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Condensation phenomenc in sandom tres

#Bienaymé trees and random walks
Outline : 1) Coding trees

2) Connection with conditioned random walks
3) The Vervaat traveform.

1) Coding tres

Recall thatme work with plane trees , for example :·Ti = 2011, 2
,

21
, 223 d

Tz = 2011, 2
, 11

, 123 Th Tz

Formally , they car be defined as certain sets of labels (sequences of integers) ,
we skip the formal definition

Informally, a plane free can be seen as a genealogical free where individuals are the verties

Vetices of a place tree can be equiped with the depth-first search order (informally ,
label vertices as soon as possible when doing the "contour" of the

tree from left to right)

Definition Set T be
a free with sizem ,

with verties ordered in depth-first search orda : No su, ... sM

The Subasiewing path 2 (T)= (2CT1 .
--

; &(T)) is defined by :

· WoCT) = 0

· Win (T = Zi(t) + RuiCT) - 1 for o xi < ( + 1 -1
.
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PropositionThe map Streswithaverties3-> Ju
T -> (RuilT)-1 : 0 ci < n -1)

is a bijection ,
where Sn = &(x ... yante 3-1 ,

0
, 1

,
...5 : x + +

n
= -1

,
x +... + i) -1 for exian3

This
can be readily shown by induction. The complete proof is a bit telious to write

and it is skipped here (the reader should convince him/her that this is Arme)

2) Connection with conditioned random walks

Let
M = (p(i) : iso) be a probability distribution on Et

,
called the offspring distribution.

Assure that (1) #1 and il

Let it be the est of all finite trees < is countable

Recall that for TETT
, p(T) #T M(Ru(T) defines a probability measure on IT.

MET

A By random Arer will be a TT-valued random variable
,
with low Pp.

To make the connection with the Lukasiewing path,
we introduce the random walk

(Winso : Let (Xiliss be ind random variables with law BCX1= k) = M(k+ ) fork -1.

Set vo = 0 and Wn = X
,

+ ... + Xu for us
.
1.

Also set =infE1 : Wr = -23 - Nue + 03

Important remark Observe thatTX]= [(R) = -1 In particular, critical tres
Rx

,
- 1

(for which K = 1) play a special vole : We have EX= 0 if M is citicla

Proposition Let ↑ be a Bp random tree
.
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The prof is straightforward using (a) by computing the probability that the 2 random rectors are

equal to (wo
, ..., Wal.

In the sequel ,
in denotes a Bp random the conditioned on having in verties (we

implicitely restrict to values ofn such that PCIT) = n) >0).

-- I3Corollay
· (Social

. ..., Malin)) for (Wo . .., Wn) under $10 (3 = n)

The main difficulty is that this conditioning is "non local" To make it "local" me

we are going
to

use the so-called cycle lenna.

3)The Vervoat transform
We first introduce some notation.

Set Sn = &(x .
. .

., an)t5-1
,
0

,
1, ...3 +... + xn = - 13 .

Recell that Ju=S (x
, ... pu) E 5-1,

0
, 1 ..3 : < +...+

n
= -1 and K

,
+... +i) -1 for 1113

We identify 2/n2 with 50,
1--,n-13

For x
= (-- n) ER and it I/n2

,
we definex) = (i+ i+--- in) with addition considered modulon
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Welks with jumps given by x and se't
:
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