
3) An application

Collag Set Dn = mass (X1 .
--

/ Xu) and let Dr be the second largest element of (X11-- , Xm).Then :

① Fac
,

o ste(Snept) n exp) - i)
⑫ D n

-
nI - under B( : (SntEInn+) , N(01) With oh = You (X)

⑤ r

③ under B . (Sunt)

ProfiBy the thorem,
it is enough to show that P) n) exp

For this
,

the probability is (1-$(X> en)"

= exp)(n-1)(n)1- (X,, un ())

But we have seen that PCX,un"B) ,
and the result follow

② Observe that =-
o

Under D) : ISnEEIInt1))
,

Intin11
, so o and N bythe central lit

theorem
. The result follows

③ Since & -1=.D and o ,
this follows from

N

⑪
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phenomena in random trees
Outline : 1) Largest degrees

2) Structure of the tree

3) Height of the condensation vertex

Here our framework is the following :

Mu is a Bu-tree conditioned on having a verties with

① m= pli

② M(n)n With 10
, BX.

The first study of such trees is quite recent (Jansson & Stefansson 111) !

1) Largest degres

Let D(Tn) be the lagest number of children in Yn and DCM1) the second larest number of children.

Theorems (condensation
⑪ -min N1011 with o Yay, leI ② Fuso

, B() ) exp

Proof Recoll that (Xi) is,
are ind with low P(Xz = R) = M(k+) for k 1

,
Wn = X

,
+ ... + Xm.

-

Since the largest and second largest jumps are invariant under cyclic shifts ,
it follows that

(A(Tu) - 1
,
B (M)-1) has the same low as

the largest and second largest jump of (X1-- ; Xn)

under P) · (Nn = -1).

①



Observe that EtX13= M-1
.
There

, setting Xi = Xi + 1-m
,
Nu= Warnse-ml

,
we

have Wn = - Es Tn = n(1-m)-1 and XI is entered and solisfies (p) with

T= [0. 1) : $(Xsttu,
n+1)

We can thes apply the one big-jump principle and its corollary and the
desired result follows.

-

2) Structure of the tree

The ove-big jump principle can actually allow to control the whole lubasiewing path of in :

Theorem 2We have dev (2(r), walk with jemps ((X11 ---

> Xm 1
-1-X

,
-

...
-Xn-) -

n + 8

Observe that X
,

+ ---Xn is typically = - (1-m) n
.

The theorem
says that for large n 20 (Nu)

" looks like" the Vervaat transform of the random walk (Wrloken- ,
to which we add on

artificial best jemp so that it ends at -1.

m

n - 1

2

Xt
>

Proof An adaptation of the proof of the ove-big jump principle shows that
dir ((X .. . ., Xn) under Blo/Wn = -1)

,
(X , ,

.
- .

, XUnrs +1 -X
,

-
... -Xn- 1/ Xint -, Xu)) +o

1 +8

with Un eniform on El..., n3 independent of (X1
-; Xn-1).

Thus
d

+v (0 (X , .
.

.

, Xn) under Blo/Nn = -1)
,
5 (X ,,

.
- .

, X Un-1) +1 -X
,

-
... -Xn - 1/ Xin+ -

, Xu)) +o

1 +8

But 5 (X , ,
.

.

., X Un-s +- X
,
-... -Xn - 1/X (n+ -

/ Xn) = 0 (X Un +1
-

-

>
Xn

, -- - Xx - -

, Xwn+ )
+ -X

,
-

... - Xa -)

②



and Since Un is eniform 11 (X.... Xn-) wehave

& (X UnH 1
--

>
Xn

, -- Xx --

, XUnts+ -X
,
-

... XaD (X , , ..., XUnrls +- X
,

-
... -Xn- 1/ Xinty -

/ XuI The conclusion follows from the fact thatUCM) has the same low as

0(X
.

. .

.,
Xn) ender Bl · /Wn = -1)

-

This can be used to study further properties of Nu , eg .

to show :

Heightin&In
S

Exaction T lodas like" :

a peuple : spire with geometric length.
We graft I By frees on the spire

(in a certain way) and

& = (1-min # Bptrees on the top of the spire.

&e

Of
3) Height of the condensation ventex

In this direction we show the following result

Theorems Let M2(Th) be the vertex withmaximal degre of Th (first in lexicographical order
, if several

Then for every k50, P (Height(Mo(Mull = R) -> (1-m) m
*

n + 0

We will use the following result for random walks (proved later).
Recall thatEIXI3 = m-io

, so (Wilno has a negative drift.

Proposition 1
① P(Wi < 0 for every is,1) = 1-m

② For
every 50

,

$)#Er1 : Wn = mas (Wo
,

. - -

, Wn)3 = b) = 11 -m)mk

lobseme that G follows from G by the strong Marbou property

③



The proof wes several intermediate results

Lemma1 For 11RIn
,
1 (W ,

20
, -. ;

Wh < 0
,
Wn = - k)= P(Wn = -k)

For this we will use the following result ,
which is extension of the cycle luna :

Lema 2 For
every

1kn
,
P(infSix1 : Wi = -k3 = n)= P)Nn = - k)

Proof of Lena 1 The idea is to use the "time-revesed" random walk defined by :

-

Wr = Wn-Wak for ockan (we rad the jumps backward)
-

W depends onn butme drop the dependence in a to simplify rotation
.

Geometrically this corresponds to considering the random walk from right to lest,
and rotating it :

W -

Im ↑
The key property is that (Wo, ...,

Wn) * (No ... , (n) (*)

Then obsure that

EW
, . .,

W
.

so
,

Wn = - 3 = Einfis: = - *3 = n32

Thus $(Wa < 0
,

--

,
Wh < 0

, Wn = - k) = EP( N n
= -R) (Leuna 2)

= EP(Wn = -R) ((*)

-

Proof of Proposition 1
② follows fromG by the strong Murba property ,

so let us show 0.

Write B(Wi < O for every is
,

1) = lim $)Wi < 0 for every 1[in)
n +x

- lim
>

) Wi <0 for every 1[in
,
Nu = - k)

= him (N =)
n-> x

⑭



=
lim El-1w < o]
n +1

I But -NIw-(m- = 1- m and no,
so we get the desired

result by dominated convergence
-

We finally need the following result ,
which explains how to get heights of verties from

the Inbasiewicz path :

Proposition2 let T be
a
free with naties no su, ... Mm ordered in depthfirst search order

.

Then for every ocken,

Height (Mr) = # [01 ; 1 k - 1 : 2 (T) = min 2(+ ) 3
ITj ,

RB

⑳of This follows fromthe fact that elements of 20111k-1 : ZT) = min ACT)3
[j , k]

correspond to verties on the path from the root ofT to ur. For exemple :

auiST)
N

us

44 9
0 ⑥

⑳ ⑳

us ↑ ⑧ iis5 >i

· ⑧ i
No

-

Proof of Theorems By Theorem 2
,
it is enough to show the result with in replaced with

↑n
,

the tree whose Lukasiewicy walk is the walk with jumps((X11 ---

, Xm 1
-1-X

,
-

...
- Xn-)

m

Recoll the picture :
~ 1 =

n - 1

>
m

·

2

X, +... + Xn - 1int Mi~
>

⑤



With probability tending to 1 as n- o the largest of the path (0,
W

...., Wa
,

- Il is

the lest one .

Thus
, by properties of the Vervaat transform and by Proposition 2 ,

the height of the
vertex with maximal degree (the one in "red" in the figure) is equal to

# Socken-2 : Wr = inf W3 = #51k *n + 1 : N
R

= mos II

-where here V denotes the rondom walk time-revesed at time n-1 : Wa= W
- - WarI for orn-1

.

Thus

IR
, n-1B

[0k]

-

To
, RD

P (Height(Mo(Mull =j) nJbP(#ER1 : Er = mas 3 =j)

and the desired result follows from Proposition 1
-

⑥
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