

Let (fn)n>1 be a dense sequence in C. By question (4), it suffices to check that, for
every k > 1 and every polynomial P in k variables, we have

E[P(d(Xn, f1),...,d(Xn, fi))]  —  E[P(A(X, f1),...,d(X, fi))l. 8)

n—oo

Now

E [P(d(Xn, f1),...,d(Xn, fi))]
P (
is a linear combination of terms of the form

| e
(AT

with N > 1 and g; € {fy,...,fx} for every 1 <1i < N. For fixed t;,...,tn € [0,1],
we have

1 1
=E J min(l,an(t)—fl(t)l)dt,...,J
0 0

min(1, [Xn(t) — fk(t)l)dt>]

dt; - - - dty

N
H min(1, [Xy (t;) — gi(ti)l)
o1

N

[ Tmin(1, Xa(t) = gi(to))

i=1

E = E[Y(Xn(t1), ..., Xn(tn))]
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with
Y. RN — R
(x1,...,xn)  — [Ty min(1, I — gi(t;)])

bounded and continuous. Thus, by dominated convergence,

| E
[0,1]N

N

J [ min(1, Xa(t) — 91(t1)|)] dty - - ditn

i=1

N

[ [ min(1, X(t:) - 91(’%)!)] dty - - - ditn
i1

— J E
n—o0 [0’1] N

This proves (8) and completes the proof.

(11) First suppose that X, converges in distribution to X. For k > 1 and a bounded
continuous function F : R* — R, set

q)(f)Zk'J F(f(tq),...,f(ty)) dty - - - dity
O<ty < <t<l

As in (9), question (6) and dominated convergence show that @ is bounded and
continuous for d. Since (VF, ..., V§) has density k! on this simplex, independence
gives

E [FXa(VE), .+, Xa(V)] = E[0(X)]
— E[@®(X)] =E [FX(VE), ..., X(Vi)] .

n—,oo
This proves the forward implication.

For the converse, we may take the vk o, Vl‘j to be the rearrangement of the first
k terms of a single sequence (U;)i>1 of i.i.d. uniform random variables on [0, 1],
independent of (X )n>1 and X. Write p(x,y) = min(1, |[x —yl). For fixed g € €, we
will approximate d(f, g) by

K
Dig(f) = 1 3 0(f(VE), g(i/)).
i=1
Compare this quantity with
1 ¢ 1 ¢
Ag(f) = 1 ; p(F(VE), g(Vi) = ; p(F(Us), g(Us)).

For deterministic f, the k terms in this average are i.i.d., take values in [0, 1], have
mean d(f, g) and variance at most 1/4. Thus

1

E [|Ay4(f) — d(f, g)l] < Var(Ay4(f)"/2 < N
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Next, set
Ay = ma>§< !Vk i/k|, wg(8) = sup I[g(s)—g(t)].

Sis s,tel0,1]
ls—t|<8

If F¢ denotes the empirical distribution function of Uy, ..., Uy, the almost sure
absence of ties gives Fk(Vik) =1/k, hence

Ay < sup [F(t) —t 5000

by the Glivenko—Cantelli theorem (Exercise 1.8). Now
Dy, g(f) — Ay g(f)] < min(1, wy(Ay)).

Uniform continuity of g and dominated convergence therefore give

sup E [|Dy 4(f) — d(f, g)I] < —= + E min(1, wg(Ax))] =: ey — 0.

fel 2\/_
This bound does not depend on f. By independence, it therefore remains valid for
f = Xy, uniformly in n, as well as for f = X.

Now let gy,...,gr € C and let P be a polynomial in r variables. For fixed k, the
assumption gives

E [P(Dig,(Xn), ..., Dig,(Xn))] — E[P(Dig,(X), ..., Dig.(X)],

n—oo

because the expression being tested is a bounded continuous function of
(Xn(Vf),...,Xn(V]L‘)). The polynomial P is Lipschitz on [0,1]": there exists
L > 0 such that |P(a) — P(b)| < LZ]T:l la; — bj| for a,b € [0,1]". By the triangle
inequality, the preceding bound implies

lim sup!lE [P(d(Xn, g1),--.,d(Xn, gr))]

n—oo

—EP(d(X,g1),...,d(X, gr)] 2LZ€kg)

Letting k tend to infinity yields convergence of the expectations of all polynomials
in these distances. We then choose the g; from a dense sequence in (€, d), which
is separable and bounded by (8), and question (4) implies that X, converges in
distribution to X.

Remark. Part of this problem is inspired by Aldous, D., & Pitman, J. (2002). Invariance
principles for non-uniform random mappings and trees. In Asymptotic Combinatorics
with Application to Mathematical Physics (pp. 113-147). Springer, Dordrecht.
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Solution to Problem 4.13. [statement p. 161]

(1) We begin by showing that

()

P as 9)

t t—o00
Clearly P(t) — oo as t — oo, because P is nondecreasing and P(S,) = n. Observe
that Sp(y) <t < Sp(y)11. Let 0 < e < 1. By the law of large numbers, there exists
N > 0 such that, for n > N, we have [S,,/n — 1| < ¢. Then, for t large enough that

P(t) > N, we have
(1— €)P(t) < Spy < t < Sprega < (1+€)(P(1) +1).

It follows that
1 1  P(t) 1
—— < — <

1+¢ t t 1—c¢

and (9) follows.

Let us return to uniform convergence on [0, T]. On the event of probability 1 where
(9) holds, fix ¢ > 0 and choose N > 0 such that |[P(t)/t — 1| < € for t > N. Splitting
the times into nu < N and nu > N, we obtain

P(N)+N

—uf < TR e
n

sup
0<u<T

The first term tends to zero. We conclude by letting ¢ | 0.

By definition, observe that, for u = Sx/n, we have

_ ISk — K|
—

‘ P(un)

K_ S
n

—ul =
n n

For every M > 0, the central limit theorem gives
P([Sx —KI>M) —1 (K — o0).

Indeed, (Sx —K)/VK converges in distribution to a standard normal law, which
has no atom at zero, and M/ VK = 0. Consequently,

P |sup|Sk—K|>M | =>supP (|Sx — K| >M) =1.
K>1 K>1

Intersecting these events over integers M > 1 gives supy [Sx — K| = oo almost
surely. The preceding identity therefore implies, simultaneously for every integer
n>l1,

— u’ =00 almost surely.
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3)

(4)
(5)

Fix T > 0 and set

P(nt) 4

An = sup o

0<t<T

, wt41(f,8) = sup [f(s) —f(t)].
0<s,t<T+1
|s—t/<8

By (1), An, — 0 almost surely. For 0 < 8 <1, on{A, < 8}, the times t and P(nt)/n
belong to [0, T + 1] and are at distance at most 6. Thus, for every n > 0,

r < sup Yn (P(Tlt)> _Yn(t)’ > T])
0<t<T n

<P (An > 8) + P (wrs1(Yn,8) >m).

Convergence in distribution of the restrictions of Yy, to [0, T 4 1] implies their
tightness. The tightness criterion using moduli of continuity therefore gives

limlimsup P (wt41(Yn,8) >1) =0.

840 n—oo
Letting n — oo and then 6 | 0 in the preceding bound yields the required
convergence in probability. For T = 0, the difference is identically zero since
P(0) = 0 almost surely. No independence between P and Y;, is needed.

This follows from the global Picard-Lindelof theorem ({3 is Lipschitz).

Step one. First check that, almost surely, there exists K > 0 such that |Z,,(t)| < K for
everyn > landevery 0 <t < T.

By question (1), almost surely there exist two constants a, b > 0 such that P(t) <
a + bt for every t > 0. Moreover, since 3 is Lipschitz, there exist two constants
A,B > 0 such that [3(z)] < A+ BJz| for z € R. Then, for 0 < t < T, by definition of
s

t t

Zn(8)] < |Zn(0)]+ = +bj B(Zn(s))ds < |Zn(0)] + = +bj (A + B|Zn(s)])ds.
n 0 n 0

We deduce that
t

|Za (1) < |Zn(0)|+%+bAT+bBJ |Zn(s)|ds.
0

By Gronwall’s lemma, it follows that, for every 0 <t < T:
Za(0)] < (1Z0(0)] + = + AT ) 0T,
n

Since |Z,,(0)| converges as n — oo, the right-hand side is bounded, which com-
pletes step one.

Step two. We show that almost surely there exist M > 0 and L > 0 such that, for
every t € [0, T], we have

t
Za(t) — 2()] < 1Zn(0) — 20/ + sup 1|15(nMs)|+LJ Za(s) — 2(s)]ds

0<s<t 0

177



Limit theorems and applications Exercises 4. Continuous functions

where we have set P(t) = P(t) —t.
Using the fact that z(t) = zp + f(t) B(z(s))ds, we write

t
Zna(t) —z(t) = Zn(0) — 29 + %13 (nJ B (Zn(s)) ds>

t t ’ i
— (J B(z(s))ds—J B (Zn(s)) ds) )
0 0

Let L > 0 be a Lipschitz constant for 3 and let M > 0 be such that [3(x)| < M for
every —K < x < K. Then, for0 <t < T:

t
20(t) = 2(0) < 120(0) ~ 20|+ sup ~IPMS)|+ L | 1Za(s) —2(s)lds.

0<s<t 0

This completes step two.

Step three. By Gronwall’s lemma, for every t € [0, T], we have

0<s<t

|1Zn(t) —2(t)] < (Izn(o)—20|+ sup 1IlA’(nMS)I) e't.

Thus
sup |Zn(t) —z(t)] < (IZn(O)—ZOI+ sup lIIA’(nMS)I> ell,

0<t<T 0<s<T

which tends almost surely to 0 by assumption and by question (1).

Remark. This problem is inspired by Theorem 5.2 in Stochastic Epidemic Models
and Their Statistical Analysis (Andersson & Britton).

L

Solution to Exercise 4.14. [statement p. 162] Write ¥ = {BN C(K,E) : B € B(E)%K},
which is indeed a sigma-algebra on C(K, E).
Since, for every x € Kand A € B(E), {f € C(K,E) : f(x) € A} = {f € EX: f(x) €
AINC(K,E) € 7, the sigma-algebra J indeed makes the projections Iy measurable.
Now let G be a sigma-algebra on C(K, E) making all the projections Iy measurable,
and consider
(B € B(E)**:BNC(K,E) € G

K K

This is a sigma-algebra containing the cylinder sets of B(E)®", so it equals B(E)®",

which completes the proof.
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Limit theorems and applications Exercises 5. Donsker and Brownian bridge

5 Donsker’s theorem, Brownian bridge

Related lecture notes: Chapter 5, p. 55 and Chapter 6, p. 62.

5.1 Exercises

Exercise 5.1. [solution p. 185] Let (Bt)¢>0 be standard Brownian motion taking values in
RR. For every ¢ > 0, set:

Bi” = —=B...

NG
(1) Show that the family (Bl9), ¢ > 0) of (R, R)-valued random variables is tight.

(2) Suppose that 0 < c < 1. Show the equality in distribution

@

((Best, t = 0),(BI,0< s < 1)) ((v/cB] + Byt >0),(B,,0< s < 1)),

where B’ is a process independent of B with the same distribution.

B)LetO<tj <ty <--- <ty <land0<t] <--- <ty <1be strictly positive real
numbers, and retain the notation of the previous question. Show the convergence
in distribution

(c) (c) (d)
(Btl,...,Btk,Bt{ "“'B"{a) ch (By,, ..., By, {{,..., {l,d).
(4) Deduce that (B, B(¢)) converges in distribution in C(R.,R)? to (B,B’) as ¢ — 0.
Explain why this result may seem surprising.

(5) What happens in the previous question if we instead let ¢ — 00?

* % F

Exercise 5.2. [solution p. 186] Let (X;)i>1 be i.i.d. centered real-valued random variables
with variance 1. Set Sg =0, S, = X+ -+ Xy, aswellas Ag =0, A, =S1+ -+ Sn.
Define (St)¢>0 and (A¢)¢>0 by linear interpolation. Finally, for 0 < t < 1, write

Ant

(n) ()
si=2nt Al Ont
t t TL3/2

Show that (SM, A(M) converges in distribution in €([0, 1], R)? to a limit whose distribu-
tion you should identify.

* % F

Exercise 5.3. [solution p. 186] Let (bt)o<t<1 be a standard Brownian bridge.

Show that, almost surely, for all s,t €]0,1[, if s # t and if s and t are times of local
maximum of b, then bg # by.

You may assume that, almost surely, the values of the local maxima of Brownian motion are
pairwise distinct.
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Exercise 5.4. [solution p. 187] (Functional strong law of large numbers)

(1) Let (Xi)i>1 be i.i.d. real-valued random variables such that E [[X;]] < oco. Set
So=0,Sh =X; + -+ X,, and define S; by linear interpolation for t > 0. Finally,
write

Snt

sM="0 430, n>l.
n

Show that, almost surely, the following convergence holds for the topology of
uniform convergence on compact sets:

5™)so  — (B Xyl t)so

n—oo

(2) Let (N¢)¢>o be a standard Poisson process with Ny = 0. Show that, almost surely,
the following convergence holds for the topology of uniform convergence on
compact sets:

1
(_Nnt) — (t)t>0-
n t>0 oo

* % F

Exercise 5.5. [solution p. 187] (Details of the proof of Lévy’s theorem) Consider a simple
symmetric random walk (Sp)n>0 (thatis, So = 0 and S = Xj + - - - + X, with (Xj)i>1
iid. and P (X; = £1) = 1). Set

[, = min Sy, 0y =0,
0<k<n

and, forn > 1,
Gn = Card{l <k<<n: Sk — Ik 73 Sk—l — Ik—l}-

Also define 60_1 =0and 9]:1 =inf{n > 1:0,, = k}for k > 1. Finally, set X,, = 5951 —1
and define (Xt)¢>o by linear interpolation.

[

(1) Justify that (X¢)¢>0 and (|St|)t>0 have the same distribution.

(2) Check that (S, — In)n>o is a null recurrent Markov chain and deduce that
1 i 1 =50
n Sc-he=0 T )
k=1

(3) Show that, for every T > 0,

o1
max |5 — k r 0,
0<k<|nT| | M n| n-oo
and deduce that
Xnt (d)
— it > —Li:t>0).
(\/ﬁ.t/0> n:zo (Bt It.t/O)

(4) Conclude that (By — I; : t > 0) and (|B¢| : t > 0) have the same distribution.
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Exercise 5.6. [solution p. 189] Let X be a nonconstant real-valued random variable with
characteristic function denoted by ¢. Recall that X is called lattice if there exist b € R
and h > 0 such that IP (X € b+ hZ) =1, and that its span is the largest such h.

(1) Show that X is lattice if and only if there exists ty € R, such that |d(tg)| = 1.

(2) Show that X has span h if and only if |p(27t/h)| = 1 and |p(t)] < 1 for 0 < [t] <
27t/h.

Now suppose that X takes integer values. Recall that X is called aperiodic if its span is 1.

(3) Suppose that X is lattice with span h. Must we have h € Z?

(4) Is it true that if the greatest common divisor of the support supp(X) of X is 1, then
X is aperiodic?

(5) Suppose that there exists k € supp(X) such that gcd({i —k : i € supp(X)}) = 1.
Show that X is aperiodic.

EOE

Exercise 5.7. [solution p. 190] Give an example of a family of integer-valued random
(n)

variables (Xgn))m% such that, for every n > 1, the random variables (X; )i~ are i.i.d.

and aperiodic, and such that S&n) = Xgn) +- 4+ X%n) satisfies a central limit theorem but
not a local limit theorem.

Exercise 5.8. [solution p. 190] Let n > 1 be an integer. Consider an urn containing 2n
balls, of which n are labeled +1 and n are labeled —1. Draw 2n balls successively,
uniformly from the balls present in the urn at each draw. Set Sp = 0 and, for 1 <k < 2n,
let Sy denote the sum of the first k balls drawn. Define S; for 0 < t < 2n by linear

interpolation. Study convergence in distribution of the sequence

SZnt
2t o<t <1
(\/ﬁ 0 )

in the space €([0, 1], R) in the following two cases:

(1) draws are made with replacement,

(2) draws are made without replacement.
* % F

Exercise 5.9. [solution p. 191] Let (Xj)i>1 be a sequence of independent identically
distributed random variables taking values in Z, with finite variance 2. Suppose that
E [X;] =0and that P(X; = k) > 0 forevery k € Z. Forn > 1,set S, = X1 +---+ Xy,
and let p,, denote the conditional law of X; given that S,, = 0.

(1) Prove that the sequence of probability measures (pn)n>1 converges weakly.

(2) Alix says: if Yy, is a random variable with distribution p,, the sequence of random
variables (Y )n>1 is uniformly integrable. Is she right?
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Problem 5.10. [solution p. 191]
Part one. Consider real-valued random variables I,,,I,(8),1,1(8) for 6 >0and n > 1
such that:

(i) almost surely I(8) — Iasd — 0,
(ii) for every & > 0, I, (0) converges in distribution to I(§) as n — oo,

(iii) foreverym > 1land >0, E [[I,(d) — I.]] < b.
(1) Show that I, — Iin distribution as n — oo.

In what follows, consider i.i.d. aperiodic random variables (X;);>1 taking values in Z
with E[X;] =0, E [X3] =1. Set Sy =0and Sy, = X; +- - + X for n > 1. By convention,
the truncated functions [x|™ 1}~ 5 and [x| Y 1o-}y<s are equal to 0 at x = 0. Let (Bt)>0
be standard real-valued Brownian motion started at 0. Also fix 0 <y < 1.

Part two.

(2) Show that, for every 6 > 0, almost surely the Lebesgue measure of {t € [0,1] : By =
b} is zero.

(3) Show that, for every & > 0, the following convergence holds in distribution:

1 Lo . (d) I 1 X 4
nl—y/2 Zl ’Slly |51|>5\/ﬁ njo |Bt’Y |Bt|>5 t.
1=

0

Part three.

(4) Show that, almost surely, t — ﬁ is integrable on [0, 1] with respect to Lebesgue
measure.
(5) Show that the following convergence holds in distribution:

n

1 1 (d) Jl 1
- — dt.
nl=v/2 p%séo ISiY moo o [BelY

(%) What happens fory = 1?

* 0% F

Problem 5.11. [solution p. 194] The aim of this problem is to study the asymptotic
behavior of a random walk that can sometimes make several identical steps in a row.
Let C denote the set of continuous functions from [0,1] to R equipped with the
uniform norm.
The first three parts can be treated independently of one another.
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Part one. LetH € [1/2,1]. Consider a random variable W = (W} )<< taking values
in C with the following properties:

a) (Wi)o<t<a is a centered Gaussian process, that is, for every k > 1, all 0 < t1 <
<ty <landall ay,...,ax € R, the random variable a;Wy, + - - - + ax W4, is
centered Gaussian.

b) Foralls,t € [0,1], we have E [W,W{] = 5 L(s2M + 21 — s — 1),

The family (IE [W;Wi])o<s1<1 is called the covariance function of W. Recall that the
law of a centered Gaussian process is determined by its covariance function. In-
deed, if (X1,...,Xy) is a centered Gaussian vector (that is, every linear combina-
tion of its coordinates has a normal distribution), its characteristic function, writing
u=(ug,...,uy) € R",is

d)(XL.-.,Xn)(u) = E [ei(u1X1+-..+uan) —e 2uTKu

where T denotes transposition and K = (E[X;Xj])1<ij<n is the covariance matrix.
Finally, let Py denote the law of W (the existence of IPy will be proved later in this
problem).

If Z is a random variable with centered normal distribution N(0, 02) and variance
02, prove that E [Z*] = 30%.

Assume that P exists for every 1/2 < H < 1. Prove that the map

O : [1/2,1] — (M(C),drp)
H —> ]PH

is continuous.

Prove the existence of Py when H = 1.

Part two. Let H €]1/2,1[. In this part, (Y;)i>1 are centered real-valued random vari-
ables with finite variance. Set So = 0 and S = Y1 + - - - 4+ Yy, for integers n > 1. Finally,
define S; for t > 0 by linear interpolation and, forn > 1 and t € [0, 1], set:

S
Zn(t) = n—*}j

In this question, suppose that the following properties hold:

a) foreveryn > 1land i > 1, S;4i — Sy, has the same distribution as S;.
b) E [S2] = O(n*)asn — oo.

c) (Zn) converges in finite-dimensional distributions in €.
Prove that Z, converges in distribution in C as n — oo.
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In this question, suppose that the following properties hold:

a) (Yi)i>1 is a Gaussian family.
b) foreveryn > 1andi > 1, S;4i — Sy, has the same distribution as S;.

) E[S2] ~c-nMasn — oo, with ¢ > 0.

Prove that Z,, converges in distribution, as n — oo, to (vc- Wi :0 <t < 1) where
the law of W was defined in part one.

Part three. Let p € [0,1]. In this part, (Xn)n>1 are independent random variables
such that X; has a Bernoulli distribution with parameter 1/2 and, for n > 2, the
random variable X;, has a Bernoulli distribution with parameter 1 —p. Forn > 1, set
Yn = (=X X then Sy = 0and Sy, = Y7 + - - - + Y. Thus the steps of the walk (Sy,)
are £1, the first step is +1 with probabilities 1 / 2 and, for n > 2, the n-th step equals the
(n — 1)-th step with probability p and the opposite of the (n — 1)-th step with probability
1 —p. Finally, define S; for t > 0 by linear interpolation.

Prove that, for alli,n > 1, we have E [Y;Yi.n] = 2p—1)™

When p = 1/2, prove that (Snt/v/n: 0 < 1) converges in distribution in C to
the law of W defined in part one for H =1 / 2.

Part four. Let H €]1/2,1[. Let P be a random variable taking values in [1/2, 1] with

distribution
(1—H)2 21 — )21y gy (x)dx.

In this part, let X = (Xn)n>1 denote a sequence of random variables which, condition-
ally on P, are independent and such that X; has a Bernoulli distribution with parameter
1/2 and, for n > 2, the random variable X, has a Bernoulli distribution with parameter
1—P. Formally, if, for p € [0, 1], u, is the law of a sequence of independent Bernoulli
random variables whose first term has parameter 1/2 and whose other terms have
parameter 1 —p, the law IPx of X is characterized by the fact that, for every event A in
{0, 1N", we have

Px(A) = L ux(A) - (1= H)2 21 =) 3y (x)dx.
Now let (X¥);>1 be a sequence of i.i.d. random variables with the same distribution
as X. Fork > 1, set X* = (XK)51. Fork,n > 1, set Y = (— 1)XE++X3,

YotV
vk
distributions to a centered Gaussian process (Gn)n>1 satisfying:

(8) | Prove that, as k — oo, ( n > 1> converges in finite-dimensional

a) foreveryn > 1, E [G2] =
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b) for everyn > 1 and i > 1, the quantity r(n) = E [G;Gi1] does not depend
on i, and we have

1 H(2H —1) with ey = H(H —1)

H(2H-1) 1
2 (1-H)2B-2H " h2—2H

Remark. You may assume that ﬁ /2(2u — 1M1 —uw)2Hdu ~ 1
asn — oo.

Set Vo = 0and Vo, = Gy +---+ Gy for n > 1, and define V; for t > 0 by linear
interpolation. Prove that

n—oo

(CH%:OStgl) Y wio<t<),

where the law of W was defined in part one.

5.2 Solutions

Solution to Exercise 5.1. [statement p. 179]

(1) For every c > 0, the process B(¢) is continuous, centered Gaussian, and
E [B(C)B(c)} = 1min((:s ct) = min(s, t)
S t - c 7 — 7 .

It therefore has the law of Brownian motion. The family of its laws consists of a
single probability measure on the Polish space C(IR, R): it is tight.

(2) The process (B¢t — B¢)i>0 is Brownian motion independent of (Bs)o<s<c, and
hence of (Bgc))ogsgl. Since B, = /¢ Bgc), the claimed equality in distribution
follows.

(3) By (2),
(Bt :1<i<k B :1<j<K)
)
D (V/eB+By:1<i< ki Bl 1<) <K).

The right-hand side converges almost surely to the desired vector as ¢ — 0.
By continuity of B, maxj<i<k [Be+t; — By,| — 0 almost surely. Slutsky’s lemma
therefore allows us to replace B¢, by By,.

(4) Tightness of the two marginals implies tightness of the pairs: if a compact subset
K of C(IR,R) satisfies IP (B ¢ K) < ¢, then

P ((B,B[C]) ¢ K x K) < 2.
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The argument in (2)—(3) applies on every [0, T]: simply replace c by cT in the shift
of the first process and /c B by y/c B}. The finite-dimensional distributions of the
pairs therefore converge to those of two independent Brownian motions. Together
with tightness, this gives convergence in distribution in ¢(R+, R)?.

This result may seem surprising because, for each c, the process B(®) is entirely
determined by B, whereas the two limiting processes are independent.

(5) The limit is again a pair of independent Brownian motions. Indeed, if W = B(¢),
then W is Brownian motion and W1/¢) = B. Thus

(B,Bl)) & (pli/e) g,

Apply (4) with 1/c — 0, then swap the two coordinates.

Solution to Exercise 5.2. [statement p. 179] The limit is the pair

t
((Bt)ogtglz (J Bs dS) > ,
0 o<1

where B is standard Brownian motion. To see this, set ]i fo ) ds. The map

)

is continuous from C([0, 1], R) to its square, for the uniform norms. Donsker’s theo-
rem and the continuous mapping theorem therefore give the claimed convergence for
(S, .,

It remains to compare A™ and J™). Linear interpolation of A gives the identity

S
(n) J Sns]
A ds.
t 0 v

On the interval [(i—1)/n,1/n], IS Ms] — Snsl < [Xi for almost every s. Thus

sup AU — M) fZ|><|

0<t<1

whose expectation equals E [|X;]] /v/n and tends to 0. Slutsky’s lemma completes the
proof.

* % F

Solution to Exercise 5.3. [statement p. 179] Fix r €]0, 1[. By Proposition 6.2, the law of
(bt)o<t<r is absolutely continuous with respect to that of Brownian motion on [0, v]. The
assumed property of Brownian motion therefore implies that, almost surely, the values
of b at its local maximum times in ]0, r[ are pairwise distinct.

For m > 2, set 1y = 1 —1/m. Intersecting the preceding events over all m gives
an event of probability 1. On this event, if s,t €]0, 1[ are two distinct local maximum
times of b, choose m large enough that max(s,t) < rm,. These two times are also local
maximum times of the restriction of b to [0, 7], so bs # by. This completes the proof.
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Solution to Exercise 5.4. [statement p. 180]

(1) Setm = E [X;] and Ry = Sx —km. The strong law of large numbers gives Ry /k — 0
almost surely. On this event, for every ¢ > 0, there exists K such that [Ry| < ek for
k > K. Forevery T > 0,
1 1 nT]

— max__ [Ry| < — max [Ry[+¢ .
N 0<k<[nT] 1 0<k<K n

Letting n tend to infinity, then ¢ to 0, we see that the left-hand side tends to 0.
Linear interpolation then gives

S 1
it—mt‘g— max |Ry| — 0.

su
P n N 0<k<[nT]

0<t<T

This holds on the same event of probability 1 for every T > 0.

(2) The increments (Ny — Ny_1)x>1 are i.i.d. with Poisson distribution of parameter 1.
By (1), almost surely, for every T > 0,

1
— max |Ny—k| —0.
N 0<k<[nT]

Since N¢| < Nnt < Ny, we obtain

0<t<T

Solution to Exercise 5.5. [statement p. 180] Set Ry, = S — Iy and T = 0, 1A step of Ris
zero exactly when S reaches a new strict minimum. Consequently,

The strong law of large numbers, in its functional form proved in the previous exercise,
implies I,/n — 0 almost surely. Thus 6,,/n — 1, and all the times T are almost surely
finite.

(1) The chain R has transition probabilities

_1
=
The chain (Xy)x=0 = (Rr, )k>0 is obtained by removing the zero steps at 0. By

p(0,0) =p(0,1) pI-1=pli+1 =3 (21

independence of the walk’s increments at stopping times, it starts at 0, moves
from 0 to 1 with probability 1, and, from every j > 1, moves toj—1 or j+1
with probabilities 1/2. These are exactly the transitions of (|Sk|)x>0, so the chains
have the same distribution. Finally, for a walk with steps £1, [S¢| is the linear
interpolation of the [Sy|: no segment crosses 0 in its interior. The equality in
distribution therefore also holds for the continuous processes.
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()

(3)

The chain R is irreducible on IN. Until its first visit to 0, it evolves like a simple
symmetric random walk. For this walk started atj € {1,..., M —1}, let Hy and Hpq
denote the hitting times of 0 and M. The gambler’s ruin formulas give

P;(Ho < Hy) =1— ]M Ey[Ho AHpl = M —1.
They can be recovered by solving, with the boundary conditions, the relations q; =
(qj_l + C|j+1)/2 and W = 1+ (uj_1 +u)~+1)/2 45 = 1 —)/M with do = 1, M = 0,
and uj = j(M —j). Letting M — oo gives IPj(Hp < oo) = 1 and [E;[Hg] = oco. Thus
R is recurrent. Started at 0, it takes its first step to 1 with probability 1/2; its first
return time to 0 therefore has infinite expectation. It is null recurrent.

To deduce the required statement, let 0 = Top < T; < T, < - - - denote its successive
returns to 0. The random variables T; — T;_; are i.i.d., positive, and have infinite
expectation. For each integer M > 1, the strong law gives

T.
lim inf - > E [min(T;, M)] almost surely.
jzroo )
Letting M tend to infinity shows that T; /j — oo almost surely. If L, = max{j : T; <
n}, then

1 & L L
—Zﬂszoz—né—n—W
nk:1 n T,

almost surely, the inequality being used for L, > 1.

The convergence 0,,/n — 1 implies Ty /k — 1 almost surely: indeed, 0, = k and
T — 00. Moreover, Ty11 > Tk + 1, so Ty — k is nondecreasing and nonnegative.
For every T > 0,

T Kk TnT| — |_TLTJ

-~ _‘ = 90 almost surely.
n o on n

0<k<|nT]

We therefore even have almost sure convergence in the required statement.

Extend R by linear interpolation and set Rin) = Rnt/yv/n. For the interpolated

simple random walk, Ry = St — infycs<t Ss. The map that subtracts the running
infimum is continuous for uniform convergence on compact sets, since

sup
t<T

(fm - inff(s)) - (g(t) - infg(s)) ‘ < 2suplf(t) - g(t).

s<t s<t t<T
<

Donsker’s theorem therefore gives RM™ = (B, — It)t=0-

Let A, be the piecewise affine function taking the value ti/n at time k/n. By the
preceding argument, A,, converges almost surely to the identity, uniformly on
compact sets. Slutsky’s lemma and continuity of composition give

RMoA, = (Bi—1I)so.
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4)

Interpolation must be taken into account: if T 11 = T + 1, the paths Xnt/v/n
and Rg\:]( 0 coincide on [k/n, (k+1)/n]. Otherwise, R stays at 0 between 1} and
Tk+1 — 1, then rises to 1, whereas X interpolates directly from 0 to 1. In all cases,

Xnt _ pn) 1

Um0 S

This gives the required convergence in distribution.

sup
0

By (1) and Donsker’s theorem, (Xnt/v/n)t>0 also converges in distribution to
(IBt|)t=0, since the map f +— [f| is continuous. Uniqueness of the limit in distribu-
tion gives

(d)
(Bt —Itlt=o0 = (Bil)t=o-

* 0% F

Solution to Exercise 5.6. [statement p. 181]

(1)

(2)

)

(4)
(5)

If P (X € b+hZ) =1, then |p(27t/h)| = 1. Conversely, if |p(tg)| = 1, the random

variable "X of modulus 1, is almost surely constant. There therefore exists b € R
such that
]P(Xeb+|2t—"|Z> —1.
0
Question (1) shows that every t # 0 such that [$(t)| = 1 yields a lattice spacing

2nt/[t]. Thus h is the span if and only if h is a lattice spacing and no spacing strictly
greater than h is possible, which is exactly equivalent to the two stated conditions.

Yes (for nonconstant random variables): if IP (X € b+ hZ) = 1, taking k; # k; in
the support of X gives k; = b+ ha; and ky = b + hay for integers a; and ap, soh
is rational. Now suppose, for a contradiction, that the span of X is rational but not
an integer. Writing it as h = p/q with p, q > 1 coprime, and considering k; — kp,
we see that p divides k; — kj. Since the span of a random variable is unchanged
by adding the same quantity to every element of its support, we may assume that
all elements of the support of X are divisible by p. The random variable Y = X/p
taking values in Z then has span 1/q, which is a contradiction, since the span of
an integer-valued random variable is clearly at least 1.

No; take, for example, X with support {1, 3}; the span is 2.

Let k € supp(X) be such that gcd({i —k : i € supp(X)}) = 1. By (3), the span h
is a strictly positive integer. Since the support is contained in a translate of hZ,

h divides every difference i — k, and hence their greatest common divisor. Thus
h=1.
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Solution to Exercise 5.7. [statement p. 181] For n > 2, take i.i.d. random variables in
each row with distribution

]P <X§T1) = O) = 1 - ein —1’171/2/ IP (X‘(ln) — 1) = e*n, IP (Xgn) — 2) — n*l/z'

These three probabilities are positive: the distribution is aperiodic. For n =1, take a

Bernoulli distribution with parameter 1/2. Set m,, = E [Sg‘)} and sﬁ = Var(ST(ln)). For
n>=?2,
M =n(e ™ +2n"?), s2=mn (e‘“ +An 12— (e 4 2n_1/2)2> ~ 4y/1.
The centered random variables in each row are bounded in absolute value by 2, while
sn — 00. Lindeberg’s condition is therefore satisfied, giving
(n)
Sn - mn
N(0,1), —
Sn = NO1) 2nl/4
However, the local convergence
1 (k — mn)?
P (St =k) - —=exp (5 )| —0
Sn n 5 SXP 252

fails. Indeed, choose an odd integer k;,, with |k, —my| < 1. An odd sum contains at

= N(0,1).

sup
keZ

least one term equal to 1, so
snP (S;n) = kn> < spP (sﬁ{” is odd> <spme ' — 0,

whereas the Gaussian term at k,, tends to 1/v/27.

* ok o

Solution to Exercise 5.8. [statement p. 181] Let (X)i>1 be a sequence of i.i.d. random
variables with distribution P (X; =1) =P (X; = —-1) =1/2,and write S, = X; +--- +
Xn forn > 0. We have E [X;] =0and E [X3] = 1.

(1) We have convergence in distribution to /2 times Brownian motion on [0, 1]. Ob-
serve that (S;)o<i<on has the same distribution as (S/)o<i<2n, and the result follows
from Donsker’s theorem.

(2) We show that the sequence converges in distribution to v/2 times the Brownian
bridge. The paths (Si)o<i<on have the same distribution as (S{)o<i<on conditioned
on S} = 0. To use exactly the aperiodic version of the theorem, set

_ Xoi1+ X Sok

, T =Y+ - +Y, = =5,
5 k i i ol §% >

The Y; are i.i.d., centered, with variance 1/2, and their distribution on {—1,0, 1},

Yi

with probabilities 1/4,1/2,1/4, is aperiodic. Interpolating T linearly, the condi-
tioned Donsker theorem gives

(i'0<t<1> under P(- | T, =0) = b.

Vn/2
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On each two-step interval, the two interpolations satisfy [S}, ., —2Tn¢| < 1. After
division by /n, this difference tends uniformly to zero. Since T,, = 0 is equivalent
to S5 =0, Slutsky’s lemma gives the claimed limit v2b.

* ok ok
Solution to Exercise 5.9. [statement p. 181]

(1) For k € Z, write:

P (Sy 1 =—k)
k)=P(X; =klSqy =0) =P (X; =k)-
anl) = P (X1 = KISy =0) = P (X) =) -~ et —
By the local limit theorem, the numerator and denominator are both asymptotic
1
to Ny that

un(k)  — P (Xy=k).

n—oo

Thus p, converges weakly to the law of X;.

(2) Yes, she is right. Let us check that (Yy,)n>1 is bounded in L2, which implies the
desired result. We have

E [Yﬁ] - keZZkzlp (X1 =K)-

P (Sn—l = —k)
P (Sq =0)

By the uniform local limit theorem, there exists C > 0 such that, for every n > 2

and k € Z,
P (Sn—l - _k)

P (Sq =0)
Indeed, the numerator is uniformly O(n~'/2?) and the denominator is asymptotic
to (2rto?n)~1/2. We absorb the initial values of n into C since P (S, =0) > 0.
Thus E [Y2] < CE [X3] for n > 2. Finally, Y; = 0 almost surely. The sequence is
therefore bounded in L2, and consequently uniformly integrable.

< C

* % F

Solution to Problem 5.10. [statement p. 182]

(1) This is a variant of the converging-together principle. We show that, for every
closed set F,
limsupP (IneF) <P(I€F). (10)

n—oo
By Markov’s inequality, for n > 0, we have IP (|I,(8) — 4| > 1) < %. Thus, writing
F1 for the closed n-neighborhood of F, we have

1)
limsupP (I, € F) < limsup P (I, (8) € F) +% <P (I(0) e )+ n

n—oo n—oo
by convergence in distribution of I,,(8) to I(8). Letting 6 — 0 and thenn — 0
yields the desired result (10).

Alternative solution. Alternatively, use the characterization of convergence in
distribution by bounded Lipschitz functions (the portmanteau theorem).
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(2) Apply Fubini’s theorem to (w,t) — 1p,=s:

E
0 0

1 1
| d] [ ps-ga—o

SO f(l) 1p,=sdt = 0 a.s., which gives the result.

(3) For & > 0, set

XI7Y, Xl >3,

(x) =
. 0, x| < 6.
We have the exact identity
1 i 1 S(nﬂ
- =Y _
nl-v/2 l_Zl |54 ]1|Si\>6\/ﬁ - JO 9s ( NG > dt. (11)

By Donsker’s theorem and the Skorokhod representation theorem, we can realize
the interpolated walks Snt/+/n so that they converge uniformly almost surely on
[0,1] to B. Their step-function versions S41/y/1 then also converge uniformly to
B, by uniform continuity of the limiting path. The only discontinuities of g5 are
b and —b. By (2), also applied to —B, these levels are visited on a set of times of
Lebesgue measure zero, almost surely. Finally, |gs| < Y. Dominated convergence
therefore gives the claimed convergence.

(4) We show that
E

|
JO |Bt|ydt < 0 (12)

which will imply that fé ﬁdt < o0 a.s. By Fubini’s theorem and the scaling
property of Brownian motion,

| 1 1 1 1
sl e[ [ Lace[ L],
Jo |B|Y 0 [B+[Y o tY/2 |B1[Y

Since y/2 < 1, it suffices to check that [E [1/|B1|Y] < oco. For this, simply write

E [L:| —J L Le_%zdx< o0
IB1[Y R XY V27

E

because vy < 1, and (12) follows.

(5) Set
1 U | 1 « 1
= nlv/2 Z IS’ n(8) = nlv/2 Z ‘Si|y1‘si|>5\/ﬁ
i=1,5;#0 i=1
and

| |
1:J BN 1(5):J Lyt
o IBlY o IBt]Y [Bel>5
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and check that (1) applies.

Point (i) follows by monotone convergence, and point (ii) follows from question
(3). The delicate point is (iii). To prove it, write:

1 ¢ 1
E [[In(8) —Inll = a2 Z E [@ﬂksiléé\/ﬁ} '
i=1

As a corollary of the local limit theorem, there exists a constant C > 0 such that
P(Si=k) < % forevery k € Z and i > 1 (below, C is a constant depending on
the distribution of the increments and on v, which may change from line to line).
Thus

1 [dv/n] 1
E {@10<Silééﬁ} =) T USil=Kk)

k=1
[8v/n]
1 1
< e
<C Z kY Vi
k=1
1
<C- 8ty nl/2vz, -
Vi

Hence . N 1
Y ; E {@ﬂwsa@ﬁ]
sl=v . n1/2—v/2 . 1
niov/2 i=1 71
S1=v . n1/2—v/2
nl—v/2

n2 < e,

To apply (iii) exactly, set
r(8) = (8/C)Y 1.

Replace I,(9), I(8) by In(r(8)), I(r(8)). The resulting bound is
E [[In(r(8)) = Inll <3,
and properties (i) and (ii) are preserved.

Fory =1, we have

Udt
— =400 almost surely.
o [Btl

This can be seen using Brownian local time, normalized by | (1) h(By)dt =
J g h(x)L} dx. Here we assume the usual properties: x — L} is continuous and
LY > 0 almost surely. The occupation time formula and divergence of [ dx/x
then give the assertion.
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The discrete quantity also diverges:

Jn = % > ]Sl_] —+ 400 in probability.
i

Indeed, for fixed & > 0, the proof of (3) remains valid with y = 1 and gives

= Lps,is50m 17

with the convention in the statement for zero terms. Since J,, > J»(8), for every
M >0,
liminfP(J, > M) > P(J(§) > M).
n—oo

Now J(8) 1 +oo almost surely as & | 0. The right-hand side therefore tends to 1.

* % *

Solution to Problem 5.11. [statement p. 182]

(1)

(2)

If o = 0, then Z = 0 almost surely and the identity is immediate. We therefore
assume that o > 0. We have
4 1 JOO 4 —x2/(202)
E [Z ] = x“e dx.
2702 J—oo
Integration by parts gives
1 ® 3 1 R 4
x”-xe 202dx = 3x“-0%e 202dx = 30".
27102 J—o0 27102 J—c0

Let H, — H with H € [1/2,1]. We show that P}, converges weakly to Py.
Suppose that W™ has distribution Py, .

Convergence of finite-dimensional distributions. Let 0 < t; <t < --- <ty < 1. To

prove convergence in distribution of ((W{,.

characteristic functions of Gaussian vectors, Lévy’s theorem shows that it suffices

., ka))n%, given the form of the

to prove convergence of the covariance matrices. We have

1 1
E [W{‘WQ] — - (t%“n + 1 — [t — tijHn) — = (t%” +2M [ — tj|2H> ,

2 n—oo 2

so the finite-dimensional distributions of Py, converge to those of Py.

Tightness. The increments are centered Gaussian and
E (W= WPP| = s — P,
By (1), forallnand s, t € [0,1],
E [(w;1 - W{l)ﬂ = 3Js — t/*Hn < 3ls — P,

because H,, > 1/2. Since Wy = 0 almost surely, Kolmogorov’s criterion gives
tightness, with the same constants for all H, € [1/2,1]. Convergence of the
finite-dimensional distributions completes the proof.
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(3) Let N be a standard normal random variable. Set Wy, = sN for 0 < s < 1. Thus
(Ws)ogs<i is a Gaussian vector with covariance E [W;W,] = st, whose law is
therefore IP;.

(4) It suffices to check Kolmogorov’s tightness criterion. We show that there exist
C > 0 and 1 > 0 such that, for sufficiently large n and every s, t € [0, 1]:

E [|Zn(s) = Za (V)] < Cls — 4",

Choose C’ > 0 such that E [3%}1/2 < C'mMforeveryn > 1. Lets < t € [0,1].
First case: |ns| = [nt] = k. Then Sps — Snt = n(s —t)(Sky1 — Sk). Since 0 <
n(t—s) < 1, we obtain

E [!Zn(s) _ zn(t)ﬂ — 22t —g)2E [sﬂ <F [s%] (t—s)2H.
The constant is independent of n, s, t.

Second case: |ns| < |nt]. Setk = [ns| and £ = [nt|. Then, using the fact that
|Snt - Sns| < |Snt - S€| + ’SE - Sk+1| + |Sk+1 - Sns’;

the first case and the inequality x < xM for x € [0,1], we have

E [(sm — snt)Z] 2

1/2

N

E[(Snc— 507"+ E [(50- Sen?] 4 E (S — S
Cnt—0) +C'(t—(k+1))H+C(k+1—ns)
Cmt—0O"+C'(t—(k+1)"+C(k+1—ns)"
Cnt—ns)" + C’'(nt—ns)" + C(nt —ns)H

< (2C+ Mt —s)",

which implies

INCINCIN N

E ||Zn(s) = Zn(t)?] < C"(t—s)".

Since 2H > 1, Kolmogorov’s tightness criterion is satisfied.

(5) Assumptions (a) and (b) of question (4) are satisfied; its proof therefore gives tight-
ness of (Z,). We will establish convergence of the finite-dimensional distributions
without assuming in advance the existence of W. To do so, it suffices to show
convergence of the covariance matrices of the corresponding Gaussian vectors.
Fix0<s<t<landusexy= (x> +y>—(x—y)?)/2:

%E [SnssSin]
B %%IE [ST } TVl SLnt] 2n2H [(Stntj _SLnsJ)Z}
1
2n2H]E [Stmd 2 3t [STuu] - anH E [ty ns)
— 5 < —f—tZH |2H>
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To conclude, for every t € [0,1],

St — Spnt)l < ISintj+1 = Sinyl r,
TIH

nH n—o00

Indeed, the increment in the numerator has the same distribution as S; (also
when |nt| = 0). Slutsky’s lemma therefore transfers these Gaussian limits to the
interpolated processes. The limiting covariance matrices are positive semidefi-
nite, being limits of covariance matrices. Tightness and convergence of all finite-
dimensional distributions then give a limit in distribution Z taking values in
C. Setting W = Z/+/c constructs a continuous, centered Gaussian process with
covariance

1
EWsWi = 5 (¥ + 2 — s — 2.

Its law is therefore IPy. Applying this result in (9) will establish its existence for
every H €]1/2,1[.

(6) We have

E [Y;Yiin] = E (—1)Xi+1+“'+x”“} =E [(—1)X2]n —(p—(1—p)=(2p—1)™

(7) This follows from Donsker’s theorem: when p = 1/2, the (Yn)n>1 are i.i.d. with
P(Y1=1)=P(Y;=—-1)=1/2.

(8) For fixed m > 1, the vectors

(Y2, -, Y i), i>1,

are i.i.d., centered and bounded. The multivariate central limit theorem therefore
gives
1

k
kZYgH:l <i<m | = N, Kn),
j=1

=

where
(Km)u = E [V}, 1Y | =B [2P— 1]

These Gaussian laws are consistent as m varies; Kolmogorov’s extension theorem
provides a centered Gaussian process (Gi)i>1 with these marginals. We have
E [Gﬂ =1land, forn > 1,
1
r(n) = E[GiGiyn] = E[2P —1)™ = (1 —H)23" 2" J 2u—1)"(1 —u) M du.
1/2

The asymptotic equivalent assumed in the statement gives the result.
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(9) Set r(0) = 1. The process (G;) is centered Gaussian and its covariance r(|i —
jl) depends only on the lag. Thus Vyi — V;, has the same distribution as V;.
Moreover,

n n—1

E [vﬁ] =Y ri-jh=n+2) (n—Kr(K).
i,j=1 k=1

By (8), r(k) ~ CQZH(ZH —1)k#"2, Since2H—2 > —1, an integral comparison

gives

3

—1 2H

_K2H2 n .
- (=K 2H—1)2H

~
Il

Consequently,

B [v2] - e
the term n being negligible since 2H > 1. The assumptions of (5) are therefore
satisfied with ¢ = cﬁz, which gives convergence of cyVii/ n' to W,.

Remark. The process W is called fractional Brownian motion; this problem is inspired by
Nathanaél Enriquez’s paper "A simple construction of the fractional Brownian motion."
Stochastic Processes and their Applications 109.2 (2004): 203-223.
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6 The space of cadlag functions

Related lecture notes: Chapter 7, p. 68.

6.1 Exercises

Exercise 6.1. [solution p. 200] Write ID = ID([0, 1], R) for the set of real-valued cadlag
functions on [0, 1], equipped with the Skorokhod J; topology defined in the lectures. For
a random variable Z, write F7 for its distribution function defined by Fz(t) =P (Z < t)
for t € R, viewed as an element of ID by restriction to [0, 1].

Let (Xn)n>1, X be real-valued random variables taking values in [%, 1].

(1) Alix says: “if X, converges in distribution, then Fx  converges in ID.” Is he right?
Justify your answer.

(2) Billie says: “if Fx, converges in D, then X;, converges in distribution.” Is she right?
Justify your answer.

Problem 6.2. [solution p. 201]
The three parts of this problem are independent, except for question (6), which uses
results from earlier parts.

Notation and review. For a vector space E and A C E, write co(A) for the convex hull
of A, defined by

n n
co(A) = {Z?\iai:n> 1,a; € Aand A; € [0,1] for 1 <i<n,Z7\i:1}.
i=1 i=1

Write D = ID([0, 1], R) for the space of cadlag functions from [0, 1] to R, equipped with
the Skorokhod J; topology. For x € D and 0 < t < 1, write Ax(t) = x(t) —x(t—) and
Ax(0) =0. For0 < 8 < 1and x € D, write
w'(x,8) =inf max sup  [x(s) —x(t)],
ISIST s et il

where the infimum is taken over all partitions 0 =ty < t; < --- < th_1 < tn =10f[0,1]
such that minj<j<n (ti —ti—1) > 6.

For a metric space E and A C E, recall that A is called totally bounded if, for every
e > 0, A can be covered by finitely many balls of radius ¢, and A is called relatively
compact if A is compact. If E is complete, recall that a subset is totally bounded if and
only if it is relatively compact.

Recall that a family 3 C D is relatively compact if and only if the following two
conditions hold:

— sup, .4 |IX]|co < 00

— Ve > 0,35 > 0,sup, 5 w'(x,0) < e.
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Part One. Let (E, | - ||) be a complete separable normed vector space.

(1) If K C Eis compact, show that the convex hull of K, denoted by co(K), is totally
bounded.

(2) Show that every probability measure on E is convex-tight, meaning that, for every
e > 0, there exists a compact convex set K such that pu(K) > 1 —e.

Part Two.

(3) Consider

IS,

3
?O:{I]-[S,ﬂ: <S<1}

Justify that J is relatively compact in ID and co(Jp) is not relatively compact in
D.

For ¥ ¢ D and ¢ > 0, write

Se(F) =4t€(0,1] :sup|Ax(t)] > € p.
xed
(4) Assume that K C D is relatively compact. Show that if co(K) is relatively compact,
then for every ¢ > 0, Card(S,(K)) < oo.

Part Three. LetXbe arandom variable taking values in ID. We say that X is continuous
in probability if, for every sequence t, — t, the sequence (X(tn))n>1 converges in
probability to X(t) asn — oo.

(5) Give an example where Yw € Q, X, is not continuous but X is continuous in
probability.

(6) Assume that X is continuous in probability and its law is convex-tight. Prove that
X1is a.s. continuous.

(7) Is every probability measure on ID convex-tight? Does this contradict (2)?

Bonus question: Assume that K C DD is relatively compact. Show that if Card(S¢(K)) <
oo for every ¢ > 0, then co(K) is relatively compact.

* % F

Problem 6.3. [solution p. 203] Write C for the set of continuous functions from [0, 1] to
R, equipped with the topology of uniform convergence, and D for the set of cadlag
functions from [0, 1] to R, equipped with the Skorokhod topology introduced in the
lectures. Let (U;)i>1 be i.i.d. random variables uniform on [0,1]. Forn > 1and t € [0, 1],
set:

Fn(t) = %Card({i e{l,2,...,n}:U; < t}), Bn(t) = vn(Fn(t) —t).
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The aim of this problem is to show that B, converges in distribution in ID to the
Brownian bridge.

We say that (My, ..., My) has the multinomial distribution M(k, p1,...,pn) if k > 1
pi>0,> 1, pi=1,and, for all integers m; > 0 such that ) ;" ; m; =k,

P ((My,...,Mp) = (my,...,mp)) = Hp
1 1m1

This probability is 0 elsewhere; we use the convention 0 = 1.
For1 <j < n,set:

N; =Card({i €{1,2,...,n}: U; € [(j —1)/n,j/nl}).
(1) Prove that (Ny,..., Ny) has a multinomial distribution and identify its parameters.

Let (P;)i>1 be i.i.d. Poisson random variables with parameter 1. For 0 < k < n, set:

k

Si=>) (Pi—1)

i=1

and define S; for t > 0 by linear interpolation. Finally, let B, € € be the function
obtained by linearly interpolating B, at the points {k/n,0 <k <n},and let S, € Cbea
random variable whose law is the conditional law of (\/Lﬁsnt)ogtgl given S, = 0.

(2) Prove that B, and S, have the same law.
(3) Justify that ﬁn converges in distribution in ID to the Brownian bridge.
(4) Prove that supy,; Iﬁn(t) — B (t)| = 0 in probability.

(5) Conclude.

6.2 Solutions

Solution to Exercise 6.1. [statement p. 198]

(1) No. Forn > 4, take £L(Xy) = 261/2+1/n +5 61/2+2/n, and set X;, = 1/2 for n < 4.
These variables do take values in [1/2, 1] and converge in distribution to 1/2. If
Fx, converged in ID to F, convergence at continuity points, right-continuity and
convergence at the terminal point 1 would force F = 1(; 5 ;. Yet, for every time
change Ay, there exists t,, such that A, (tn) =1/2+1/n, and

o (n(ta)) — Fltw)] = 2.

Thus J; convergence is impossible.
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(2) Yes. Let F be the limit in ID and choose time changes A, such that Fx, oAy — F
uniformly. Since the functions Fx, o A, are nondecreasing, F is nondecreasing.
It is cadlag, and convergence at the endpoints gives F(0) = 0 and F(1) = 1.
Extending F by 0 on ] — 0o, 0[ and by 1 on ]1, co[ therefore yields a distribution
function, still denoted by F, of a probability law v on R. The J; convergence
gives Fx, (t) — F(t) at every continuity point of F in [0, 1]; outside this interval,
convergence is immediate. The convergence criterion for distribution functions
therefore implies £(X,) = v.

* ok %

Solution to Problem 6.2. [statement p. 198]

(1) Let ¢ > 0. Choose x1,...,xn € Ksuch that K C U]i\]:1 B(xi, €). Every convex combi-
nation of elements of K lies at distance strictly less than ¢ from P = co({x1, ..., xn}).
Since the simplex of coefficients is compact, P is compact. Thus cover P by finitely
many balls of radius ¢: the same centers with radius 2¢ cover co(K). Since ¢ is
arbitrary, co(K) is totally bounded.

(2) Let e > 0. By Prokhorov’s theorem, there exists a compact set C such that u(C) >

1 — ¢. The desired result follows by taking K = co(C).

(3) We indeed have sup, .4 [[x[|c < 0o. Moreover, for ¢ > 0, taking 5 < 1/4 gives
SUPycs, w’(x,d) = 0. Thus F is relatively compact. On the other hand, taking

1 1
Xn = 51[1/2—1/11,1] + 51[1/2+1/n,1} € co(Fp), n>4,

the sequence (x,,) has no convergent subsequence, so co(Jy) is not relatively
compact in ID.

(4) Argue by contradiction. If S¢(K) is infinite for some & > 0, there exist distinct
times u,, — ug and functions x,, € K such that |Ax,(u.)| > €. We can discard the
possible term u,, = 1; by convention, u, # 0. By relative compactness of K, choose
8¢ > 0 such that

sup w’(x, 8) < <
xeK 2

For each n, choose a partition with intervals of length strictly greater than o
whose maximal oscillation for x,, is strictly less than ¢/2. The jump at u,, forces
this point to be an interior partition point. The oscillations of x, on [u, — 8g, un
and [un, un + dg[ are therefore less than ¢/2.

Fix 0 < & < §¢ and choose m # n such that 0 < u, —un| < 8. Each point then lies
in the interior of an interval of the partition chosen for the other function, so that

|Axm(un)| < =) |Axn(um)| <

N[ o
N o
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For z = (xm +xn)/2 € co(K), the reverse triangle inequality therefore gives

3 £
Az{um)l > 2, 1Az(un)l > 7.

A partition with intervals of length strictly greater than & cannot contain both
points among its partition points. At least one of these jumps lies in the interior
of an interval, whose oscillation is greater than ¢/4. Thus w’(z,8) > ¢/4. For
every 0 < & < 8y, we have constructed such a z € co(K), contradicting relative
compactness of co(K).

(5) Take Q =]0,1[ equipped with Lebesgue measure and U(w) = w. Set X(t) = Ly <y-
Every path has a jump, so is discontinuous. For 0 < ¢ <1,

IP (IX(tn) = X(t)] > €) < P (U € [min(ty, t), max(tn, t)]) = [tn —t] — 0.
For ¢ > 1, the probability is zero.

(6) Letn > 0 and let K be a compact convex set such that P (X € K) > 1 —n. For
e > 0, the set D, = S¢(K) is finite by (4). On {X € K}, we have |AX(t)| < ¢ for
every t ¢ D,. For each fixed t > 0, as s tends to t from below, X(s) — X(t—)
almost surely and X(s) — X(t) in probability. Thus AX(t) = 0 almost surely. This
property holds simultaneously on the finite set D,. Consequently,

0<t<1

P (sup IAX(t)] < 8) >1-—n.

Lete | 0, thenn | 0. A cadlag function without jumps is continuous, completing
the proof.

(7) Let X be the example in question (5). By questions (5) and (6), its law is not
convex-tight. This does not contradict (2), since ID equipped with the Skorokhod
J1 topology does not carry a normed vector space topology.

Remark. This problem is inspired by Remark 2.5 in
Basse-O’Connor, Andreas, and Jan Rosiriski. "On the uniform convergence of random
series in Skorohod space and representations of cadlag infinitely divisible processes."
The Annals of Probability 41.6 (2013): 4317-4341.
https://arxiv.org/pdf/1111.1682.pdf

Bonus question. Fix ¢ > 0. Relative compactness of K yields & > 0 such that
sup, . w’(x,8) < &. Choose a common partition 0 = sy < --- < sq = 1 contain-
ing all points of S;(K) and whose intervals all have length strictly less than 6. This is
possible since S¢(K) is finite.

For each x € K, also choose a partition with intervals of length strictly greater than &
on which the oscillations of x are less than €. The open interval ]sj, Sj+1 [ contains at most
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one partition point of this second partition. If it contains one, the corresponding jump
has size at most ¢, since this partition point does not belong to S¢(K). The oscillations
on either side are less than ¢, so

sup w(x, [sj, sj411) < 3e.
xeK
The same bound holds for every convex combination of elements of K. For z € co(K),

set
q—1

Tz =) zl(sj)lis, 5, +2(1) 1y
j=0

Then ||z — Tz||o < 3e. Since sup, ¢ |[x[lc < 00, the functions Tz, z € co(K), form a
bounded subset of a finite-dimensional space. They are therefore totally bounded for
the uniform norm. Since ¢ is arbitrary, co(K) itself is totally bounded for this norm.
Since the space (D, || - ||) is complete, its uniform closure is compact. Since uniform
convergence implies J; convergence, the desired relative compactness follows.

See also Peter Z. Daffer and Robert L. Taylor, “Laws of Large Numbers for D[0, 1]”,
Annals of Probability 7(1), 85-95 (1979), Theorem 6.

* % F

Solution to Problem 6.3. [statement p. 199]

(1) For nonnegative integers my, ..., my such that m; 4 --- 4+ my =n, we have

n 1 n! 1
P((Nq,...,Ny) = e = T T
(( 1, s Tl) (mlr /mn)) (m]_/ mn) nn H?:l mi! nn

so (N1,..., Ny ) has the multinomial distribution M(n,1/n,...,1/n).
(2) It suffices to check that the following two vectors have the same law:

(Bn(0), Ba(1/n),..., Bn(n/n))
and (Sn(0),Sn(1/1),...,S.(n/n))

Note that, for 0 < k < n, we have

I\/]x

K
alk/n) = n(k/n) :—ZP—l under IP(- | S, =0).
i=1

2! vn

It therefore suffices to check that, under the conditional probability IP( - |S, = 0),
the vector (Py, ..., Pn) has the multinomial distribution

M(n,1/n,...,1/n).

By the conditioning, the support of its law is indeed the set of nonnegative integers
my, ..., My such that my + - - - + my = n. For such integers, we have

P ((Py,...,Pn) = (My,..., my)|Sy = 0) :—O)He—l
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Now Sy + n has a Poisson distribution with parameter n, so IP (S, =0) = e

Thus
n! 1

]I)((P]_I"-/Pn) == (ml,...,mn)|sn :0) = Wﬁ/
i=1 "'

which gives the result.

(3) Since E [P; —1] = 0 and Var(P; —1) = 1, by the conditional Donsker theorem
proved in the lectures, Sn converges in distribution in € to the Brownian bridge.
Since ﬁn and §n have the same law, the same holds for ﬁn. Next, if fn, f € C satisfy
fn — fin €, then f;, — fin ID (take the time change to be the identity). In other
words, the inclusion of € into D is continuous. We conclude by the continuous
mapping theorem.

(4) First solution. Begin by writing

5 1
sup [Bn(t) —Bn(t)] < —= max Ny.
0<t<1 M 1<k<n

Noting that the N; have distributions Bin(n, 1/n), we obtain, for every ¢ > 0:

P (max Ny > eﬁ) <nP (N; > evn)

1<ksn

<nE [eNl} e evn

n
=n (1 + g) e eV _peeleevn
n

which converges to 0 as n — oo.

Second solution. If % <t< % for 0 <i<n—1, note that

i 1 i+1 1
Bn (E) — ﬁ < Bn(t) < By (T) + ﬁ’

min{B, (i/n), Bn((1+1)/n)} < Ba(t) < max{Bn(i/n), Ba((i+1)/n)}.
n

Since ﬁn(i/n) = Bn(i/n) for 0 < i < n, we deduce that

~ [i+1 ~ (1 1
B“( n )‘MR)\*%’

Now B, converges in distribution in € to the Brownian bridge. Thus, for every

N

sup [Bn(t) — Bn(t max
0<t£1’ n(t) = Bn(t] 0<i<n—1

g, > 0, there exists & > 0 such that, for all sufficiently large n,

P (w(ﬁn,é) > n> <e.
We deduce that, for n > 1/6 sufficiently large, we have
5 (50) = ()<
n n

with probability at least 1 — . This completes the proof.

maXx
0<isn—1
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(5) First, write ds for the Skorokhod metric
ds(f, g) = inf max(||A —Id||eo, ||[f o A — gl|c0)
AEA
where A is the set of time changes. Taking A = Id directly gives
> S P
ds(Bn, Bn) < ||Bn_Bn||oo —0

by (4).
Thus, ﬁn converges in distribution to the Brownian bridge in ID and ds (ﬁn, B.)

converges in probability to 0. We deduce that B, converges in distribution to the
Brownian bridge.

Remark. This problem is inspired by the following article:

Jean-Francgois Marckert. "One more approach to the convergence of the empirical
process to the Brownian bridge." Electronic Journal of Statistics, 2 118-126 2008
https://arxiv.org/pdf/0710.3296.pdf
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7 Poisson random measures

Related lecture notes: Chapter 8, p. 81.

7.1 Exercises

Exercise 7.1. [solution p.208] Let M be a Poisson random measure with intensity dxdy
on R?2. Write Mg and My, for the Poisson random measures on R/2nZ and R, obtained
from M by considering the angles and distances from the origin of the points of M.
Give the intensities of these two random measures. Are they independent?

* ok o

Exercise 7.2. [solution p. 209] Let M be a Poisson random measure on ]RJr with intensity
A(t)dt, where A : R+ — IR is a continuous function such that fo t)dt =

(1) Justify that M can be written as M = Y 2 61,, where 0 < Ty < T, < --- are
random variables.

(2) Set a(t fo s)ds. Show that M’ = 3 ;. 84(t,) is a Poisson random measure
on R, w1th intensity dx.
From now on, assume that A(t) = ptrt fort > 0.
(3) Compute the law of T; and that of (Ty, Ty).

(4) Show that almost surely

(5) Show that T, ;1 — Ty, converges in distribution as n — co and identify the limiting
law.

* % F

Exercise 7.3. [solution p. 210] Let u be a probability measure on R and N a Poisson
random measure with intensity dx ® pon R x R. Write N = 3 - 8(x, v,,) with

X g <X <0< X< X<,

and view N as a distribution of particles on the real line, each particle n initially at
position X;, with velocity Vy.

(@) Set Nt = )z d(x,+tVy, Vi) Show that Ny is still a Poisson random measure with
intensity dx ® p.
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(b) Assume f]R vl u(dv) < co. For each particle with velocity V;, # 0, let

be its hitting time of 0, which may be negative. Particles with zero velocity do not
contribute to arrivals. Show that

D v

neZ:Vn#0

is a Poisson random measure on R x R and determine its intensity.

(c) Compute P (Vs € [0,t],Vn € Z, X;, +sVy ¢ [a, b]), where [q, b] is a fixed interval,
and determine the law of inf{t > 0:3s € [0,t],In € Z, X + sV, € [a, b]}.

EE

Exercise 7.4. [solution p. 211] Let M be a Poisson random measure on R? with inten-
sity Adxdy for A > 0, written as M = } .-, 0x,, where the enumeration (Xj)i> is a
measurable function of M fixed in advance.

(1) Compute the law of inf;>1 [X;].

(2) Let (Yn)n>1 be ii.d. random variables taking values in R?, independent of M.
Show that M’ = 3 ;- 8x,1v, has the same law as M.

(3) Now let (Ry)n>1 be ii.d. nonnegative real-valued random variables independent
of M. Consider the random set

A= U B(Xi/ Ri)/

i>1
where B(x, ) is the ball with center x and radius r in R2.

(a) Compute the law of the number of balls in A covering a given point x € R,
(b) Show that if [E [R%] = 00, then for every x € R2, almost surely x € A.

(c) Deduce that if E[R?] = oo, then A = IR? almost surely.

(d) Show that if IE[R%] < 00, then A # R2 almost surely.

(4) Assume that R; =1 > 0. Write C(0) for the cluster of the origin, that is, the points
accessible from the origin by a path that stays in A.

(a) Write IP), , for the law of A with intensity A > 0 and radius r > 0. Show that

P, »(€(0) unbounded) = I[’Lﬁr((f(O) unbounded)
= IP),21(€(0) unbounded).

(b) Show that IP ,(C(0) unbounded) is nondecreasing in A and in r.
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Exercise 7.5. [solution p. 213] (Rényi’s theorem) Let M be a random variable taking

1 S
valuesin M$, .,

distinct), almost surely finite on compact sets. Assume that, for every Borel subset A of
Ry,

(R+) (the subset of measures i € Mgtom (R +) whose atoms are pairwise

where A is Lebesgue measure on R ;..

(1) Let Iy, ..., I be pairwise disjoint intervals. Show that the events {M(I;) =0:1 <
j < m}are independent.

(2) Foralln, k > 0, set Dy = [k27™, (k+1)27"[. Let ] be a bounded subinterval of
R+ with nonempty interior. For n > 0, write K;, = Card{k > 0: D,y C J} and

Ma(D= > LMo,z

k>0:Dy 1 CJ
Determine the law of My, (]) in terms of n and K.

(3) Show that My (J) T M(]) almost surely as n — oo (consider the atoms of M in
] and first check that they all differ from inf ] and sup J), and deduce the law of
M(]).

(4) Let Ji,..., ]k be pairwise disjoint bounded subintervals of IR;. Show that the
random variables M(]1), ..., M(J) are independent.

(5) Write Ny = M([0,t]), t > 0, for the counting process associated with M. Show
that N is a Poisson process with intensity 1. Deduce that M is a Poisson random
measure with intensity A(dx).

L

Exercise 7.6. [solution p. 214] Find a sigma-algebra € on [0, 1] and a probability measure
pon ([0,1], €) such that u(B) € {0,1} for every B € € but p is not a Dirac measure.

7.2 Solutions

Solution to Exercise 7.1. [statement p. 206] The point 0 almost surely does not belong to
the point cloud. By the mapping theorem and a change to polar coordinates, the desired
intensities are

rdrdf =

ro 0 ifA(B)=0,
0 oo ifA(B) >0,

ur(dr) =2nrdr,  po(B) = L

where A denotes length measure on R/2mZ. The measure g is s-finite, since it equals
2 j>1 A but it is not o-finite.
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The two random measures are independent. Indeed, for each fixed Borel set B,
Mp(B) is almost surely equal to 0 or oo, according as A(B) = 0 or A(B) > 0. All events
generating o(Mg) therefore have probability 0 or 1. Since events of probability 0 or 1
form a sigma-algebra, the same holds for every event in o(Mg). Such a sigma-algebra
is independent of every other sigma-algebra, in particular of o(Mg). Here we use the
sigma-algebra on random measures defined in the lectures, generated by the evaluation
maps.

EE

Solution to Exercise 7.2. [statement p. 206]

(1) The intensity is atomless and finite on compact sets. The point cloud is therefore
almost surely simple, finite on every compact set and has no point at 0. Moreover,
M(IR) = oo almost surely, since its total intensity is infinite. Its atoms can thus
be arranged in increasing order. The variables

T = inf{t > 0: M([0,t]) > k}

are measurable, since {Ty < t} = {M([0,t]) > k}, and satisfy almost surely 0 <
T1 <T2< andi—>oo.

(2) By the mapping theorem, it suffices to show that the image of A(t)dt under a is
Lebesgue measure. The map a is continuous and nondecreasing, a(0) = 0 and
a(t) — oo. Forx > 0, set

b(x) =sup{t > 0:a(t) < x}

Then b(x) < 0o, a(b(x)) = x and a—1([0, x]) = [0, b(x)]. Consequently,
J Alt)dt = a(b(x)) = x.
a—1([0,x])

These equalities characterize Lebesgue measure. This argument remains valid
when a is not strictly increasing.

(3) We have a(t) =t—log(1+t). Fort >0,
P(Ty >t) =P (M([0,t]) =0) =e M = (1+1t)et.

Thus Ty has density te* l¢~0)- By (2), the variables Sy = a(Ty) are the successive
arrival times of a Poisson process with intensity 1. In particular, (Sq,S;) has
density e V1., at (u,v). The change of variables (u,v) = (a(s), a(t)) gives
the density of (Tq, T):

_ st _
A(s)A(t)e a(t)ﬂ{0<s<t} = 1—1—86 tﬂ{0<s<t}-
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(4) Set Sy = 0 and Ex = Sy —Sx_1 for k > 1. The variables (Ey) are i.i.d. with
exponential distribution of parameter 1. The strong law of large numbers gives
Sn/m — 1 almost surely. Since T,, — oo and a(t)/t — 1, we deduce

Th o Th Sn

n T aTon —1 almost surely.

The two assertions then follow by comparison with 3 . n"2and 5, n~ "

(5) Set Gn = Thy1 — Th and B = a(Ty41) — a(Tn), which has distribution Exp(1).
Since a’(t) = t/(1 +t) is nondecreasing and bounded above by 1,

T
1 +n-]- n < En+1 < Gn-
n
Thus E
0< Gn—Enpy < =2 By,
Tn

since (En11) is tight and T, — oo almost surely. Slutsky’s lemma therefore gives

d
Tht1 —Tn = Exp(1).

Solution to Exercise 7.3. [statement p. 206]

(a) The random measure Ny is the image of N under (x,v) — (x + tv,v). For every
nonnegative measurable function f, the change of variables y = x + tv gives

LR J]R fix+tv,v)dxpldv) = J]R JIR f(y,v) dy pu(dv).

The intensity is therefore unchanged, and the mapping theorem completes the
proof.

(b) First restrict N to R x (IR \ {0}), then apply the transformation (x,v) — (—x/v,v).
The restriction and mapping properties show that the resulting measure is Poisson.
The change of variables s = —x/v gives, for measurable f > 0,

J J f(—x/v,v)dxu(dv):J J f(s,v)vlds p(dv).
R\{0} JR R JR

The desired intensity is therefore ds ® ([v|i(dv)). In particular, the arrival times
form a Poisson random measure with intensity m; ds, where m; = IR vl u(dv).

(c) Set{ =b—aand
A ={(x,V) : there exists s € [0, t] such that x + sv € [a, b]}.

For a velocity v > 0, the corresponding initial positions form the interval [a —tv, b];
for v < 0, they form [a, b — tv]. In both cases, its length is £ + t|v|. Thus, for t > 0,

P (Vs €[0,t], Yn € Z, Xn +sVa € [a,b]) =P (N(A{) =0) = e ™1,
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For t = 0, this probability equals e~*.

Write H for the time defined in the statement, with the convention inf @ = co. If
my < oo, only finitely many particles visit [a, b] during a bounded time interval.
The first visit time is therefore attained whenever it is finite, and

PH>t)=e ™,  t>0.
For 0 < m; < oo, we obtain
L(H) = (1—e Y8+ e Exp(my).

If my = 0, all particles are stationary, and the law on [0, o] is (1 — e 980+ e 000

If the integrability assumption in (b) is dropped and m; = oo, the probability of
no visit is 0 for every t > 0. Applying this to the times 1/k gives H = 0 almost
surely, even though the interval may contain no particles at time 0.

* % F

Solution to Exercise 7.4. [statement p. 207]

(1) Set D = inf;>1 [Xi|. The point cloud is almost surely finite on compact sets. Thus,
fort >0,
P (D > t) =P (M(B(0,t)) = 0) = e ™.

In particular, D? has an exponential distribution with parameter A7, and D has
density 2Amtte Mt ] (t>0)-

(2) Write v for the law of Y;. Since the enumeration (X;);>1 is a measurable function of
M, it is independent of (Y;)i>1. By the marking theorem, 3 ;-; 8(x, y,) is therefore
a Poisson random measure with intensity Adz ® v(dy). Its image under (z,y) —
z+1y is M'. For every Borel set C C R?, the intensity of this image is, by Fubini
and translation invariance of Lebesgue measure,

AJ v(dy)J 1, 1yecydz = A Area(C).
R2 R2

The mapping theorem and uniqueness in law of Poisson random measures give
the result.

(3) Now write p for the law of Ry. Similarly, M = 2_i>19(x R, is a Poisson random
measure with intensity p(dz,dr) = Adzp(dr).

(@) For x € R?, set Hy = {(z,7) : x € B(z,1)}. The number of balls containing x is
M(Hy), so has a Poisson distribution with parameter

o0

w(Hy) = )\J mr?p(dr) = MtE [Rﬂ .

0
This formula also holds for an infinite parameter, in which case this number
is almost surely infinite. It does not depend on the choice of open or closed
balls, since their boundaries have Lebesgue measure zero.
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(b) If E [R?] = oo, for every fixed x, M(Hy) = oo almost surely. In particular,
P(xeA)=1.

(c) Here we must obtain an event of probability 1 on which all points are covered
simultaneously. Fix an integer m > 1 and consider balls such that R; >
IXi| + m. Each contains B(0, m). Their number has a Poisson distribution
with parameter

o0
)\J m(r— m)ip(dr) =
0
Indeed, (r — m)%r > T2/4 forr > 2m, and E [R%]l{m}Zm}} = oo. Thus
B(0,m) C A almost surely. Intersecting these events for m > 1 gives A = R?
almost surely.

(d) Assume a = AnE [R?] < co and set p = e ® > 0. By (a), a given point is
not covered with probability p. To deduce the almost sure existence of an
uncovered point, we control the dependence between two distant points.
For h € R?, set

c(h) =u(HoNHy) = AEO Area(B(0,7r)NB(h, 1)) p(dr).

Two balls of radius r are disjoint when 2r < |h/, so
0 < c(h) < ME [Rilpg,py| — 0 (Ih] = o0)

The probability that two points x,y are not covered is the probability that
M(Hy UHy) = 0, namely

P(x¢A,y¢A)=e 20ty
Thus, setting Zj = L((j 0)¢a}, We have E [Z;] = p and
Cov(Zi, Zj) = p*(e07+0) —1).
These covariances are bounded and tend to 0 as [i — j| — co. Consequently,

p(l— P) 2P2n_1 c((h,0)
Var —Zz = > (n—h)(efM™V—1) — 0.

2
n
h=1

For the last convergence, it suffices to split the sum intoh < Hand h > H,
then let first n, then H, tend to infinity. Chebyshev’s inequality then gives

P(Zy=-=2Z,=0)< Var Zz —0.

Almost surely, at least one of the points (j,0) therefore does not belong to A,
proving A # R2.
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4) (a)

(b)

For s > 0, the image of M under the dilation z — sz is a Poisson random
measure with intensity (A/s?) dz. The image of A is the union of the balls
B(sX;, sr), and the image of the cluster of the origin is the cluster of the origin
in this set. A dilation preserves unboundedness. Consequently,

P, »(€(0) unbounded) = ]P}\/SZ,Sr(G(O) unbounded).

Choosing s = /A gives the first scaling relation; choosing s = 1/r gives the
second.

For a fixed point cloud, if r < v/, then | J; B(X;, ) € UJ; B(Xi, v’). Every path
in the first set is a path in the second, so the probability under consideration
is nondecreasing in 7.

If 0 < A < A/, take two independent Poisson random measures M1, M, with
respective intensities A dz and (A’ —A) dz. By superposition, M; + M, has
intensity A’ dz. The union of balls of radius r centered at points of M; is
contained in that associated with M 4+ M,. The same argument using paths
proves monotonicity in A.

* % F

Solution to Exercise 7.5. [statement p. 208]

(1) For every subset A of {1,..., m},

PlOMI)=0|=P M(Ulj)zo — e Liea M) TP (M(1;) =0).

jEA jEA jEA

This is exactly independence of the events under consideration.

(2) By (1), the indicators being summed are independent, and each has a Bernoulli

distribution with parameter 1 —e~2 . Consequently,

L(Mn(])) =Bin(Kn, 1—e 2 7).

(3) For each fixed x > 0, P (M({x}) = 0) = 1. Thus there is almost surely no atom at
inf ] or sup ]J. Moreover, there are finitely many atoms in J, and they are distinct.

For every realization satisfying these properties, as soon as n is sufficiently large,

the dyadic cells containing these atoms are contained in ] and each contains a
single atom. Thus eventually M, (]) = M(]).

On the other hand, a dyadic cell contained in | splits into two cells of the next

level, also contained in J. If it contains an atom, at least one of its two cells contains

one.

Thus My (]) < Mpy1(J) and My (]) T M(J) almost surely.

We have K,27™ — A(]) and 1 — e 2" <27 Forz € [0,1], dominated convergence
then gives

E [ZM(I)] = lim (1—(1—2)(1—e2 ")) = 202,

n—oo
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This is the probability generating function of a Poisson distribution with parameter
A(]), s0 M(J) ~ P(A(]))-

(4) For fixed n, the dyadic cells contained in the different J; are pairwise disjoint. By
(1), the variables My (J1),..., Mn(Jx) are therefore independent. Letting n tend
to infinity in their joint probability generating function and using (3), we obtain
independence of M(]1),..., M(Ji). If one of the intervals reduces to a point or is
empty, its mass is almost surely zero, and the conclusion remains valid.

(5) Almost surely, Ng = 0 and the paths of N are nondecreasing, cadlag, with jumps
of size 1, by simplicity and local finiteness of M. For 0 =ty < t; < --- <1y,

Nti - Nti,1 = M(]tl—lltl])/ 1 < i < k/

and, by (3) and (4), these variables are independent with distributions P(t; — ti_1).
Thus N is a Poisson process with intensity 1.

Finally, the law of a locally finite random measure on R is determined by the
joint laws of its masses on the intervals [0,t], t € Q.. Indeed, on each [0, m],
evaluations on intervals with rational endpoints generate all Borel evaluations
by a monotone class argument; we then let m tend to infinity. Here these joint
laws are those of a Poisson random measure with intensity A. Thus M is a Poisson
random measure with this intensity.

* % F

Solution to Exercise 7.6. [statement p. 208] Take the countable—cocountable sigma-
algebra
& ={B C [0,1] : B is countable or [0, 1] \ B is countable},

and set
0 if B is countable,

u(B) = , _
1 if [0,1] \ B is countable.

The two cases are disjoint since [0, 1] is uncountable. The family € is closed under
complements. A countable union of its elements is countable if they all are, and
cocountable as soon as one is: it is therefore indeed a sigma-algebra.

Let us check countable additivity of u. In a countable family of pairwise disjoint
elements of &, there is at most one cocountable set. If there is none, the union is
countable and both sides of the additivity identity are zero. If there is one, all the others
are countable and both sides equal 1. Thus p is a probability measure. Finally, for every
x € [0,1], {x} € € and u({x}) =0 # 1 = 84({x}): thus p is not a Dirac measure.
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